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Resumo

Provamos que uma hipersuperficie orientada em uma forma espacial, cuja curvatura média
nao se anula em nenhum ponto, é uma condi¢ao inicial para uma solug¢ao do fluxo de
curvatura média inverso (FCMI) por hipersuperficies paralelas se, e somente se, ela é
isoparamétrica. Considerando as hipersuperficies isoparamétricas nas formas espaciais,
obtemos as solucoes para o FCMI por hipersuperficies paralelas explicitamente. Além
disso, estudamos essas solucoes em detalhes descrevendo seus comportamentos no inter-
valo maximal onde estao definidas. Para as hipersuperficies isoparamétricas no espaco
hiperbdlico e na esfera, com duas ou quatro curvaturas principais distintas, consideramos
a hipdtese adicional de que essas curvaturas tém a mesma multiplicidade.

Palavras-chave: Formas espaciais; Hipersuperficies paralelas; Fluxo de curvatura média
inverso; Hipersuperficies isoparamétricas.
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Abstract

We prove that an oriented hypersurface in a space form, whose mean curvature does not
vanish at any point, is an initial condition for a solution to the inverse mean curvature
flow (IMCF) by parallel hypersurfaces if and only if it is isoparametric. Considering the
isoparametric hypersurfaces in space forms, we obtain the solutions to the IMCF by paral-
lel hypersurfaces explicitly. Moreover, we study these solutions describing their behavior
in the maximal interval where they are defined. For the isoparametric hypersurfaces in
the hyperbolic space and in the sphere, with two or four distinct principal curvatures, we
consider the additional assumption that these curvatures have the same multiplicity.

Keywords: Space forms; Parallel hypersurfaces; Inverse mean curvature flow; Isopara-
metric hypersurfaces.
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Introduction

Let M be a Riemannian manifold of dimension n + 1 with metric g. Consider F :
M — M an oriented hypersurface with inward unit normal vector field N. A one
parameter family of hypersurfaces F' : M x I — M, 0 € I C R, is a solution to the
Inverse Mean Curvature Flow (IMCF), with initial data F'(M), if

oF 1

—(x,t) = ——= N(x,t) on M x I,
57 (1) H(x,t)( )

A

F(z,0) = F(z)on M,

where H'(.) = H(.,t) is the mean curvature and N*(.) = N(.,t) is the inward unit normal
vector field of F'(.) = F(.,t), with H'(z) # 0, Vt € I, Yo € M. We say that F' is an
ancient solution if I = (—oo,t*), with t* > 0. If I = (t*,4+00), with t* < 0, then Fis
called an tmmortal solution. Finally, F'is an eternal solution if I = R.

The inverse mean curvature flow has been studied extensively in recent decades. We
start mentioning two important papers on the IMCF. The Penrose inequality was conjec-
tured by the physicist Roger Penrose in 1973 and it relates, under some conditions, the
mass of certain spacetimes to the area of their black holes. In 2001, using IMCF, Huisken
and Ilmanen [19] proved the Riemannian Penrose Inequality. The semi-Riemannian case
remains an open problem. On the other hand, in 2004, using IMCF, Bray and Neves [3]
proved the Poincaré conjecture for 3-manifolds with Yamabe invariant greater than the
Yamabe invariant of real projective 3-space. There are many papers that relate the
IMCF with physical problems involving general relativity and black holes, see for exam-
ple: [2], [22], [16] and [17]. Other papers that involve the study of the IMCF are the
following: [5], [21], [13], [26], [15], [20], [10], [28], [9], [18] and [30].

In this thesis, motivated by the paper “The mean curvature flow by parallel hypersur-
faces” by Reis and Tenenblat [12], we study the inverse mean curvature flow by parallel
hypersurfaces in space forms. Suppose that M s a space form, i.e., M is the Eu-
clidean space E"!, the sphere S**! C E™*2 or the hyperbolic space H"*! C L."*2, where
"2 is the Lorentz space of dimension n + 2. Consider F : M™ — M an oriented
hypersurface with inward unit normal vector field N. Suppose that the mean curvature
H of F(M) satisfies H(x) # 0, Vo € M. Under these conditions, we prove that F'(M)

is the initial condition of a solution to the IMCF by paralllel hypersurfaces when it is



an isoparametric hypersurface. We characterize such solutions. Moreover, using the well
known properties of such hypersurfaces in space forms, we study in detail the solutions to
the IMCF for each isoparametric hypersurface of a space form, describing their behavior
on the maximal interval where they are defined. We consider the additional assumption
that the principal curvatures have the same multiplicity, whenever the number of distinct
principal curvatures is 2 or 4 for hypersurfaces of H"*! or S"+1.

We will now describe the structure of this thesis. Chapter 1 is divided into four sec-
tions, where we briefly summarize the basic concepts focusing on those that are most
relevant to the next chapters. In addition, we establish the notation that is used through-
out the text. In the first section we consider the space forms, which are the ambient spaces
throughout the work. In the second, we comment on the isoparametric hypersurfaces in
these spaces. Then, in the third section, we define parallel hypersurfaces and describe
their properties. In the last section of the chapter, we introduce the IMCF by parallel
hypersurfaces in space forms.

In chapter 2, we prove that F'(M) is an initial data of a solution to the IMCF by parallel
hypersurfaces if, and only if, F'(M) is an isoparametric hypersurface (see Theorem 2.1.1).
As a consequence, we show that the solutions to the IMCF by parallel hypersurfaces are
characterized by an algebraic equation (see (2.7) in Corollary 2.1.2), which is used in the
following chapters.

In chapter 3, we study the solutions to the IMCF by parallel hypersurfaces in E*+!
considering as initial condition the isoparametric hypersurfaces of the Euclidean space
E™*1. We prove that, in the case of the sphere S% s C E"*! with radius Ry > 0, the solution
is eternal, it expands from a point and V¢ € R it is a sphere with radius R(t) = Roe!/"
(see Theorem 3.1.1). In the case of the cylinder S} x E"~™, m ¢ {0,n}, we show that
the solution is eternal, it expands from an (n — m)-dimensional plane of E**! and V¢t € R
it is a cylinder whose base has radius R(t) = Rpe!/™ (see Theorem 3.2.1).

In chapter 4, we study the solutions to the IMCF by parallel hypersurfaces in H"*!
considering as initial condition the isoparametric hypersurfaces of the hyperbolic space
H™*L. In the first section, we prove a lemma (see Lemma 4.1.1) that establishes sufficient
conditions for the convergence of these solutions to the boundary of H"*! (9H"™!). In
the second section, we study the case of the horosphere. We prove that the solution is
eternal and remains a horosphere for all ¢ € R. Furthermore, we show that the solution
expands from a point and converges to OH" ™ (see Theorem 4.2.1). In the third section,
we study the totally umbilical case, where all the principal curvatures are equal to a
constant k with k ¢ {—1,0,1}. If 0 < |k| < 1, we prove that the solution is immortal,
it expands from a totally geodesic hypersurface of H**! and converges to OH"*!. If
|k| > 1, we prove that the solution is eternal, it expands from a point and converges
to OH"*! (see Theorem 4.3.1). Finally, in the fourth section, we study the case of the
hyperbolic cylinder (S™ x H™, n = 2m), with the additional assumption that the two



distinct principal curvatures have the same multiplicity m. We prove that the solution is
eternal, it expands from an m-dimensional submanifold of H"*! and converges to OH"*!
(see Theorem 4.4.1).

In chapter 5, we study the solutions to the IMCF by parallel hypersurfaces in S con-
sidering as initial condition the isoparametric hypersurfaces of the sphere S*™!. Miinzner
[25] showed that the number G of distinct principal curvatures, for an isoparametric hy-
persurface of S"™! is restricted to be 1, 2, 3, 4 or 6. When G € {2,4}, the multiplicities
of principal curvatures can be different. For these cases, in studying the solutions to the
IMCF by parallel hypersurfaces in S"*!, we additionally assume that the multiplicities of
the principal curvatures of the initial hypersurface are the same. Under these conditions,
we prove that, for all values of G, the solutions to the IMCF by parallel hypersurfaces in
S™*1 are ancient. When G = 1, we prove that the solution expands from a point and con-
verges to a totally geodesic hypersurface of S™™! (see Theorem 5.1.1). For the cases where
G € {2,3,4,6}, if m is the multiplicity of principal curvatures of the initial hypersurface,
we prove that the solutions expands from a (G — 1)m-dimensional submanifold of S"*!

and converges to a minimal hypersurface of S"*! (see Theorems 5.2.1, 5.3.1, 5.4.1, 5.5.1).



Chapter 1
Preliminaries

In this chapter, throughout its four sections, we will fix the notation and establish the pre-
liminaries for the text, presenting the definitions and results that will be used throughout

the next chapters.

1.1 Space forms

The m-dimensional real space R™ equipped with the usual metric

m
<U, U)@m = Z 2X%
=1

where u = (uq, ug, ..., uy,) and v = (vy,ve, ..., Uy,) € R™ will be denoted by E™.

The m-~dimensional real space R™ equipped with the metric
m
(U V) = —urv1 + Z Uivs,
i=2

where u = (ug, ug, ..., Up,) and v = (v1,ve, ..., Uy ) € R™, is the Lorentzian space, that will
be denoted by L™.
The sphere

S" = {(x17$27 "'7xn+1) S E"* Qf% + ZU% +...+ xiﬂ = 1}
and the hyperbolic space
H" = {(21, 29, .o, Tpy1) €L —af + 23+ .+ 22, = —1, 21 > 0}

will be considered submanifolds of E**! and L"*!, respectively, with the induced metric.



In what follows, we will denote by

St,oife =1,
Q=4 E, ife=0,
H" ife=-—1,

and (,) as the metric of Q.
Another model of the hyperbolic space is the Poincaré ball model B™. Let us denote

by B the ball with center at the origin and radius 1 in Euclidean space E", i.e.,
B = {(x1,79,...,70,) EE" : 23 + 23 + ... + 22 < 1}.

Let © = (z1,%9,...,2,) € B and u = (uy,ug,...,uy,), v = (v1,v9,...,0,) € T, B. Define,

over B, the metric given by

4
U,V)p B = ULV + Uy + ... + UpUy ).
(s V). [1—(x§+g;g+...+xg)]2<“ 22 )
Then, B" := (B, (,)p) is a Riemannian manifold with constant sectional curvature —1.

Note that the boundary dB™ of B" is given by
OB" = {(x1, 29, ...,7,) EE" 127 + 23 + ... + 22 = 1}.

Moreover, the application G : H* ¢ L"*! — B" C E” given by

1
xl—i—l

G(1, %9, ..y Tpy1) = (T2, ey Tpy —Tpy1) (1.1)

is an isometry.
We also have the hyperbolic space model called the upper half-space model. Consider
the half-space of R™ given by

R? = {(z1, 22, ..., xn) € R";2,, > 0}.

Let x = (z1,%2,...,%,) € R} and u = (u1, ug, ..., up), v = (V1,02,...,v,) € TR}, Define,

over R"}, the metric given by
(u, v>x’Ri = x—z(ulvl + UgVg + ... + UpVy).
n

Then, (RY, (,)r) is also a Riemannian manifold with constant sectional curvature —1.



Moreover, the application L : R? — H? given by

3 3
1
L(y17y27y3) = 2_y3 <]' + 291'2721/172?&,1 - Zy12> )
=1 =1

is an isometry.

1.2 Isoparametric hypersurfaces in space forms

Consider F': M™ — Q"™ a hypersurface with the induced metric g given by
g:C(Uv U)) = <dF33(U)7 dFﬂJ(w»’

Vo € M and Vv, w € T,M. The quadratic form defined by g is called the first fundamental
form of the hypersurface F(M) in x € M.

In order to simplify the notation, we will identify M with F'(M) and v € T,M with
dF,(v) € Ty F (M), where x € M. If M is oriented and N is an unit normal vector
field, the second fundamental form of M is given by

I1,(v,w) = —(dN,(v), w),

Yo,we T, M, x € M.
Let E4, Es, ..., E, be orthonormal vector fields which are principal directions and let

k1, ko, ..., k, be the principal curvatures of M, i.e.,
.ga:(Eza EJ) = 572]' and Ijm(EZ,E]) = k?l(l')(;”,

reM,1<i<nand1<j<n. We will denote the mean curvature by
H(z) =) ki(x),
i=1

xre M.
When the principal curvatures k; of M are constant, for all i = 1,...,n, we say that M
is an isoparametric hypersurface. We have the following classification results for isopara-

metrics hypersurfaces in Q7.

Theorem 1.2.1 (Segre [27]). Let F : M™ — E"* be an isoparametric hypersurface in

E"t. Then, M is isometric to one of the following hypersurfaces:

1. E™, with all the principal curvatures equal to k = 0;



2. S"™, with all the principal curvatures equal to k # 0;

3. S™ x E"™™ with m principal curvatures equal to ki # 0 and n — m principal cur-

vatures equal to ko = 0.

Theorem 1.2.2 (Cartan [4]). Let F': M™ — H"™! be an isoparametric hypersurface in

H"*. Then, M is isometric to one of the following hypersurfaces:
1. H", with all the principal curvatures equal to k = 0;
2. H", with all the principal curvatures equal to k, where 0 < |k| < 1;
3. E™, with all the principal curvatures equal to k = +1;
4. S™, with all the principal curvatures equal to k, where |k| > 1;

5. S™ x H"™™, with m principal curvatures equal to ki and n—m principal curvatures

equal to ko, where kiky = 1.

We will now consider the isoparametric hypersurfaces of the sphere. Miinzner [25]
showed that the number G of distinct principal curvatures, for an isoparametric hyper-
surface F': M™ — S"1 is restricted to be 1, 2, 3, 4 or 6. Cartan [4] classified these

hypersurfaces when G < 3:

1. If G = 1, then F(M) is a sphere obtained as the intersection of S"™! with a hyper-

plane of E"+2:

2. If G = 2, then F(M) must be the standard product of spheres St x S'-F c §"+,

where 72 4+ r2 = 1;

3. If G = 3, Cartan proved that there are only four distinct isoparametric hyper-
surfaces of S*™! with three distinct principal curvatures. Their dimensions are n = 3m,

where m = 1, 2, 4 or 8 and all the principal curvatures have the same multiplicity m;

4. If G = 4, Miinzner [25] (see also Cecil-Chi-Jensen [6] and Chi [8]) proved that the
principal curvatures kq, ko, k3, k4 can be ordered so that their corresponding multiplicities

satisfy my = ms and mo = my;



6. If G = 6, Miinzner [25] (see also Dorfmeister-Neher [11], Miyaoka [23] and [24])
showed that all the principal curvatures must have the same multiplicity m and Abresch [1]

showed that m =1 or m = 2.

1.3 Parallel hypersurfaces in space forms

We will start this section with the definition of parallel hypersurfaces in space forms.

Definition 1.3.1. Let F' : M" — Q™" be an oriented hypersurface with unit normal
vector field N. The parallel hypersurface to F(M) at a distance p € R (with sign) is the
map F* : M — Q™! such that, for each point x € M™, the point F“(m) is obtained
by translating the point F(z) a distance p along the geodesic in Q"' starting from F(z)
with tangent vector N(F(x)) at that point.

Consider the following notation

cospu, ife=1, sinpu, ife=1,
Cé(u) = 17 lf €= 07 and SE(N’) = 22 lf €= 07 (12)
coshpu, ife=—1, sinh y, if e = —1.

We can write the parallel hypersurface F #(M™) in Q7! as follows
FH(z) = Co(u)F(x) + Se(p)N(F(z)), (1.3)

where € R and z € M™.
The functions C. and S. satisfy that:

(i) Cln) = —e5:(p);
(i0) Si(p) = Ce(p);
(iid) CZ(n) +eS2(p) = 1.
Now, we will see some basic facts about the parallel hypersurface F H(M™).

Lemma 1.3.2. We have that:
(a) The unit normal vector field N* of F*(M) is given by

N*(z) = —eS.(u) F(z) + C(u)N(F(2)).

(b) If By, Es, ..., E, C T,M is an orthonormal basis of eigenvectors of the second funda-
mental form I1, of F(M) inx € M and ky, ko, ..., k, are the principal curvatures of F(M)
m x € M with respect to N, then

(i By) = [Cap) — Kil2) S ()] 65

8



and the second fundamental form IAI;L of Frinze M is given by
IT,(E;, Ej) = [Ce(n) — ki) Se ()] [£S= (1) + ki () Ce(1)] 635

Moreover, the principal curvatures l%f(x), 1=1,2,...,n, of Fringe M, with respect to

N, are given by

() = eS. (1) + ki(2)Co ()
Cep) = ki) Se(p)

Lemma 1.3.3 (Cartan [4]). Let F* : M™ — Q"*', u € (=0,8) with § > 0, a family
of parallel hypersurfaces. Then, F(M) is isoparametric if and only if the mean curvature
H*(x) of F#(M) does not depend on x € M, Vu € (=6,6).

1.4 The inverse mean curvature flow in space forms

We will start this section with the definition of inverse mean curvature flow in a space

form.

Definition 1.4.1. Let F : M™ — QU be an oriented hypersurface with inward unit
normal vector field N. A one parameter family of hypersurfaces FiMMxI—s Qrt,
0 € I C R, is a solution to the Inverse Mean Curvature Flow (IMCF), with initial data
F(M), if

F 1 .
E(x,t) = — N(z,t) on M x I,

~

F(z,0) = F(x) on M,

where HY(\) = H(.,t) = Y27 ki(.) is the mean curvature and N'(.) = N(.,t) is the inward

i=1""

unit normal vector field of F'(.) = F(.,t), with H'(z) #0,Vt € I, Vo € M.
For solutions defined on particular intervals I, we have the following definition.

Definition 1.4.2. Let [': M™ x [ —» Q" 0 € I C R, be a one parameter family of
hypersurfaces that is a solution to the IMCF, with initial data F : M™ — Q1. We say
that F' is an

1. Ancient Solution, if [ = (—oo,t*), with t* > 0;

2. Immortal Solution, if I = (t*,+o0), with t* < 0;

3. Eternal Solution, if I = R.

In the following example, we will provide a solution to the IMCF in the case where the
initial hypersurface is a Euclidean sphere of radius Ry > 0 and we will study the behavior

of this solution over the interval where it is defined.



Example 1.4.3. Consider F : S}, — E™"! the immersion of the sphere centered at the
origin with radius Ry, in the Euclidean space E"™!. A unit normal vector field N of Sk,
is given by N(z) = —RLOF(J:) and the principal curvatures associated to N are given by
ki=k=g,Vi=12..,n

Define the family ol Sk, X I — E™™! homothetic to F' by

: R(t)

F'(z) = F(x,t) = R—OF(x),

Vo € S%, and Vt € I, where R : [ — R is a positive differentiable function such that
R(0) = Ry. Moreover, a unit normal vector field N* of F ‘(S},) is given by

and the principal curvatures associated to N* are given by /%f(:c) = zq, Vo €Sk, Vt el

1
) ) R(t)’
and Vi = 1, 2,..., n. Then, the mean curvature H* of F*(S} ) is

Hi(z) = H(z,t) = %.

Therefore, if F' is a solution to the IMCF with initial data F (S%,), we have that

0y - 8] 4]
R(0) n
T F(z) F(z)onS
It follows that
R(t) 1
0 = on I,

where R(0) = Ry. Thus,

with R(0) = Ry. Hence,
R(t) = e%"™ on R and R(0) = Ry.
So, we conclude that

R(t) = Roe/™ on R.

10



Therefore,
Fi(z) = /" F(2)

and, then, F' is an eternal solution that expands from a point to a sphere centered at the
origin with radius R(t) = Ree!/", Vt € R.

We will now define a special solution to the IMCEF: the solution given by a family of

parallel hypersurfaces in space forms. We will focus on this type of solution from now on.

Definition 1.4.4. Let F : M™ x I — Q! be a solution to the IMCF in Q" with
initial data F : M™ — QU'. We say that F' is a solution to the IMCF by parallel
hypersurfaces if there is a function p: I — R such that

F'(x) = Ce(u(t)) F(x) + Se(p(t))N (), (1.4)

Vt € I, where C. and S: are the functions defined in (1.2).

The following remark will be very important for the next chapter.

Remark 1.4.5 (Sotomayor [29]). Let f : (a1,a2) C R — R be a real function. Suppose

that f is continuous and it does not vanish on (a;, as). Consider the following problem

' (t) = f(u(t) and p(to) = po, (1.5)

where py € (a1, a2) and tg € I C R. Also, consider the function ¢ : (a1,a9) C R — R
given by
2 df’
W _/ —, Yu € (a1, as).
Notice that, since f is continuous and does not vanish on (ay,ay), the function v is well

defined and differentiable by the fundamental theorem of calculus. Moreover,

W) = 5o e (ana) (16)
Then, by the inverse function theorem, v is a diffeomorphism. Again, since f is continuous
and f(p) # 0, Yu € (aq,az), we can assume that f(u) >0, Yu € (aq,az). So, from (1.6),
we have that ¥/(u) > 0, Yu € (aq,as), i.e., ¥ is strictly increasing on (ay, as). It follows
that ¢ is injective and then, ¢ : (a1, a2) C R — ¥(ay, az) C R is bijective. We conclude
that ¥ : (a1, a9) — ¥(aq, az) is a global diffeomorphism. Consider (by, be) = 1(aq, as).
If o is a solution of (1.5), then

¥'(t) = f((t)) and o(to) = po. (1.7)



From (1.6) and (1.7), we have that

/ / d
1= o) - V() (t) = 2 (b op)(t)
Hence, ) t
| Hweoras= [
(Y op)(t) — (o)t =t —to.
Since

(¥ o @)(to) = Y(p(to)) = ¥ (o) = 0,

we conclude that

D(p(t) =t —to.
Therefore, the solution of (1.5) is given by
(p(t) = 1/}_1(t - t0)7

where t — tg € (bl, 52), ie., te (bl + to, bo + Zfo).
Now, we will prove the uniqueness of the solution. Consider p; and o solutions of

(1.5). Then,
Y(pa(t)) =t —to = (ua(t)).

Since 1 is injective, we conclude that py = po.
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Chapter 2
First results

In this chapter we prove two results. The first one, Theorem 2.1.1, gives the necessary
foundation for the development of the rest of the work. It shows that an oriented hyper-
surface in space forms, whose mean curvature does not vanish at any point, is an initial
condition for a solution to the IMCF by parallel hypersurfaces if and only if it is isopara-
metric. The second result, which is a consequence of Theorem 2.1.1, makes it possible
to explicitly write the solutions in the case where the principal curvatures of the initial

hypersurface have the same multiplicity, as we will see in the following chapters.

Theorem 2.1.1. Let F : M™ — Q"' be an oriented hypersurface with inward unit
normal vector field N. Suppose the mean curvature H of F(M) satisfies H(x) # 0,
Ve € M. Then, F(M) is an initial data of a solution to the IMCF by parallel hypersurfaces

if and only if F(M) is an isoparametric hypersurface.

Proof. Consider a one parameter family of parallel hypersurfaces F': M™ x I —» Q)
0 €I CR, given by (1.4), i.e.,

F'(x) = Ce(u(t)) F(x) + Se(pu(t)) N (), (2.1)

V(z,t) € M x I, where C,, S, are the functions defined in (1.2) and g : I — R is a
smooth real function such that F is a solution to the IMCF with initial data F(M). Then,

~

F(z,0) = F(x), Yz € M,

and

OF 1 .
) = —ﬁ(x’t)]\f(x,t), Y(z,t) € M x I, (2.2)

where H(.,t) is the mean curvature of F'(.,t) and N(.,t) is the inward unit normal vector

field of F'(.,t), with H(x,t) #0,Vt € I, Vo € M.

13



Since F(z,0) = F(x), Vo € M, and N is a unit normal vector field, it follows from
(1.3) that 1(0) = 0. Now, substituting (2.1) into (2.2), we get, V(z,t) € M x I,
0 1

g [Ceu()F () + Se(u(t)) N(z)] = —H(x’t)N(xat),

ie., V(z,t) e M x I,

(1) (S (p(0) F (@) + C-(u(t)) N(x)] = ————N(z,1).

Hence, from Lemma 1.3.2, V(x,t) € M X I,

~ ~

W (t)N(z,t) = _fl(x t)N(x,t).

Therefore, (2.2) occurs if and only if V(z,t) € M x I,

1
H(w,t)

pt) =~

Thus, the mean curvature H* of F *(M) does not depend on z € M, Vt € I. It follows
from Lemma 1.3.3 that F'(M) is an isoparametric hypersurface.

Now, let F' : M™ — Q™! be an oriented isoparametric hypersurface with inward
unit normal vector field N. Let pu: I — R, 0 € I C R, be the smooth real function that

is the unique solution of the problem:

and p(0) =0, (2.3)

/ J—
pit) = IS IO AT
i=1 e (D)) — ke Se (D)
where k;, 1 < ¢ < n, are the principal curvatures of F'(M) with respect to N and C., S.
are given by (1.2). Note that the function f given by

1

f(u) T Ty ke
i=1 Ce(u)—kiSe (1)

satisfies .
f(0) = ; # 0.

So, f is smooth and does not vanish in a neighborhood of zero. So, the existence and
uniquiness of the solution of the problem (2.3) follows from Remark 1.4.5.

Consider the family of parallel hypersurfaces F:M"xT— Qrt! given by

F'(2) = CL(ult)) F(x) + So(u(t)) N (x), ¥(a,1) € M x I.

14



Thus, it is enough to show that F' is a solution to the IMCF by parallel hypersurfaces
with initial data F'(M). Indeed, note that, Vo € M,

A

F(z,0) = F%@x)
Co(p(0)) F () + S-(u(0)) N ()

= C.(0)F(x) + S:(0)N(x)
(x).

£

Il
T

From Lemma 1.3.2 we get, V(z,t) € M x I,

Plet) = —en(S(u(0) (@) + W 1C-((1) N ()
= W) (=S (@) + C-(u(t) N )]
= /' (H)N(z,t). (2.4)

H(z,t) = Y ki(z,t)

= > ki)
_ 3 =S +R(@)C(ut)
i=1 Co(u(t)) — ki(x)S(u(t))
— S (u(t)) + kiCo(u(t))
— Co(p(t)) — kiSe(u(t))
- (25
TI0) .
Then, from (2.4) and (2.5), we have that, V(z,t) € M x I,
oF 1 .
57 (@ t) = _fl(x,t)N(x’t)’
which concludes the proof of the theorem. -

Corollary 2.1.2. Let F : M" — Q" be an oriented isoparametric hypersurface with

mward unit normal vector field N and kq, ko, ..., k, the principal curvatures associated to
N. Suppose the mean curvature H of F(M) satisfies H(x) # 0, Yo € M. Then, the
solution to the IMCF by parallel hypersurfaces with initial data F(M) is given by

F'(x) = Ce(p(t)) F () + Se(n(t))N(z), (2.6)

15



V(z,t) € M x I, where 0 € I C R, C. and S. are the functions given by (1.2) and
p: I — R is a smooth real function satisfying p(0) =0 and

n

TT1C-(u(t)) = RS- (u(t)| = ¢, (2.7)

=1
Vt e l.

Proof. 1t follows from the proof of Theorem 2.1.1 that F : M™ x I —» Qn+! is given by
(2.6), i : I — R is a smooth real function satisfying ©(0) = 0 and

1

/ —
2 (t) - Zn eSe (u(t))+ki Ce (u(t)) ?
i=1 Ce(u(t))—kiSe(u(t))

Vt € I. Thus, Vt € I,

ie.,

Vt € I. It follows that

Vtel, ie.,

diz (1 |CL(0u(1) — kS (1)) = 1.

Then, integrating on both sides, we get

n

S (] Cula(t) — kiS-(u(t)]) =t +c.

i=1

Vt € I and for some constant ¢ € R. We conclude that

exp (Z (I CL(pu(t)) — kisewof))\)) — e,

i=1

16



Vt € I. So, one sees that

[T exp (W [Ce(u(t) = kiSa(u(t))]) = ee".
i=1
Hence,
Moreover, since p(0) = 0, we have that
¢ = [[1C-(0) = k:S=(0)| = 1.
i=1

Therefore, Vt € I,

which proves (2.7).
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Chapter 3

On the inverse mean curvature flow
by parallel hypersurfaces in the

Euclidean space

In this chapter we use Corollary 2.1.2 to study the solutions to the IMCF by parallel
hypersurfaces in E"*! considering as initial condition the isoparametric hypersurfaces of
the Euclidean space E"*'. We show that, in the case of the sphere Sk, C E"*+! with radius
Ry > 0, the solution is eternal, expands from a point and Vt € R it is a sphere with radius
R(t) = Roet/™, which agrees with the solution in Example 1.4.3.

In the case of the cylinder S§ x E"™™, m ¢ {0,n}, we show that the solution is
eternal, expands from an (n — m)-dimensional plane of E**! and V¢ € R it is a cylinder
whose base has radius R(t) = Rpe!/™.

3.1 The sphere

Theorem 3.1.1. Let F : S}, — E"*! be an isometric immersion of the sphere centered
at the origin with radius Ry > 0 in the Euclidean space E™ and let N(z) = —RLOF(x) be
the unit normal vector field of F(S}, ), with all principal curvatures equal to k = 1/Ry.
Then, the solution to the IMCF by parallel hypersurfaces with initial condition F(S} ) C

Er*! s
Fila) = " Pla),

Vt € R and Vx € S} . Moreover, ﬁt(S?%) 1s an eternal solution that expands from a point

and Yt € R it is a sphere centered at the origin with radius R(t) = Rye'/™.

Proof. From Corollary 2.1.2, we have that



V(x,t) € Sk, x I, where, from (2.7), 1 : I — R satisfies

[t = ki) =¢"
=1

Since all principal curvatures are equal to k = 1/ Ry, we have that

1
1 — —u(t)] =et
1= qoute)] =<
ie.,
1= L) = e (3.1)
Ry
Vtel.

Since e*/™ is a smooth positive function, from (3.1) we conclude that b : I — R given

by
1

ORSE 0

does not change sign. Moreover, since p(0) = 0, we have that h(0) = 1. So, h(t) > 0,
Vt € I. Then, (3.1) becomes

1
1— —pu(t) =e/m
Vt € I. Therefore,
p(t) = Ro(1 — ™),
Vt € R. Thus, one obtains that

F'(x) = F(x) + Ro(1 — /™) N(x), (3.2)

vVt € R and Vo € S} . Since N(z) = —RLOF(x), Vz € S, from (3.2) we have

F'(x) = F(z)+ Ro(1—e/™) (—Rio) F(x)

= F(z) — (1 —e/™F(x)
= "F(z), (3.3)
Vit € R and Vz € S% . Then,

lim F'(z)= lim e/"F(z) =0,

t——00 t——00
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i.e., ' is an eternal solution that expands from a point and V¢ € R it is a sphere centered
at the origin with radius R(t) = Rge'/™. |

Example 3.1.2. Consider the parametrized sphere F : (0,7) x (0,27) C E* — E3, with

F(6, ) = (sin(@) cos(p), sin(0) sin(y), cos(h)).

From (3.3), we conclude that

Figure 3.1: IMCF of the sphere

3.2 The cylinder

Theorem 3.2.1. Let F' : S xE"™™ — E"*! be an isometric immersion of a cylinder in
the Euclidean space E" L, with inward unit normal vector field N, m principal curvatures
equal to k # 0 and n —m null principal curvatures, where S§, s the sphere centered at
the origin with radius Ry > 0 and dimension m ¢ {0,n}. Then, the solution to the IMCF

by parallel hypersurfaces with initial condition F (S, x E*™™) C E"+L s
g 1 t/m
vVt € R and ¥Y(z,y) € S}, x E*™™. Moreover, Ft{(S™ x E"™™) is an eternal solution that

expands from an (n — m)-dimensional plane of " and Vt € R it is a cylinder whose
base has radius R(t) = Roet/™.

Proof. From Corollary 2.1.2, we have that

F'(z,y) = F(x,y) + p(t)N(x,y),
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V(x,y,t) € S x E"=™ x I, where p : I — R satisfies (2.7), i.e.,

[t = kint)] =¢"
=1

Since we have m principal curvatures equal to k # 0 and n — m null principal curvatures,

we get
1= Eu()]" = ¢
ie.,
1= ku(t)] = e/, (3.4)

Vt € I. Since e!/™ is a smooth positive function, from (3.4) we conclude that h: I — R
given by
h(t) =1 = kp(t)

does not change sign. Moreover, 1(0) = 0, hence h(0) = 1. So, h(t) > 0, ¥t € I. Then,
(3.4) becomes

1 — kp(t) = e’™,
Vvt € 1. 1t follows that
plt) = (1 — e/,
Vt € R. Then,
E'(2,4) = F(a,y) + (1= /)N (z,y), (35

vVt € R and V(z,y) € S§ x E"™™.

Without loss of generality, consider

F(z,y) = (f(x),y),

V(z,y) € S, x E"™ where f : S — E™*! is an isometric immersion of the sphere
centered at the origin with radius Ry > 0 and dimension m ¢ {0,n} in the Euclidean

space E™ 1. Moreover,
1
N = —-—— 0

is the inward unit normal vector field of F(S§ x E"™™), V(x,y) € S§ x E*™™. Thus,
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since k = 1/ Ry, we have from (3.5) that

1

Fiy) = Flo,y)+ (1 -e/")N(zy)
= (J(@)9)+ (1= M(kf(2),0)

= (f(2) = (1= e"™)f(2),y)
= (et/mf(x)> Y),
Y(z,y,t) € S§, x E*™ xR. Therefore, F'(S™ x E"™) is an eternal solution that expands

from an (n — m)-dimensional plane of E"™' and V¢ € R it is a cylinder whose base has
radius R(t) = Roe!/™. |

Example 3.2.2. Consider the parametrized cylinder F : (0,27) x R C E? — E3, with
F(u,v) = (cos(u),sin(u),v) and N(u,v) = (—cos(u), —sin(u),0).

The principal curvatures of F((0,27) x R) with respect to N are given by k; = 1 and
ko = 0. So, the solution by parallel hypersurfaces to the IMCF with initial condition

F((0,27) x R), is given by

A~

F'(u,v) = (€' cos(u), e’ sin(u), v),

Vt € R. Moreover, F {(S! x R) is an eternal solution that expands from a straight line and

Vt € R it is a cylinder whose base has radius R(t) = e’.

s =
—t
=.
-
u
L
B
ay
3
-
&

Figure 3.2: IMCF of the cylinder
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Chapter 4

On the inverse mean curvature flow
by parallel hypersurfaces in the
hyperbolic space

In this chapter we use Corollary 2.1.2 to study the solutions to the IMCF by parallel
hypersurfaces in H"™! considering as initial condition the isoparametric hypersurfaces of
the hyperbolic space H"™!. In the first section, we prove a lemma that establishes sufficient
conditions for the convergence of these solutions to the boundary of H"*! (9H"*!). This
lemma will be very important to prove the results of the next sections of this chapter.

In the second section, we study the case of the horosphere. We prove that the solution
is eternal and remains a horosphere for all ¢ € R. Furthermore, we show that the solution
expands from a point and converges to OH" 1.

In the third section, we study the totally umbilical case, where all the principal cur-
vatures are equal to a constant k with £ ¢ {—1,0,1}. If 0 < |k| < 1, we prove that
the solution is immortal, it expands from a totally geodesic hypersurface of H"*! and
converges to OH" . If |k| > 1, we prove that the solution is eternal, it expands from a
point and converges to OH"*!.

Finally, in the fourth section, we study the case of the hyperbolic cylinder (S™ x H™,
n = 2m), with the additional assumption that the two distinct principal curvatures have
the same multiplicity m. We prove that the solution is eternal, it expands from an m-

dimensional submanifold of H"™! and converges to OH"*!.

4.1 Convergence to the boundary

Lemma 4.1.1. Let F : M"* — H""' be an oriented isoparametric hypersurface with

inward unit normal vector field N and suppose the mean curvature H of F(M) satisfies
H(z) #0,Vz € M. Let ' : M"™ x I — H"t' € L"*2 be the solution to the IMCF by
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parallel hypersurfaces with initial condition F'(M). If (0,4+00) C I and

lim cosh(u(t)) = +oo,

t—>+o0
then F*(M) converges to OH"' when t —s +00.

Proof. Let x € M", F(z) € H*™ C L"*? and N(z) € L™, We can set
F(l’) = (Fl(x)a "'7Fn+2($)) and N(CL‘) = (Nl(l‘)7 "'aNn+2(x>)7

where Fj, N; : M" — R, Vj with 1 < j <n+2, and Fi(z) > 1. Deﬁneﬁj M"xI — R
by

~

Fy(a, ) = cosh(u(t)) Fy () + sinh(4(t) N (x),

Vj with 1 < j <n+ 2. Therefore, from Corollary 2.1.2, we can write

~ ~

F(z,t) = cosh(p(t))F(z) + sinh(u(t))N(z) = (Fy(z,t), Fy(z,t), ..., Fyiolz, 1)),

Vt € I. Since F(x,t) € H"| we have that Fy(z,t) > 1, Vt € I, and

n—+2

—Fi(a )+ ) Fi(,t) = -1,
j=2

ie.,
n+2
=2
vt e I.

Applying the isometry G : H**' C L""? — B"™! C E"*! defined in (1.1) restricted
to F'(M x I), we obtain
P, 1) = (B, 1), o, Fuia(2,1), ~Fupola, 1)
2,t)) = ———(Fy(,t), ..., Fppr (2, 1), —Fppo(w,1)).
Fiz,t)+1 " ! 2
Then, Go F': M™ x I —» B" is the family of hypersurfaces in the Poincaré ball model
B! corresponding the family of hypersurfaces F' : M™ x I —s H™*! in H**!. Thus, we
only need to show that
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From (4.1),

"Z” AFf(a:,t) _ ]?f(x,t)—l :zfq(x,t)—l
=2 (F1<l',t) + 1)2 (Fl(l‘at) + 1)2 Fl(xat) + 1

Vt € 1. So, we must prove that

~ 1. (4.2)

We have that

A

Fi(z,t)—1 _ Fi(x)cosh(u(t)) + Ni(z)sinh(pu(t)) — 1
Fy(z,t)+1  Fi(x)cosh(pu(t)) + Ni(x)sinh(p(t)) + 1’

Vt € I. Since cosh(u(t)) > 0, Vt € I, we can divide the numerator and denominator on
the right side of the above expression by cosh(u(t)) getting

Fi(z,t)—1 Fi(2) + N(2) St — st
Fi(z,t) +1 Fi(z)+ N 1(95)3:;};1((%3 + oH )
Fi(z) + Ny(x) tanh(u(t)) — COSh(IH(t))
- cohlp) (4.3)
Fi(x) 4+ Ny (z) tanh(u(t)) +

Cosh(u(0)

Since . lirJrrl cosh(u(t)) = +o0, taking the limit with ¢ — 400 on both sides of (4.3), we
— 400
conclude that (4.2) holds. [

4.2 The horosphere

Theorem 4.2.1. Let F: E* — H"™! C L."*2 be an isometric immersion of a horosphere
in the hyperbolic space, with inward unit normal vector field N and all principal curvatures
equal to k = +1. Then, the solution to the IMCF by parallel hypersurfaces with initial
condition F(E™) is

n

F'(z) = cosh (—/ﬁ) F(z) + sinh (—k%) N(z), (4.4)

Vt € R. Moreover, ' is an eternal solution and Ft(]E”) is a horosphere, Vt € R. Also,
Ft(E”) expands from a point and converges to OH" 1 when t — +00.

Proof. From Corollary 2.1.2, we have that
F'(x) = cosh(u(t)) F(x) + sinh(u(t)) N (z),
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V(x,t) € E" x I, where, from (2.7), p: I — R satisfies

H | cosh(u(t)) — k; sinh(u(t))] = €.
i=1
Since all the principal curvatures are equal to £ = +1, we have that
| cosh(pu(t)) — ksinh(u()]" = ',
and hence,
| cosh(pu(#)) — ksinh(u(t))] = €', (4.5)

Vt € 1. Since e¥/™ is a smooth positive function, we conclude from (4.5) that h: [ — R
given by
h(t) = cosh(u(t)) — ksinh(u(t))

does not change sign. Moreover, 1(0) = 0 implies that
h(0) = cosh(u(0)) — ksinh(u(0)) = cosh(0) — ksinh(0) =1 > 0.
So, h(t) > 0, Vt € I, and (4.5) reduces to
cosh(p(t)) — ksinh(u(t)) = e/, (4.6)
Vt € I. Thus, from (4.6), one sees that
ksinh(u(t)) = cosh(u(t)) — e/, (4.7)
Vt € I. Therefore,
k2 sinh?(1u(t)) = cosh?(u(t)) — 2e/™ cosh(pu(t)) + e/,
ie.,
k2[cosh?(u(t)) — 1] — cosh®(u(t)) + 2™ cosh(u(t)) — /™ = 0.
So, we have

(k* — 1) cosh?(u(t)) + 2¢"™ cosh(u(t)) — (k* + /™) = 0, (4.8)
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Vt € I. Since k = £1, we obtain from (4.8) that

2¢t/™ cosh(u(t)) = /™ 4+ 1

ie.,

2t/n 1 t/n —t/n

cosh(u(t)) = & Mt _ +2€ — cosh(£t/n), (4.9)

Vvt € R. Hence

tE)I}&-loo cosh(pu(t)) = +oo. (4.10)
Substituting (4.9) into (4.7), we have

—t/n __ t/n t/n _ —t/n t
sinh(p(t)) = % = —k% = —ksinh(t/n) = sinh <_kﬁ) .

So, pu(t) = —kL, Wt € R.

Now, consider {E;}? ; a local orthonormal frame of principal directions of F(E") C
H™ ¢ L2 in z € E". It follows from Lemma 1.3.2 that the principal curvatures kf of
FY(E™) are given by

. k; cosh(pu(t)) — sinh(u(t))
’ cosh(p(t)) — ki sinh(p(t))
_ k cosh(p(t)) — sinh(p(t))
cosh(pu(t)) — ksinh(u(t))

_ cosh(u(t)) — L sinh(u(t)

cosh(pu(t)) — ksinh(u(t))

_ cosh(u(t)) — ksinh(p(t))

kcosh(u(t)) — ksinh(u(t))

vVt € R. Then, Ft(E”) is a horosphere, V¢t € R. From Lemma 1.3.2, we have the first
fundamental form of F'(z), 2 € E", given by

9L(Ei, E;) = [cosh(u(t)) — ksinh(u(t))]* 6
— (t/n)25..

2t/n5@]
)

Vt € R. Then,

lim gL(E;, E;) =0.

t——00
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It follows, from Lemma 4.1.1 and (4.10), that F*(E") is defined Vt € R, it is an eternal

solution that expands from a point and converges to OH" ™! when t — +o0. [

Example 4.2.2. Consider the parametrized sphere X : (0,7) x (0,27) C E? — E3, with
X (0, ¢) = (sinf cos ¢, sin fsin ¢, cos h).

Then,

~

X (0, ) = (sinf cos p,sinfsin p, 1 + cosb)

is the horosphere in the half-space model R?. Using the isometry L : R — H® C L*
given by

3 3
1
L(y1,y2,y3) = 25 <1+ny,2y1,2y2,1 - 2%2> )
=1 =1

we have

Lx0.9) -

3+2cosf sinfcosp sinfsing —1 —2cosf
2(1+cos)” 1+cosf’ 1+4cosh’ 2(1+cosh) )

Denoting ' = Lo X : (0,7) x (0,27) € E? — H? C L*, we get

sin @ coS sin sin 8

2(14cos6)2’ 1+ cosf’ 1+ cosh’ 2(1+ cosb)?

and

14 cosh’ 1+cos’

Fo(0,¢) = (0,

sin psinf cos @ sin >

So, the inward unit normal vector field to F' is given by

2+cosf sinfcosp sinfsing 2+ 3cosd
NG.) = ( .

2(1+cosf)” 14cosf 1+cosf 2(1+ cosb)

Moreover,

9 1 9 sin 6 2
= e 1= (1) o0 =0

We have that

2+ cosf(1 —cosf) sinfcos sin 0 sin 2+ cosB(1l — cosb
Feg(e’@):( ( ) © © ( ))

2(14cosf)? " (14+cosf)? (1+cosh)?’  2(1+ cosh)?
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and

Fop(6,0) = (0’ _ij—cpcscj:;’ _Slin—i—wcsoi:g’ ) '
Thus,
(N, Fyg) = R (N, Fop) = = <ﬂ>2
(1+ cosf)? 1+ cosd
Then,
ki = ! 5 (N, Fyg) = (1 + cos 6)? —;2] =-1
| Fy| (14 cosb)
and
2 2
= \F11 LESES ;E;)sge) [‘(1 _Sfiofe)?] =t

Therefore, from (4.4), we get

F'(0,¢) = cosh(t/2)F(0,¢) + sinh(t/2)N (6, o)

h(t/2 1
%( + cos b, schosgo,stsmcp,—i—0089>
h(t/2 1 3
sllr—li_ io/sé’)_ <1+ §c089,sin9cosg0,sinﬁsin<p,—1 - 56089) :

So, using the isometry G : H? C L* — B3 C R? given by

G (Y1,Y2, Y3, ys) = ﬁ (Y2, Y3, —va) ,
we have that
GUE(0,9)) = 1 .
2(1 + cosf) + (3 + 2cosf) cosh(t/2) + (2 4 cos ) sinh(t/2)
[GOF ), (G o F1)y(0,0), (G o EV)(0, )| |
where

(G o F)1(0, ) = 26"/ sin f cos o,

(G o F),(0, @) = 26"/ sin Osin ¢
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and

(G o F)3(6, ) = (1 + 2cos ) cosh(t/2) + (2 + 3 cos ) sinh(t/2).

e

Figure 4.1: IMCF of the horosphere

4.3 The other totally umbilical case

Theorem 4.3.1. Let F': M™ — H""! C L"*2 be an isometric immersion of a totally
umbilical hypersurface in the hyperbolic space, with inward unit normal vector field N and
all principal curvatures equal to k, where k ¢ {—1,0,1}. Then, the solution to the IMCF
by parallel hypersurfaces with initial condition F(M™) is

F'(x) = cosh(u(t))F () + sinh(u(t)) N (2),

where
et/ —|k|\/q(t
cosh(p(1)) = S0
and
. |klet/™ — \/q(t)
sinh(y($)) = sgn(k) "1 —YI,

Vt € I and Vx € M, with
q(t) = /™ 4 k2 — 1.

(¢) If 0 < |k| < 1, then I = (t*,+00), where t* = 21In(1 — k*). Moreover, FY(M) is an
immortal solution that expands from a totally geodesic hypersurface of H" ™ and converges
to OH™ 1 when t — +o0.

(i1) If |k| > 1, then I = R. Moreover, F*(M) is an eternal solution that expands from a

point and converges to OH" 1 when t — +o0.
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Proof. From Corollary 2.1.2, we have that
F'(a) = cosh(u(t)) F(x) + sinh(u(t)) N (),

V(x,t) € M™ x I, where, from (2.7), u: I — R satisfies

H | cosh(u(t)) — ki sinh(u(t))] = €.

i=1

Thus, since all principal curvatures are equal to k, we have that
| cosh(pu(t)) — ksinh(pu(t))| = e/, (4.11)

Vt € I. Since €'/™ is a smooth positive function, we conclude from (4.11) that h: I — R
given by
h(t) = cosh(u(t)) — ksinh(u(t))

does not change sign. Moreover, 1(0) = 0 implies that A(0) = 1. So, h(t) > 0, Vt € I.
Then, from (4.11), we have

cosh(p(t)) — ksinh(u(t)) = e/, (4.12)
Vt € I. Thus, similar arguments used for (4.7) lead to

(k* — 1) cosh?(u(t)) + 2¢!/™ cosh(u(t)) — (K* + /™) =0,

Vt € I. This is a second degree equation for cosh(y(t)) and its discriminant is given by

A = 4"+ 4R - 1)(K + /™)
= 4e®/" Ak 4 AR — AP — 4"
= AR 4k — 4k
= AR (2 B2 - 1).

By setting
q(t) _ 62t/n + ]{32 . 17

we obtain,

—etln |kl y/4(t)

k? —1

cosh(p(t)) =
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Since p(0) = 0, it follows that

ot _
cosh(u(t)) = . ‘_kL:\z/@ (4.13)

From (4.12) and (4.13), we have

sinh(u(t)) = %cosh(u(t))—%et/”

Tt — ko) 1,

Tk 12 5
e — |k[v/q(t) — (1 = &)
- k(1 — k2)
R — k(1)
B k(1 — k2)
[kle™ — \/a(t)
= sgn(k) =57

Moreover, A > 0 if and only if ¢(t) > 0, i.e.,
2 > 1 — k2. (4.14)

(i) If 0 < |k|] < 1, we have 1 — k* > 0 and

2
= >1In(l -k
> In(1— k%),

ie.,
t> gln(l B =t
We have that
e’ —[k|\/q(t) > €™ (1 - |k|),

Vt > t*. Therefore, it follows from (4.13) that

lim cosh(u(t)) = +o0. (4.15)

t—+o00

Consider {E;}7_, be a local orthonormal frame of principal directions of F(M) C H"' C
L"*2 in z € M. It follows from Lemma 1.3.2 and (4.12) that

QLB By) = [cosh(u(t)) — ki(x) sinh(u(t))]” 6
= [cosh(p(t)) — ksinh(u(t))] 6
(e"™)25
—  2/ng.

YK
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Vt > t*. Then,
o “in 2 /n
g (Bi, E;) = €176, = 6 exp (5 (5111(1 - kz))) = (1 - k*)d;;.

By using Lemma 1.3.2, we infer that the second fundamental form ]Afi of Ft(x), e M,

is given by
IT,(EE;) = [cosh(pa(t)) — ksinh(u(1))] [k cosh(u(t)) — sinh(u(t))] &
T e L N O |k|\ﬁq<t>]
ol 1R k(1 —k2)
s | MV k?)]
N (S

= Sisgn(k)e’"\/q(t),
Yt > t*. Then, since ¢(t*) = 0,
1. (E, E;) = 0. (4.16)

Thus, from (4.16), t € (t*,+00). Moreover, by Lemma 4.1.1 and (4.15), F*(M) is an
immortal solution that expands from a totally geodesic hypersurface of H**! and converges

to OH"*! when t — +00.

(i1) If |k| > 1, then (4.14) holds V¢ € R. Since k? — 1 > 0, we get
et — |k et/ 4 k2 — 1 < ™M1 — |K]), (4.17)
Vt € R. Therefore, it follows from (4.13) and (4.17) that

lim cosh(p(t)) = +o0. (4.18)

t—4o00

Consider {E;}7_, be a local orthonormal frame of principal directions of F(M) C H"' C
L""2 in x € M. By using Lemma 1.3.2 and (4.12), one sees that

9(Bi, Ej) = e*/"ay, (4.19)
Vt € R. Moreover, from (4.19), we infer

lim §.(E:, E;) = 0. (4.20)

t——00

Therefore, from (4.18), (4.20) and Lemma 4.1.1, F*(M) is defined for ¢t € R, it is an

eternal solution that expands from a point and converges to OH"*! when ¢t — +00. W
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4.4 The hyperbolic cylinder

In this section, we study the case of the hyperbolic cylinder S™ x H™ c H"*! c L»*2,
n = 2m, with the additional assumption that the two distinct principal curvatures have

the same multiplicity m.

Theorem 4.4.1. Let F' : S™ x H™ — H"™ C L™ be an isometric immersion of a
cylinder in the hyperbolic space, with inward unit normal vector field N and two distinct
principal curvatures, ki > 1 and ko, with the same multiplicity m, such that kiky = 1.
Then, the solution to the IMCF by parallel hypersurfaces with initial condition F(S™ X
H™) C H* € L2 is given by

F'(a) = cosh(u(t)) F (x) + sinh(u(t))N (),

where
—2¢t/m 1+ Ko
cosh(u(t)) = \/ 2 ;sz— ];:)kz) a(t) + %, (4.21)
sinh(ju(t)) = —sgn<t>\/ — ?,;1“? Zf) “_2 (1.22)
and

ky — ko
q(t) _ < 1 2 2) +62t/m’

Vt € R. Moreover, F*(S™xH™) is an eternal solution that expands from an m-dimensional

submanifold of H"*' and converges to OH" ! when t — +00.

Proof. From Corollary 2.1.2, we have that
F'(x) = cosh(u(t)) F () + sinh(u(t)) N (z),
V(z,t) € S™ x H™ x I, where
[T | cosh(u(t)) — kisinh(u(t))| = ¢"
i=1
Since the principal curvatures £y and ks have the same multiplicity m, we have that

[[cosh(u(t)) — ky sinh(pu(t))][cosh(u(t)) — ky sinh(u(t))]] = /™,

34



ie,Vtel,
|cosh?(u(t)) — (k1 + ko) sinh(u(t)) cosh(pu(t)) + kiks sinh?(u(t))| = et/m

and, then, using that ki1ky = 1, we have

ki + Ko

cosh(2u(t)) — sinh(2u(t))| = e'/™. (4.23)
Since €!/™ is a smooth positive function, we conclude from (4.23) that h : I — R given
by
ki +k
h(t) = cosh(2u(t)) — 222 G (2u(t))

does not change sign. We claim that h(t) > 0, V¢ € I. In fact, since u(0) = 0, we deduce
that h(0) = 1. So, h(t) > 0, Vt € I. Thus, from (4.23),

bt by sinh(2u(t)) = cosh(2pu(t)) — e/™, (4.24)

Vt € I. By (4.24) we get

(k1 + kg)?

4

{(k1 Z/lcg)2

— 1} cosh?(2u(t)) + 2€'/™ cosh(2u(t)) — { + e%/m] = 0.

This is a second degree equation for cosh(2u(t)) and its discriminant is given by

A = 4e2m g [(/ﬁ —Zk2)2 _ 1} [(kl -Z/@)Q i €2t/m}

_geim oy (k1 + k2)* n (k1 + k2>262t/m (ki k) J2/m
16 4 4
(ky + ko)*

=AM S o (o R = (R ) et

2

= (k1 + k) <—<k1 —ZkQ) + e?t/m — 1)
2

= (ki + ko)’ <—<k1 i ]jf) mE e2t/m)

ky — k)2
= (ky + ky)? <—( . 7 2) +e2t/m>.

So, A >0,Vt € R, and I = R. Define ¢: R — R by

y — ko \ 2
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We get

=2/ & (k1 + ka)\/q(t) _ —4e™ £ 2(ky + ka)/q(1)

cosh(2u(t)) = 5 (klsz)Z (k1 — k)2

2

Using that 1(0) = 0, we have

cosh(zpt) =~ 2 LRIV,

Vvt € R. Since . |
cosh?(u(t)) = 3 cosh(2u(t)) + 2

it follows from (4.25) that

—4et™ 4 2(ky + ko)+/q(t) 1

h2(u(t)) = -
—2e!/™ + (ky + ka)+/q(t) !
(k1 — ko)? 2’
ie.,
—2€t/m —|— (k?l —f- ]{32) q(t) ]_
h = -
cosh(u(t)) \/ FoT + 50
vt € R.

We want to show that

lim cosh(u(t)) = +oo.

t—4o00

Indeed, by (4.26) we only need to show that

t—+o00

Since (@)2 > 0, we get

2
\/(/ﬂ ; kz) 1oe2t/m s et/m’

Vt € R. Hence,

2
_2€t/m+ (]{31 —|—]€2)\/<k1 5 k;Q) +62t/m > €t/m(l{71 —f-kg - 2),
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kb — ko)
Hm | —2eY™ 4 (ky + k) (12 2) +et/m| = too.

(4.25)

(4.26)

(4.27)



Vt € R. Since kiky = 1 and k; > 0, we have k; + ko — 2 > 0 if and only if (k; — 1)? > 0.
Hence, (4.27) holds, i.e.,

tirﬂoo cosh(pu(t)) = +oo. (4.28)
Note that
—2¢t/m 1 2
sl (1) = cos? (1)) — 1 = =2 P IV S
—2et/m 1+ R
sﬂw&»=i¢ ° ?ﬁﬁ;;)qw—%a (4.29)

vVt € R. We need study the sign of sinh(u(t)). Taking into account

sinh(2p(t)) = 2sinh(u(t)) cosh(u(t))

and cosh(u(t)) > 0, Vt € R, we now study the sign of sinh(2u(t)). Observe from (4.24)
that

) 2 2 m
sinh(2u(t)) = s cosh(2u(t)) — s et/
L2 ek k) VAl 2
ky + ko (k1 — ko)? ky + ko
8 Ak +Re)Va(t) 2 Jt/m
(k1 + ko) (k1 — k2)? ki + ko

—8et/m 4 4(ky + b)\/@ — 2(ky — k2)26t/m
(k1 + ko) (k1 — ko)?
—2[4+ (ks — k2)?] /™ + 4k + k2)/q(1)
(k1 + ko) (k1 — k2)?
—2(ky + ko)™ 4 4(ky + ko) +/q(t)
(k1 + ko) (k1 — ko)?
—2(k1 + ko)™ + 4:/q(t)
(k1 — k2)?

S G ka)e!™ +24/q(t)
a (k1 — k)2 ’

Vt € R. Moreover, sinh(2u(t)) > 0 if and only if

2V/q(t) > (ki + kp)e™,
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ie.,
4(](t) > (k?l + k2)262t/m.

This is equivalent to
(k?l — k2)2 + 462t/m > (kl + k2)262t/m,

ie.,

(k1 + ko)? — 4] /™ < (ki — ky)?.

Hence, sinh(2u(t)) > 0 if and only if e*/™ < 1. Therefore, (4.29) gives

_9et/m L+
smmmwwz—wmw¢ L

27

vt € R.

Consider an orthonormal frame {E1, Es, ..., B, Epi1, .., Boy = E,} of principal di-
rections on F(S™xH™) C H"™' C "2, in z € S™ xH™, such that Fy, ..., E,, are tangent
to S™ and E,, 1, ..., F, are tangent to H™. From Lemma 1.3.2, where 1 < i,5 < m, we

then have

3u(Bi, Bj) = [cosh(pu(t)) — kysinh(u(t))]* 8y
= [cosh®(u(t)) + ki sinh®(pu(t)) — kq sinh(2u(t))] 6y
= [cosh®(u(t)) + ki (cosh®(u(t)) — 1) — ky sinh(2u(t))] &;;
= [0 1) cosh® (1)) — by sinb(2p(0)) — ] 8,
_ (k‘%—|—1) <_2€t/m+<k1+k2) q(t) +1> _2k1—<k1+k2)et/m+2\/@ —k%] 6ij

I (k1 — ko)? 2 (ky — k2)?
[ 2O ) 4 Bt k)R VAW | L]
= (/ﬁ — k2)2 5 ij
n _21431(]{31 + kz)et/m - 4kl V Q(t) . k2 O

R %

[ 26t/ (k2 + 1) + (k1 + ko) (k2 + 1)\/q(®) + 2kr (ky + ko)et/™ — 4k;1\/q(t)] 5
(k1 — k2)? Y

K+ 1

[ —2et/m(k2 + 1) + ((ky + ko) (K2 + 1) — 4ky) /q(E) + 2(k2 + 1)et/m N k41— 2k§] 5
j

i (k1 — k2)? 2
[(ky + ko)(K2 4+ 1) — 4k, 1— k2
= t 0ij
I (kl _ k2)2 q( ) + 2 J
_kij’+k51+k1+k2—4k1

-
- I (kl — k2)2 q(t) + 2 :| 51]7
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ie,

) (k3 — 2k + k 1 —k?
k3 — 2k + - 1— k2
= [T VIO |
[kt —2k241
i e B 1— /{32
= (kzk_ll)z q(t) + 9 - 5ij
1k%

= (kl\/@+ ! ;k%) 3ij.

Hence, for 1 < i,5 < m, we have that

i L
lim ¢.(E, E;) = lim |kiy/q(t)+ kl} )y
t—>—00 t—r—o0 | 2

. ki—k\* |, 1-k
tgryoo kl\/( 2 ) te * 2 %i
b=k 1— k2
— k 5
o1 1k
( 2 Ty )%

= 0. (4.30)

Similarly, for m 4+ 1 < 4,5 < n, one obtains that

3(Ei Ey) = [cosh(u(t)) — kasinh(u(1)]" 6
= [cosh®(u(t)) + k3 sinh®(pu(t)) — ko sinh(2u(t))] 0y
= [cosh®(u(t)) + k3 (cosh®(u(t)) — 1) — ko sinh(2u(t))] 6;;

= [_ 2+ 1) cosh?(u(t)) — kg sinh(2pu(t)) — k3] 6
= |k +1) (_Mm + (kL + k) Vg(t) | 1) P U Gl 2v/alt) k§] 0ij

(k1 — ko)? 2 (k1 — ky)?
B _—Qet/m(k’g + 1) + (ky + ko) (k3 + 1)1/q(2) 4 k3 +1 S5
= (/{51 — k2)2 B ij
2k (ky + ko)e/™ — Ak /q(t)
i (k1 — k2)

ij

[ 202 1) (B R) (K2 + 1)/q(E) + 2ka(ky + ko)™ — 4ky/q(D) 5
(k1 — )2

K41
+ (2; —kg)al-j,
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ie.,

_—2et/m(k’§ +1)+

(k1 + ko) (k3 +

9.(E;, E;)

(K + ko) (K2 +

(k1 — k2)?

k2+k1+k3+k2

(k1
—4k2\/—
\/_

I (k1 — k2)?
kS — 2%y 4k
(k1 — k2)?

i.e., since kiky =1,

0.(E;, E;)

lim gx(Ez, E;)

t—s—o0

1 — k2
Q(t) -+ TZ:| 62‘]’7

kS — 2k + =
(5 — ka)?

[ k4 —2k2+1

lim
t——o0

— 4ky) \/q(t) + 2(kZ + 1)et/™ N

) 2

1—k2}

Sk

lim
t——o0

ks

(55

1— k32

2 1—
) + e2t/m + 2

by — k
B (57)
|2
(5=
(1 — k3)d;
k’g(kl — ]{72)(5”

2 2}5“

1— k2
2 2)5”'

Therefore, it follows from Lemma 4.1.1, (4.28) and (4.30), we have that F*(S™ x H™) is

defined for ¢t € R, it is an eternal solution that expands from an m-dimensional submani-

fold of H"*! and converges to OH"*! when t — +o00. So, the proof is finished.

Example 4.4.2. Consider the hyperbolic cylinder in H? C LL* given by

F(0,p) =

40

(v/2 cosh ¢, cos 8, sin 6, v/2 sinh ).



We get
Fy(0, ) = (0,—sinf, cos b, 0)
and
F,(0,¢) = (V2sinh ¢, 0,0, V2 cosh p).

So, the unit normal vector field N of F' is given by

N(6, ) = (—cosh g, —v/2 cos §, —v/2sin , — sinh ).

Moreover, we infer

1Fy(0, )] =1, |F,(0,9)]> =2, (Fy, F,) =0,

Fyo(0, ) = (0, — cosf,—sin b, 0)
and
F,u(0,0) = (V2cosh ¢,0,0,v2sinh ).
Thus,

(N, Fge) =2 and (N, F,,) = V2.

Hence, the principal curvatures k; and ks of F' are given by

1 1
ki = —— (N, Fp) =2 and ky= —— (N, F,,) =
1 ]F9]2 < 99> 2 |F¢|2 < W>

Therefore, from (4.21) and (4.22), we get

cosh(u(t)) = ( (k‘l—k‘g)z 9

1/2
—2¢t 4 32, 1 4 o2 L1
i 2

3 1 1/2
= (—4et+§v1+862t+§> 5
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2et+(/ﬁ+k2>m1>“

sinh(p(t)) = —sgn(ﬂ( o — )’ 2

3 1\ /2
= —sgn(t) (—4et + 5V 1+ 8e?t — 5)

and
F'(0,0) = cosh(u(t))F(6,9) +sinh(u(t)) N (6, ),
— cosh(u(t)) ( 2 cosh i, cos 0, sin 6, \/§Slnhg0)
— sinh(u(t)) (oshgo,\/_ 2 cos 0, v/2sin 6 smhgp)
= (F{(6,0),F5(0,0), F} (6,9), F{ (6,¢)),
where
F} (0, ) = [V2cosh(u(t)) — sinh(u(t))] cosh ¢,
F} (6, ) = [cosh(pu(t)) — V2sinh(u(t))] cos ),
F3 (6, ) = [cosh(u(t)) — V2sinh(u(t))] sin
and

F}(0,¢) = [V2cosh(u(t)) — sinh(u(t))] sinh .
Using the isometry G : H® ¢ L* — B3 C R3 given by

1

Tm (y27 Y3, —?J4) )

G (Y1, Y2, Y3, Ya) =

we deduce that

G0, 9) = G(E1(0.9) F(0.), F (6,9) . F} (0. )

Figure 4.2: IMCF of the hyperbolic cylinder
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Chapter 5

On the inverse mean curvature flow
by parallel hypersurfaces in the

sphere

In this chapter we use Corollary 2.1.2 to study the solutions to the IMCF by parallel
hypersurfaces in S"*! considering as initial condition the isoparametric hypersurfaces of
the sphere S"™!. Miinzner [25] showed that the number G of distinct principal curvatures,
for an isoparametric hypersurface of S*™! is restricted to be 1, 2, 3, 4 or 6. When
G € {2,4}, the multiplicities of principal curvatures can be different. For these cases,
in studying the solutions to the IMCF by parallel hypersurfaces in S"*!, we additionally
assume that the multiplicities of the principal curvatures of the initial hypersurface are
the same. Under these conditions, we prove that, for all values of G, the solutions to the
IMCF by parallel hypersurfaces in S**! are ancient. When G = 1, we prove that the
solution expands from a point and converges to a totally geodesic hypersurface of S**1.
For the cases where G € {2,3,4,6}, if m is the multiplicity of principal curvatures of the
initial hypersurface, we prove that the solutions expands from a (G — 1)m-dimensional

submanifold of S*™! and converges to a minimal hypersurface of S**!,

5.1 The totally umbilical case

Theorem 5.1.1. Let F' : M™ — S**!1 C E"*2 be an isometric immersion of a totally
umbilical hypersurface in S™*1, with inward unit normal vector field N and all principal
curvatures equal to k > 0. Then, the solution to the IMCF by parallel hypersurface with
initial condition F(M) is given by

Fi(z) = WJF_WF(@ + ke + \/@N(x), (5.1)

k2 +1 k2 4+1
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Vo € M, where q(t) = 1+ k%> — e*/", t € (—o0,t*) and t* = ZIn(k* + 1). Moreover,
Ft(M) 18 an ancient solution that expands from a point and converges to a totally geodesic

hypersurface of S*™ when t — t*.

Proof. From Corollary 2.1.2, we have that
F'(w) = cos(u(t)) F (x) + sin(u(t))N (), (5.2)

V(x,t) € M x I, where

11 cos(u(t)) — ki sin(u(t)] = €.
i=1
So, since k; = k > 0, Vi with 1 <14 < n, we get
| cos(u(t)) — ksin(p(t))] = ", (5:3)
Vt € I. Since e/" is a smooth positive function, from (5.3) we conclude that
h(t) = cos(u(t)) — ksin(pu(t))

does not change sign. We claim that h(t) > 0, V¢t € I. In fact, since pu(0) = 0, we have
that h(0) = 1. Hence, h(t) > 0, Vt € I. Thus, it follows from (5.3) that

cos(pu(t)) — ksin(u(t)) = /™, (5.4)
ksin(pu(t)) = cos(u(t)) — e/ (5.5)

Taking the square on both sides of (5.5) and using that sin®(u(t)) + cos?(u(t)) = 1, we

get the following equation
(k% + 1) cos®(u(t)) — 2e/™ cos(u(t)) 4+ €*/™ — k? = 0. (5.6)
This is a second degree equation for cos(u(t)). The discriminant of (5.6) is given by
A =4k (1 + k* — e2/m),

So, A > 0 if and only if
q(t) =14 k2 . e?t/n > 07
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ie.,
62t/n S k:2 + 1,

which is equivalent to
t < gln(kz2 +1) = t*.

Thus,

_2e M £ 2k /q(t) e kn/q(t) (5.7)
2R+ k241 ’

cos(u(t))

Vt < t*. Since p(0) = 0, we obtain from (5.7) that

et/n
C%m@»:-—ggﬁgﬁ, (5.8)

Vt < t*. Moreover, substituting (5.8) into (5.5), we get

e+ kyqlt) . K 4 kg
CTEVAY ey _

k241 k241 ’

ksin(pu(t)) =

ie.,

_ 6t/n
snu(t) = 2 TVIO (59)

Vt < t*. Then, substituting (5.8) and (5.9) into (5.2), we arrive at (5.1).

Proceeding from (5.8), we have that cos(u(t)) > 0, V¢ < t*. Thus, from (5.4), we
conclude that tan(u(t)) # 1/k, Vt < t*. Hence, from Lemma 1.3.2, the mean curvature
H' of F'(M) is given by

=N

(1(t) — isin(u(t)) " cos(u(t) — ksin(u(t) 1~ ktan(u(t))’

fr = 3 S+ cos(ut) _ in () + keos(ut) _ tan(u(t) +

Vt < t*. Therefore, H' = 0 if and only if tan(u(t)) = —k, i.e., from (5.8) and (5.9),

—ket/™ 4+ \/q(t) _
iy

i.e.,

(k2 4+ 1)1/q(t) = 0.

Since ¢(t) = 0 if and only if ¢t = t*, we conclude that I = (—o0,t*).

Now, consider { £;}7_; be a local orthonormal frame of principal directions of F'(M) C
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St c E*2 in o € M. It follows from Lemma 1.3.2 that
GL(E:, E;) = [cos(u(t)) — ksin(u(t))]* 65 = (e"/™)?6;; = €5,
V¢ < t*. So,
t—>—o0
On the other hand, observe that

* * 2
05 (B, 55) = 0 = ayexp (2 (G + 1) ) = -+ 13

Moreover, we have from Lemma 1.3.2 that the second fundamental form I7 i of Hx),

x € M, is given by

~

IT,(B;, ) = [cos(u(t)) — sin(u(t)] [sin(p(t)) + k cos(u(t)] 3

_ gt [—ket/” \/W)Jrk@““rk\/Q(t)]

Y k241 k2 +1

= (5ij€t/n q(t)
Hence, since ¢(t*) =0,
1. (B, E;) = 0. (5.11)

Thus, from (5.10) and (5.11), F*(M) is defined for t € (—oco, t*), it is an ancient solution
that expands from a point and converges to a totally geodesic hypersurface of S*™! when
t — t*. This finishes the proof. [ |

The case G = 1, in Theorem 5.1.1, was also studied by Freitas and Barros in the

Thesis [14]. The following observation will be very useful in the next results.

Remark 5.1.2. Let F' : M" — S*! be an oriented isoparametric hypersurface with
inward unit normal vector field N and kq, ks, ..., k, principal curvatures of F'(M) associ-
ated to N. One can determine the principal curvatures of M™ C S™*! up to a constant.
In fact, for all G = 2,3,4,6, let T € R with —1 <7 <1 and 7 = cos(Gs), i.e, 0 <s < Z,

we consider

g

kj = cot (3 + J 71') ,j=1,...G. (5.12)

The hypersurfaces for different values of the constant 7 are parallel in S™*! (see [7]).

46



5.2 Two distinct principal curvatures

In this section, we study the solutions to the IMCF by parallel hypersurfaces considering
as initial condition the isoparametric hypersurfaces of the sphere S"*! with two distinct
principal curvatures (i.e., G = 2). In this case, the multiplicities of the principal cur-
vatures can be different. In the following proposition, we additionally assume that the

multiplicities of principal curvatures of the initial hypersurface are equal.

Theorem 5.2.1. Let F: S!" x S — S"*1 C E"*2 be an isoparametric hypersurface in
St c K2, with inward unit normal vector field N and two distinct principal curvatures
ki > 1 and ko with the same multiplicity m. Then, kiks = —1 and the solution to the
IMCF by parallel hypersurfaces with initial condition F(S]? x S) is given by

F'() = cos(u(t))F() + sin(u(t) N (x),

Vr € S;”l x S™_ where

et/m 1 2
cos(pu(t)) = \/ 1 ;(Ej _Z’;g a®) | % (5.13)

and

et/m 1 2
sinw(t)):_sgn@)\/%_“ ot v (5.14)

with q(t) = (k1 — k2)*> — 4e®/™, ¢ € (—o00,t*) and t* = mIn (B552). Moreover, Ft(Sj}: X
Si) is an ancient solution that expands from an m-dimensional submanifold of S**' and

converges to a minimal hypersurface of S**' when t — t*.

Proof. From Remark 5.1.2, we have k; = cot(s) > 0, where 0 < s < 7/2, and

> _cot(s)-cot(m/2) -1 1

kQZCOt(S+E = =——,
cot(s) + cot(m/2) ky

2
i.e., kiks = —1. From Corollary 2.1.2, we have that
F'(x) = cos(p(t)) F () + sin(p(t))N (),

V(x,t) € SI? x S)7 x I, where, from (2.7),

[T costu(t)) = ssin(u(t)] = €'
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Thus, since the principal curvatures k; and ky have the same multiplicity m,
[[cos(a(t)) — ku sin(u(t))][cos(u(t)) — ko sin(u(t))]] = e/ (5.15)
So, Vt € I,

|cos (u(t)) — (k1 + kz) sin(u(t)) cos(u(t)) + kika sin® (u(t))] = e/

and, hence, using k1ky = —1, we have
ki+Ek
cos(2u(t)) — — h sin(2u(t))| = e/™. (5.16)
Since e!/™ is a smooth positive function, we conclude from (5.16) that h : I — R given
by
ki +k
h(t) = cos(2u(t)) = 5= sin(2u (1)

does not change sign. We now claim that h(t) > 0, V¢ € I. In fact, since p(0) = 0, we
have h(0) = 1. So h(t) > 0, Vt € I. Thus, from (5.16),

_kl—l-k‘z

cos(2u(t)) sin(2u(t)) = e/™, (5.17)

ie,Vtel,
(k1 + ko) sin(2u(t)) = 2 cos(2u(t)) — 2e¥/™. (5.18)

Taking the square on both sides of (5.18) and using that sin®(2u(t)) +cos?(2u(t)) = 1, we

get the following equation
(k1 + ko) + 4] cos®(2u(t)) — 8e/™ cos(2u(t)) + [4€*/™ — (ki + k2)*] =0,  (5.19)

Yt € I. This is a second degree equation for cos(2u(t)). Using k1ks = —1, the discriminant
of (5.19) is given by

A = 64 — 4 [(ky + k) + 4] - [4e*/™ — (ky + k2)?]
= 64e”/™ — 4[4 (ky + k)? — (kb + ko)* + 16*/™ — 4(ky + k»)?]
= —4[4®/™(ky + k2)® — (k1 + ko)t — 4k + k2)?]
= —4(ky + ko)? [4®/™ — (ky + ko)? — 4]
= Ak + k2)? [(kr + k2)® + 4 — 4e®/™]
= d(ky + ko)? [(k1 — ko)? — 4e*/™] .
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Define ¢ : I — R by
q(t) = (l{fl — ]{32)2 — 4€2t/m.

Hence, A > 0 if and only if ¢(¢) > 0, i.e.,

ki — ko \ 2
2t/m< 1 2
s (M)

t<mln <k1 ; k2) = t*.

Using that u(0) = 0, k1ky = —1 and ky; > 1, we have that H = m(k; + k2) > 0 and, from
(5.19),

ie.,

. 4€t/m + (k‘l + kz) q(t) . 4€t/m + (kl + ]Cg) q(t)
cos(2u(t)) = CETSEEY = U — F)? : (5.20)

Vt < t*. Note that cos(2u(t)) > 0, Vt < t*. Since

cos?(u(t)) = %cos(Zu(t)) + %,

it follows from (5.20) that

cos?(u(t)) 20k = Iy)? + 27 (5.21)
et/m 1 2
cos(u(t)) = \/ 1 ;gf _*k’;g a®) | % (5.22)

Vt < t*. By (5.21) one sees that

sin®(u(t)) = 1 —cos(u(t)
_ 1_[4et/m+(k1+k2) ) 1

2(ky — ky)? 2

1 et (ko k) V/g(8)
2 2(ky — ky)? ’
Vvt < t*. Hence,
. 1 46t/m -+ (lﬁ -+ kz) q(t)
sin(p(t)) = i\/ R e (5.23)
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vt < t*. Thus, we need to determine the sign of sin(u(t)). Since

sin(2p(t)) = 2sin(pu(t)) cos(p(t))

and cos(u(t)) > 0, Vt < t*, we need to study the sign of sin(2u(t)). From (5.18) and
(5.20),

(b ko) sin(2u(t) = 2 | 1€7m+ U+ ko) /40D _et/m]

I (k1 — k2)?
[ det/™ 4 (ky + ko) \/q(t) — (k1 — kg)Qet/m]

I (k1 — k2)?
_ [ (i + o) v/9(0) — (ks + kz)%t/m]

(k1 — ko)?

q(t) — (ky + ky)el/™
(k1 — k2)? '

= 2k + ko)

Thus,

2\/@ — (k’l + kg)et/m
(k1 — k2)? ’

sin(2u(t)) = (5.24)

vt < t*. It follows that sin(24(¢)) > 0 if and only if

Va(t) > (ky + ko)™,
ie.,
q(t) > (ky + ko)e/™,
that is equivalent to
4 + (1{31 + k2)2 — 462t/m > (k‘l + k2)2€2t/m.
Consequently,
4+ (kl + k2)2 > [4 + (k’l + k’g)g} 62t/m.

Hence, sin(2u(t)) > 0 if and only if /™ < 1, i.e., 2t/m < 0 and it is equivalent to ¢ < 0.
Thus,

sgn(sin(u(t))) = sgn(sin(2u(t))) = —sgn(t).

Therefore, from (5.23),

et/m 1+ k2
sin(u(t)):—sgmw\/%—“ t ot v (5.25
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vt < t*.
From (5.15), we have that

cos” (u(t))[1 — ka tan(u(t)][1 — kz tan(u(t))] = €™,

vVt < t*. Thus,

tan(u(t)) £ kil — ky and tan(u(t)) # ki — Ly, (5.26)

2

Vt < t*. Hence, by using (5.17) jointly Lemma 1.3.2, one concludes that the mean

curvature H' of F LS x S7) satisfies

AT = sin(2u(t) + 2 cos(2p(t)) = con(2u() | can () + 22

Therefore, since cos(2u(t)) > 0, ¥t < t*, from (5.20) and (5.24), we have that H* = 0 if
and only if

2/q(t) = 2(k1 + ka)e™ ki +ky
4et/m (k1+k2)\/() 2

i.e., H" = 0 if and only if ¢(t) = 0. Hence, H' = 0 if, and only if, t = t*. We conclude
that H" =0 and I = (—oo0, t*).

Consider an orthonormal frame {FEi, Es, ..., Ey, Epi1, ..., Fop—pn} of principal direc-
tions on F(SI x S) c S*' c E"*? such that Fi,..., E, are tangent to S!" and

Ert1, ..., B, are tangent to S, From Lemma 1.3.2, we have

GL(Es, By) = [cos(u(t)) — k;sin(u(t))]? 85 = cos® (1)) [L — k; tan(u(t))]* 8, (5.27)

Vit < t* and Vi, j, where 1 <i,j < n. Then, from (5.26), ¢.(E;, E;) # 0, Vt < t* and VI,

where 1 <[ < n. Moreover, from Lemma 1.3.2, the second fundamental form is given by

IT,(B; ) = [cos(u(t)) — kisin(u(t))] [sin(u(t)) + ki cos(u(1))] &
= [cos(u(t)) (1 — ki tan(pu(t)))] [cos(u(t)) (tan(pu(t)) + ki)] i
= cos®(u(t))[1 — ki tan(p(t))][tan(p(t)) + Ki]dy;, (5.28)

Vt < ¢* and Vi, j, where 1 < i,j < n. Thus, from (5.26), IT.(E,, E)) # 0, V¢ < t* and VI,
where 1 <[] <n.
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On the other hand, by (5.22) and (5.25), one deduces that

o . 1 det/m + (ki + k2)\/4(t)
Jm sin(u(®)) = lim —Sgn“M 2 2k - k)
I O e ) G ),
2 2(ky — ko)?
Ny
- 2 2(ky — ko)
1

V1+ kS

and

det/m + (ki + ko) y/q(t) | 1

lim cos(u(t)) = lim \/

t—r—00 t—>—00 2(/<:1 - k2)2 2
- /{31 + k?g 1
- \/2(k1—k2)+2
VI+E
It follows that
lim t £) =~

Aim tan(pu(t)) = W

Then, if 1 <1i,5 < m, from (5.27), we have

Jim GL(B: Ey) = T cos®(u(8))[1 = by tan(u(t))]* 6 = 0. (529)

Moreover, if m + 1 <i,j < n, we deduce from (5.27) that

1+k3
. AT TN 1 2 _ 25— L
. 11131Oo G.(E;i, Ej) =, hn_loo cos”(pu(t)) [1 — ko tan(u(t))]” 6;; = w2 dij-

Therefore, from (5.29), a H(S7 x Sp) is defined for t € (—oo,t*), it is an ancient solution
that expands from an m-dimensional submanifold of S"*! and converges to a minimal

hypersurface of S**! when t — t*. |

Example 5.2.2. Consider the Hopf Torus in S* C R* given by

F(0,¢) = (\/?6 COS@,?SiH@,§COSH,§81n9> .
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We then get

Fy(0,p) = (O, 0, —? sin 6, ? cos 9)

and
6 6
Fo(8,¢) = (—\/?_ sin ¢, g cos ©, 0, 0) .

So, the unit normal vector field N of F'is given by

N8, p) = (iﬁ cos ¥, ﬁsin%—@ cos@,—\/?g sin@) )

3 3 3
Moreover,
|Fy|* = % |F,|* = % and (Fy, F,) = 0.
Since
Foe(0, ) = (0, 0, _\/?3 cos b, —? sin 9)
and
Fop(0,¢) = (—? Ccos , —? sin ¢, 0,0) ,

we have that

<%

V2
<N7 F99> = ? and <N, Fg0g0> = —

Hence, the principal curvatures ki and ks of F' are given by

1 1
ki = ——5 (N, Fpg) = V2 and ky = —— (N, F,,) = —
|F9| |Fw|

e

Therefore, we get from (5.13) and (5.14) that

1/2
—2¢' + (k1 + ks) q(t)+1>/ B (8et+\/9—8e2t+1)1/2

COS(/vL<t)) = ( (kl _ ]{32)2 2 18 2
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1 =2t + (ky + k 7\ "’
=2+ (b + ko) V()

¢ — g2\ /2
sin(u(t)) = —sgn(t) (5 T 1 8" +v9-38 > ,

and

3 6 6
+ sin(u(t)) | = cos g, \/?_ sin ¢, —\/?_ cos @, —\/?_ sin 0)

3
= (FE0,0),FL(0,0), FL(0,0),FL(0,¢)),

where
F{ (6,) = 5[VBeos(u(t) + VEsin(u(1))] cos

F4 (6,0) = 3 [VG cos(u(1)) + VB sin(u(t))] sin ¢,

A

F(6,) = 5 [VBeos(u(1)) ~ VBsin(u(1))] cos

and

- 1
Fy(0,9) = 5[\/§COS(M(t)) — V6sin(u(t))] sin 6.
Using the stereographic projection 7 : S* — {(0,0,0,1)} C R* — R3? given by

1

T (Y1, Y2, Y3, Ya) = (Y1, Y2, Y3)

1=y

we have that

T(F'(0,9) =

Figure 5.1: IMCF of the Hopf Torus

F' expands from a curve of S* and converges to a minimal hypersurface of S* when
t — In (%5)
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5.3 Three distinct principal curvatures

Theorem 5.3.1. Let F : M"™ — St C E"2 be an isoparametric hypersurface in
St E"2, with inward unit normal vector field N and three distinct principal curva-

tures ki, ko and ks. Moreover, we may consider

V3k; — 3 V3k; +3
——— and k3= —"—,
3k + V3 V3 — 3k

all with multiplicity m, i.e., n = 3m, where m € {1,2,4,8}. Then, the solution to the
IMCF by parallel hypersurfaces with initial condition F'(M) is given by

]{1>\/§, ko =

F'() = cos(u(t)) F(x) + sin(u(t) N (x),

Vax € M, where

—aet/™ 4 \/m

a?+1

et'™ 4+ ay/q(t)
a?+1

cos(3u(t)) = , sin(3u(t)) =

Y

byt ks k(k2—3)

1) = 2 1 — 2t/m d _ —
q(t) = a” + e and a 3 32 =1

with t € (—oo,t*) and t* = ZIn(a® + 1). Moreover, F'(M) is an ancient solution that
expands from a 2m-dimensional submanifold of S**' and converges to a minimal hyper-

surface of S™*! when t — t*.

Proof. From Remark 5.1.2, we have k; = cot(s), where 0 < s < 7/3, and

)_cot(s)-cot(w/?))—l_kl-\/?g—l_\/§k1—3

m
By = cot s+ %) = = = :
o =cot (s cot(s) + cot(m/3) ki + \/?5 3k1 4+ /3

3

2_’/T) _ cot(s) - cot(2m/3) =1 Ky - (—‘/?g) -1 Bk +3

ks = cot | s + = = ,
3 = CO (3 3 cot(s) + cot(27/3) ki + (_\/Tg) V3 — 3k

where k3 < 0 < ky < kq, since k; > V3. Thus,

3ki (k2 — 3) ke (k2 = 3)
k’l + kQ ‘|— ]{33 = 3]{:%1_ 1 s ]{51]{?2/{}3 - —3]{;%1—_1 (530)
and
kiky + kiks + koks = —3. (5.31)
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Note that

H:m(k1+k2+k3): 31{}2—1
1

> 0.

From Corollary 2.1.2, we then have
Ft(x) = cos(u(t)) F () + sin(u(t)) N (@),

V(z,t) € M x I, where, from (2.7),

n

[ 1 cos(u()) — kisin(u(t)| = ¢"

=1

Thus, since the principal curvatures ki, ko and k3 have the same multiplicity m,

[[cos(pu(t)) — Eusin(u(t))][cos(p(1)) — kasin(u(t))][cos(u(t)) — kssin(u(1))]] = ™. (5.32)
Hence, Vt € I,
|[cos®(pu(1)) — (k1 + ko) sin(u(1)) cos(u(t)) + knkz sin®(u(t))][cos(u(t)) — ks sin(u(t))]] = ™,

i.e., from (5.30) and (5.31),

t/m

e | cos®(u(t)) — ks sin(u(t)) cos(u(t)) — (k1 + ka) sin(u(t)) cos® (u(t))
+ (k1 + ko)kssin?(u(t)) cos(u(t)) + ik sin®(u(t)) cos(pu(t)) — kikoks sin®(u(t))]
[ cosS (1)) — (Fy + I + ) sin(u(2)) cos2(u(t))

4+ (kiks 4 koks + Eyky) sin® (u(t)) cos(pu(t)) — kykaks sin®(u(t))]
cos* (1)) — 3sin(u(t)) cos(u(®)) — L3 [3.inu(1)) cos2(u(t)) — sin® (1))

342 — 1
cos(3u(t)) ~ "= sn3u(r)

= |cos(3u(t)) — asin(3u(t))|, (5.33)

where

ky+ ko + ks k(K —3)
a = = .
3 3k —1

Thus, H = 3am and hence, a > 0. Since /™ is a smooth positive function, by using

(5.33) we conclude that h: I — R given by
h(t) = cos(3u(t)) — asin(3u(t))
does not change sign. We claim that h(t) > 0, V& € I. In fact, since u(0) = 0, we have
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h(0) = 1. Tt follows that h(t) > 0, Vt € I. Hence, (5.33) reduces to
cos(3u(t)) — asin(3u(t)) = /™,
ie,Vtel,

asin(3u(t)) = cos(3u(t)) — /™.

(5.34)

(5.35)

Taking the square on both sides of (5.35) and using that sin®(3u(t)) +cos?(3u(t)) = 1, we

get the following equation

(a® 4 1) cos®(3u(t)) — 2e/™ cos(3u(t)) + /™ — a® = 0.

(5.36)

This is a second degree equation for cos(3u(t)). The discriminant of (5.36) is given by

A = 4™ —4(a® 4+ 1)(e®™ — a?)
= 42 _4(a?™ — a* 4 2™ — o?)
= 4™ — 42 4 da* — 4P + 44°
= 4da* + 4a® — 4a%2/™

= 4a*(a®+1 - ¥/m).
Define ¢ : I — R by
q(t) =a® +1 -2

Then, A > 0 if and only if ¢(t) > 0, i.e.,
62t/m S a? + 1.

Consequently,

t <

%111(@2 +1)=1t"

Thus,

et/m a et/m L ¢
cos(3u(t)) = 2 2(;24_\/1)(](75) _ ; +\1/q(t)’

Yt < t*. Since u(0) = 0, we have that

'™ 4 ay/q(t)

a?+1

I

cos(3u(t)) =

o7

(5.37)



Vt < t*. Note that cos(3u(t)) > 0, Vt < t*. Since

cos(3u(t)) = 4cos®(u(t)) — 3cos(u(t)), (5.38)

we conclude that cos(u(t)) # 0, Vt < t*. Moreover, since p(0) = 0, we have cos((0)) =1
and, thus, cos(u(t)) > 0, Vi < t*.
It follows from (5.35) that

asin(3u(t)) = cos(3u(t)) — /™
/™ + av/q(t) _t/m
a®?+1
et’m 4 ay/q(t) — e/™(a? +1)
a’?+1
el/™ 4+ a\/q(t) — a’et/™ — et/m
a?+1

—a%et™ + a /q(t)

a?+1

?

ie.,

—ael/™ + \/q(t)

a?+1

sin(3p(t)) =

Vt < t*. This jointly with (5.37) gives

—aet’™ 4/
tan(3u(t)) = et/m+:\/%), (5.39)

Moreover, since H > 0, from equation (2.5), we get p/(t) < 0, Vt < t*. So, the function p

is decreasing. Note that

%[mw»] = sec(u(t))'() < 0,

Vit < t*, i.e., tanop is decreasing as well. Also, we have from (5.32) that

cos® (pu(8))[1 — ka1 tan(u(t)][1 — Kz tan(u(t))][1 — ks tan(u(t))] = /™, (5.40)

Vt < t*. So, one has

tan(u(t)) # —-, tan(u(t)) # — and tan(u(t)) # — (5.41)

vVt < t*.
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Consequently, from Lemma 1.3.2, the mean curvature H' of F" is given by

sin(u(t)) + ks cos(p(t)) | sinu(t)) + kp cos(u(t)) | sin(u(t)) + ks cos(u(t))

H=m cos(pu(t)) = kusin(u(t)) — cos(u(t)) — kasin(u(t)) — cos(u(t)) — kssin(pu(t))

After reducing the above expression to the same denominator, consider o = a(pu(t)) and

B = Bu(t)) so that

Hence, from (5.34), we have that 5(u(t)) = e*/™. Moreover, (5.30) and (5.31) guarantee
that

3[3sin(pu(t)) — 4sin®(u(t))] — [2(k1 + ko + k3) — 3kykoks] cos(u(t))
+ 3[l€1 + k?g + k?g - k1k2k3] COS3<M(t))
3sin(3u(t)) + 3k b =3 [4 cos®(u(t)) — 3cos(pu(t))]

3k —1
. ky
3sin(3u(t)) + 3k 55—

a(u(t))

2-3
= ot
= 3[sin(3u(t)) + acos(3u(t ))] :

Thus,

let/mﬁt = sin(3u(t)) + acos(3u(t)) = cos(3u(t))[tan(3u(t)) + al.

n

It follows that H* = 0 if and only if tan(3u(t)) = —a. Thus, from (5.54), we have that
H' = 0 if and only if

—ae'™ + \/q(0)
= —a7
et/m + a\/q(t)

ie.,

(a®+1)\/q(t) = 0.

Hence, H' = 0 if and only if ¢(t) = 0. Therefore, H' = 0 if and only if t = t*. We
conclude that H* =0 and [ = (—oo0, t*).

Consider an orthonormal frame Ej;, Ejo, ..., B, 7 = 1,2, 3, of principal directions on
F(M) c S"*' € E"*2. Using Lemma 1.3.2, one obtains that

34(Ejr, Ejs) = cos®(u(t)) [1 = kj tan(u(t))] by, (5.42)
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Vit < t*, Vr,s with 1 < r,s < m and j = 1,2,3. Thus, from (5.41), §L(E;, E;) # 0,
Vit <t*, Vlwith1 <[l <mandj=1,2,3.
On the other hand, since k3 < 0 < kg < kq, we have that

1 1 1
— <0< — < —. 5.43
ks k1 ko ( )

Since tan oy is decreasing, tan(u(t)) > 0, Vt < 0. Moreover, since

lim ¢(t) = lim (a®>+1—e*™)=a?+1,

t——00 t——00

from (5.37), we have that

t/m /a(t Y 1
lim cos(3u(t)) = lim —— q(): e+l __ @

——o0 t——o0 a?+1 a?+1 a2 +1

Hence, from (5.38),

lim cos(u(t)) # 0.

t——o00

This combined with (5.40) and (5.43) gives

lim tan(pu(t)) = —.

t——o0 ]{,’1

Consequently,

o : 2
i GE(Fy B =l cos(u(0)) [ = o tan(ut)) 6y = 0

Vr,s with 1 < r,s < m, where we have used (5.42). Therefore, F*(M) is defined for

t € (—oo,t*), it is an ancient solution that expands from a 2m-dimensional submanifold

of S**! and converges to a minimal hypersurface of S"*! when t — t*. So, the proof is

completed. ]

5.4 Four distinct principal curvatures

In this section, we study the solutions to the IMCF by parallel hypersurfaces considering
as initial condition the isoparametric hypersurfaces of the sphere S™*! with four distinct
principal curvatures (i.e., G = 4). In this case, the multiplicities of the principal cur-
vatures can be different. In the following proposition, we additionally assume that the

multiplicities of principal curvatures of the initial hypersurface are equal.
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Theorem 5.4.1. Let F : M"™ — St C E"2 be an isoparametric hypersurface in
St K2, with inward unit normal vector field N and four distinct principal curvatures

k1, ko, k3 and ks with the same multiplicity m, i.e., n = 4m. Also, we may consider

k-1 1 kot 1
k> /34 2V3, ky = ks=—— and k= .
V> BEV k=g o ke = and b=

Then, the solution to the IMCF by parallel hypersurfaces with initial condition F (M) is

given by
F'(x) = cos(p(t)) F () + sin(p(t))N (),

Vo € M, where

—aet/™ + \/q(t)

a?+1

et/™ 1+ ay/q(t)
a?+1

)

cos(4u(t)) = , sin(4u(t)) =

ky+ko+ks+ky KkP—6k7+1
t) = 2 1 — 2t/m d _ M _Mm 1
alt) =a”+1=e¢ ana @ 4 Ak (k2 — 1)

with t € (—oo,t*) and t* = Z1In(a® + 1). Moreover, F'(M) is an ancient solution that
expands from a 3m-dimensional submanifold of S**' and converges to a minimal hyper-

surface of S™*! when t — t*.

Proof. From Remark 5.1.2) we have that k; = cot(s), where 0 < s < 7/4. So, since the

cotangent is decreasing,
k1 = cot(s) > cot(m/4) = 1.

Again, by Remark 5.1.2, one sees that

7r cot(s)cot(m/4) —1 k1 —1
ke = cot —) = _
7T cot(s) cot(m/2) — 1 1
k - t — — -
2 <S * 2) cot(s) + cot(m/2) k1
and
3 cot(s)cot(3m/4) —1  —k;—1 Kk +1
k: — t —_— = — —
o (S i > cot(s) + cot(37/4) ki —1 11—k
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where ky < k3 < 0 < ko < ky. Hence,

by — 1k +1

kiks = =1, koky =
1k3 B S )

B 1\ (k=1 k+1\
(k1+k?3)(l€2+k4)—(k1 k_1> (k1+1 k1—1>_ 4,

by — 1 1\ [k +1
p— — — :1
ikahaks =k (/f1+1> ( kl) (1—k1)

k+k1—1 1+k;1+1
YUl k1R

and

i+ kot ks kg =

k%—1+k1—k%—1+k1+k%+2k1+1

oy ki +1— k2 —ky

_ k%—1+ 4k12
ky 1— k2

(hf — 1)(1 — k7) + 4k7
k(1 — k)

k2 — k= 1+ k2 4 4k2
k(1 — k)

—k{ +6k% —1

k(1= ki)

ki — 6k + 1

ka(ki—1)

From Corollary 2.1.2, we have that
F'(x) = cos(u(t) F(x) + sin(u(t)) N (@),

V(z,t) € M x I, where, from (2.7),

n

[ 1 cos(u()) — kisin(u(t)| = ¢"

=1

(5.44)

(5.45)

(5.46)

Thus, since the principal curvatures ki, ko, k3 and k4 have the same multiplicity m, we

get

lcos(u(t)) — ky sin(pu(t))] - [cos(u(t)) — kasin(u(t))] - [cos(n(t)) — ks sin(u(t))]

(5.47)

[cos(u(t)) — kasin(u(t))]| = /™,
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Vt € 1. Now, by combining (5.44), (5.45) and (5.46), we deduce

e = |feos®(u(t)) — (kv + ko) sin(u(t)) cos(u(t)) + kkz sin® (u(1))]
[cos?(u(t)) — (ks + k) sin(a(t)) cos(yu(t)) + kshs sin? ()]

= Jcost(u(t)) + s (a(8)) — (b + B + s + k) sin(u(t)) cos (1 (1))
— [kska (k1 + ko) + krko (ks + ka)] sin® (u(t)) cos(u(t))
+  [kiky + ksky + (ky + ko) (ks + ky)] sin®(u(t)) cos®(u(t))]
= |cos(u(t)) +sin®(u(t)) — (k1 + ko + ks + ka) sin(u(t)) cos® (u(t))
— (—ka — k3 — Ky — k) sin®(u(t)) cos(u(t))
+ [(k1 + k) (R + k) — 2] sin® (1)) cos® (1))
— Jeost(u(®)) + s (u(8)) — (b + B + s + b) sin(u(t)) cos (1 (1))
+ (ky + ko + ks + ky) sin®(u(t)) cos(u(t)) — 6sin?(pu(t)) cos®(u(t))|
= |cos’(u(t)) +sin’(u(t)) — 6sin®(u(t)) cos*(u(t))
— (k1 + ko + ks + ka)[sin(u(t)) cos® (uu(t)) — sin®(u()) cos(u(t))]|

k k k k
= feos(apu(t)) - P sin(ap()

= |cos(4u(t)) — asin(4u(t))|, (5.48)

Vt € I, where

a_k:1+k;2+k3+k4_k;i‘—6k:%+1
B 4 Ak (K1)

Thus, since k; > /3 + 2v/2, we have that a > 0. Hence, H = 4am > 0. Since "™ is a
smooth positive function, we conclude from (5.48) that h: I — R given by

h(t) = cos(4u(t)) — asin(4u(t))

does not change sign. We claim that h(t) > 0, Vt € I. In fact, since (0) = 0, we deduce
h(0) = 1. So h(t) > 0, ¥t € I. Thus, (5.48) reduces to

cos(4u(t)) — asin(4u(t)) = e/™. (5.49)
ie,Vtel,
asin(4u(t)) = cos(4u(t)) — /™. (5.50)

Taking the square on both sides of (5.50) and using that sin®(4u(t)) + cos?*(4u(t)) = 1, we
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get the following equation
(a® + 1) cos?(4u(t)) — 2e/™ cos(4p(t)) + e*/™ — a2 = 0. (5.51)
This is a second degree equation for cos(4x(t)). The discriminant of (5.51) is given by
A =4a*(a® + 1 — 2/m).

Define ¢ : I — R by
q(t) =a*+1—e/m.

Thus, A > 0 if and only if ¢(t) > 0, i.e.,

tg%ﬁmf+1)=f.
Hence, since 1(0) = 0,
et'™ + ay/q(t)
4u(t)) = 5.92
cos(ap(t)) = VIO, (5.52)

vt < t*. Note that cos(4u(t)) > 0, Vt < t*. Moreover,
cos(4u(t)) = 8cos*(u(t)) — 8cos?(u(t)) + 1. (5.53)

We claim that cos(u(t)) > 0, V¢t < t*. In fact, by contradiction, suppose that there exists
t such that cos(u(t)) = 0. Thus, using (5.53), we have cos(4u(t)) = 1. From (5.52), we
conclude that ¢ = 0. Hence, cos(u(t)) = 1 and we have a contradiction. Moreover, since
1(0) = 0, we have cos(u(0)) = 1 and thus, cos(u(t)) > 0, vVt < t*.

It follows from (5.50) and (5.52) that

—ae'’™ 4+ \/q(t)

a?+1

sin(4p(t)) =

)

Vvt < t*. Thus,

—aet/™ + \/q(t)
T aa (5.54)

tan(4u(t)) =
Moreover, one sees from (5.47) that

cost {(u(t)) - [1 — ky tan(u(®))] - [1 — ks tan(u(t))] - (1 — ks tan(u(2))]
[1 — Ky tan(u(t))] = /™, (5.55)
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Vt < t*. Thus, from (5.44) and (5.55), we infer

tan(iu(t)) # - =~k tan(u(t)) £ - = ki
mmm»¢%:—hwdmmm»¢%:—@, (5.56)

Vt < t*. From Lemma 1.3.2, the mean curvature H* of F"* is given by

L _ sin(®)) +kicos(u(t) | sin(u(t)) + ks cos(u(t))
m cos(u(t)) — kysin(u(t)) — cos(u(t)) — kasin(u(t))
L sinu(t)) + ks cos(u(t)) | sin(u(t)) + ks cos(u(t))
cos(u(t)) — kssin(u(t)) — cos(u(t)) — kasin(u(t))

After reducing the above expression to the same denominator, consider o = «(u(t)) and
B = B(u(t)) such that

Hence, from (5.49), we have that 8(u(t)) = /™. Moreover, by combining (5.44), (5.45)
and (5.46), one deduces that

alu(t)) = (ki 4 ko + ks + ky) cos® (1u(t)) — (koksky + kiksky + kikoky + kikoks) sin (u(t))
+ [4—ki(ka+ ks + ka) — ka(ky + ks + ka) — ks(ky + k2 + k4)
— ka(ky + ko + k3)] sin(u(t)) cos®(u(t))

koks + ksks + koka + kiks + kika + kiks — 2k kokska) sin®(u(t)) cos(u(t))

3lkikoks + kikoky + kiksky + koksky — (k1 + ko + ks + ky)] sin®(u(t)) cos? (u(t))

4acos* (u(t)) — [koka(ky + ks) + kiks (ko + ky)] sin® (u(t))

[8 — 2(ky + k) (ko + ky)] sin(u(t)) cos® (u(t))

2((ky + ks) (k2 + ka) — 4) sin®(u(t)) cos(u(t))

— 3[k1 + ko + k3 + ks + 4a] sin®(u(t)) cos® (u(t))

= dacos(u(t)) + (ki + ko + ks + kq) sin(u(t)) + 16 sin(u(t)) cos® (u(t))

— 16sin®(u(t)) cos(u(t)) — 24asin®(u(t)) cos®(u(t))

= 4dacos*(u(t)) + 4asin®(u(t)) 4+ 16 sin(u(t)) cos® (u(t))

— 16sin®(u(t)) cos(u(t)) — 24asin®(u(t)) cos®(u(t))

m + +

+ +

= dalcos’ (u(t)) + sin* (u(t)) — 6sin®(u(t)) cos® (u(t))]
+ 16[sin(pu(t)) cos(u(t)) — sin®(u(t)) cos(u(t))]
= dacos(4pu(t)) + 4sin(4u(t)).
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Thus,

%et/mﬁt — sin(4(t)) + acos(4u(t)) = cos(4pu(t)) [tan(4u(t)) + a).

It follows that H' = 0 if and only if tan(4u(t)) = —a. Thus, we have from (5.54) that

H'" = 0 if and only if

—aet/™ + /q(t)
= —a7
et/m + a/q(t)

(a® +1)y/q(t) = 0.

Hence, H' = 0 if and only if ¢(t) = 0. Therefore, H' = 0 if and only if ¢t = t*. We
conclude that H* =0 and I = (—oo, t*).

Consider an orthonormal frame Ej, Ejo, ..., Ejn, 7 = 1,2,3,4, of principal directions
on F(M) C S"™ C E""2. From Lemma 1.3.2, we have that

34 (Ejr, Ejs) = cos®(u(t)) [1 = kj tan(u(t))]* by, (5.57)

Vit < t*, Vr,s with 1 < r,s <m and j = 1,2,3,4. Thus, using (5.56), §.(E;, Ej1) # 0,
Vi <t*, Vliwithl1 <[ <mandj=1,2,34.

At the same time, from Lemma 1.3.2, we have that the second fundamental form I1 i
of F'(x), x € M, is given by

~

[T, (Ejy, Bj) = cos®(u(t)[1 — k; tan(u(t))|[tan(u(t) + ky]ys,

Yt < t*,Vr,s with 1 <r,s <m and j = 1,2,3,4. By (5.56), we have IT,(E;, Ej) # 0,
Vi <t*, Vliwithl1 <[ <mandj=1,2,34.
On the other hand, since k; < k3 < 0 < ky < k1, we have that

1<1<0<1<1 (5.58)
ks ka ki ks '

Since H > 0, from (2.5) we have that tanop is decreasing. Thus, tan(u(t)) > 0, Vt < 0.

Moreover, using (5.52), we have that

a

tgrgoo cos(4u(t)) = e
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Hence, by (5.53), we conclude that

lim cos(u(t)) # 0. (5.59)

t——o00

It follows from (5.55), (5.58) and (5.59) that

lim tan(u(t)) = —.

t——00 kl

Thus, using 5.57,

lim_GL(Ery, Br) = lim_cos?(u(t)) [1 — by tan(u(t))]* 6,0 = 0,

t——00 t——o00

Vr,s with 1 < r,s < m. Therefore, F*(M) is defined for t € (—oo,*), it is an ancient
solution that expands from a 3m-dimensional submanifold of S"*! and converges to a

minimal hypersurface of S"*! when t — ¢*. So, the proof is finished. |

5.5 Six distinct principal curvatures

Theorem 5.5.1. Let F' : M™ — S""t C E"™ be an isoparametric hypersurface in
Sttt c B2, with inward unit normal vector field N and siz distinct principal curvatures

k1, ko, k3, ks, ks and kg. Also, we may consider

- V3k; — 1 V3k; — 3
ky > 7+4\/§,k:—,/€:—,
! T V3 Bk + 3

i k_\/§k1+3 _\/§]€1+1
kl’ ’ \/5—3/{1 \/_—/fl7

all with multiplicity m, i.e., n = 6m, where m € {1,2}. Then, the solution to the IMCF
by parallel hypersurfaces with initial condition F(M) is given by

]{Z4 = — and kG

Fi(z) = cos(u(t)) F(z) + sin(u(t) N (z),
Vo € M, where

e+ ay/q(t)
a?+1

—aet’™ 4+ \/q(t)

a?+1

cos(6u(t)) = , sin(6u(t)) =

)

k1+k2+k3+k4+k5+kﬁ_1k?—15k§+15k§—1

t: 2 1_ 2t/m d — —
q(t) ="+ 17 and a 6 2 3K — 10k3 + 3k
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with t € (—oo,t*) and t* = 21n(a® + 1). Moreover, FY(M) is an ancient solution that
expands from a 5m-dimensional submanifold of S*™' and converges to a minimal hyper-

surface of S™™ when t — t*.

Proof. From Remark 5.1.2, we have k; = cot(s), where 0 < s < 7/6. Hence, since the

cotangent is decreasing,
ki = cot(s) > cot(n/6) = V3.

Again, by Remark 5.1.2; one sees that

T\  cot(s)cot(m/6) —1  v/3k;—1
t

ke = cot (”E) " cot(s) + cot(n/6) ki + /3

T cot(s) cot(m/3) — 1 ‘/Tgk‘l -1 3k -3
kzgzcot(s—i——): — — 7
3/ cot(s) +eot(m/3) g 4B 3k +V3
s cot(s) cot(m/2) — 1 1
l{} = t — = = ——
1T (S * 2> cot(s) + cot(m/2) ki’

2m\  cot(s)cot(2m/3) =1 —\/?gkl -1 V3k +3
3 )  cot(s)+cot(2m/3) g — B 33k

3

ks = cot <S +

and

( 57r) cot(s)cot(5m/6) —1  —3Bki —1 3k +1
ke = cot = ot = =

ST 6 ) T cot(s) 4 cot(3r/6) ki —v3 B

where kg < ks < ky < 0 < k3 < kg < ky. Thus,
bk = —1, (5.60)

VB —3VBki+1  VBk —33k +V3

kske = = — 1
T Bk VB VB -k 3k +v33— 3k

(5.61)

)

V3ki — 13k +3 3k —V3V3ki +3
kgkg, - - - —1, (562)
ki +vV3 V3 =3k 3k +3vV3—3k

kevkokskakske = —1 (5.63)
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and

kS — 15k% 4+ 15k% — 1

fer + ey + oy -+ kg + ks + Kig = 3
LT Ry T R R o R 3k% — 10k3 + 3k,

From Corollary 2.1.2, we have that
F'(x) = cos(u(t)) F () + sin(u(t))N (@),

V(z,t) € M x I, where by (2.7),

n

[ 1 cos(u() — kisin(u(t)| = ¢

=1

Hence, since the principal curvatures kq, ko, k3, k4, ks, kg have the same multiplicity m, we

get
e/ = leos(u(t)) — ki sin(u(t))] - [cos(u(t)) — kysin(u(t))
[cos(pu(t)) — kasin(u(t))] - [cos(u(t)) — kasin(u(t))]
[cos(pu(t)) = ks sin(u(t))] - [cos(pu(t)) — ke sin(p(1))]]; (5.64)

Vt € I. Now, by combining (5.60), (5.61), (5.62) and (5.63), we deduce

ky + ko 4+ ks +ky + ks + k
et )

= |cos(6u(t)) — asin(6u(t))], (5.65)

et/m = |cos(6u(t)) —

Vt € I, where

a_k1+k2+k3+k:4+k:5+k6_1k?—15k1‘+15k%—1
B 6 2 3kY — 10K} 4 3k,

Since k1 > \/7 + 4v/3, we have that a > 0. Hence, H = 6am > 0.

t/m

Since €™ is a smooth positive function, we conclude from (5.65) that h : I — R

given by

h(t) = cos(6p(t)) — asin(6u(t))
does not change sign. We claim that h(t) > 0, V¢ € I. In fact, since u(0) = 0, we deduce
h(0) = 1. So h(t) > 0, Vt € I. Thus, (5.65) reduces to

cos(6(t)) — asin(6u(t)) = /™, (5.66)
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ie,Vtel,
asin(6u(t)) = cos(6u(t)) — e/™. (5.67)

Taking the square on both sides of (5.67) and using that sin®(6(t)) + cos?(6u(t)) = 1, we

get the following equation
(a® + 1) cos?(6(t)) — 2e/™ cos(6p(t)) + /™ — a2 = 0. (5.68)
This is a second degree equation for cos(64(t)). The discriminant of (5.68) is given by
A =4a?(a* 4+ 1 — /™),

Define ¢ : I — R by
q(t) = a* +1 — */m,

Thus, A > 0 if and only if ¢(¢) > 0, i.e.,

t < %ln(a2 +1)=1t"
Since p(0) = 0, we have that
e + a\/q(t)
t)) = .
cos(p(t)) = VIO, (5.69)

Vt < t*. Note that cos(6u(t)) > 0, Vt < t*. Moreover,
cos(6p(t)) = 32 cos®(u(t)) — 48 cos*(u(t)) + 18 cos®(u(t)) — 1. (5.70)

Thus, cos(pu(t)) # 0, Vt < t*. Moreover, since 1(0) = 0, we have cos(u(0)) = 1 and hence,
cos(u(t)) > 0, vt < t*.
It follows from (5.67) and (5.69) that

—aet/™ + \/q(t)

a?+1

)

sin(6u(t)) =
Vvt < t*. Thus,

—aet/m
tan(6u(t) = Z\/‘{]?_? (5.71)
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Moreover, one sees from (5.64) that

cos(u(t)) - [1— ks tan(u(t))] - [1 — ko tan(p(1))] - [L — ks tan(u(t))
[1— kg tan(p(t))] - [1 — ks tan(p(1))] - [L - ks tan(u(t))] = e/™, (5.72)

vVt < t*. Thus, from (5.60), (5.61), (5.62) and (5.72), we infer

tan(u(t) # — = —ka, tan(u(t) # — = —ks, tan(u(t)) % — = —ks,
k’l k2 k?)

tan(u(t)) # - = k. tan(u(t)) £ - = —ho and tan(u(t) £ 1 = ks, (573

vt < t*.
By combining Lemma 1.3.2, (5.60), (5.61), (5.62) and (5.63), one deduces that the

mean curvature H' of F" is given by

L sinu®) +kicos(ut)) | sin(u(t)) + kpcos(u(t)) | sin(u(t)) + ks cos(u(t))
m cos(p(t)) — kysin(u(t)) — cos(u(t)) — kasin(u(t)) — cos(u(t)) — kssin(pu(t))
L sinu(t) + kycos(u(t)) | sin(u(t)) + ks cos(u(t)) | sin(u(t)) + ke cos(u(t))
cos(p(t)) — kasin(u(t)) — cos(u(t)) — kssin(u(t)) — cos(u(t)) — ke sin(u(t))
_ 6acos(6,u(t)) + sin(6u(t))
cos(6u(t)) — asin(6u(t))’

i.e., from (5.66),

%et/m]:lt = sin(6u(t)) + acos(64(t)) = cos(6u(t))[tan(6u(t)) + al.

It follows that H* = 0 if and only if tan(6u(t)) = —a. Thus, we have from (5.71) that

~

H' = 0 if and only if

—ae’/™ + \/q(t)
= —a’
I+ an/al)

ie.,

(a®> 4+ 1)\/q(t) = 0.
Hence, H' = 0 if and only if ¢(t) = 0. Therefore, H* = 0 if and only if ¢ = t*. We

conclude that A" =0 and I = (—oo, t*).

Consider an orthonormal frame Fj, Ejo, ..., Ejm, j = 1,2,3,4,5,6, of principal direc-
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tions on F(M) C S"' € E"*™2. From Lemma 1.3.2, we have that
34(Ejr, Ejs) = cos®(u(t)) [1 = kj tan(u(t))] by, (5.74)

Vit <t*,Vr,swith1 <r,s <mandj=1,23,4,56. Thus, using (5.73), gL (E;, E;;) # 0,
Vi <t*, Viwithl1 <[ <mandj=1,2,3,4,5,6.

At the same time, from Lemma 1.3.2, we have that the second fundamental form 17 tz
of F'(x), z € M, is given by

¢
I1,(Ejr, Bjs) = cos*(u(t))[1 — kj tan(u(t))][tan(u(t)) + k;]or,
Vi < t*, Vr,s with 1 < rs < m and j = 1,2,3,4,5,6. So, by (5.73), we have that

f[i(Eﬂ,Eﬂ) 0, Vit <t" Viwithl <l<mandj=1,23,4,5,6.
On the other hand, since kg < ks < ks < 0 < k3 < ko < k1, we have that

_<_<_<0<k_<_<_' (5.75)

Since H > 0, using (2.5) we have that tan oy is decreasing. Thus, tan(u(t)) > 0, V¢ < 0.
Moreover, by (5.69), we have that

tgrzloo cos(6u(t)) = T

Thus, using (5.70), we conclude that

lim cos(u(t)) # 0. (5.76)

t——o00

It follows from (5.72), (5.75) and (5.76) that

lim tan(u(t)) = —.

t——0o0 kl

Hence, by (5.74),

lim §'(Ey,, Fis) = lim cos®(u(t))[1 — Kk tan((t))]* 6,5 = 0,

t——o00 t——o00

Vr,s with 1 < r,s < m. Therefore, Ft(M) is defined for ¢t € (—o0,t*), it is an ancient
solution that expands from a 5m-dimensional submanifold of S™™! and converges to a

minimal hypersurface of S"*! when ¢t — t*. So, the proof is completed. [
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