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Abstract

In this paper, we show how factorisation with respect to nonlocal pseudosymmetries enables us to obtain
Bécklund transformations, which are described as nonlocal C-morphisms of differential equations. It fol-
lows that, in this approach, Biacklund transformations are determined by basic invariants of the exploited
nonlocal pseudosymmetries. As illustrated in several representative examples, including one involving a
new integrable equation, our resulting framework enables a very general structural approach, distinct from
the case-by-case ones often adopted in the literature—especially in the analysis of cases where the sought
Bécklund transformations also affect the independent variables.
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1. Introduction

Bicklund transformations, although originally arising within the realm of classical differential
geometry, have come to play a significant role in the modern analysis of nonlinear phenomena.
Indeed, this type of transformation is named after the mathematician traditionally associated with
a theorem that studies the transformation of surfaces with constant negative curvature in R3,
realizing them as focal surfaces of a pseudospherical congruence of lines. In practice, starting
from a surface with constant negative Gaussian curvature, Bicklund’s theorem allows for the
construction of a one-parameter family of surfaces by integrating only a system of ordinary
differential equations (ODEs). Since such surfaces correspond, from an analytical point of view,
to solutions of the sine-Gordon equation z,, = sinz, Béicklund’s theorem provides a method
for generating new solutions of the sine-Gordon equation from a given one, again through the
integration of a system of ODESs. In doing so, this transformation acts as an automorphism of the
sine-Gordon solution space — a property that justifies the term auto-Bécklund transformation.

In its modern formulation, an auto-Béacklund transformation for a differential equation € refers
to a map that associates, to any given solution of £, a family of new solutions of &, typically by
integrating a system of ODEs. Then, more generally, a Bicklund transformation is understood
as a transformation that, via the integration of a system of ordinary differential equations, maps
solutions of one differential equation £ to solutions of another equation &’.

Given a nonlinear differential equation, the problem of determining the existence of its auto-
Bicklund transformations—or, more generally, of Bicklund transformations between this equa-
tion and other equations of interest—is an important problem that has attracted the attention of
many mathematicians (see, for instance [4,27,28,36,39,41,50] and references therein). However,
it is a difficult problem which is still open in its full generality, despite having been studied for
a long time and, in recent years, interesting progress having been made in some particular cases
(see, for instance, the works [2,3,18-20,47,48]).

On the other hand, a notion closely related to that of a Bicklund transformation is that of a
differential substitution. In fact, a differential substitution from an equation £ to an equation &’ is
a transformation that maps solutions of £ to solutions of £’, without requiring the integration of a
system of ordinary differential equations. Classical examples of differential substitutions include
the Cole—Hopf transformation, which maps solutions of the heat equation to solutions of Burgers
equation, and the Miura transformation, which maps solutions of the modified Korteweg-de Vries
(mKdV) equation to solutions of the Korteweg-de Vries (KdV) equation.

As with Bécklund transformations, given a differential equation &, it is often of great inter-
est to know whether a differential substitution exists that maps its solutions into those of another
equation £’. Regarding this issue, in the context of evolutionary equations, Sokolov took a signifi-
cant step forward in [42], highlighting a particularly important relationship between factorisation
via pseudosymmetries and differential substitutions. However, although Sokolov underscored the
importance of pseudosymmetries through this discovery, these have been surprisingly underex-
plored in the literature. Indeed, aside from the works of Sokolov himself, pseudosymmetries
have been little studied in their full generality. In a simplified form, they have been used in
several works mainly to reduce and integrate ordinary differential equations (see, for example,
[10,11,13,35] and the references therein). While for the particular case of integrable pseudosym-
metries, some possible uses have been discussed in the study of differential coverings [16,17]
(see [26] for the notion of differentiable covering) or as a tool to explore the effectiveness and
generating power of an already known Bicklund transformation [32]. Therefore, no previous
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work on using pseudosymmetries addresses the important problem of determining Bécklund
transformations.

A particularly convenient approach to Bécklund transformations is based on the notion of C-
morphism. Indeed, all Biacklund transformations described in the literature so far can be treated
as C-morphisms connecting differential equations. After discussing this approach to Bicklund
transformations, this paper presents a previously unexplored connection between Bécklund trans-
formations and a type of pseudosymmetry, hereafter referred to as nonlocal pseudosymmetries.
Indeed, we demonstrate how factorisation by nonlocal pseudosymmetries enables the deriva-
tion of Bécklund transformations, determined by the basic invariants of the exploited nonlocal
pseudosymmetries. This is done in the case of equations admitting zero-curvature representa-
tions (ZCRs), where it is natural to consider the nonlocal pseudosymmetries defined in a kind of
Riccati-type differentiable coverings, which are shown to be determined by such ZCRs.

As illustrated by the application to several representative examples, including one involving a
novel integrable equation, our framework allows for a very general structural approach, distinct
from the case-by-case ones often adopted in the literature—especially in the analysis of cases
where the sought Bicklund transformations also affect the independent variables.

The paper is organised as follows. Section 2 is a section of preliminaries, devoted to some
general aspects of the geometry of differential equations and a discussion of more specific no-
tions that will play a particularly significant role in the remainder of the paper. This section is
divided into the following four subsections: the first is devoted to a brief introduction to differen-
tial equations as submanifolds of jet spaces; the second deals with C-morphisms; the third, after
a short review of the notion of symmetry, provides a discussion of the notion of pseudosymmetry
together with a brief description of how this notion leads to a factorisation procedure; finally the
fourth subsection reviews the theory of differential coverings. In particular, some significant ex-
amples are included in this section to illustrate the central notions discussed here. Next, starting
from ZCRs of &, in Section 3 we show how to determine Riccati-type differential coverings of
£ and corresponding nonlocal conservation laws. This type of covering, with the related con-
servation laws, is particularly useful for determining possible nonlocal pseudosymmetries of £.
Finally, Section 4 shows how factorisation using nonlocal pseudosymmetries of an equation &£
can provide Bicklund transformations for £. This approach to determining Bicklund transfor-
mations is illustrated here through several representative examples, including one involving a
novel integrable equation, which demonstrate not only the method’s degree of generality but also
its applicability.

Throughout the paper the following main notations and conventions are adopted:

- all objects in the paper, e.g., manifolds, mappings, functions, vector fields, etc, are supposed
to be smooth;

- in addition to vector fields, intended as derivations of the algebras of smooth functions, we
will also consider relative vector fields (also referred to in the literature as vector fields along
maps) [7,24] that naturally occur when considering projections of vector fields in a fiber
bundle;

- for jet bundles J k() and J® () of a fiber bundle 7 : E — M (in particular for total deriva-
tives, Cartan distributions, prolongations, symmetries, horizontal and vertical differentials,
conservation laws, zero-curvature representations, and differential coverings) we will use the
notations and conventions revised in Subsections 2.1, 2.3.1 and 2.4;

- (xi,ud) usually denote the canonical coordinates in a k-order jet bundle J k(n);
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- the algebra of smooth functions on a manifold N is usually denoted by C*>°(N), whereas
Fi () and F(;r) will denote the algebra of smooth functions on J k() and J®(n), respec-
tively;

- by considering a system of differential equations £ C J*(xr), we usually describe it as £ =
{F'(x,us) =0, ..., F"(x,uy) =0};

- when &,V C J¥(r) are such that V is a g-dimensional differentiable extension of £, i.e., V
defines a g-dimensional differentiable covering V(* — £ we will usually distinguish
the fiber coordinates {u!, ..., u™} of 7 into the two subsets {z', ..., 2”9} (also referred to
as local variables) and {vl, ..., v} (also referred to as nonlocal variables), such that £ =
{(Fl(x,25) =0, ..., F"(x,25) =0} and V = {F"(x,z,) =0, v} = X} (x, 25, )}, where h =
1,...,r,s =1, ...q and i enumerates the independent variables x1, ..., x,;

- for Riccati-type differentiable coverings of an equation £, we will usually denote nonlocal
variables by {p/} and the differentiable extension of £ by V;

- by a “basic system of invariants”, we mean a system of invariants that generates all invari-
ants through prolongations and functional combinations, whereas by a “complete system of
invariants”, we mean a system of invariants that generates all invariants only through func-
tional combinations.

2. Preliminaries

We assume the reader is familiar with the geometric theory of differential equations. However,
to make the main results accessible to a wide range of readers, we collected here some notations
and basic facts of this theory used throughout the paper. We also introduce lesser-known topics
that will be key in the forthcoming sections. The reader is referred to [8,25,38,44] and [4,12,21,
23,31,37,42], as well as references therein, for further details.

2.1. Differential equations as submanifolds of jet spaces

Consider a fiber bundle 7 : E — M, with dim M =n and dim E = n + m. Given a smooth
(local) section s of 7w at a € M, for any k € N, we denote by [s]’a‘ the k-th order jet of s at
a; by definition [s]la‘ is the equivalence class of (local) smooth sections of 7 that are k-order
tangent (or, have k-fold contact) to s at a. The space J¥ (i) of k-th order jets of sections of 7
is naturally equipped with a differentiable manifold structure, induced by bundle atlas of =. If
{x1, ..., x,} are local coordinates on M and {ul, ., u™} local fiber coordinates of 7, the induced
canonical coordinates on Jk(rr) will be denoted by {x;, ul}, where i € {1, ...,n}, jell,..,m}
and o = (o1, ..., 0,) is a multi-index of order |o| = o1 + ... + 0, such that 0 < |o| < k; by
definition, if 6 = [s]]a‘, then x;(0) := x;(a) and u} (9) := 33&(@. The manifold J*(r) is

X L.9xon

usually referred to as the k-order jet bundle of sections of 171, since for any k € N the natural
projection 7y : J k (r) > M, [s]’a‘ > a, is a fiber bundle; in canonical coordinates, ; has the
form (x;, u}) — (x;). In particular, J°(;r) can be identified with E and 7o with 7.

Throughout the paper, by Fi (r) we will denote the algebra of smooth functions on J* (), k >
1. Moreover, to emphasize that f € Fi () depends only on (x;, ul), with |o| < k, we sometimes
use the notation f = f(x, u(k)). Also, for lower order k, notations like u)jcl. s M;]c,- Xjo e will usually
be preferred to multi-index notation in concrete computations.

Now, since for any h > k the natural projections mp  : Jh(n) — Jk(n), [s]Z — [s]’a‘, are
fiber bundles, one can also define the infinite jet space J° (i) as the inverse limit of the sequence
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7Tkk 1 k+lk

M < JO(m) (711_0 . Jk( ) <— .... By definition, J°°(rr) is the space of sequences 6 =
{6;i}ien with 6; € JiGr) and such that nh,k(eh) = 6, for all h > k. Despite it is not a finite
dimensional manifold, one can still introduce a differential calculus on J°°(x7) by making use
of standard constructions of differential calculus over commutative algebras [8,25]. For instance,
one can define the algebra F () of smooth functions on J*° (1) as the ﬁltered algebra given

by direct limit of the sequence of inclusions C*°(M) —> Fo(m) —> i; Fr () ﬂ)"

Analogously, one can define the exterior algebra A*(;r) of differential forms on J°° () as the

filtered exterior algebra provided by the direct limit of the sequence of inclusions A*(M) SN

A* (JO(JT)) it A* (Jk( )) .. Thus, being direct limits, any smooth function or
form on an inﬁnrte jet space is nothing but a smooth function or form on some finite order jet
space. Therefore, the exterior differential d naturally extends to differentiable forms on J*° ().
On the other hand, using F (;r), one can also think about vector fields on J°° () as derivations
of F (). Throughout the paper the F (;r)-module of vector fields on J°°(;r) will be denoted
by D(rr). In canonical coordinates these vector fields can be identified with formal series Z =
Do+, Z ,BU 0 pE with «;, ,BG € F (). In particular, one can say that a vector field Z has
filtration degree r When it is the smallest » € N such that Z(Fi (7)) C Frqr(mw), Vk e N, k > 1.
Since in general vector fields on J°°(;r) do not have an associated flow, a particularly important
case is that of vector fields with zero filtration degree, because any such field Z admits a flow
that can be seen as an inverse limit of a sequence of flows on finite order jet spaces. Also the Lie
derivative of functions, vector fields or forms on J° (;r) can be defined in a completely algebraic
way. For instance, the Lie derivative of a function f € F(;r) along a vector field Z € D(x) is
Lz(f):=Z(f), and the Lie derivative of Y € D(w) along Zis LzY :=[Z,Y]=ZoY —-Y o Z.
Whereas, the Lie derivative of a form w € A*(r) along Z is defined as L zw :=iz(dw)+d(izw),
where iz denotes the insertion operator iz : Al (r) — Al1 ().

Jets spaces are naturally equipped with a tangent distribution which is referred to as Cartan
distribution, or contact distribution. Indeed, if s is a (local) section of 7, then the k-th order
Jjet prolongation s® of s is the (local) section of 7y defined by s®(a) = [s]’;, for any a in
the domain of s. Then the Cartan distribution C* () = U, Jk(ﬂ)Cg (7r) on the k-th order jet
space J¥(7r) can be point-wise defined by the spans Cé‘ () of the tangent planes at 0 = [s]’;
to the graphs of k-th order jet prolongations s'®) of sections s” such that [s ] [s]k In terms
of canonical coordinates, the Cartan distribution CK(m) is described by the annihilator of the
Pfaffian system {a)g :0<|ol<k—1, j=1,..., m}, with wl = dua Z uUJrl dx; denoting

kk 1 k+lk

the so called Cartan forms. Dually, C¥(rr) can also be described as the distribution generated
by the system of vector fields {3, DY ol =k, j=1,...m, i =1,..n}, with D& =
A + Do |<k—1 ua 41,0, denoting the k-th order truncated total derivatives.

. . .. . . T2, 1% T3,2% Tk, k—1%
Then by taking the inverse limit of the sequence of surjections C! (77) phls C?(m) <= ... &l

Ch(m) <= Lk .., one defines the Cartan distribution C(r) of J°(rr). One can see C(r) as the
distribution annihilating all Cartan forms {a)é =dul — Zi u(]THidx[ o =0, j=1,..,m},or
equivalently the distribution generated by all fotal derivatives

m
D; =0y, + Zzui+hau;§’ i=1,..,n.

o[>0 j=1
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It is easy to show that integral manifolds X of Cartan distributions with independence condi-
tion Q=dx1 A ... Ndx, # 0 (i.e., such that Q|x # 0) are prolongations of sections of 7 (see for
instance [44]).

Geometrically, the solutions of a k-th order differential equation (or system) £ = {F = 0} C
J¥ () are just sections s of 7 whose k-order prolongations ji(s) lay on £. Under regularity
conditions for F, if £ is a submanifold of J* (), it is naturally equipped with the induced Car-
tan distribution CK(E) := C¥(r) N TE and the solutions of £ are sections of m whose k-order
prolongation are integral manifolds of CK(£).

On the other hand, under further regularity conditions for &£, for any r € N one may also
consider the r-th order prolongation €7 = {D,F=0:0<|u| <r}, where D, := (D))" o
... 0 (D))", One says that £ is formally integrable if and only if for any r € N the prolongations
EM) are submanifolds of J¥* () and the Maps T4r41 k+r - gt 5 £ are smooth fiber
bundles.

Then the infinite prolongation £, of a formally integrable equation &, is defined as the
inverse limit of the sequence of fiber bundles mx4,41 k+r : € r+D) 5 £ Since each £7) is nat-
urally equipped with the induced Cartan distribution CK+"(£()), also £ is equipped with an
induced Cartan distribution C(E) defined by the inverse limit of the sequence of surjections
Thtr 41 k4rs : CKHHL(ECTD) — k7 (£0)). One has that £ = {D,F =0: |u| >0} C

J®(r) and C(E) = (D, ..., Dy) = Ann{wg ci=1,..m, ol 20}, where D; and @ are

the restrictions to £ of the total derivatives and Cartan forms, respectively. Moreover, by re-
stricting A* () to £(>) one gets the exterior algebra A*(E) of differential forms on £ and in
particular the algebra F () of smooth functions on £©°°).

Now, since C(mr) is totally horizontal with respect to the mapping 7 : J*(7) —> M,
the tangent bundle 7 () on J®°(;r) decomposes as T () = V() & C(rwr), where V() :=
Ker (). Dually one has A = A7) @ AOD (), where AMD () := Ann (V(7r))
and AV () := Ann (C(7)) are the F(rr)-modules of horizontal and vertical 1-forms on
J® () locally generated by {dx;} and Cartan forms [a)/, }, respectively. More in general, by
considering AP? () = (A? AL () A (A? ACD (7)), the F(r)-module of r-forms on
J®° () decomposes as A" () = @[H_q:r AP (7). By definition we set F () = A©O (7).
Accordingly, the exterior differential splits into the sum d = dy + dy of the horizontal and ver-
tical differentials dy : APD () — APTLD () and dy : AP D (1) — AP4+D (1), satisfying
d[21 = d2 =0 and dy o dy = —dy o dpy. In coordinates, these differentials can be easily com-
puted since they act as graded derivations on A*(TL’) and for any function f € F(;r) one has
duf:=);Difdxjanddy f:=) Z/a_fw”

Analogously, given a formally 1ntegrable equation &, since C(€) is totally horizontal with
respect to the mapping 7o : £ — M, the tangent bundle 7 (£) on £ decomposes as
T(E) =V(E) & C(E), where V(E) := Ker (TToox) is the vertical bundle on £, Hence the
F(E)-modules A9 (E) and AV (E) of horizontal and vertical 1-forms on £, locally gen-
erated by {dx'} and restricted Cartan forms {a’){, = wl
F(&)-module of r-forms on £ as A" (E(Oo)) = ®p+q:r AP (£); in particular one has
F(E&) = AOO(E). Accordingly, on £ the exterior differential d (still denoted by d, for
ease of notation) splits into the sum d = dy + dy of the horizontal and vertical differentials
dy : APD(E) — APTLO(E) and dy : APD(E) — AP-4TD(E), which satisfy d, =d} =0
and dy o dy = —dy ody. Also in this case, these differentials can be easily computed in coor-

) }, can be used to decompose the

6
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dinates, since they act as graded derivations on A*(E (°°))' and for any function f € F(&) one
has that dy f = > D;fdx; and dy f := > Zj ;—fjd)(],, where D; denote the total deriva-
Ug

tives restricted to £, For notational convenience, from now on we will denote A?-? (xr) and
AP (E) by AP(rr) and AP (), respectively.

Starting from these algebraic structures in the algebra of differential forms on &£, new con-
structions and new notions can be introduced further. For instance, using the horizontal dif-
ferentials dy : AT () —> A +1(5), one can consider the notion of conservation law for &,
which is a closed horizontal form u € Kn_l(é'), i.e., a horizontal (n — 1)-form on £ sat-
isfying dyu = 0. On the other hand, since an exact horizontal form is trivially closed, one

can naturally limit itself to consider closed horizontal (n — 1)-forms up to exact horizontal

forms. Thus, a conservation law can also be understood as a cohomology class [u] € an &),

ie., [u]l = {,u +dup:pe X"_Z(E)}. For instance, when n = 2, a conservation law is locally

described by an horizontal 1-form Adx; + Bdx, on £°° such that DA — D1B =0, i.e.,
DA —D1B=0o0n&®,

Moreover, given a matrix Lie algebra g, one may consider the exterior algebras g ® A* (i)
and g ® A*(E) of g-valued forms on J°(r) and £, respectively. Also, one can consider
the graded algebra of g-valued horizontal forms on J°(rr) and £, that will be denoted here
by g ® A* (1) = @pg ® AP() and g @ A* (€) = @pg ® AP (), respectively. By defini-
tion, g-valued horizontal p-forms on J* (1) (resp., £(°)) are generated by g-valued p-forms
Aw, with A a g-valued functions on J*(xr) (resp., £©°). Then, one may define a bilinear
product [, ] by linearly extending the product [Ajw1, A2wn] :=[A1, A2] w1 A wy, between gen-
erators. One can check that [, ] satisfies the following properties: (i) [p, 0] = —(—1)"[0o, pl;
(i) (=1D"[p,lo, Tl + (=1)"[o, [z, p11 + (=1)"*[z, [p, 011 = 0; (iii) dulp, 0] = [dnp,o]+
(=1)"[p,dgo], analogously for dy. Where r, s and ¢ are the degrees of the g-valued horizontal
forms p, o and T, respectively. Also, one may define an exterior product A on g ® A* (1), or
g ® A* (€), by linearly extending the product Aj wj A Ay w2 = AjAs w1 A ws.

This allows one to introduce the notion of zero-curvature representation (ZCR) of &, that is a
g-valued non-vanishing 1-form « € g ® A' (£) such that

dyo — %[a,a]:O. (1

This is a very important notion in the theory of integrable equations with 2 independent variables
[1,12,21,45,49]. In such a case, by taking « = A dx| + B dx3, condition (1) reads DA — D1 B +
[A, B]=0o0n £,

Here we notice that (1) can also be equivalently written as dyo — o A o = 0. Moreover, since
£ ¢ J*®(1r), any element of g ® A'(£) can be identified with an element of g ® A' (7).
Hence, in the outer geometry, (1) can also be rewritten as dgo — % [o, 2] = 0mod £, In par-
ticular, when £ = {F/ =0, j =1, ..., h}, under regularity assumptions (i.e., if any prolongation
EMW h=>0,is totally non-degenerating [38]) equation (1) can also be rewritten in “characteris-
tic” form dyo — % [, ] =) DU(Ff)y]?’, where y]‘.’ € g ® A?(rr). Hence in general (1) holds
modulo differential consequences of £, thus (1) is not equivalent to {F/ =0, j =1, ..., h}.

7



D. Catalano Ferraioli and T. Castro Silva Journal of Differential Equations 467 (2026) 114334

2.2. C-morphisms (or Lie-Bdcklund maps)

In this subsection J*° () and J*°(x") will denote the infinite jet spaces of sections of two
fiber bundles w : E — M and n’ : E' — M’ with canonical coordinates {x;, ug} and {x ’J
respectively. In particular we assume that n = dim M = dim M’, since in the paper we are mamly
concerned with this case.

A C-morphism, also referred to as Lie-Béacklund transformations [4,25], is a smooth map

B:J®(w) — J®(x'), such that B,Co () € Cp) ('), for any 6 € J>(n), i.e.,
B.C(m) CC(r). 2

Notice that B,C(7) S C(x') is equivalent to B* (Ic(nr)) c Ic(ﬂ), where Z¢ ;) is the EDS gen-
erated by Cartan (or multi-contact) forms a)(I dul — DUy +1[dx, on J*(mr), analogously
Ien-

Notice that in general these transformations are generalizations of Lie transformations (i.e.,
point and contact transformations) that need not to be diffeomorphisms. Indeed, as shown
by Bécklund [6] (see also [4,5,30]), only Lie transformations are invertible. Moreover, by
B* (IC(,,/)) C I¢ () it follows that under such a transformation the image of an integral man-
ifolds of Cartan distribution is still an integral manifold.

In canonical coordinates, a C-morphism (Lie-Backlund transformation) has the form

¥ =g (r.u®).

u'l =) (x,u®),

3

W'l =vl (x, utkFloDy lo| >0
where in view of B* (Z¢(r)) € Z¢(x) the functions &' and vy are such that dvy — dg' =
0 mod Z¢.

Like in the finite order case, integral manifolds ¥ of C(x) with independence condition
Q=dx; A ... ANdx, # 0 (i.e., such that Q|x # 0) are oco-th order prolongations of sections of
7. One has the following

a+1

Proposition 1. A C-morphism maps an integral manifold ¥ of C (1) with independence condition
dxi A ... ANdx, #0 to an integral manifold X' of C (") with independence condition dx| A ... A
dx), # 0 whenever the regularity assumption

det (Dsg") #0 @)
is satisfied on X.

Proof. Indeed, being X the infinite prolongation of a section s locally described as s(x) =
(x,u(x)), one has (B os(oo))* (W) = (5<°°))* o B* (a/é) =0 mod Z¢y), since the graph of

5 is an integral manifold of Z¢(x)- Thus the graph X7 of B o 5(°) describes another integral

8
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manifold of Z¢ ;7). On the other hand whenever det (Dsé i) # 0 along the graph of s® (i.e.,
s(0* (det (Ds£")) # 0), the first n-equations {x] = &' (x, u® (x)), i = 1, ..., n} of (3) restricted to
s®) can be locally solved with respect to (x1, ..., X,). Thus, there exists a local diffeomorphism
x' = Bs(x) = (€ 05®) (x) that allows one to pass from the parametrization (B o §(*) (x) of '
to the new parametrization (B 05 o B, 1) (x).

Then, since

(Bos™ o B) (dxj A ndx;) = (

it turns out that (B 05> o B;l) (x’) is the infinite prolongation of the section of 7’

)= (B0 0s 0B ") )= (v (xu (B ) o

Remark 2. Proposition 1 entails that a C-morphism sends infinite prolongations of (local) sec-
tions to infinite prolongations of (local) sections, whenever (4) is satisfied. Indeed, it is notewor-
thy to stress that the action of such a C-morphism 13 on the infinite prolongation 5> (x) of a (lo-
cal) section s(x) is not necessarily defined for any x, because det (Dsé i ) (s() (x)) could be zero
at some points. Also, we stress that (4) entails that the push-forward B,y : Cy(r) — Cg(g)(n’)
establishes an isomorphism for any 6 € J*° ().

We will refer to a C-morphism (3) satisfying regularity assumption (4) as a regular C-
morphism. One also have the following

Proposition 3. A regular C-morphism (3) is completely determined by its lower components

K= (ru®),

wl =vl(x,u®),
through the prolongation formulas

1 m 1

v(f—‘rl] UO‘+11 DIE D]En DIVG Dlvg:l

: =] z | S RO
1 1 1

Vo’+1,, v:;”_‘rln Dné Dn%‘n Dnva Dnvg’
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Proof. Indeed, in view of the decomposition d = dy + dy, one readily gets that

B* (w’f}) =B* (du’{; -3 “/£+1,-dxi,) =dv({ -y viHidé;'i

=dyvl — ivéﬂ[dyéi—i-dvvé - ivéﬂ;dvéi
- (stf, -y, u;Hligf) dx, mod Togr),
in view of the identity dy v — ; viﬂidvgi =0 mod T¢(y). Thus B* (Ze(r)) S Ter) if and
only if va(],. - ”<£+1,~Ds§i =0, that is
1 n 1 m 1 m
Digl ... Dyt Vo1 Vi, Dy, --- D]
Dné‘l Dnén vé+ln V(T—Fln Dn])g_ Dn])(’;_n

Hence, in view of (4) one gets (5). O
Moreover, in view of (2), one also has the following

Lemma 4. For any C-morphism B : J® (1) — J*®° (') one has

D,'OB*ZZOQJ‘B*OD}, (6)
J

Sfor some smooth functions a;; on J* (). In particular, if B is regular, one has det (a[ j) # 0 and

B*oD;:ZaffDioB*, @)
i

with (@) = (a;j) 7.

Proof. The invariance condition (2) is equivalent to say that for any 6 € J°°(;r) one has
B«(Dilg) = > jaij D j| By where a;; are some constants. Hence, for any function f on

J®(xr”) one has that D; (B*(f)) (6) = Zj aijD; f (B®)) = Zj a;; B* (Djf) (0). Then, since
this holds for any 6 one readily gets (6).

Now, applying (6) to f = x and using the fact that B* (x) = £* (x,u¥)) and B* (D; xé) =
B*8;s =45, one readily gets D;£° = o and hence (7) readily follows by (4) and (6). O

We will use the following
Definition 5. Let £ and £(° be the infinite prolongations of two formally integrable equa-
tions £ C J¥(7r) and &' C J! ("), respectively. By a (regular) C-morphism from € to £ we mean

a regular C-morphism B : J® () — J* (1) such that B(£()) C £,

10
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In view of Proposition 1 and Remark 2, a regular C-morphism from £ to £’ transforms solu-
tions of £ to solutions of £’. Moreover, one has the following

Proposition 6. A regular C-morphism B : J*° () — J°(xt') is a C-morphism from £ = {F = 0}
to & = {F' = 0} if and only if

B*(@F)=0 mod {D,F=0:|c|>0}. (8)

Proof. Since £ = {D,F =0: |o]| = 0} and £'™ = {D/F' =0: |p| > 0}, the condition
B(E©)) C £'(%°) is equivalent to B* (D; (F')) =0 mod £, for any multi-index p. Hence, in
view of (7), B(£(®) € £(®) is equivalent to

D, B*(F)=0 mod {D,F=0:]|o| =0}, )

for any multi-index w. Thus (9) implies B*(F') =0 mod {D,F =0:|c| > 0}, for © = 0. Con-
versely, by totally deriving B*(F') =0 mod {D,F =0:|o| > 0} one gets (9). O

It is noteworthy to remark that, being the order of 5*(F’) always finite, the analysis of condi-
tion (8) in practice only requires the consideration of a finite number of differential consequences
of F=0.

Example 7. An example of regular C-morphism between two equations is the Cole-Hopf trans-
formation from the heat equation & = {u; — uy, = 0} to the Burgers equation &' = {u; — v/, —
2u'u!, = 0}, where u = u(x, t) and u’ = u’(x, t). Indeed the Cole-Hopf transformation is defined
by u’ = u, /u, at the points where u # 0. In this case, by repeatedly applying (5), one can readily
check that

hence u, —u’, —2u'u’. =0 mod EW.

Example 8. Another example of regular C-morphism between two equations is the Miura
transformation from the mKdV equation £ = {u; — vy + 6ulu, = 0} to the KdV equation
E ={u, —u,,, —6u'v, =0}, where u = u(x, r) and u’ = u’(x, t). For ease of comparison, here
and in Example 14, it will be used the form of KdV adopted in [42] where the Miura transforma-
tion is defined by u’ = u, — u?. In this case, by repeatedly applying (5), one can readily check

that

/
X

!

2
u, = —2uuy + tyy, Wye =—2uy —2Ullyy + Uyyy,

/
Uyxx = —Ouylyy —2UUxxx + Uxxxx,

11
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On the other hand
u; = Uy — 2UU; = Upypx — 2UUyyy —6u2uxx — 12u3ux — IZMM)ZC mod 5(1),

hence u, —u’ . —6u'u’. =0 mod EM.

2.3. Symmetries and pseudosymmetries

In this subsection, after reviewing the notion of symmetry of a differential equation [8,25,38],
we will give an introduction to pseudosymmetries, one of its possible generalizations proposed
by Sokolov in the paper [42], together with some of its key properties, which will be particularly
important in the forthcoming parts of the paper.

2.3.1. Symmetries of differential equations

Finite symmetries of a smooth distribution D on a manifold N are diffeomorphisms ¢ : N —
N such that ¢, D C D. Analogously, from the infinitesimal point of view, infinitesimal symme-
tries of a smooth distribution D on a manifold N are smooth vector fields ¥ on N such that
LyD C D. Hence, the flow of an infinitesimal symmetry of D is a 1-parameter local group of fi-
nite symmetries of D. If D is generated by a system of vector fields, i.e., D =< X1, ..., X, >, the
symmetry condition is equivalent to [Y, X;] =} ' & X;, for any i € {1, ..., n} and some smooth
functions ;.

Now, given a k-th order equation (or system) £ = {F = 0} C J¥ (1), the classical finite symme-
tries of £ are finite symmetries of the distribution C* () which leave invariant the submanifold
. Analogously, classical infinitesimal symmetries of £ are vector fields on J*(;r) which are in-
finitesimal symmetries of C¥ (7r) and are tangent to £. A finite symmetry v is called projectable
if Y*(C°(M)) € C*°(M). Analogously, an infinitesimal symmetry X is called projectable if
X(C™(M)) € C™®(M).

It can be seen (see [8] for details) that infinitesimal symmetries X of CX(xr) are com-
pletely described by a generating function ¢ = (¢/), defined as ¢/ := X _IC()(]) (where a)(j) =
du’ — > u{dx,-). This function is always of first order (i.e., only depend on x;, ul, u{) and,
whenever m > 1, it is always of the form ¢/ = >oiaix, u)u{ + b/ (x, u). In particular, in canon-

ical coordinates {x;, uZ}, one has

: k—1 m

8(p‘S k .

X==3 D"+ 3 > DP¢’s,. (10)
i i lo|=0 j=1

where D((,k) = ng) . 0..0 (D,(lk))an and s is any fixed integer in {1, ..., m}.

Thus, in view of (10), the higher order components of an infinitesimal symmetry can be ob-
tained from lower order ones by means of a recurrence formula. In this sense one says that the
infinitesimal symmetries of CK(rr) are prolongations of lower order vector fields. For instance,
when m > 1 any infinitesimal symmetry X of CX(rr) is the prolongation of a vector field on
JO(rr); in such a case, X is usually referred to as a point infinitesimal symmetry. On the other
hand, when m = 1 an infinitesimal symmetry X of C¥ () is in general the prolongation of a sym-
metry of C! (1), that is not necessarily the prolongation of a vector field on J(;). In particular,

12



D. Catalano Ferraioli and T. Castro Silva Journal of Differential Equations 467 (2026) 114334

when m = 1, X is usually referred to as a contact infinitesimal symmetry whenever it is not a
point symmetry.

Thus, the computation of infinitesimal classical symmetries X of an equation £ C J* ()
reduces to the determination of functions ¢ = (¢/) = (X _ w(J)) such that X is tangent to £. This
condition provides typically an overdetermined linear system of PDEs for ¢ that can be analyzed
and explicitly solved by considering its integrability conditions. The analysis of such a system is
generally more feasible if one uses some symbolic manipulation package of the type developed
in a computer algebra system like Maple.

On the other hand, when £ is formally integrable, a noteworthy extension of the notion of
symmetry is possible. Indeed, one can say that a vector field X € D(r) is a generalised symmetry
of £ if, and only if, X is a symmetry of C(r) which is tangent to £, However, since C (1)
is Frobenius, the Lie algebra DC () of vector fields inscribed in C(xr) is an ideal of trivial (or
characteristic) symmetries, that one wants preliminarily gauge out from symmetries of C(r).
Thus, denoting by Sym(sr) the full Lie algebra of symmetries of C(;r), one can define the Lie
algebra of higher symmetries of C (i) as the quotient algebra sym () = Sym(sr) /DC (). Hence,
since any field of DC(rr) is already tangent to £ (%) all elements of a coset [X] € sym(r) (i.e.,
[X]=X mod DC(x), with X € Sym(x)) are tangent to £, or neither are they. Thus, since
it make sense to say that an element of sym(r) is tangent or not to £, one defines the Lie
algebra of higher symmetries of £ as the sub-algebra sym(€) C sym(r) of higher symmetries of
C(r) that are tangent to £,

In coordinates, one can see that any X € Sym(xr) has the form

m
X=) aiDi+ ) Y De¢ld;, (1
i

lo[=0 j=1

where ¢ = (¢/) = (X _ a)é) and a; are some differentiable functions. Thus, any higher symmetry
[X] can be identified with its vertical (or evolutionary) representative

9y= Y > Doyl 9,7+ (12)

lo|=0 j=1

with generating function ¢ = (¢?). Moreover, 9, € sym(£) whenever 9, is tangent to &£ (),
i.e., ¢ satisfies the system of linear differential equations

m
Y>> Do(¢)d ;F=0 mod ™. (13)
0120 j=1 ’

For any ¢ of fixed order, this is typically an overdetermined linear system for ¢ that involves only
a finite number of differential consequences of £ and can be explicitly solved by considering its
integrability conditions. As with the symmetry condition for classical symmetries, the analysis
of the linear system (13) is generally more feasible if one uses some symbolic manipulation
package of the type developed in a computer algebra system like Maple.

For further details on the theory of classical and generalised symmetries, as well as for exam-
ples and explicit computations, see [8,38].

13
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2.3.2. Pseudosymmetries of differential equations and factorisation

Pseudosymmetries were introduced by Sokolov in [42] as a generalization of infinitesimal
symmetries.

In general, given a smooth distribution D, a pseudosymmetry of D can be understood as
a smooth vector field Y such that LyD C < Y > +D. For instance, for a distribution D =<
X1, ..., X, >, the pseudosymmetry condition is equivalent to say that for any i € {1, ..., n} one
has [Y, X;1=«a;Y + ), B X, for some smooth functions «; and f;.

Sokolov introduced also the more general notion of an r-pseudosymmetry of D, that can be
seen as a system {Y1, ..., ¥,} of vector fields such that Ly, D C < Y1, ..., Y, > +D, for any h =
1, ..., r. Hence, for a distribution D =< X7y, ..., X, >, one has an r-pseudosymmetry {Y1, ..., ¥;-}
ifforanyi € {1, ...,n} the r x 1 matrix Y =[Y7, ..., Y,]T is such that

[Y, X;1=0U;Y + ViX, (14)

where [Y, X;1:=[[Y1, Xi1, ... [Yr, X;1]T and X = [X1, ..., X,]¥, whereas U; and V; are some
r x r and r X n matrix-valued smooth functions, respectively.

It is well known that the flow of an infinitesimal symmetry always transforms an integral mani-
folds of D to another (possibly different) integral manifolds. Also, in view of [Y, X;] = Zx af Xy,
it is readily seen that an infinitesimal symmetry of D sends an invariant (or first integral) I of D to
another invariant Y (/). These properties are in general not true for pseudosymmetries. However,
pseudosymmetries share with symmetries another important property described by the following

Proposition 9. Let {él, vy E vl v”} be invariants of a pseudosymmetry Y (or, an r-
pseudosymmetry {Y1, ..., Y;}) of D =< Xy, ..., X5, >, such that

Xi(g") - XM
det| : : #0.
Xn (é‘_l) Xn (%-n)

ol P X1(6) - Xi@E\ [ Xieh)  Xj0P)
: L= : : : D)
plo P X, (") - X, (&M X, o X, (vP)

n

are invariants of Y (resp., {Y1, ..., Y;}).
Proof. Consider the matrix identity

Xi(EY) o Xi @M (v - W Xiowh o Xi(vP)

Xo (') o Xn@ ) \vy o0 Xa@h) o XaP)
In order to save space and avoid ambiguity, since we have the parentheses due to the deriva-
tives along the field X, we will rewrite last identity as [X;(&")] [vé] = [Xi(v))], instead of

14
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(X i (Eh)) (v,i ) = (X i (v )). The same will be done for the other matrix identities that follow.
Thus, by taking the Lie derivative of this identity with respect to Y on gets

[r () ][] + [ ] [ran] = (xien)]

On the other hand, in view of [V, X;]1=)" al.sXS + B;Y and the fact that Y(Eh) =Y(/) =0,
last identity reduces to

[Za;‘xs (5;1)} [v,ﬁ] + [Xi (gh)] [y(v,{)] = [Zans(vf)} ’

or equivalently
[T [xo M) [v] + [xie] [y ] =[] [x, 0]

Then by [X,(&")] [VZ] = [X;(v/)] one readily gets [X;(€")] [Y(v,{)] = 0. The result follows
from non-degeneracy condition det [X i(& h)] # 0. An analogous proof holds in the case of an r-
pseudosymmetry {Y1, ..., ¥,}, since for any X; and Y, one has [Y;,, X; 1= o) X, + >, ,B}lfi Yz,
for some functions a;, and ﬂ}]fl.. O

Concerning the pseudosymmetries or r-pseudosymmetries of C(£) on £, it is convenient
to adopt the following

Definition 10. Let £ = {F = 0} C J*(7) be a formally integrable differential equation. A pseu-
dosymmetry of £ is a vector field ¥ on £ that is a pseudosymmetry of C(£). Analogously,
an r-pseudosymmetry of £ is a system of vector fields {Y1,...,¥,} on £© that is an r-
pseudosymmetry of C(E).

In his paper [42], Sokolov discussed a method for calculating pseudosymmetries of £. Here

we will describe that method by means of the following proposition, along with a short proof for
the convenience of our readers.

Proposition 11. Let £ = {F =0} C J*(x), with F = (F', ..., FP), be a formally integrable dif-

ferential equation and = Uidx" + ... + U,dx™ an horizontally closed 1-form on £, i.e.,
such that

D;U;—D;U;j=0 mod £, (16)

Then, the vector field on J*° (1)

Y= aidy+ y > bld, =D aDi+ ) Yy D+, d,; (D

lo|=0 j i lo|=0
where

15
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(pj ::YJ(,()(]), w{):duj—Zu{dxi,

i

b) ::Zai ”£+1,- + (D +U), (¢)),

1

(D+U) :=(D1+ U o...0(Dp+Up)™,

restricts on £ to a pseudosymmetry Y of € whenever Y (F") =0 mod £, i.e,

> >, (F’) (D+U), (p)=0 mod E, (18)

lo|=0
forany h =1, ..., p, which is equivalent to the tangency condition of Y to £.

Proof. In view of (17) one gets (for ease of notation, we use here the Einstein’s summation
convention)

[Dy. Y1= Dy, a; Di] + [DS, (D+U), (w‘)aué]
=Dy (@) Dy + [ Dy +Us, (D +U)y 0y | = [Us. (D + 015 013, |.
On the other hand, by (16) one has [D; + U;, Dj +U;]=0 mod £©) and
(Ds+ U)o (D+U)y =(D+U)yyy, modE.
Hence, above identity can be rewritten as
[Ds. Y1= Ds(ai) Di + (D + U)o 41, (9))3,; — (D +U)g (97)3,;

o—lg

—(D+U), (‘Pj)aué oUs+(D+U), (wf)aué o Us
—Uso(Y —a;D;) mod £,

which reduces to
[Ds., Y= (Dsa; +a;Us) D; — UgY mod £, (19)
in view of arbitrariness of o. On the other hand (19) entails that

Dy (Y(Do F")) =Y (D5 (Do F")) = (Dsa; + a;Uy) D; (Do F") — Us Y (Do F")
=-U; Y(Dy F") mod £,

ie.,
Y (DJHJ Fh> = U, Y(Dy F") + D, (Y(DJ Fh)) mod £ (20)

16



D. Catalano Ferraioli and T. Castro Silva Journal of Differential Equations 467 (2026) 114334

for any o and for any /. Thus, by repeatedly using (20) with increasing |o'|, conditions ¥ (F") =0
mod £, h =1, ..., p, guarantee that ¥ (Ds Fh) =0 mod £, ie., that Y is tangent to £,
Therefore, in view of (19), one gets that Y restricts on £ to a pseudosymmetry ¥ of C(£). O

Some remarks are in order here. First, in view of (17), one has recurrence formulas for the
components of a pseudosymmetry that allow one to obtain higher order components from lower
order ones. To distinguish the case of pseudosymmetries from that of symmetries, we will say
that (17) is the pseudoprolongation, relatively to the 1-form w, of the (possibly relative) vector
field ) ; aidy, + ) j b7d,; on JO(rr). In particular, when = 0 the pseudoprolongation reduces
to standard prolongation (11) and Y is a symmetry of C(r); thus ¢ = (¢/) is the generating
function of a (classical or generalised) symmetry of £ whenever 1 = 0 and Y is tangent to £,
Also, we remark that for any given 1-form u, the system (18) is a linear system of PDEs for
@ = (¢/) that involves only a finite number of differential consequences of £, whenever the order
of ¢ is finite. As with the standard symmetry condition, the analysis of such a system of linear
PDEs is generally more feasible if one uses some symbolic manipulation package of the type
developed in a computer algebra system like Maple. Finally, we note that, as with generalised
symmetries, also pseudosymmetries could be put in an evolutionary form (see [16,42]). In this
article, however, we will not limit ourselves to considering pseudosymmetries in evolutionary
form, because in general the space of invariants of a pseudosymmetry of £ is not the same as that
of its evolutionary form, and this is a non-negligible fact when, as in this paper, one is interested
in studying factorisation by pseudosymmetries.

For r-pseudosymmetries there is an analogous result illustrated by the following proposition,
which can be found in either the original paper [42] or the more recent paper [16].

Proposition 12. Let £ = (F =0} C JX(n), with F = (F', ..., FP), be a formally integrable dif-
ferential equation and y = Urdx' + ... + U,dx" a horizontal 1-form with r x r matrix-valued
components satisfying dyy +y Ay =0 mod £, i.e.,

D;U;-D;U; —[U;,U;]=0 mod £, 21

Then, the r x 1 matrix Y = [Y1, ..., YT

Y=AD+ > (D+U), (®)dy,. (22)

lo|=0

where D := (Dy, ..., Dn)T, Ou, = (01, ..., 8,,;;1)7, A is an r x n matrix function, ® = (goi.’) is an

r X m matrix function with (pf =Y w‘é and
(D+U), := (D1 + U o...0 (D + U™,

defines on £©°°) an r-pseudosymmetry {Y1 = Y, le@o) s oes Y, = Yilgoo} of € whenever Y (F) =
0 mod £ je.,

3 o, (Fh) (D+U), (®)=0 modE, (23)

lo|>0
forany h =1, ..., p, which is equivalent to the tangency condition of each Y1, ..., Y, to £,

17
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For r-pseudosymmetries apply same considerations made above for pseudosymmetries. In
particular, one can say that the system (22) is the pseudoprolongation, relatlvely to y, of the
(possibly relative) vector fields ) ; apidy, + ZI bh s b =1,...,r (with (ph = bh > aniu l])
onJ 0(7'[).

In general one has no guarantee that the system of “derived” (or prolonged) invariants
{&',v7,v]} (provided by Proposition 9) is functionally independent, even when {£’, v/} is a
functionally independent system. The scenario, however, changes in the case of the Cartan distri-
bution C(sr) on the infinite jet space, for an m-dimensional bundle 7z : E — M with n = dim M.
Indeed, in such a case the generators X; of C(rr) are the total derivatives, hence the jet-order of

= [Diéh]_l [Divj] (that is equation (15)) is higher than that of {£/, v/}. Thus, if {é‘i, vj}
are functionally independent invariants of a pseudosymmetry Y (or, an r-pseudosymmetry
{Y1,...Y,Dof C(m) =< Dy, ..., D, > satlsfymg det (Dy&") # 0, the prolongation formulas (15)

provide an infinite sequence {xl =& u vﬂ} of invariants of Y (resp., {Y1, ..., Y;-}); when
p = m this sequence defines a regular C-morphlsm in J°°(xr), in view of Proposition 3.

On the other hand, given a formally integrable equation £ = {F =0} C Jk(yr), if {él, ey ET
vl vp}, p > m, are functionally independent invariants of a pseudosymmetry Y (resp., r-
pseudosymmetry {Y1,...Y, D of C() =< Dy, ..., D, > on £ satisfying det (Dséi) # 0, then
prolongation formulas (15) allow one to define a sequence {&°, uﬁ} of invariants of ¥ (resp.,
{Y1,...,Y,}) that are functionally dependent, due to the constraints imposed by F =0 and its
differential consequences. Indeed, assuming for instance that {&', v,ﬁ} are £-th order invariants
of Y, the cardinality of {&/, v;i} grows with |u| faster than the dimension of the prolongation
EWHIMI=0)  Therefore, for sufficiently large || the system {&, v,ﬁ'} is necessarily functionally
dependent. In particular, a nontrivial ¥ has at most dim £¢+#1=k) _ 1 functionally independent
invariants of order £ + || > k, with the maximum reached only when Y projects (or restricts)
to a nontrivial vector field (i.e., a derivation) on £ “+1#1=0) Indeed, when Y projects to a relative
vector field on £¢HIHI=K) the invariants of the projection are not necessarily also invariants of
Y. Analogous considerations hold when {&, v,ji'} are invariants of an r-pseudosymmetry.

Therefore, since F = 0 and its differential consequences entail that for sufficiently large |u|
the system {&, v{L} is functionally dependent on £ it follows that the invariants {v]} satisfy
an associated system of partial differential equations Q = 0 (together with their prolongations),
modulo F = 0 and its differential consequences. This way one can look at {x; =& L ] = vu} as
the components of a C-morphism from £ = {F = 0} to Q = {Q = 0}. Of course, if one chooses
another system of invariants {X = gl 0 =i} equivalent to {&’, v/}, i.e., such that (El =
AL(EL v)), D) = BJ(E', v7)} and det (Dsé") 0 (where Dy are the total derivatives on &), one

would obtain a system Q which is point equivalent to Q, through the point transformation {X; =
Al(x',u’), @'/ = BJ(x',u)}. In particular, one can choose {£, v/} in such a way that none of
its element is the prolongation of another one and, in addition to that, {€/, vi} is a complete
system of invariants, i.e., a system that generates invariants of all possible orders. In such a case,
according to the common terminology used in the particular case of symmetries (see for instance
[25,42,43]), one can look at Q as the factorisation, or the quotient, of £ by Y (resp., (Y1, ... 7).

Next two examples will provide a simple illustration of above factorisation procedure. Other
examples, describing Bicklund transformations, will be discussed in Section 4.
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Example 13. The heat equation & = {u; — uy, = 0}, where u = u(x,t), admits the classi-
cal infinitesimal symmetry Y = u 9, + uy0,, + u;9,, + ... (which defines a pseudosymme-
try ¥ of & with 1 = 0) provided by the prolongation of u d,; indeed it is readily seen that
Y(ur —uyy) =u; —ux, =0 mod £. In this case, since Y is a classical symmetry of the am-
bient Cartan distribution, it projects to a vector field on any finite order jet space J*(r) (where
7:R2 xR — R2%, (x,t,u) — (x,7)). On the other hand, being also tangent to £ (hence a
symmetry of ), its restriction ¥ := Y| £() projects to a vector field on £ as well as any of its
prolongations £, From now one we will limit ourself to domains where u and its derivatives do
not vanish, hence above projections of Y are always nontrivial. Thus, being £ a 7-dimensional
submanifold of J?(r), Y admits 6 = dim& — 1 functionally independent invariants of order
2, 8 =dim&W — 1 functionally independent invariants of order 3, and so on. These invari-
ants can be obtained by means of prolongations from the following basic system of invariants
(' =x, 2 =1, v =uy/u, v’ = u; /u} of Y, that define a C-morphism B: J® (1) — J®(x'),
where 7/ : R? x R? = R?, (x,t,u'’,u?) — (x,1). Indeed, non-degeneracy condition (4) is
satisfied and a first prolongation provides

1, HUxx Uy \2 U o Ux Uy\ (U 5 U us\2
U, =—-—-\— s u,=u , =——-\—- — ), u;,=——\— .
u u u u u u u

Thus, since the other two invariants ul;, u1; satisfy the relations
1/ 2/ 17 2 1/ 2/
u,=1u —(u ) , u,=u", mod {uyy = us},

a basic system of second order functionally independent invariants of Y is given by {x, 7, u’,
u?, MZ;, u2;}. This means that 53 is a C-morphism from the heat equation & = {u; — uy, =
0} to the system Q = {u! — u? + (ul/)2 =0, u"/ — u* =0}, that one can interpret as the
factorisation of £ by Y. Hence, { u/ =u x/u, u? = us/ u} transforms solutions of £ to solutions
of Q, as well as of any of its differential consequences. In particular, since the Burgers equation
E ={u, —u’, —2u'u, =0} with u’ := u" is a differential consequence of Q, one obtains the
Cole-Hopf transformation u’ = u, /u as a by-product of above transformation.

Example 14. The mKdV equation & = {u; — uyyxy + 6ulu, = 0}, can be written in conservation
law form as Dyu + Dy (—uxy +2u’) = 0. Thus any p = ¢ (udx + (urx — 2u’)dt), with c € R,
is a conservation law of £ and one can search for pseudosymmetries of the form (17), where
x1 = x and x» = 1. Here we consider the pseudosymmetry ¥ found by Sokolov in [42], obtained
from the vector field 9, by a pseudoprolongation relative to 2u:

Y =0, +2udy, + 2(uxy — 2u)y, + 2(ux 4+ 2u?)dy,, + 2(us + 2u gy — 2u?))dy,
2 (s — OuPuy 4 2y — 2143)2)8,4“ + ...

In this case, the projections of Y to J¥() (where 7 : R2 x R — R2, (x,1,u) — (x,1)) are
relative vector fields. The same occurs for projections of ¥ to € and prolongations £®. For in-
stance, the projection of ¥ on J () is the relative vector field 9, + 2u0y,, +2(Uxy — 2u3)8ut.
As a consequence, ¥ has only the 3 functionally independent invariants of first order {&§! =
X, .;%2 =t vl = Uy — uz}, 3 further functionally independent invariants of second order {v; =

19



D. Catalano Ferraioli and T. Castro Silva Journal of Differential Equations 467 (2026) 114334

Uyxy — 2Ully, vtl = sz — 2uuy, v: =u; —2u v; — 2u2v1} and only 3 of the derived invariants

of third order {v7, v}, v}, v}, v} } are functionally independent since 2v'v! + v} — v} =0,

2(v! ) + v} — 12 =0. Then all higher order invariants are generated by {£, v,i} and the fac-
torisation of € by Y is described by the system of differential equations Q = {2v!v! +v2 — ! =
0,2 (\11)2 +v} —v? =0}, that describes the lower order functional dependencies between the in-
variants {Si, v{L}. Hence, the map {vl =uy —u?, vi=u, —2u (Uyyx —2uuy) — 2u? (ux — uz)}
transforms solutions of £ to solutions of Q, as well as of any of its differential consequences. In
particular, since the KdV equation &' = {u, — u’,,, — 6u’u/, = 0} with u’ := v! is a differential
consequence of Q, one obtains the Miura transformation u’ = u, — u? as a by-product of above

transformation.
2.4. Differentiable coverings and Biicklund transformations as nonlocal C-morphisms

Let £ C J*(7r) be a formally integrable equation, with 7 : E — M, dim M = n. Throughout
the paper it will be adopted the following

Definition 15. A differentiable covering of a formally integrable equation £ is a fiber bundle
7 : & — £ with the following properties:

1. Eis equipped with a n-dimensional involutive distribution C;
2. forany 0 € & the push-forward 7, : Cy —> Cz(6)(€) is an isomorphism.

According to above definition (see [8]), when t has finite fiber dimension ¢, Eis locally
diffeomorphic to the product £ (°9) % W, where W C R¢ is an open set. Thus, locally identifying
& with £ x W, t can be locally realized as the natural projection £ () x W — £ Then,
using standard coordinates v', ..., v? in RY, the generators D; of the involutive distribution C
on £ x W can be locally wrltten asDi=D; + Y, X?$dys where D; are the total derivatives

on £©) and X? are smooth functions such that [D,-, Dj] =0, i.e., Din. = Dj X7, in view of
[D;,D;1=0 )

In this paper we will consider only the case when £ is the infinite prolongation of a for-
mally integrable system V C J!(;). Thus, in view of above considerations, the fiber coordinates

{u',...,u™} of m will be separated in two subsets {z!, ...,z 9} and {v!,...,v?}, such that
= {F(x, z,) = 0} and V) is the infinite prolongation of a system

h —
{F (X,Zg)—o, (24)

vi = X7 (x, 20, V).

It is noteworthy to observe that, in view of the definition of a differentiable covering 7 : V(®®) —
£ any solution of V can be projected by 7 to a solution of £.

A system V like (24) will be called a g-dimensional differentiable extension of £ = {F = 0}.
Moreover, given a differentiable extension V of &, it is customary to call v!, ..., v? the nonlocal
variables of the given extension (or the corresponding differentiable covering). Also, non-local
symmetries and nonlocal conservation laws of £ are the symmetries and conservation laws of a
differentiable extension ) of £.
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Examples of differential extensions, hence of coverings, can be easily obtained by using in
(24) the first order equations for the potentials of conservation laws, when n = 2. For instance, the
equations vy = u, Uy = Uyy — 2u3 for the potential v of the conservation law u dx + (uxx — 2u3) dt
of mKdV (see Example 14), provide a differentiable extension of mKdV.

Other examples, that are particularly relevant in the study of Bécklund transformations, are
related to ZCRs. Indeed condition (1), for an £ x £ matrix-valued ZCR o = Xdx + T dt, is
equivalent to the integrability condition of a linear system

vy v v; v
=X , =T
14 14 4 14
vy v v; v

Example 16. The KdV equation & = {z; = —62zx — Zxxx}, With 7z = z(x, ), admits the ZCR
a = Xdx + T dt given by

0 1 Zx 4) — 2z
X = , T= ,
—z7—A 0 Zax +22% — 20z — 422 —2x

with A a real parameter usually referred to as the spectral parameter. Thus, by introducing the
fiber bundle R? x R3 — R2, (x,1,z, vl, v2) — (x,t), the infinite prolongation of the linear
system

U}C = U2,
vi=—(z+ M),
V: v =z v + @A —22) 02, (25)
V7 = (2ax + 222 — 20z —40%) vl — 07,
7t = —622y — Zyxx,

defines a 2-dimensional differentiable covering V(®) — £(°) of £_ It is noteworthy to remark
that, by setting v! := ¢ and v? := ¢, the above first order linear system can also be rewritten in
the following equivalent form (Lax pair)

Dxx = —2¢ — A,

Ot =201 — 2)Px + 240. (26)

Indeed, it is well known [34] (see also [14,29,33,45] and references therein) that £ is the integra-
bility condition of (26).

Also, it is interesting to notice here that the considered 2-dimensional differentiable covering,
defined by (25), is an extension of a 1-dimensional covering, by means of the equations for the
potential of a conservation law. Indeed, by introducing p := v?/v' one can readily see that (25)
reduces to

21



D. Catalano Ferraioli and T. Castro Silva Journal of Differential Equations 467 (2026) 114334

D, (lnv]) =p,

Dy (Inv') =z, + (41 — 22) p,

px=—p>—z—A,

o1 = =201 —2)p% =224 p + Zax + 227 — 207 — 442,

2t = —0622Zx — Zyxx-

Thus (25) describes an extension of the 1-dimensional differentiable covering t : Yy
£, defined by the system

IO)C = _IO2 —I— )"5

2 = —622x — Zyxx,

by means of the two differential equations (ln vl)x = p and (ln vl) ; = 2x + (41 —22) p, for the
potential Inv! of the conservation law i := p dx + (zx + (41 — 22) p) dt, defined in 7.

Example 17. The Tzitzeica equation £ = {z,; = —e 2% 4 ¢?}, with z = z(x, 1), admits the ZCR
a = Xdx + T dt given by [9]

—zx 0 A 0 %e_h 0
x=| » z o], T=| o0 0 let |,
0 A0 %ez 0

with A a real parameter. Thus, by introducing the fiber bundle R? x R* — R2, (x, 1, z, v!, v%, v?)
> (x, t), the infinite prolongation of the linear system

I _
vl = —z vl + 03, vl = —e %0,
A
1
V: v2 =l + 7,02, v?:xezv3, (28)
3 2 3 1 z.,1
vy = AV, v;:xev,

defines a 3-dimensional differentiable covering V(®) — £(°) of £. Again, similarly to what
was observed for KdV in the previous example, by means of v? = vi /X and v!' = Ae‘zv? the
first-order linear system can be reduced to a higher-order linear one

Gxx = 2xPx + e iy,

Orr = €%, (29)
1

hrr =21 + Fe‘%x,
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where ¢ := v>. Indeed, one can readily see that £ is also the integrability condition of (29).
Moreover, similarly to the previous example, the 3-dimensional covering defined by (28) is the
extension of a 2-dimensional covering, by means of the equations for the potential of a conser-
vation law. Indeed, by introducing p! = v!/v3 and p? = v?/v3 one can readily see that (28)
reduces to

D, (ln v3) =1p2,

1
D, (lnv3) = Xez,ol,

pl=—rp'p? =z p' +2,
1 2 1
11 z( 1) 1 2z 2
= € + —e s
Py by P Y p
2
p2=—x(p?)" +zxp? +Ap!,

I I
pi=—eplpt+ e,

Zor = —e 23 et

Thus (28) describes an extension of the 2-dimensional differentiable covering t : y<°°> —
£(®) defined by the system

pl=—rp'p? =z p' +2,

1 2 1
,Ot1=——ez<,01> +_e—2zp2’

A A
V: pr = —k(pz)2+zxp2+>»p1, (30)
1 1
2 z 1 2 b4
= ——¢ — ,
Py 5 pp -+ )\e
Ixt = _e—ZZ +ezs

by means of the two differential equations (Inv?) = 1p? and (Inv?), = e%p' /A, for the potential
Inv3 of the conservation law p := ApZ dx + %ez,o1 dt, defined in t.

For further details on the theory of differential coverings, as well as for examples and explicit
computations, see [8] and references therein.
For Bicklund transformations one can adopt the following

Definition 18. A Bicklund transformation from a formally integrable equation & of order k to
another formally integrable equation £’ C J ¥ (s}, both with the same number n of independent
variables, is a regular C-morphism B : J® () — J*(x) from V to &£, for some differentiable
covering 7 : V() —s £(®) defined by a differentiable extension V C J' (1) of £. In particular
B is an auto-Bicklund transformation whenever £’ is a copy of £.
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According to this definition, a Bicklund transformation can be seen as a pair of C-morphisms

Y(e0)
T/ B
£(0) £/(0)

which is analogous to the point of view followed by Krasil’shchik and Vinogradov in [26]. How-
ever, in this paper, we will not limit ourselves to considering Bicklund transformations, which,
like in [26], keep the independent variables unchanged.

Example 19. Continuing Example 16 we can provide an example of auto-Bicklund transforma-
tion for KdV. Indeed, by considering the trivial bundle 7 : R* x R? — R?, (x,1,z, p) — (x,1)
and the 1-dimensional covering 7 : Y — £(®) it can be checked that the C-morphism
B:J®(m) — J*®(x') defined by

d=—2-207 =20, (31)
through the prolongation formulas (5), defines a C-morphism from Y to &' = {z; + 62’z + 2, =

0}, which is a copy of £. Hence (31) provides an auto—Bicklund transformation of KdV. In
practice, for any known solution fy of the KdV, such a transformation associates a new solution

fi =—fo— 285 — 2%,

where g is the solution of the Riccati-type system corresponding to fo for some Ao, i.e.,

gor = —g§ — fo — Ao,
gor = —2(2ho — f0)83 — 2 fox80 + foxx + 213 — 2o fo — 423,

Further iterations with pairwise different parameters A1, A2, ... leads to a sequence of new solu-
tions

fi=—fio1 =28y = 21,
where each g;_ is the solution of the Riccati-type system corresponding to f;_1 and A;_1.

Remark 20. Since p = ¢, /¢, one can readily check that in terms of the Lax potential above
auto-Bicklund transformation can be written as 7’ = —z — 2(¢, /¢)> — 24, or equivalently as 7’ =
z+2(ng),,, in view of (26). Thus, for any known solution fj of the KdV, the transformation
associates the new solution f1 = fo 4+ 2 (Ingop),, where g is the corresponding solution of Lax
system

goxx = — fogo — A0go,
gor = 2(2Xo — fo)gox + fox&o-
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Example 21. If in the previous example we augment the space by passing to the bundle 7 :
R? x R? = R?, (x,1,z, p, p) — (x, 1), and instead of (27) consider the system

~

pr=—p*—z—A,

by = —2(2% — 2)p2 — 225 P + 2ax + 22% — 20z — 432,

px=—p>—z— A, (32)
01 =—2Q2% —2)p? — 22, p + Zax +22° — 207 — 422,

(§>

2 = —622x — Zyxx,

obtained by doubling the Riccati-type system, i.e., by augmenting another copy of the Riccati-
type system with spectral parameter A # A, then the natural projection 7 : Y s g0 g
another covering of KdV and the C-morphism J°°(7) — J*°(x’) defined by

/ A2 2 / )A‘ — A A
7 =—z-2p" -2, P =—= -0, (33)
p—p
is a C-morphism from ji to the system
p)/c = _pIZ - Z/ —A,
E L pl==2020—2)p? =2Zp' + 2 +277 =207 — 402,

_ 1 ’
=—6z 2x T Zxxx:

In this case, to obtain a new solution z" of KAV out of a given one z = fj, the first step is to
compute the corresponding solution p = gg of the Riccati-type system, with arbitrary A. Then,
since go depends on A, one gets another instance gg of that function, by substituting A with A A
This way (33) provides the new pair of functions

d=—fo—28 -2k  p=—=
that satisfy

pr=—p*—z—A,
01 =—=22% —2)p% — 22, p + 2ax +22% — 207 — 422,

7 = —622x — Zyxx.

The peculiarity of this transformation, in comparison with that of previous example, is that it
provides the new solution 7z’ together with the corresponding solution p’ of the Riccati-type sys-
tem, with arbitrary A. Thus, further applications of the transformations only require derivations
and algebraic operations.

It is noteworthy to remark here that, passing to the Lax potential ¢, the transformation (33)
takes the form (with ¢ and ¢AS solutions of Lax equations with parameters A and A respectively)
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z/=z+2(ln<1;> ; ¢/=¢x—¢<1n¢3) ;
XX X

which is known in literature as the Darboux transformation of KdV (see for instance [14,33]).
Thus, the notion of Béacklund transformation described by Definition 18 allows one to regard also

Darboux transformations as examples of Biacklund transformations.

Example 22. Consider the covering 7 : Y(®) — £(%) of the short-pulse equation £ = {7, =
%zzzxx + 272 + 2z} C J3(7), defined by the system

_ o b
Pr=—P +2np+4n’
4 8n? + 72 — 4
V- pt:—Z(ZZX+ 77),02—}—( U +z)p_z( 22y + n)’ (34)
8n 4n 8n
_1, 2
Ixt = 2Z Zxx + 22, + 2,

where 77 : R2 x R — R2, (x, t,z, p) — (x,1). One can check that the transformation

Ui ’

"= 8 , t'=t, '=—7+8
xX'=x+4+ P Z z+0on

0
, 35
P (35)

determines an auto-Bécklund transformation, i.e., a Biacklund transformation from £ = {z,; =

12+ 22+ 20 & = {2}, = 1% + 2+ 7).

3. Riccati-type differentiable coverings determined by ZCRs

In this section, starting from a ZCR of an equation &£, we will show how to determine a
first-order Riccati-type system defining a differentiable covering together with a corresponding
nonlocal conservation law. We will see in Section 4 that this type of covering and the corre-
sponding nonlocal conservation law are fundamental for the computation of pseudosymmetries
that allow one to determine Béacklund transformations.

Leta € g® A' (£) be a ZCR of the form « = X dx + T dt, for a formally integrable equation
& .= {F = 0} with two independent variables (x,t). We assume here that X and 7 are £ x £
matrices, with £ > 2.

One can readily check that (1) is equivalent to the integrability condition

DX — D, T+[X,T]1=0 (36)
of a linear system of the form
Vi =XV, Vi=TV, 37
where V = (v!, ..., vH7T is an auxiliary vector valued function of (x, 7).
This means that, by suitably enlarging the space of dependent variables, o defines a differen-
tiable covering PO 5 £(9) with VY := {F =0,D,V=XV,D,V=T V}. In such an enlarged

space, (36) can be also understood as the integrability condition of an equation of the form
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dyV =XVdx+TVdt, (38)

where dyV = D,V dx + D,V dt. Notice that V, = DXV and V; = E,V, in terms of the total
derivatives Dy and D, in V.

Now, it is noteworthy to observe that linear transformations V VS .= sV, by a nonsin-
gular matrix valued function S on £, naturally determine a C-morphism of V. Under such
transformations, (37) transforms as

vS=x5vS, vS=T15v5,
with
X5:=D(S)ST' +5x87",  T5:=D,(S)S +5TS7L.
Accordingly, (38) transforms as dy VS = X5V S dx + TSV S dt. These transformations are usu-
ally referred to as gauge transformations.

We have the following

Lemma 23. For any fixed h € {1, ..., £}, under the gauge transformation V — V' = ,%h V equa-
tion (38) rewrites as

dy (In vh) =[a]"V’,
_ (39)
dyV'=aV' — ([a]" V') V',

where [a]" denotes the h-th row of «. Thus, the first order system (37) is equivalent to the
following one

h
=Xy
v
v
=TV, (40)
v
Vi=XV' —(IX1"V)V,
V=TV —(IT1"V) V',

where [ X ]h and [T]h denote the h-th rows of X and T, respectively.
Proof. The result follows by substituting V = V"V’ (with h fixed) in (38). O

Since V' = #V, it is natural to write V' as

V=o' p" 0 DT

3

where
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' vl ol j<h,
pli=1
vi 1l j>h.

It follows that the differentiable covering V() — £(%) s the extension, by means of the po-
tential of a nonlocal conservation law, of a differentiable covering Y — £ defined by a
system of £ — 1 Riccati-type equations. This generalises a fact already discovered by Chern and
Tenenblat in [15], in the case of sl;(R)-valued ZCRs for equations describing pseudospherical
surfaces.

For instance, by taking & = £ for ease of notations, one has the following

Proposition 24. To any zero-curvature representation « = X dx + T dt of £ := {F =0}, with
¢ x £ matrices X and T, it is associated the (£ — 1)-dimensional differentiable covering defined
by the system

In particular, with respect to this covering, € admits the following nonlocal conservation law

—1 —1
w= (Z Xesp® + ng) dx + (Z Tysp® + ng) dt.
s=1 s=1

Analogous results hold for any other 7 = 1,2, ...,£ — 1, with the corresponding nonlocal
variables p1, p2, ..., p¢—1 reciprocally related, for any choice of #, to the p1, p2, ..., p¢—1 above.

Example 25. We consider here KdV equation £ = {zyxx = —z; — 622} with the ZCR

0 1 Zx 41—-2z
o= dx + 5 5 dt, reR.
—A—2z 0 —4A —=2X72+ 22"+ Zxx —Zx

In this case, the procedure described above, with p = v? / vl provides the 1-dimensional differ-
entiable covering J(*) — £(>) defined by the system (27) of Example 16, together with the
nonlocal conservation law © = pdx + (zx + (4X — 2z) p) dt. According to first equation of (39)
pn=dg(nv), thus p = v} /vl
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Example 26. We consider here Tzitzeica equation £ = {z,; = —e 2% 4 7} with the ZCR

0 Lo
_Zx O )\, )\,
o= A zy O ]ldx+ 0 0 %ez dt, reR.
0 A0 1
—et 0

In this case, the procedure described above, with p! = v!/v? and p? = v?/v3, provides the 2-
dimensional differentiable covering J(*® — £(>) defined by the system (30) of Example 17,
together with the nonlocal conservation laW w=Arp? dx +etp / Adt. In this case, according to
first equation of (39) u = dy (Inv?), thus ,0 =Ae %v /v and p = _lvi/v3.

4. Nonlocal pseudosymmetries and Béacklund transformations

As discussed in Subsection 2.4, a Bicklund transformation from £ to £ can be seen as a
nonlocal C-morphism, from a differentiable extension ) of the equation & to the equation &’
Our aim here is to show how such transformations can result from factorisations of differentiable
extensions V with respect to nonlocal pseudosymmetries. In these cases one specialises to ) the
factorisation procedure described in the end of Subsection 2.3.2.

The basic assumption is that £ admits a differentiable extension ) which has a pseudosym-
metry Y (or an r-pseudosymmetry {Y1, ..., ¥,}) which leads to a quotient system Q that, among
its equations, has a copy of equation 5/ . In such a case, the Bécklund transformation is de-
termined by a suitable choice of some basic system of functionally independent invariants

= {x/ =&, z// = v/} of the exploited pseudosymmetry (resp., r-pseudosymmetry). Indeed,
since the concrete form of Q depends on the particular choice of S, if one chooses another basic
system of functionally independent invariants S= (X = é’ 7/J =D/} equivalent to {€/, v/}, i.e.,

such that {€/ = Al (¢!, v/), D/ = BJ (¢!, v/)} and det (Dsé ) # 0 (where Dj are the total deriva-

tives on V(*), one would obtain a system Q which is point equivalent to Q, through the point
transformation {£/ = A’ (x', 2), 2// = B/ (x/, Z)}.

On the other hand, in view of Proposition 11 and Proposition 12, the infinitesimal conditions
(18) and (23) for pseudosymmetries and r-pseudosymmetries are linear only with respect to ¢
and ®. Thus, in general the determination of pseudosymmetries and r-pseudosymmetries of V
is feasible if one already knows some p and y . It follows that, for the practical application of the
procedure described above, it may be necessary to already have available the possible differential
coverings V together with some corresponding 1-forms p and y, defined in V.

Based on the results of the previous section, it is therefore clear that in the case of an equation
with two independent variables a particularly advantageous situation is that of equations admit-
ting ZCRs: indeed, starting from these representations, the Riccati-type differentiable coverings
together with associated horizontally closed 1-forms p remain automatically determined and one
can directly pass to search for corresponding pseudosymmetries.

Unfortunately, one does not have yet an analogous result for r-pseudosymmetries. Hence, cal-
culating the possible r-pseudosymmetries admitted by the Riccati-type differentiable coverings,
associated with ZCRs, remains rather complicated; as is already the case without considering any
differentiable covering so much so that in the literature it is not easy to find significant examples
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of r-pseudosymmetries of differential equations. Yet we believe that r-pseudosymmetries should
play an important role when the Riccati-type differentiable covering has dimension greater than
1, because the larger number of covering equations in this case may lead to greater restrictions
on the existence of pseudosymmetries; therefore, in the case of £ x £ matrix-valued ZCR, with
£ > 2, the more general r-pseudosymmetries should play a key role. For instance, in Example 36,
we show that the auto-Bécklund transformation of the Tzitzeica equation found in [9] can be ob-
tained by using a 2-pseudosymmetry of the covering obtained from an sl3(R)-valued ZCR. Thus,
the computation of r-pseudosymmetries deserves further detailed study. The same is true for the
more general question on the role that pseudosymmetries and r-pseudosymmetries can have in
the integrability property of an equation; in particular, we believe that they can play a fundamen-
tal role in studying Bécklund transformations in higher dimensions. These and other questions
will be addressed in future works.

4.1. Examples

In this subsection, we will analyze several examples of equations with two independent
variables for which, starting from a ZCR, it is possible to determine pseudosymmetries and sub-
sequently Bécklund transformations, following the procedure described above. Moreover, in the
last example, we derive an auto-Bécklund transformation of the Tzitzeica equation by using a
2-pseudosymmetry. Taken together, these examples describe not only the degree of generality of
the method, but demonstrate also its practical applicability. Throughout this section x; = x and
Xy =1.

Example 27. We consider here KdV £ = {z,,x = —z; — 62z} and show how the invariants of
a nonlocal pseudosymmetry Y can be used to determine an auto-Bicklund transformation of
this equation. As already shown in Example 25, £ admits the nonlocal conservation law p =
pdx + (zx + (41 — 2z) p) dt in the 1-dimensional differentiable covering Y(* — £() defined
by

px=—p> =z =1,
Vil pr=—20Qr—2)p* —22¢p + zxx + 222 — 207 — 422,
Zyxx = =21 — 622x.
We are searching for a regular C-morphism from ) to &', with £ being a copy of &, defined by
asystem {x’' =£!, 1/ =&2, 7/ = v} such that €', £2, v are invariants of a pseudosymmetry ¥ of
Y.

First, by searching for pseudosymmetries ¥ := ¥ lyee) of Y determined by the pseudoprolon-
gations Y of vector fields of the form

ai(x,t,z, p)dy +ax(x,1,2,0)8 + b (x, 1,2, p)d, +b*(x,1,2, p)dp,

relatively to conservation laws ¢ i, with ¢ € R — {0}, one finds that the most general pseudosym-
metry of this type with b! = 0 is a constant multiple of

- 1
Y:paz—13p+,
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with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with
respect to the differentiable covering defined by V. Thus, being {x, , z + 2p?} a basic system
of zeroth order invariants of Y, one has that the auto-Bécklund transformation of KdV discussed
in Example 19

x =x, t'=t, 7 =—z7-2p>=22,
is of the type described above, i.e., it is provided by the invariants of the pseudosymmetry Y.

Example 28. We show here that also the Darboux transformation discussed in Example 21 is
provided by the invariants of a nonlocal pseudosymmetry Y. To this end one can consider the
2-dimensional differentiable covering of KAV & = {z,xx = —z; — 622, } defined by

pr=—p*—z—1,
pr=—2Q2h — 2)p* = 20:p + zxx + 222 — 207 — 432,
Vi pe=—p>—z—4,
o1 = =221 —2)p> — 22,0 + Zax + 227 — 207 — 422,

Zyxx = —2 — 622y,

which coincides with (32) and is obtained by doubling the Riccati-type system of previous ex-

ample. Hence, being /i = pdx + (zx + (4): — 21) /3) dt still a conservation law for ), one can

search for pseudosymmetries Y = Y| V() of Y determined by the pseudoprolongations Y of
vector fields of the form

al(-xvtaza 107 la)ax +a2(~x7tvza pv Ia)at +b1(~x7tvza pa 16)82 +b2(-x’taza 107 16)8,0
+07(x, 1,2, p, )3

relatively to 2 fi. In this case, when A # A and p # p, one finds that the most general pseudosym-
metry of this type with o' # 0 is a constant multiple of

_ 1 —-p)? 1

Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with respect to
the differentiable covering defined by ). Thus, being {x, t, z + 252, p + - M/ (p—p)}a
basic system of zeroth order invariants of Y, one has that the Darboux transformation discussed
in Example 21

A—A
p—p

x'=ux, t=t, 7 =—7-2p2-2A, o =— — 5,

is provided by the invariants of the pseudosymmetry Y. In this case the transformation describes
a regular C-morphism from ) to £’, where by £ now we mean the system
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IO)/( =_p/2_z/_}‘"
E' pl =220 —2)p"? =22 p" + 2 + 227 — 207 — 422,

r ’or ’
Lyxx = —6z Ly =%t

Example 29. We consider here sine-Gordon equation £ = {z,; = sinz} and show how the invari-
ants of a nonlocal pseudosymmetry Y can be used to determine an auto-Bicklund transformation
of this equation. To this end we consider the following ZCR

1(n —Zx 1 [cosz sin z
o== dx+—1 . dt, neR —{0}.
2\ zx -7 2n \ sin z — o8 7

In this case, the procedure described in Section 3, with p = v!/v?, provides the 1-dimensional
differentiable covering )(* — £ defined by

px=—%2xp* +1p = 3 2x,

. 1 2 1

V: p,_ﬂsmz(l—p)—i—ﬁcosz,o,
Zyt =SINg,

together with the nonlocal conservation law
1 1 )
w==(pzyx —n) dx + — (p sinz — cos z) dt.
2 2n

We are searching for a regular C-morphism from ) to £, with £ being a copy of £, defined by
a system {x’' = Sl, t = 52, 7z =} such that $1, 52, v are invariants of a pseudosymmetry Y of
.

First, by searching for pseudosymmetries ¥ := Y |y of YV determined by the pseudoprolon-
gations Y of vector fields of the form

ai(x,t,z,0)dx +ax(x, 1,2, p)d + b (x,1,2,0)8, +b*(x,1,2,0)d,,

relatively to conservation laws ¢ i, with ¢ € R — {0}, one finds that the most general pseudosym-
metry of this type with o' # 0 is a constant multiple of

2 2
?:(p2+1)az—uap+...,
with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of &£, with
respect to the differentiable covering defined by ). Thus, being {x, ¢, z + 4 arctan p} a basic
system of zeroth order invariants of ¥, one is naturally lead to consider &' = x, £ =t and by
taking v = z + 4 arctan p one obtains z/,, — sinz’ = 0, whenever {z, p} is a solution of ). Hence,
one has the auto-Bécklund transformation of £

x' =x, t'=t, 7 =z+4arctan p,
provided by the invariants of the pseudosymmetry Y.
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Example 30. We consider here the short-pulse equation £ = {z,; = %zzzxx + ZZ)ZC + z} and show

how the invariants of a nonlocal pseudosymmetry ¥ can be used to determine an auto-Bicklund
transformation of this equation. To this end we consider the following ZCR

1 (1 z 1 [ 8n*+2> 7 (zzx —41n)
a=— Y )dx+ — ; , |dt. ner—{o).
dn\z, -1 8N \z(zzx +4n)  —8n*—z

In this case, the procedure described in Section 3, with p = v!/v?, provides the 1-dimensional
differentiable covering J(*) — £(%) defined by

_ o

V- 2 (zzy +41) , (8 n* +z2) Z(—zzx +4n)
) Pr=— 3 P+ P — )
n 4n 8n

1, 2
Iyt = EZ Zxx + 225 + 2,

together with the nonlocal conservation law
= i _ i 2 2 Q.2
n=— (zxp—Ddx+ zxp+4nzp—z°—8n7)dt.
4n 8

We are searching for a regular C-morphism from ) to &', with £ being a copy of &, defined by
a system {x’' = Sl, t = 52, z/ =} such that &1, 52, v are invariants of a pseudosymmetry Y of
V.

First, by searching for pseudosymmetries ¥ := Y|y of Y determined by the pseudoprolon-
gations Y of vector fields of the form

ai(x, 1,2, p)dy +ax(x, 1,2, 0)8 + b (x,1, 2, p)d, +b*(x,1,2, p)dy,

relatively to conservation laws ¢ i, with ¢ € R — {0}, one finds that the most general pseudosym-
metry of this type with o' # 0 is a constant multiple of

_ 5 1 5 2
Y:—2p8x+(p —1)8Z—§<p +1) 9+ ...,

with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of &,
with respect to the differentiable covering defined by ). Thus, being {x + 81/ (0> 4+ 1), 1,z —
8np/(p* + 1)} a basic system of zeroth order invariants of ¥, one is naturally lead to con-
sider €' = x + 8n/(p> + 1), €2 =t and by taking v = —z + 8np/(p> + 1) one obtains
Ty — zz’zz’ - z’z’2 7/ =0, whenever {z, p} is a solution of ). Hence, one has the auto-

Bécklund transformatlon of £

0
X =x+8——— t'=t, 7 =—z4+8n———0r,
Tt
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provided by the invariants of the pseudosymmetry Y.

Example 31. We consider here Camassa-Holm equation £ = {z/xy =322x — 2 Zyxx —22x Zax +
z;} and show how the invariants of a nonlocal pseudosymmetry Y can be used to determine an
auto-Bécklund transformation of this equation. To this end we consider the following ZCR

1

(o —
a:E n | dx
—Z+Zxx— 1N 0
1] zx l(z—2n)
+3 n dt, neR—{0).
2 —zzee—nz—20*  —z«

In this case, the procedure described in Section 3, with p = v? / vl, provides the 1-dimensional
differentiable covering J(*) — £(%) defined by

_ L e Mz
px—zn/) ) >
Y __(—277+Z) 2_, _ZZxx_an—}—nz—zz 1)
= 2 o x P > > ,
Zixx =322y — ZZxxx — 22x Zax + Z1»

together with the nonlocal conservation law

P Zx Z
=—Tdx+(Z—(1-=)p)adr 42
=gyt (5-(15,)) @

We are searching for a regular C-morphism from ) to &', with £ being a copy of &, defined by
a system {x’' = 51, t = ?;‘2, z/ = v} such that $1, 52, v are invariants of a pseudosymmetry Y of
V.

In this case, if one searches for pseudosymmetries Y=Y | (o) of ) determined by the pseu-
doprolongations Y of (relative) vector fields of the form

ai(x,t,z,0)8x +ax(x, 1,2, p)d + b (x,1, 2,25, )3 + b*(x, 1,2, 2x, P)3,,

relatively to conservation laws ¢ i, with ¢ € R — {0}, one finds that the most general pseudosym-
metry of this type with o' # 0 is a constant multiple of

(n* = p?)

Y=-8,+Qp—2z:)0, +
27

O+,

with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with
respect to the differentiable covering defined by ). Thus, being
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2 2
1 p—n ’ 1 P +n 2np
=x—1n — 1, =1, VvV = z+ Zxs
: <p+n) : (pz—n2> pr—nr""

2np (p2+n2>

2

Vi = 7+ o —2p,
,02—7’]2 ,02_772 X

a basic system of first-order order invariants of I?, one finds that in this case the system Q (the
factorisation of £ by Y) reads

vgl =2,
Q: 2 =<—6n+3v1—2v2)v2+(2n—v1)v2 +v!
glg? g! glgl g2
Therefore, by taking
2., .2
- +n 2np
x’=x—1n<u), V=1, z/=v1—2n=<p—>z+—z _2n, (43)
p+n p2_n2 pz_nz X
one gets that z}, , , — 32"z, +2'2, ., +22,2,., — 2, =0, whenever {z, p} is a solution of

Y. Hence, by means of (43), the invariants of Y determine an auto-Bicklund transformation of
£. This auto-Bicklund transformation coincides with that found in [40], by means of a different
approach.

Example 32. We show here that, by following an approach similar to that used in Example 28,
one can also find a Darboux transformation for the Camassa-Holm £ = {z;xx» =322x — 2 Zxxx —
2 Zx Zxx + 2+ }- To this end one can consider the 2-dimensional differentiable covering of £ defined
now by

~ I o Zxx n+z
B

(=27 +72) ,, . ZZye 2024 fz— 2

T T 2 2 ’
yid 1o e 04z
:Ox—znp ) 7
(—2n+2) , Zzee 207 +mz—22
Ppr=———F—"p —Zp— -

2 LT 2 2 :

Zexx =322y — ZZxxx — 22x Zxx + s
which is obtained by doubling the Riccati-type system (41). Hence, being (42) still a conservation
law for the new system V), one can search for pseudosymmetries ¥ := Y|y of ) determined

by the pseudoprolongations Y of (relative) vector fields of the form
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a](x7t5 <, pa [S)ax +a2(-xat7 Zv 107 ﬁ)al +b1(-x5t7 Za Z)C7 ,0» /6)82 +b2(-x7t7 Za Z)Ca 107 16)8,05
+0(x, 1,2, 20, p, DD

relatively to 2 u. In this case, when 7) # n and p # p, one finds that the most general pseudosym-
metry of this type with b! = 0 is a constant multiple of

(n*=p%) )  wi—ni?=2npp+ip’+np’
7 20 (n— 1)

Y=—0,+Q2p—20)0, + p+....

Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with respect to
the differentiable covering defined by ). Thus, being

2 2
p—n 2 1_ (P tn 2np
$1=X—1n<—), £ =1, v =< )z—i-iz,
p+n pr=n?)" pr =2

s

. 2np 0% +n? s e —=ipp—ni(n—1)
VT = 2 2Z 2 2 Zx_2p7 Vo= ~ ~
P =1 p=—=n -

a basic system of first-order invariants of Y, one finds that in this case

2 2
- +17 2np
x/=x—ln<p n), t'=t, z’:('o >z+ Zx—2n,
PEn p? —n? p?—n2""

. et —dpp—nh (n—1)
p = S
np—np

, (44)
defines a regular C-morphism from ) to the system

/ A
1 Zuy 0+

/ 12
)= —= =+ ,
SRTIe 2 2
1 2ﬁ x/ 2 2 ,
! = e ! ! ro ,
Zpoy =32 20— 2 200 =220 2 T 2,

Example 33. We consider here the Harry-Dym equation £ = {z; = z3zxxx} and show how the
invariants of a nonlocal pseudosymmetry Y can be used to determine an auto-Bicklund transfor-
mation of this equation. To this end we consider the following ZCR

0 4n 8n%zx —64n37
o= dx + 3 dt, e R —{0}.
<_z12 0 ) (zanx + 167]7 _8772Zx 7 10}

In this case, the procedure described in Section 3, with p = v2 / vl, provides the 1-dimensional
differentiable covering )(*) — £(°° defined by
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n
px=—4n0" = =,

1 3
pr =647 2 p* — 16072, p + 20Z4x + Tn

3
it =2 Zxxxs

together with the nonlocal conservation law
nw=4npdx+ (—64173/02 + 8n2zx> dt.

We are searching for a regular C-morphism from ) to £, with £ being a copy of £, defined by
asystem {x' = &', ' = &%, 7/ = v} such that &', £2, v are invariants of a pseudosymmetry ¥ of
.

First, by searching for pseudosymmetries ¥ := ¥ lyeo) of Y determined by the pseudoprolon-
gations Y of vector fields of the form

ai(x,t,z,p)dx +ax(x, 1,2, p)d + b (x,1,2, )8, + b*(x,1,2,0)d,,

relatively to conservation laws ¢ u, with ¢ € R — {0}, one finds that the most general pseudosym-
metry of this type with b! = 0 is a constant multiple of

2

_ 1 0
ngax—l—zpaz—?ap—i-...,

with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with

respect to the differentiable covering defined by ). Thus, being {x — 1/(4np), 1, z 02} a basic

system of zeroth order invariants of ¥, one is naturally lead to consider €' =x — 1/(4np), €2 =1
137

and taking v = —1/(4zp?%) one obtains z;, =272 =0, whenever {z, p} is a solution of }.

Hence, one has the auto-Bécklund transformation of £

/ 1 / /
X =X = —, t =t’ Z =_—25
4np 4zp

provided by the invariants of the pseudosymmetry Y.
Example 34. We consider here the following modification of Harry-Dym (mHD) equation

1242
E= {Zl =237 + (—4k213 — Ta + b) zx} (45)

where a, b, k € R. This is a new integrable equation that includes, as a particular instance, the
equation recently studied in [22,46]. Here we show how the invariants of a nonlocal pseudosym-
metry ¥ can be used to determine an auto-Bicklund transformation of (45). To this end we
consider the following ZCR of (45)
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P P 4n (4azzx +
2 4n —2azyx + 802y + Z—3Q M
o= dx + dt,
n P nQ 2 PQ
—_2 —_2 2772)()5 - 477ka - _3 zaZxx - 877 Ix — —3
Z Z Z Z

where n € R — {0} and
P:=kz’>+a, 0 :=8ak 2> — 16n%z* — 8a* + bz.

In this case, the procedure described in Section 3, with p = v? / vl, provides the 1-dimensional
differentiable covering )(* — £ defined by

2a n
px = —4no® + (—2k - z_2> =t
32na?
P ((—32nak n 64n3) 2= 16nazx —4nb + ﬂ) p?
Z
) 5 ) 32an* 2ab 164
y: —+ (—16ak +321’] k)Z—]6T} zx+4azxx—2bk+ Z —Z—2+Z—3 1Y
—8ank +16n> by 8na?
—4nkzy +2nzxx + e —727 + 773
Z Z Z
124>
= Z3Zxxx + (_4k2 3_ +b> Txs
Z

together with the nonlocal conservation law

a 5 32na?
w=(dnp+k+3 ) dx+ —32<—ak+2n)nz+16nazx+4nb— P
Z Z

— 8 (—ak-+20) kz-+8n’z, — 2z, +bk+ o=

—8a’k — 8 (—ak+2n*)a ab  8a> s
z z z '

We are searching for a regular C-morphism from Y to &', with £ being a copy of &, defined by
a system {x’' = 51, t = 52, 7z =} such that &1, ?;‘2, v are invariants of a pseudosymmetry Y of

V.
First, by searching for pseudosymmetries ¥ := Y | o) of Y determined by the pseudoprolon-
gations Y of vector fields of the form

al(-x7t7 2, p)ax +a2(-xa tv 2, Io)at +b1(-xv t7 2, p)az +b2(-xvt7 r p)apv

relatively to conservation laws ¢ i, with ¢ € R — {0}, one finds that the most general pseudosym-
metry of this type with b' # 0 is a constant multiple of

2

- ap 1 ap k (=2ap —n) 2np+k)p

Y=-—=+—])0 —_— — ] zo 0+ ...,
<4n2+8n) X+( n +'O+417>ZZ+ 4n? rt
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with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with
respect to the differentiable covering defined by ).

From now on, it is convenient to distinguish the case where k is zero from that where k is non-
zero. In fact, up to rescaling z and x, one can always reduce oneself to the cases: (i) k = 0; (ii)
k = 1. In particular, case (i) could be further subdivided into subcases b =0 and b = 1, although
we will not do so here.

Case (i). In this case, being {x — 1/(4np), t, nz ,02/(2a,0 4+ 1)} a basic system of zeroth
order invariants of ¥, one is naturally lead to consider &' = x — 1/(4np), £* =t and taking
v = —(2ap + n)/(4nz p*) one obtains z -3, + (12a2/z )zx, =0, whenever {z, p}

X' X'X
is a solution of ). Hence, one has the auto Bicklund transformation of £

/ _ L ¢ 7 =— 2ap + 1
dnp 4nz p?

provided by the invariants of the pseudosymmetry ¥, when k = 0.

Case (ii). In this case, being {x — In((2ne + 1)/p)/2, 1, z2(2np? + p)/(Rap + 1)} a basic
system of zeroth order invariants of Y, one is naturally lead to consider €' = x — In((2np +
1)/p)/2, §* =1 and taking v = —(2ap + n)/(2z(2np* + p)) one obtains z;, — 27}, ., +
(4z’3 +12a%/7 —b) z;, = 0, whenever {z, p} is a solution of ). Hence, one has the auto-

Bicklund transformation of £

’ 1 <277:0+1) ’ ’ 2ap +1
X' =x—=1In , t' =1, =,
0 2(4np= +2p)

provided by the invariants of the pseudosymmetry ¥, when k = 1.

Example 35. We consider here the coupled Schrédinger system & = {Z,l =2 ( 1)2 2 +z )15 X ztz =

—27! (Z2)2 — 25 x} and show how the invariants of a nonlocal pseudosymmetry ¥ can be used to
determine an auto-Bicklund transformation of £. To this end we consider the following ZCR

2 2_ 1.2 2,2
n —z 21" —z'z 2nzc+z
o= | dx + | | 5 1X2 dt, n e R.
z -n —2nz" + 2z, 2n°+z'z
In this case, the procedure described in Section 3, with p = v*/v!, provides the 1-dimensional
differentiable covering defined by the system

px =22p% —2np + 2!,
pr=(—2nz* —22) p* + (22'22 +40?) p — 202" + 2L,
2 =2( ) 22+zl,,
?=-2 ()" - 2.
together with the nonlocal conservation law
n= (—zzp + n) dx + <2nz2p —zl2+ z)ch — 2772) dt.
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Here we double above covering, by considering the covering )(® — £(%) defined by the system

px =22p* —20p + 2,

pr= (=202 —22) p* + (22'22 + 47) p — 24z + 2L,
px =22p* = 2np +2',

pr = (—2nz% —22) P> + (2222 +4n?) p — 2z + 2L,
=22 +2,,

th =-27! (Zz)2 - Z)zcx‘

Hence, being w still a conservation law for )/, one can search for pseudosymmetries Y= Y| V()
of ) determined by the pseudoprolongations Y of vector fields of the form

ar(x,1,2',2%, 0, D)y +az(x,1,2", 2%, p, D) + b (x,1,2', 2%, p, p)o,
+b"2(x,1,2", 2%, p, p)o2 + b7 (x, 1,2, 22, p, DBy, 0P (x, 1,20, 2% 0, D)D,

relatively to ¢ u, with ¢ € R — {0}. In this case, when 7] # n and p # p, one finds that the most
general pseudosymmetry of this type with b'161% £ 0 is a constant multiple of

N2
. (0= 4)
Y=p201—02——2 35+...,
O 20 ”
with ¢ = 2. Such a pseudosymmetry of ) can be seen as a nonlocal pseudosymmetry of £, with
respect to the differentiable covering defined by ). Thus, being

g @n=2pptztp=p) 5 _(p=pZ-2+2
p—p ’ p—p ’

a basic system of zeroth-order invariants of Y, one finds that in this case

A A 1 A A 2 A
Vex ey v @n=20ph+z (p—p)’ 2 (p=d)z — 20420
p—p p—p
(46)
defines a regular C-morphism from ) to £.
Example 36. We consider here Tzitzeica equation £ = {z,; = —e 2% + e%}. As already shown

in Example 26, £ admits the nonlocal conservation law u = Ap”dx + %ez,o1 dt in the 1-
dimensional differentiable covering Y(® — £(°) defined by
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pl==ap'p? =z p' +2,
1 2

1 1 -2z 2

Py =—Xez(p ) +oe Tt

2

Vi pi=—x(p?)" + 20>+ 20",

1 1
2 1.2
o ___ezp 1Y +Xez’

-2
Iy = —€ “* 4 €L,

Contrary to previous examples, in this case, we did not find any nontrivial pseudosymmetry,
which would be a pseudoprolongation of some vector field relative to a multiple of n. However,
we found that ) admits a 2-pseudosymmetry given by

2 T

20'p? -1
b S apl—p—lap2+...] ,
0

Y=Y|y(°°)=|:3z_ 20! o

induced on )* by a pseudoprolongation Y relative to the horizontal 1-form

A (') H20 (0" =4 p' 0?0 124 (p'p2)24+4x (p1)3 =121 p' p2 432

2p%(p1)2—p! 4plp2—2
y= dx
4xp' (pH)2+4x (p')? =22 p? A0(p") 400" (p2)2—2zx p! 02200+ 24
2p2(p")2—p! 2plp2—1
4CZ(,01)3,02—2€Z(,01)2+6,01 (p2)2€—21_2p2€—22 ez(pl)Z 3,026_22 e—ZZ
A (20%(p")2—p") A A 2ap!
+ dt,
462(pl)2p2_zezpl+4(p2)2€—21 2ezlol p26—2z
A (20%2(p"H)2=p!) A Ap!

satisfying dgy +y Ay =0 mod Y. Such a 2-pseudosymmetry of ) can be seen as a non-
local 2-pseudosymmetry of £, with respect to the differentiable covering defined by ).

We are searching for a regular C-morphism from ) to £’, with £’ being a copy of £, defined
by asystem {x’ = £!, 1/ = £2, z/ = v} such that &', £2, v are invariants of the 2-pseudosymmetry
given by Y. Thus, being {x, t, z + ln(2/r)1/o2 — 1)} a basic system of zeroth order invariants of
Y, one is naturally lead to consider €' = x, £2 =t and taking v = z 4+ In(2p' p> — 1) one obtains
Z;/t/ +e 27 —ef = 0, whenever {z, pl, pz} is a solution of ). Hence, one has the auto-Bicklund
transformation of £

X =x, t=t, Z=z+InQp'p? - 1),

provided by the invariants of the 2-pseudosymmetry given by Y. This auto-Bicklund transfor-
mation coincides with that found in [9], by means of a different approach.
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