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ABSTRACT Part-through surface or corner 2D cracks are commonly found in structural components. To 
model them assuming that the shape of their fronts is approximately elliptic is a quite reasonable hypothesis 
supported by fractographic observations, but their transition to a 1D through-crack normally is not properly 
addressed in fatigue life predictions. Although experimental data reveal that the frontier of 2D superficial 
cracks essentially retain their elliptical shape as they gradually grow into a through-crack, it is usual to assume 
they are immediately transformed into a 1D through-crack when their depth reaches the cracked component 
thickness. This oversimplified approximation may create a large jump in stress intensity values, leading to 
excessively conservative fatigue crack growth predictions, or else the crude shape jump hypothesis may 
induce false overload events that can much affect fatigue crack growth retardation models, leading to 
inadmissible non-conservative life predictions. To minimize such problems, a crack propagation strategy, 
based on a point load weight function, is proposed and verified by 2D crack propagation tests in two different 
materials, 4340 steel and polycarbonate (PC).  
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INTRODUCTION 
 Fatigue cracks regularly nucleate as part-through surface or corner cracks that initially grow in two 
dimensions, and a large part of their fatigue lives can be expended to propagate these relatively short cracks. 
Whilst growing, these 2D cracks retain an approximately elliptical shape [1], but they can have their aspect ratio 
a/c changed from cycle to cycle, where a and c are the ellipsis semi-axes. This occurs because their stress intensity 
factors (SIF) in general vary from point to point along their fronts.  
 Some analytical expressions are available to quantify the SIFs of elliptical 2D cracks under combined 
tension and bending [2-3], but the modeling of part-through cracks is still not well developed. The transition 
behavior of a surface flaw into a through-crack is usually not accounted for when modelling them. It is usually 
assumed that when submitted to tension loads, the surface crack is immediately transformed into a through-
crack when its depth a reaches the thickness of the specimen t at the back surface of the cracked component. 
Based on an ill-defined “catch up effect” [4], this approximation assumes that the crack front at the back-
surface experiences a much higher SIF than at the front surface, which would almost instantaneously straighten 
the profile of the crack, transforming it into an 1D crack. Besides being too simplistic, this approach creates a 
discontinuity in the computed SIF, often providing excessively conservative crack growth predictions. 
 
POINT-LOAD WEIGHT FUNCTION IMPLEMENTATION 
 Jankowiak et al. [5] demonstrated that SIF calculations and fatigue crack growth analyses of cracks with 
irregular front shapes can be much improved with the use of suitable point-load weight functions (WF). The 



first step in this modeling approach consists in approximating the crack frontiers by rectilinear segments (Fig.1), 
and then computing its inverted boundary, 𝛤 , as the sum of all inverted contours, 𝛤 , corresponding to each 
linear segment of the crack frontiers: 
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In the case of embedded cracks in finite bodies, not only the shape of their fronts, but also their external 

boundary effects must be properly considered when calculating the SIF distribution along the crack front. To 
do so, Glinka and Reinhardt [6] proposed a weight function that can be used for the purposes of the present 
work as well: 
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where the arc length, 𝛤, represents the length of the external boundary contour. 
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Figure 1- (a) Inverted boundary definitions; (b) crack front, crack front, crack edge, crack face and dimensions definitions. 

 This numerical approach has been implemented in this work using the relatively simple algorithm 
depicted in Figure 2. Once the inverted boundary is quantified, the calculation of the SIF for any point along 
the crack front requires the summation of all products of the point-load weight function, 𝑚(x,y), by the loads 
F(x,y), resulting from the stress field, 𝜎ሺ𝑥, 𝑦ሻ, acting over all crack surface area elements, dxdy: 
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The algorithm used to compute the SIF distribution along the crack front is depicted in Figure 3. 



 
Figure 2 – Algorithm to compute inverted boundary. 

 

 
Figure 3 – Algorithm to compute SIF on crack front. 



EXPERIMENTAL DATA 

 In order to validate the proposed methodology, the numerical predictions are compared with suitable 
experimental data obtained from 2D fatigue crack growth (FCG) tests made with two very different materials, 
polycarbonate (PC) and 4340 steel.  PC was selected because it is a transparent and relatively tough polymer, 
which facilitates the acquisition of crack front images while the fatigue crack propagates. However, since it has 
long been recognized that its FCG da/dNK behavior is very dependent on hard-to-control environmental 
parameters [7-12], the PC fatigue tests are considered here qualitatively only, since they could not yield reliable 
quantitative FCG rate data. Nevertheless, as PC presents a relatively well-defined da/dNK curve under ideal 
conditions, their tests can also be used to validate the overall predictions of the fatigue analyses presented here. 
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Figure 4 – Experimental results with PC. 

Fatigue crack growth (FCG) tests were performed on 365x47x10mm rectangular tension specimens. First, 
a small initial triangular notch was machined on the corner of each specimen with a size between 1 and 2mm, 
which was then propagated by fatigue. Two digital cameras and one microscope are used to measure the FCG 
behavior during the fatigue tests. An R = 0.1 load ratio was used for all tests.   

The first set of tests was performed under constant amplitude loads. However, the cracks propagated only 
in their 2D phase with a/t < 1, so they did not enter the 2D-1D phase transition, as the PC fracture toughness 
was reached before that. Indeed, their SIFs increase relatively fast as the cracks grow and, at the same time, 
despite its relatively high toughness, the SIF range in the da/dNK PC curve is still very narrow (between 0.5-
5MPam).  Figure 4(a) show an example of these results.   



To avoid this undesired behavior, a second set of PC specimens was tested under decreasing load ranges. 
However, even this precaution was not enough to eliminate the experimental problems. As a matter of fact, 
although their cracks did reach the transition from 2D to 1D, high plasticity occurred on these specimen 
surfaces, creating significant tunneling effects [12,13], as shown in Figure 4(b). 

Therefore, a third set of PC tests was performed to properly simulate the desired 2D-1D crack transition, 
maintaining the SIF ranges low and approximately constant, KI(a) = KI(c)  1MPam, gradually reducing the 
applied load on the PC specimens as the crack propagated to obtain the desired well behaved 2D-1D transition. 
Well-defined beach marks were finally obtained with this procedure, and helped to track the crack front lines 
as the crack grew by fatigue, as shown in Figure 4(c).  

As previously stated, because of the experimental problems faced in reproducing smooth 2D-1D crack 
transitions in the PC specimens, additional FCG tests were performed on similar 20021.510mm rectangular 
specimens made of annealed SAE 4340 steel. Initial triangular notches were also machined on the corner of 
these specimens, with an initial size ranging from 2 to 3 mm. A microscope was used to obtain the crack 
positions on different faces of the specimens, measuring them from digital images. The fatigue tests were 
performed at frequencies between 10 and 20Hz in a 100kN computer-controlled servo-hydraulic testing 
machine, with a baseline SIF range between KI  20MPam and KI  60MPam, both with R = 0.1. The 
annealed SAE 4340 tested steel has yield strength SY = 377MPa, ultimate strength SU = 660MPa, Young’s 
modulus E = 205GPa, and reduction in area RA = 52.7%, measured according to the ASTM E 8M-99 standard, 
and analyzed weight percent composition 0.37C, 1.53Ni, 0.64Cr, 0.18Mo, 0.56Mn, 0.14Si, 0.04S, 0.035P. Its 
phase II da/dNK data, obtained under a stress ratio R = 0.1 and measured following ASTM E 647-99 
procedures, can be fitted by a Paris equation da/dN = 2.5109K2.48 mm/cycle. 

Two 4340 alloy steel specimens were tested, named S10 and S11. To avoid early crack rupture during the 
desired 2D-1D transition during their FCG tests, the applied load was gradually decreased as the cracks grew 
to maintain a quasi-constant SIF range K  24MPam.  

Figure 5(a) shows the fracture surface of the S10 specimen, depicting its fatigue crack with several crack 
fronts enhanced to display their shapes along the 2D-1D transition. This figure clearly demonstrates how 
simplistic the still usual “instantaneous” 2D-1D transition hypothesis is for FCG simulations. Figure 5(b) shows 
the normalized SIF along several crack fronts. The first curve (black) is the crack front before the transition. It 
is possible to note an increased in the SIF along the crack fronts, obtained by the point-load weight function 
approach, on right side face of specimen. It is this SIF variation along the crack fronts that drives the gradual 
2D-1D transition, forcing the right side of the subsequent crack fronts to catch up their left size.   

 

 

(a) 
 

(b) 
Figure 5 – (a) Experimental crack propagation S10; (b) SIF on crack front computed by point load weight function. 



CONCLUSION 
 This work presented a detailed implementation of a simple numerical approach based on point-load 
weight functions to compute SIFs of complex crack fronts along 2D to 1D transitions during FCG tests. The 
implementation is based on a definition of an inverted boundary, for which an algorithm is proposed.  A cross 
section of a cracked specimen is defined by the crack front, the crack edges and the boundary edges.  The crack 
surface is approximated by a set of triangles. Another algorithm was present to compute the SIFs along the 
crack fronts. To validate and understand the proposed methodology, experimental data obtained on suitable 
FCG tests of two very different materials, polycarbonate (PC) and 4340 steel, is presented and analyzed. PC 
was selected because it is a transparent and relatively tough polymer, thus facilitating the acquisition of crack 
front images whilst the fatigue crack propagates. Two 4340 alloy steel specimens were tested, applying the load 
gradually to maintain a quasi-constant SIF. With the obtained experimental crack fronts, it is possible to 
numerically compute the SIF distribution along their crack fronts during the 2D to 1D transitions.  
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