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Resumo

DESIGUALDADES GEOMETRICAS PARA SISTEMAS
ELETROSTATICOS COM FRONTEIRA

Neste trabalho, investigamos sistemas eletrostaticos com uma constante cosmolégica
ndo nula em variedades compactas com fronteira. Estabelecemos novas propriedades
geométricas para variedades eletrostiticas em dimensdes superiores, estendendo
resultados anteriores na literatura. Além disso, provamos estimativas de fronteira
precisas e desigualdades do tipo isoperimétrico para variedades eletrostaticas, bem
como desigualdades de volume e fronteira envolvendo as massas de Brown-York e
Hawking.

Além disso, provamos limites inferiores precisos para a massa de Hawking car-
regada de superficies estaveis em espagos-tempos eletrostaticos em vérios contextos.
Um limite superior para o género de superficies estaveis no sistema eletrostatico é
fornecido. Também estudamos a positividade para a massa de Hawking carregada de
uma superficie minima com indice um nos espagos-tempos eletrostaticos. Um critério
para que uma superficie CMC no espaco de Reissner-Nordstrom de Sitter seja estavel é
apresentado






Abstract

GEOMETRIC INEQUALITIES FOR ELECTROSTATIC SYSTEMS
WITH BOUNDARY

In this work, we investigate electrostatic systems with a nonzero cosmological constant
on compact manifolds with boundary. We establish new geometric properties for
electrostatic manifolds in higher dimensions, extending previous results in the literature.
Moreover, we prove sharp boundary estimates and isoperimetric-type inequalities for
electrostatic manifolds, as well as volume and boundary inequalities involving the
Brown-York and Hawking masses.

In addition, we prove sharp lower bounds for the charged Hawking mass of stable
surfaces in electrostatic space-times in various contexts. An upper bound for the genus
of stable surfaces in the electrostatic system is provided. We also study the positivity
for the charged Hawking mass of a minimal surface with index one in the electrostatic
space-times. A criterion for a CMC surface in the Reissner-Nordstrom deSitter space
to be stable is presented.
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Introduction

This work is based on the papers [44] and [2]. The first was co-authored with my
supervisor, Professor Benedito Leandro, and published in Mathematical Research
Letters. The second, which is set to appear in Classical and Quantum Gravity, was also
in collaboration with my supervisor and Professors Allan Freitas (UFPB) and Ernani
Ribeiro (UFC).

The Einstein-Maxwell equations with cosmological constant A on a Lorentzian
manifold (M"*1, Q) are given by the following system:

- Re s o ns Lo2sl.
chg—7g+Ag:2 FoF—Z|F|§g ;

dF =0 and divgF =0,

where F stands for the (Faraday) electromagnetic (0, 2)-tensor and (F o F)ap =
§°7FysFgy, with Greek indices ranging from 1 to n + 1. A static space-time is a
product manifold M"*! = R x M", endowed with the metric § = — f2dt? + g, where
(M", g)is an oriented n-dimensional Riemannian manifold and f is a positive smooth
function on M". In particular, by choosing the electromagnetic field in the form
F=f Eb A dt, where E b denotes the dual 1-form to the electric field E, we prove in
Chapter 1 that the Einstein-Maxwell system reduces to a set of equations adapted to
the electrostatic setting (cf. [21, 26, 43]).

Definition 1. Let (M", g) be an oriented n-dimensional Riemannian manifold, E € X(M) a
tangent vector field, and f a positive smooth function on M". The Einstein-Maxwell equations
with cosmological constant A for the electrostatic space-time associated to (M", g, f, E) are
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given by
V2f = f|Ric - LAg +2E"®E" - L|E|2g
n-1 n-1 ’

X 2

Af = — (n=2)EP - A) f,

1)

0=div(E) and 0=d(fE").

We say that (M", g, f, E) is an electrostatic system if the system of equations (1) is satisfied
for some constant A € R. If (M", g) is complete, then the electrostatic system is also complete.

We remark that Ric, V2, div, and A denote the Ricci tensor, the Hessian tensor, the
divergence, and the Laplacian with respect to the metric g, respectively. The smooth
function f is referred to as the lapse function (or electrostatic potential), and E denotes
the electric field. If M has a horizon boundary dM, we additionally assume that
F710) = OM (cf. [16, 21, 26]). An electrostatic system with zero cosmological constant
is referred to as an electrovacuum system. In the absence of an electric field E, the
system reduces to a vacuum static system. Among the explicit examples of electrostatic
spacetimes, we highlight the vacuum static models (namely, the de Sitter and Nariai
systems, see Example 1) as well as the Reissner-Nordstrom-de Sitter (RNdS), charged
Nariai, cold black hole and ultracold black hole solutions. In Chapter 1, we explicitly
prove that those systems are indeed solutions to the electrostatic system (1) introduced
herein. Further details are provided in Section 1.5.

To proceed, we recall that the charge Q of a hypersurface X in (M", g) is given by

1 2
o) = G LB i @

where w, -1 denotes the area of the standard unit (1 —1)-sphere, and v is the unit normal

vector to X.. Several important contributions to the classification of electro-vacuum
spacetimes can be found in the literature; see, for example, [16, 20, 22, 40, 42, 48]. In
particular, by the positive mass theorem [64], any asymptotically flat electro-vacuum
spacetime is conformally flat. That is, the Cotton tensor C vanishes in three dimensions,
and the Weyl tensor W vanishes in higher dimensions. This, in turn, implies that
the only admissible solutions to the electro-vacuum system under such conditions
are precisely the Reissner-Nordstrom and Majumdar—Papapetrou spacetimes (cf. [20,
Theorem 3.6]).
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In this work, we investigate whether the de Sitter system is the unique compact,
simply connected electrostatic system with positive scalar curvature. This question,
originally posed in the context of vacuum static spaces, has been extensively studied
within general relativity and is closely related to the Cosmic No-Hair Conjecture,
formulated by Boucher, Gibbons, and Horowitz [14] (see also [13]): “The only compact
vacuum static system (M", g, f) with positive scalar curvature and connected boundary is
the de Sitter system, with static potential f given by the height function”. While several
results have confirmed the conjecture under additional assumptions (see, for example,
[3,12, 14, 32,37, 39, 41, 59]), counterexamples were constructed by Gibbons, Hartnoll
and Pope [33] in dimensions 4 < n < 8, and a simply connected counterexample in all
dimensions n > 4 was later presented by Costa, Diégenes, Pinheiro e Ribeiro [25]. To
the best of our knowledge, the conjecture is still open for dimension n = 3.

A fruitful approach to investigating rigidity phenomena is through the establishment
of obstruction results, such as geometric inequalities, which serve to obtain classification
results as well as rule out some potential new examples. In this context, a distinguished
result, by Boucher, Gibbons and Horowitz [14] and Shen [63], asserts that the de Sitter
system maximizes the boundary area among all compact vacuum static spaces with
positive scalar curvature and connected boundary. More precisely, they proved the
following:

Let (M3, g, f) bea compact, oriented vacuum static space with connected boundary
and scalar curvature equal to 6. Then the area of M satisfies the inequality

|OM| < 4m.
Moreover, equality holds if and only if (M2, g) is isometric to the de Sitter system.

In recent years, also motivated by the classical isoperimetric inequality, the study
of boundary and volume estimates for special classes of manifolds (or metrics) has
made significant advances. Such estimates have been established for static spaces
in, e.g., [3, 11, 25, 35], as well as for critical metrics of the volume functional in, e.g.,
[6-9, 24, 31, 67]; see also [27, 28]. In this spirit, by employing the recent generalized
Reilly formula due to Qiu and Xia [57] (see also [45]), we establish a sharp boundary
estimate for compact electrostatic manifolds. More precisely, we obtain the following
result.
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Theorem 1. Let (M", g, f, E) be a compact electrostatic system with connected boundary

OM satisfying |E|* < Then we have:

A
(n-2)

’12+a2|aM| < Vol(M), 3)

%1 (A = (n—2)|EP). Moreover, equality holds in (3) if (M", g, f) is

isometric to the de Sitter system.

where @ = max
M

Remark 1. We remark that the conclusion of Theorem 1 remains valid even when the boundary

is disconnected, provided that the surface gravities x; := s » Where ¥; denotes the connected

components of M, are all equal to the same constant (see Theorem 11).

Our next result may be viewed as an analogue of a Chrusciel-type inequality in
the setting of electrostatic systems. For motivating examples and a broader context in
which such inequalities arise, we refer the reader to [35, p. 4].

In order to establish our main result, we consider the electric field E to be parallel
to the gradient of the lapse function f. This condition provides a natural framework
that complements the analysis found in the three-dimensional case studied by Cruz,
Lima, and Sousa in [26, Theorem E]. As discussed in Remark 6 and Lemma 3, this
alignment allows us to further explore the underlying geometry of the system. In
this sense, the following result extends their original argument by providing a sharp
inequality under these broader conditions.

Theorem 2. Let (M", g, f, E) be a compact electrostatic system such that E is parallel to V f
A

(n-2)

and IM = Ul_ %, where ¥; are the connected components of IM. Suppose that |E|* <

Then we have:

1

l
KiQ(Zi)*  n—2 R>
T A Y xilz ZKZ —dAg, 4)

[
i=1 i=1 i=

%(n 1) - 20’

where xk; = |V f ||2 and w1 is the area of the standard (n — 1)-sphere. Here, R stands for the

scalar curvature 0]1’ Li. Moreover, equality holds in (4) if and only if (M", g, f) is isometric to
the de Sitter system.

Remark 2. We emphasize that Theorem 2 can be regarded as a higher-dimensional genera-
lization of [26, Theorem E]. The condition that E is parallel to V f always holds along dM;
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see assertion (iv) in Proposition 3. Moreover, this property is satisfied in all known explicit
examples of electrostatic systems, as discussed in Section 1.1.

Remark 3. The case n = 3 is of particular interest. In this specific dimension, the boundary
¢

oM = U L; consists of closed surfaces, and the scalar curvature of each component satisfies
i=1

R> = 2K, where K denotes the Gauss curvature. Consequently, by the Gauss—Bonnet theorem,

we obtain the following area estimate:

L (16m20)? A !
; ki (T + §|ZZ|) <A4rn ; ki,
which coincides precisely with [26, Theorem E]. Furthermore, if the boundary is assumed to be
Einstein, we derive a related boundary estimate; see Theorem 12. For a significant topological
characterization in the five-dimensional setting, see Corollary 2.

In the sequel, we relax the assumption that E is parallel to V f, which was required
in the previous theorem. To this end, however, we must impose a control on the electric
tield. Our approach is based on an integral identity for electrostatic systems, which
is of independent interest; see Proposition 4. Although an analogous result holds in
higher dimensions (see Theorem 13), we state the three-dimensional case separately to
allow a direct comparison with [26, Theorem D].

Theorem 3. Let (M°, g, f, E) be a compact electrostatic system with connected boundary
JdM and positive cosmological constant. Suppose that
V5

E < —A.
||<5

Then dM is a 2-sphere and there exists a positive constant ¢ such that
kc|dM| < 4mA, )

where k = |Vf||aM. Moreover, equality holds in (5) if and only if(M3, g, f) is isometric to

. . A
the de Sitter system with ¢ = A and « = 3
Remark 4. This bound on the norm of E considered in Theorem 3 arises naturally, even in the
case where the scalar curvature is constant. In particular, when n = 3, it is known that the
electric field satisfies |E|* < A, and the scalar curvature satisfies R < 4A; see assertion (v) of

Proposition 3 in Section 1.1.
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By a different approach, we derive a boundary estimate for electrostatic manifolds
that depends only on the cosmological constant A, that is, the estimate is independent
of the surface gravity x = [V f || om- As before, we present here the result in the three-
dimensional setting, although it arises as a special case of a more general boundary
estimate valid in higher dimensions (see Theorem 14).

Theorem 4. Let (M°, g, f, E) be a compact electrostatic system with connected boundary

dM. Suppose that
A
EP <=
EP <2
Then dM is a 2-sphere and

AloM| < 127, (6)
Moreover, equality holds in (6) if and only if (M, g, f) is isometric to the de Sitter system.

In the last part of this work, we focus on the role of quasi-local masses in the setting
of electrostatic systems. In Newtonian gravity, the mass of a region can be naturally
defined by integrating a mass density function. However, in general relativity, the
situation is considerably more subtle due to the Equivalence Principle, which precludes
the existence of a local energy density for the gravitational field. The definition
of mass thus becomes a central and subtle problem in general relativity. In 1982,
Penrose [54] identified several major open questions in the field, placing at the forefront
the challenge of formulating a suitable quasi-local definition of energy-momentum.
Mathematically, the formulation of this problem presents inherent challenges, and
as a result, several definitions of quasi-local mass have been proposed over the years
in an attempt to capture a coherent and physically meaningful notion of mass in
general relativity. For a detailed discussion of the challenges and desirable properties
associated with such definitions, we refer the reader to [1, 19]. A good definition of
quasi-local mass should satisfy certain properties, such as

1. The mass must be positive for a large class of surfaces.

N

. It should vanish for surfaces in flat space-time.

W

. It should converge to the ADM mass at flat infinity.

B

. It should converge to the Bondi mass at null infinity.

Q1

. It should satisty Penrose inequality if the surface enclosed a horizon.
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6. It should satisfy some stability property for the rigidity case, i.e., it is expected
that if we have a sequence of a finite domain and if the defined quasi-local mass
of such a sequence of domain converges to zero, this sequence of finite domain
converges to a domain in Minkowski space or Euclidean space.

7. Monotonicity property under inclusion, i.e., VQ; € Q ¢ M, with dQ; outer-
minimizing in (Jy and d€), outer-minimizing in M. Then, mass(€21) < mass(£2y).

The ADM mass, defined by Arnowitt, Deser, and Misner [4], represents the total
energy of an system and is defined for an asymptotically flat manifold (M", g) is given

by:

11m/ Z(a,gl, digjv' dAs,

2(” - 1)0)11 1120 Jg, =

where S, is a coordinate sphere of radius r and v is its outward unit normal.

In order to proceed, we recall the definition of the Brown-York mass. Let X be
a connected hypersurface in (M", ¢) such that (X, ¢|x) can be embedded in R" as a
convex hypersurface. Then, the Riemannian Brown-York mass Mipy of £ with respect
to g is given by

Mpy(Z, g) = /Z(Ho —H)dAg,

where Hy and H denote the mean curvatures of ~ as a hypersurface of R" and M",
respectively, and d A, is the volume element on X induced by g. In [66], Yuan proved a
boundary estimate for vacuum static spaces in terms of the Riemannian Brown-York
mass. Similar estimates were obtained in [25, 27]. Motivated by these results, we
have the following sharp boundary estimate involving the Riemannian Brown-York for
electrostatic manifolds.

Theorem 5. Let (M", g, f, E) be a compact electrostatic system with (possibly disconnected)
boundary M and A + |E* > 0. Suppose that each boundary component (X;, g) can be
isometrically embedded in R" as a convex hypersurface. Then we have

|Z‘l| < CSUtBy(Zil g)/ (7)

where c is a positive constant. Moreover, equality holds for some component ¥; if and only if
(M", g, f) is isometric to the de Sitter system.

We note that, by virtue of the solution to the Weyl problem, the isometric embedding
condition in Theorem 5 can be replaced by appropriate curvature bounds, as for instance,
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by requiring positive Gaussian curvature when n = 3, see, e.g. [31, 66]. Another
important notion of quasi-local mass, the Hawking mass, has received considerable
attention due to its essential role in the proof of the Riemannian Penrose inequality
[36]. The standard Hawking mass of a surface I° in a given Riemannian manifold
(M3, g) is defined by

My (L) = % (1 - % /ZH2 dAg) ,

where |Z| and H stand for the area of the surface and its mean curvature with respect to
the metric g, respectively. A straightforward computation shows that if X is a minimal
surface, its Hawking mass is positive. However on the one hand, the Hawking mass of
any surface in R? is less than or equal to zero, with equality if and only if the surface is
a round sphere (cf. [52]). These examples contradict the first item of the nice properties
that a quasi-local mass must satisfy. On the other hand, Christodoulou and Yau [19]
proved that the Hawking mass is non-negative for stable constant mean curvature
spheres in 3-manifolds with non-negative scalar curvature. This shows that even the
concept of Hawking’s mass being positive can be a bitter issue to deal with. The third
chapter of this work aims to provide sharp lower bounds for the charged Hawking
mass of stable surfaces in electrostatic space-times in various contexts, guaranteeing
that the charged Hawking mass is positive under certain conditions.

In [50, Proposition 3], the author proved a lower bound for the Hawking mass
of a connected stable CMC surface boundary X of an asymptotically flat and static
manifold such that the Gauss curvature Ky, and the constant mean curvature Hy of =
satisfy the inequality 4Ky, > Hj. They proved that

1 [HAIZ
Ny (X)) > =
H(E) 2 g\

Therefore, the Hawking mass is non-negative, according to the positive mass theorem.

From a quasi-local mass point of view, it is desirable to draw information on the
quasi-local mass of a surface X purely from knowledge of the geometric data (gx, H),
where g5 is the intrinsic metric on X and H is the mean curvature. It is natural to ask
if the Hawking mass of such a surface is positive when the intrinsic metric is not far
from being round. The positivity of the standard Hawking mass for CMC surfaces on
compact 3-manifolds with non-negative scalar curvature was studied by [51] without
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assuming stability. However, additional conditions were imposed on the geometric
data.

The Hawking mass can also help provide Item the positivity for other definitions
of quasi-local mass. A consequence of the proof of the Riemannian Penrose inequality
via inverse mean curvature flow by [36] gives us

MM, g) = Mu(0QY), (8)

where (M?, g) is an asymptotically flat Riemannian manifold (possibly with horizon
boundary) with non-negative scalar curvature and ) C M is a bounded open set with
a smooth topological outer-minimizing boundary JQ.

The Hawking mass is often used as a lower bound for the Bartnik mass (a more
delicate concept of quasi-local mass). Computing the Bartnik mass of a subset {2 is not
easy, so one way to study the Bartnik mass is to look at its upper and lower bounds (cf.
[51, 52, 47]). We define the Bartnik mass 9iz(Q) of Q as

Mp(Q) = inf{M(M, 3) : (M, 3) € A}, 9)

where A is the set of asymptotically flat manifolds (possibly with horizon boundary)
with non-negative scalar curvature into which Q) isometrically embeds such that
9Q C M is outer-minimizing. The boundary JQ is said to be outer-minimizing if
Perim(Q) < Perim(Q)’) for any set (O ¢ M of a finite perimeter (denoted by Perim(€"))
and finite volume such that Q c Q’. The Bartnik mass is an important quasi-local mass
since it satisfies the monotonicity property. Note that the positive mass theorem (or
the Riemannian Penrose inequality, in case all elements in A have non-empty horizon
boundary) immediately yields the non-negativity of the Bartnik mass (see more in [52]).
In fact, since every smooth extension (M, g) € A induces the same mean curvature on
9Q c M, the inequality (8) combined with (9) implies

Nip(Q) > My (dQ).

In [52, Theorem 1.6], the authors assumed that the Hawking mass satisfies a certain
local non-positivity condition to obtain a global rigidity theorem for Riemannian
manifolds with non-negative scalar curvature. If the manifold is in addition asymp-
totically locally simply connected, the space must be isometric to R®. Moreover, to
obtain a lower bound on the Bartnik mass [52, Theorem 1.7] out of the expansion of
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the Hawking mass obtained in [52, Equation 11], the authors proved that the optimally
perturbed geodesic spheres are outer-minimizing.

We can see how useful it can be to prove lower bounds for the Hawking mass since
computing the Bartnik mass of a subset is, in general, non-trivial. On the other hand,
from the definition, it is conceivable to expect upper bounds for the Bartnik quasi-local
mass by direct comparison with somewhat explicit competitors. However, the issue of
finding explicit lower bounds is more delicate.

Inspired by the above discussion, we will focus on finding sharp lower bounds for
the charged Hawking mass of surfaces possessing an index equal to zero or one in
non-compact (or compact) manifolds, particularly stable minimal surfaces, stable CMC
surfaces, and minimal surfaces of index one. Moreover, we will provide examples

proving that such lower bounds are sharp.

Definition 2. [5] Let (M3, Q) be a three-dimensional Riemannian manifold and ¥2 a closed
surface on M®. The charged Hawking mass is defined by

X

Mcu(X) =/ 7— (— () - ;n /Z(H2+ gA)do + =

e 2P,

X

where |X| stands for the area of £.. Here, x(X) = 2(1 — g(X)) and g(X) stands for the genus of
Y. Moreover, A and Q(X) stand for the cosmological constant and the electric charge of ¥. given
by (3.7), respectively.

Proposition 1. Let (M?, g, f, E) be a three-dimensional electrostatic system (compact or
non-compact) and X a closed surface on M satisfying

/ (Ric(v, v) +|AP)do < C. (10)
2

Then,

47 47 81

172
W (L) > ('Z') / Hdo Q(Z)2 ('Z') ¢ ] ,

where C € R. Moreover, the genus of X is bounded from above, i.e.,

C
1+ = > g(X).

This proposition is strongly used to demonstrate the main theorems of Chapter 3:
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Theorem 6. Let (M°, g, f, E) be a three-dimensional electrostatic system (compact or non-
compact) and X a closed surface on M with Index(X) = 0. Then, the genus of © is at most 1.

=\ AT 1 Ar N
Mcep(X) > (E) lE/Zsza+EQ(Z)2+§(E)].

The equality holds if and only if ¥ is totally umbilical, E is orthogonal to *, and equality holds
in (10) for C = 0.

Moreover,

Theorem 7. Let (M>, g, f, E) be a three-dimensional Electrostatic system with a non-null
cosmological constant and ©. C M an embedded stable minimal surface. Then, the genus of X is
at most 1. Moreover,

1/2
ey (2] [ 2 (2|

In addition, if ¥ is a stable minimal two-sphere, equality holds if ¥ is the horizon boundary of
the ultracold black hole system.

Theorem 8. Let (M°, g, f, E) be a three-dimensional Electrostatic system with T a closed
stable CMC surface in M. Then, the genus of ¥. is at most 3. Moreover,

1/2 2
menm)> () [ Fowr+ 5 (2)-1].

The equality holds if and only if L is totally umbilical, E is orthogonal to L, and equality holds
in (10) for C = 8m.

Theorem 9. Let (M?, g, f, E) be a three-dimensional Electrostatic system with T a closed
minimal surface of index one in M. Then,

1/2
SmCH(Z)_(%) (|Z|Q( 2)* + (%)—1—%

1+¢(X)
=)

The equality holds if and only if X is totally umbilical, E is orthogonal to X, and the equality
1+ g
holds in (10) for C = 8 (1 + Int ‘Zg( )]) .

More details about the above theorems will be seen in Chapter 3.
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Electrostatic system

1.1 Preliminary

First, we define some useful geometry concepts for a Riemannian manifold (M", g).
Manfredo in [30, Chapter 0] defines x, : U, € R" — M such that (U,, X, ) is the
maximum differential structure of M. We will indicate by (x{,--- , x;;) the coordinates
of U, and by (d7, - - - , d;;) The associated bases in the tangent spaces of x,(Uy).

It is convenient to say that the functions Fi.‘]. defined in U by V,,0; = Z Fi.‘]ﬁk are

k

the Christoffel Symbols of the conetion V in U. Since V is metric-compatible we have

m 1 m
Iy = 5 zk: {3igjk +0j8ki — 9kgij} ghm. (1.1)

As defined in [30, Chapter 2].

Also in [30, Chapter 4] the author expresses the components of the curvature of a
Riemannian manifold in terms of the coefficients Fi.‘]. of the Riemannian connection by
writing

_ I l , .
RSy = > THIS = 3 TLTS + 9,15 — o, (1.2)
I )

Some curvature combinations appear so frequently that they deserve to be remem-
bered: the Ricci curvature and the scalar curvature. We call the contraction of the
Riemann curvature the Ricci curvature tensor, and its coefficients are given by.

Rix = Z R, (1.3)
J

The scalar curvature is obtained by taking the trace of the Ricci curvature.
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R=>" Ryg™. (1.4)
ik

At this point we will establish some operators in differential forms, that is, the
divergent and the curl. As we see in [29, Chapter 1], let v be a vector field differentiable
on M", if w denotes the 1-differential form obtained from v by the canonical isomor-
phism induced by the metric g, and v is the volume element of M", the divergence
can be obtained as follows

d(*w) = (div v)v,

and the curl curl v of v is the (n — 2)-form defined by

*(dw) = curl v,

where we use the operation %, introduced in Definition 3 above. We further denote
that v” = w.

Definition 3. Given a k-form w in M", we define an (n — k)-form xw by setting

* (dxil VANRERIVAN dx,-k) = (—1)(7 (dle AN A dx]‘n_k)
and extending this definition by linearity, where iy < -+ <, j1 <+ < ju—k,

(il,--- Sk, 1, ,jn_k) is a permutation of (1,2,--- ,n) and ¢ is 0 or 1, depending on
whether the permutation is even or odd, respectively.

We will describe some properties using lemmas, and the first one that will be very
useful is Poincaré’s Lemma:

Lemma 1. Let M be a contractible differentiable manifold, and let w be a differentiable k-form
on M, with dw = 0. Then, w is exact i.e., there exists a (k —1)-form a on M, such that da = w.

Another very useful equation is the relation between the Laplacian on the ambient
manifold and the intrinsic Laplacian on a hypersurface, that is

Proposition 2. Let (M", g) be a Riemannian manifold and f € C*(M), the Laplacian of f
can be decomposed as

Af =Asf+Hg(Vf,n)+V2f(n,1n), (1.5)

where L"™1 ¢ M" is a hypersurface with unit normal vector field n and mean curvature H
and V? f is the Hessian of f on M.
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Proof. Let X,Y € ¥(X) and notice that
V2f(X,Y) = g(VxVf,Y)

and
Vf=Vef+g(Vf,mn.
Then,

V2F(X,Y) = g{Vx[Vef+g(Vf,mnl Y}
= g(VxVef,Y)+g[Vxg(Vf,mn, Y];
= VEF(X,Y)+g(Vf,mg(Vxn,Y);
= VEF(X,Y)+AX,Y)8(Vf,1).

Finally, taking the trace

Af =V2f(n,n) = Acf + Hg(Vf,n).

1.2 The electrostatic system

The Einstein-Maxwell equations it was the result of an attempt to connect the
Maxwell’s theory for electromagnetism and the Einstein’s theory for gravitation,
showing how the curvature of spacetime is influenced not only by mass but also by
electromagnetic fields.

In [17, 21, 26] the authors consider a Lorentzian n + 1-manifold (M"“, ¢) and
a 2-form F on M. The (source-free) Einstein Maxwell equations with cosmological
constant A € R for the triple (M, g, F) are expressed by the following system

Ri X +Ag=2 Fo}.—“—1|F|2~ ;
ICg zg g_ 4 gg /

(1.6)
dF =0 and diV§F =0.

The solutions of this system are called electrovacuum spacetimes, where F stands
for the (Faraday) electromagnetic (0, 2)-tensor, (F o F)up = §°"FaFg), stands for the
Hadamard-Schur product and |F|* = 3*fg"'F, uFpy is the Hilbert-Schmidt norm of F.
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Our goal in this section is construct the electrostatic system, for this is necessary to
consider (M", g) an n dimensional Riemannian manifold withn > 3,and f : M — R
a positive function. Now, let

Mn+1 — Mi’l Xf R

be a warped product with metric

g =g+efldt?,

where ¢ = +1. Hence, suppose that x; = (x1,--+ , x4), Xy = (0, x1,*++ , x,) and xo = ¢,
and are ordinary vectors of M, M and R, respectively, in such a way that a vector field
X € ¥(M"™1) can be written as

X =(X,ef'9), 0 + Z ¢(X,9:)d;. (1.7)

i=1

Therefore, observe that the Christoffel’s symbols (1.1) for (M"*!,3) are

0, = % {%goo + (%tgoo - %§OO} g¥=0,
=3B+ 380~ 78|70
I = % {aixi?oo + %?01' - %?io} g =0,
0 = % {aixlgoo + %gm - %?io} gr = %2€gf32if - a}f’

fn oIS fds 95 95 lam_ 1 hon,
Too =75 24 {atSOk + 5, 8k0 axkgoo} g = Zk: 52efokf&™;
=—cf ) hfg" = —efV" ¥,
k
=T,

Thus the Riemannian curvature tensor (1.2) of (M"*!, ¢) is



1.2 The electrostatic system 5
Ps Tl T8 l Ts J Ts .
Rojo = Z oLy Z I; lﬂoo ot > Tio

8
== DSV Ty =Tl = 5 (ef V)
!
= OV — 2 (e fVEf)
/ 33(]' ’
=efV;Vf,
~ d
1 T! .
RO, = Zr o - Z T} IO + —r?k - grgk,
Tl 81f B (9kf alf 0 (9kf
FOTFF on f
8kff9f _ fondif —ofoif.
ff f?
VkV f
1 10 1 70 d =
RV, = Zr o Zr o 0~ 5100 =0,
Rf]k = Rf]k
For the Ricci tensor (1.3) of (M, ) we have
= ViVif
RO _
Rig = ) R, + Ry = Ry - 7 (1.8)
j#0
Roo = ) Ry +Rigy = —efV;VIf = —cfAf.
j#0
Thus, the scalar curvature (1.4) of M is
e Om k% Af _ FAf
R=) Ry3*+Rpg® =R - —= —e—=,
; ik& 8 f ¢ f2
A
R=R- ZTf (1.9)

We recovered from (1.6)

that the Einstein field equation is given by
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R'~—§~+A~—2 FoF—1|F|2~ 1.10
ICg Zg 8= 4 gg . ( )

Moreover, we can observe that

n+1

PP = -

Trs (2FoF——|F|2 ) 5(21301:——|F|2 ) = 2|F)? -
ap

and

_ _ _ n n-—2
Tr, (ZF oF — —|P|2 ) gl (ZF oF — —|P|2 ) =|F|> - E|F|2 = —T|F|2.
ij

Contracting (1.10) over ¢ we obtain the scalar curvature of (M, ), given by

ﬁ—%(n+1)+A(n+1)=—
—R(n-1)+2A(n +1) = —(n = 3)|F]%,
R= ﬁ [(n = 3)IF]* +2A(n +1)] . (1.11)

Replacing the curvature (1.11) in (1.10) we have the following equation

) 1 n
RICg—ml +A(7’l+1)

~ = 1, 0o~
g+Ag—2(FoF—Z|F|§g),

_n—l

1 _
Ric§—mln |F|2+A(n+1)—A(n—1)]g:ZFOF,

. 1 2\ ~
R1c§:2F0F+n_1 (2A-1|F*) g
Now, replacing (1.8) in the previous equation we get

ViVif
f

Contracting this equation over metric g, we have the scalar curvature of M,

Rix =

+2(F o F)jj + ﬁ (2A = |FP?) gij- (1.12)
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A e o iRy
R = 7 +]|F| +n_1(2A IFI?);
= Af—f - i - (2nA + (n = 1)[F]* = n|F]?) ;
AT e
=~ —|—n_1(2nA IFI?) . (1.13)

Also, we can combine (1.11) with (1.9) to obtain

A
R=2—f+ 1

[T [(n = 3)|F]* + 2A(n + 1)],

then using (1.13) yields

0 = —Af—f + % [<IF]> = (n = 3)IFf* + 2nA = 2A(n + 1)] ,
Af 1
- T o [—(n —2)IFF —2A]. (1.14)

We now assume that the Maxwell field takes the form

F=fE’Adt,

where E = (E1,--- , E;) is a vector field and

Fij=0, FiOZ—FOiZfEZ‘, Foo =0, fori,j=1,---,n,

In what follows we will consider ¢ = —1. Thus,

IFP = g*Pg"FauFp,
= §%%VFoiFoj + 3V g"F0iFjo + 3¢V FioFoj + g7 g FioFjo
R

and

(FoF)apg = g"FauFpy = §%FjoFjo = f?g™EIE; = ~E’® E".
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Then by (1.12) and (1.14) we get, respectively,

V2 f

: 2 2
f(RlC — m/\g + 2Eb ®Eb — mlElzg),

Af = %[(n—2)|E|2—A]f.

For the other two equations of the electrostatic system, we may observe that
0=dF = d(fE") Adt + FE" Addt,

and once ddt =0, d (fEb) , must be zero. Since d (fEb) = (0, by Lemma 1 we can
infer that fE = Vi for some ¢ : M — R smooth function. Now we can consider

n
i : M — R such that @‘M =1 and 9;¢ = 050, dy = di and Z ddy;; = Ay, to prove

i=0
that div(E) = 0, by the definition of divergent,

divg(FJo = d | FE" Adt)| = d [x (dy A db)] .

and by Definition 3
d [x (dp A dt)] = d |« (a9 nat)];
=d [ ( 1)"—1dwzdxl] ;
i=0
= Z(—1)f-1(—1)i-1dd@iv.
i=0
Then

0 = divg(F) = Ap

and by Laplacian’s definition
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- S Py Sy
= 1 —
AY Z 8 (8xi8x]- Zorl] 8xk)

i,j=0

_ 00 82{/; ~81/) C kalp

= 87|z Togr 2 ooaxk
~8¢’ n rk Y

" ljzlg (8x8x]_ i ot la_)

A - Ixk (9xk+A¢;
_ AIP—g(v"iévf).

So

(VY _1( SRV
av(E) =d (f) f(A“” )

and now we finally got to the system we were looking for:

Definition 4. Let (M", g) be a n-dimensional smooth Riemannian manifold with n > 3, and
let E a tangent vector field on M and f € C®(M) satisfying

2 2
V2f = f(Ric— ——A¢+2E’@E" - —Z_|E]?
fo= fRic-——Ag+2E7® —IEl8),

Af = 2 [i-2IEP - A £,

0 = div(E) and 0 = d(fE).

Here, Ric, V2, div and A stand for the Ricci tensor, Hessian tensot, divergence, and Laplacian
operator concerning the metric g, respectively. Moreover, E” is the one-form metrically dual
to E. If M has an horizon boundary dM, we also assume that f~1(0) = M. We refer to
the above equations as electrostatic system with cosmological constant A for the electrostatic
space-time associated to (M", g, f, E).
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1.3 Properties

This section was entirely based on [2]. Now, we begin to collecting some properties
of the electrostatic system Definition 4. Although some of these features are already
known (see, for example, [26, Lemma 4]), we include them here for the sake of
completeness.

Proposition 3. Let (M", g, f, E) be an electrostatic system with a non-empty boundary.
Then the following assertions hold:

(i) The scalar curvature of (M", g) is given by

R =2A +2|E[%; (1.15)
(ii) The boundary dM is totally geodesic. In particular,

o - 2 1
Ric(v,v) = ”Z—nR - SR, (1.16)

where Ric = Ric - —8is the traceless Ricci tensor, and R%M is the scalar curvature of
IM.

(iii) If IM = Ulezi, where X; are the connected components of IM, then «; := |V f| . are

non-null constant (they are called surface gravities);
(iv) Vf and E are proportional along dM. In particular, |(E, V f)| = |E||V f| along IM;

(v) If M is compact and |E| constant, then

A> (n-2)|EP.
In particular,
A<k <2 =D,
n-—2
(vi) (M", g, f) is sub-static, i.e.,
fRic—V2f +(Af)g = 0. (1.17)

Proof. The proof is structured according to each assertion:
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(i) We take the trace of the first equation in (1) in order to infer

which combined with the second equation in (1) proves the stated identity.

(ii) First, we observe that |V f(x)| # 0 for all x € M. Indeed, consider a unit-speed
geodesic ¢ : [0,1] = M" such that ¢(0) = x € IM and (1) € int(M). Define the
function 0 : [0,1] — Rby O(t) = f(o(t)). Then 6(0) = f(x) =0, and

0"(t) = V2f(o'(t), ' (1)) = A(HO(1),

for some function A(t). If Vf(x) = 0, then 0(t) would satisfy the initial value
problem 0”(t) = A(t)0(t) with 6(0) = 6’(0) = 0, implying that 6 is identically
zero near X, and thus, f would vanish along ¢, leading to a contradiction.

\Y
Since M = f~1(0), we may take v = _W as a unit normal vector field on JM.

Hence, for any vector fields X,Y € ¥(dM), the second fundamental form A of
JM satisfies

A(X,Y) = —(Vxv, Y) = ——V2£(X, Y) = 0,
A
along dM. The Gauss equation then yields identity (1.16) directly.

(iii) For any X € X(dM), we compute
X(VfP) =2VxVF,Vf)y=2V*f(X,Vf) =0,

along JM.

(iv) Since
0=d(fE") =df AE" + fdE",

and f = 0 on dM, it follows that df A E” = 0 on dM.

(v) Integrating the second equation in (1) and using the notation from item (iii), we
obtain

_mez/MAdeg:%((n%)IEIZ—A)/Mdeg-

Since f > 0in M", the result follows.
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(vi) A direct computation using system (1) gives

FRic—V2f +(Af)g = 2f (|E|2g—Eb®Eb),
and the desired conclusion follows from the Cauchy-Schwarz inequality.

This finishes the proof. |

Remark 5. We also highlight that the condition (vi) established in Proposition 3 carries an
important physical interpretation related to Einstein’s field equations. Consider an (n + 1)-
dimensional static spacetime (M, §), where

M=RxM, §=-f2dt@dt+g, (1.18)

(M", ) is a Riemannian manifold and f € C*(M) is a positive smooth function. Suppose
this spacetime satisfies the Einstein field equations:

, 1 A
Ricg + (A - ERg) 3=3 (1.19)
where T stands for the stress-energy tensor and A is the cosmological constant.

The spacetime (M, §) is said to satisfy the null energy condition (NEC) for (1.19) if
Y,Y) =0

for all null vectors Y, that is, vectors satisfying 3(Y,Y) = 0. This condition is a natural
geometric assumption and plays a central role in Penrose’s singularity theorem [55]. It is also

closely related to the sub-static condition (1.17) (see, e.g., [65, Lemma 3.8] and [23, Section 2]).
10

Indeed, up to a rescaling, a null vector Y can be expressed as Y = eg + X, where eg = 7§
and X € X(M) satisfies g(X, X) = 1. Given the form of the metric in (1.18) and the fact that
$(ep, e0) = —1, applying the (NEC) to Y yields:

0<I(Y,Y) = T+ X' X
R . R
(—A + E) + |Ric — — + —gl (X, X) + (A - 5) g(X, X)

ff
= lRic i + ﬂgl (X, X),

VZf  Af

fof
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where R denotes the scalar curvature of (M, g). This is precisely the condition stated in item
(vi) of Proposition 3.

Proceeding, it follows from (1) and (1.15) that

— ; b b
sz_f(ch+2E ®E" - (n_l)g) (1.20)
and
_ ([ =2y _
Af = ((n — 1)R ZA) f. (1.21)

The next result is a divergence-type formula in the setting of electrostatic systems,
primarily inspired by the classical Robinson-Shen identity [63]; see also [42, 43] for
related formulas.

Lemma 2. Let (M", g, f, E) be an electrostatic system. Then we have:

2Rf
nn-1)

div ll (V|Vf|2 —4f(Vf, E)E" +

7 Vf)l = 2f|Ricl?> + 4fRic(E, E)

n
+

—2
—~(VR,Vf).

Proof. One easily verifies that

div(Ric(Vf)) = divRic(V f) + (Ric, V> f).

This jointly with the twice-contracted second Bianchi identity (2div Ric = VR) and
(1.20) yields

n_

ZnZ(VR,V fY+2fRic(E, E). (1.22)

div(Ric(Vf)) = fIRic]+

On the other hand, it follows from (1.20) that

2R

1
f n(n —1)Vf'

f

Plugging this into (1.22), one sees that

2Ric(Vf) = =VIVfP —4Vf, E)E" +
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iv l 2 _ b 2Rf )
d lf (V|Vf| 4f(Vf, E)E +n(n_1)Vf]

= 2 f|Ricl? +

as asserted. |
As a consequence of the previous result, we obtain the following integral identity.

Proposition 4. Let (M", g, f, E) be a compact electrostatic system with boundary dM. Then
we have:

l 02 2 ° 12 — oM
/M [fw f?+ fIRic| ldvg /aM IVFIR"™dAg
+l/ (401 — 1) FIE[* + (n — 2)RAf) dV,. (1.23)
nJm

In particular, if A > 0, then

4(n 1) (n 2)2 8(n — 1)

(n —2)? \/R (R , 81— 1)2A) r| el av, (1.24)

4(n —1)? (n—2)3
oM
< /aM VIR dA,.

Moreover, equality holds in (1.24) if and only if (M", g, f, E) is isometric to the de Sitter
system.

Proof. On integrating (1.22) and using Stokes’ theorem, we obtain



1.3 Properties 15

/div(R"ic(Vf)) v / f|ch|2+2fch(E E)]
M M
n- / (VR, Vf)dV,

/M [f|Ric|2 +2fRic(E, E)] dv,

+”2;2(/3MR<Vf,v>dsg—/MRAdeg)

/M [ FIRicl +2f Ric(E, E)] dv,
_HZ;Z(AMR|Vf|dAg+/MRAdeg). (1.25)

+

On the other hand, it follows from (1.16) and Stokes” theorem that

/ div(Ric(Vf)) dV, / (Ric(Vf), v)dAg
M oM

- / IVfIRic(v, v)dA,

oM

—/a |Vf|( ; )dAg.

This combined with (1.25) gives

/ VFIRMdA, = 2/M(f|R°ic|2+2ffzic(E, E)) dv,

M
{n-2) / RAf dV. (1.26)
M

o R
Next, since Ric = Ric — - g, one deduces from (1.20) that

2/ _ ° b opb R
Vf—f(ch+2E®E n(n—l)g’

and consequently,

f2R|E|2 fZRZ
nn-1)  nmn-1)2

IV2f1? = f2|Ric? + 4f*Ric(E, E) + 4 f?|E|* -
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which can be rewrite as

4f2R|E|2 fZRZ

2 /12
VA + nn-1) nn-1)72"

= f2|Ric? + 4f*Ric(E, E) + 4 f?|E* -

(Af)
n
7 2 Af .
where we have used that V2 f = V* f — -8 By using (1.21), we get

1 g2 |R°ic|2 ((” 2p - 2A)2—2|E|4
2f2 2n \(n - 1)

. 2RIEF  R?
nn-1) 2n(n-1)2%

2Ric(E, E)

Rearranging terms, we obtain

0 0 1 o
- 12 - _ 202 )
|Ric|” +2Ric(E, E) = szV fle+ |ch|
- 2(n — 2A%
4178 po 20022 p 2N ops
2n(n —1) nn-1) n
2R|EJ?
+ .
nn-1)
Now, we use (1.15) to infer
%2 ° _ 202 4 21Bicl
|Ric|” +2Ric(E, E) = 2f2|V fle+ |ch|
(n-23) ) 2(n — 2) 1 ’
+——(2R|E|” + 2AR AR + —(AR - 2A|E
Sy =) 2RIEF + 2AR) — S0 AR £ EP)
2R|E]?
_Apl
2|E| +n(n_1)
2(n—1)
_ V2 £P2 4 2 EP
3l glkicf - e

so that

4(n—1)
n

2(f|Ric? +2fRic(E, E)) = %WZ fI? + fIRicl? - FIEP.
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Besides, upon integrating the above expression, we use (1.26) to deduce

f
_ / |Vf|RaMdAg+l/ [401 = 1) fIEP* + (n - 2)RA ] dVs,
oM nJm

/M [lﬁz P+ f|1‘éic|2] v,

which proves (1.23).
We now address the inequality (1.24). By Definition 1, one sees that

2(n —2)R

4(n - 1) fIE* + (n —2)RAf = 4(n — 1) fIE* + —

[(n —2)|EP - A] f.
In particular, we consider

2(n — 2)2R| P 2(n —2)R

F(EP) = 4(n = DIEF + =7 =5 TRy

where F is a quadratic function of |E|*>. Computing its discriminant, one deduces that

4(n — 2)*R2
Az (n-2)

-1 +32(n —2)RA = 4(n - 2R (R+ 8(n—_1)2A),

(n —1)? (n —2)°

which is nonnegative because A > 0. Consequently, F(|E]*) = 0 if and only if

, _ (m-2YR L (- 2)? 8(n —1)2
B e e 1)2\/R (R MNCEEIE A)

(n —2)? 8(n —1)2
m iJR(R'F(n_—ZpA)—R .

From this, it follows that

B (n —2)? 8(n —1)2
F(lElz) = 4(1’1—1) |E|2+m JR(R'FWA)'FR

(n —2)? 8(n — 1)2
<P~ [+ )
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Plugging this into (1.23) yields

/ llﬁzﬂz + f|I°{ic|zl v,
mLf
= / IVFIRMdA,
4(n 1) 2)2 8(n — 1)
/ | |2 ) \/R (R + WA) + R

—97)2 —1)2
X |E|z_% \/R(R+%A)—R vy,

so that

4(n-1) ,  (n=2)? 8(n —1)2
” /Mf |E| +—4(n—1)2 \/R(R+—(n_2)3A)+R

(n -2y \/R (R+8(”_—1>2A)_R _|EP dvgs/ IV FIRMd Ag1.27)
oM

4(n —1)2 (n —2)3

as asserted.

Finally, equality holds in (1.27) if and only if V2 f = 0. Hence, the rigidity conclusion
follows from Reilly’s generalization of Obata’s theorem to compact manifolds with
boundary (see [58, Lemma 3]).

O

The next lemma establishes a key equivalence within our framework by using
the condition that the gradient of the potential V f is parallel to the electric field E,
a condition that holds in all known examples (see Section 1.5). In particular, it will
be used to establish a divergence-free tensor, which provides a suitable setting for
applying integral identities such as in Theorem 10.

Remark 6. As previously observed, even in the three-dimensional case this condition that the
gradient of the potential V f is parallel to the electric field E appears to be necessary. Indeed, as
in the proof of [26, Proposition 21], by setting

T = ch——g+2Eb®Eb IEPg, (1.28)
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one obtains that
dioT = g*Vi[Rii— Rgi +2EiE; - |EPg;
1o = & Vk z]_Egz]‘i' i ]_| |g1]

, 1 . .
= g]kkai]' - EViR + Zg]k(VkEi)Ej + Zg]k(VkE]')Ei — Vi|E|2
= Z(V]‘Ei)E]' — Z(ViE]')E]'
= 2(V,E; - ViEj)Ej,
where we have used the twice-contracted second Bianchi identity and the fact that div(E) = 0.

In particular, div T = 0 if and only if V,E; = V;E;. This fact motivates our condition that the
gradient of the potential V f is parallel to the electric field E in the next lemma.

Lemma 3. Let (M", g, f, E), n > 3, be an electrostatic system. Then E is parallel to V f if
and only if div T = 0.

Proof. By using (1.20), in tensorial notation', we notice that
R
ViViij = VifRi]' + 2VifEl'E]' — mvj'f + fVZ'R,']'
f

+2fEiViEj - —(n — 1)V]'R,

where we used that div(E) = 0. Moreover, by the twice contracted second Bianchi
identity, we get

R 1
ViViVif = VifRij+2V;fEE; - mvj'f + Efij
f
+2fE1V1E] - WV]R
R (n-23)
+2fEiVZ'E]‘. (1.29)

On the other hand, the Ricci identity:

ViViVi f =ViViVi f = RijuVif

The Einstein convention of summing over the repeated indices is adopted.
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yields
§ VIV Vi f - ¢*ViViVif = ¢*RijVif,
so that
ViViVif - ViAf = RV, f.

Rearranging the indices and using (1.29), one obtains that

VIAf =20Vf, EYE; = s Vi + fv R +2fE;V;E;. (1.30)

(
Now, substituting (1.21) into (1.30) gives

v][(zn 31{ ZA)fl = 2Vf, BEj- o f)+2((”; SFViR
+2fEViE],

which can be written as
1
EijR + (R - 2/\) V]'f = 2<Vf, E)E]' + 2fEiVZ'E]',
From this, it follows that
Vi [(R=2A)f?] = 4f(Vf, E)Ej + 4fE;V;E; = 4fdiv(fE" ® E).

Now, we use (1.15) to infer

Vi(FIER) = Vi( f2IEPgij) = 2f " Vk(fEiE;).
In particular, we have
Vi( fAEPgi) = Vif (fIEPgi) + fVi(fIEP i) = f8*Vi(2fEiE)).
Since f > 0 in the interior of M", one deduces that

[EPV, f = Vi(2fEE; - fIEPgi).
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Therefore,
IEPVif = E:E; — |[EPgij)Vif + fVi(2E:E; — |Efgij),
which can be reformulated as
0 = 2(EiE; - [EPgij)Vif + fVi(RE:E; - |EFgs)). (1.31)

If E is parallel to V f, there exists a function & on M" such that E = hV f. Thus, one
easily verifies that

(EiE; — |EPgij)Vif

(E, VF)E; - [EPV; f
WV E VOV = PVFEV;if =0,

Then, it follows from (1.31) that
Vi(2EE; - |EPgi) = div (2Eb ®E’ - |E|2g) = divT = 0.
Conversely, if V;(2E;E; — |E |2 gij) = 0, one obtains from (1.31) that
0 = 2(E:E; — [EFgij)Vif,
and hence,
0 =2(EiE; - [EPgip)VifV;f,
which is equivalent to
[EPIVFP = (E, VF)*.

Then, E is parallel to V f. So, the proof is completed. |

Remark 7. An advantage of the proof of Lemma 3 is that it does not rely on the condition
d(fE") = 0. In other words, the result holds in a more general setting.

Next, we establish the following proposition, which holds in a general context,
allowing M" to be non-compact or without boundary.

Proposition 5. Let (M", g, f, E) be an electrostatic system such that E is parallel to V f . If

A
V2 f= 7f g, then |E| and the scalar curvature R are constants.
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A
Proof. Initially, by using V> f = 7f g into the first equation of Definition 1, we obtain

Af - 2 bopb 2 np
Yg—f RlC—mAg+2E ®E —mlElg ,
so that
2 2 2
—EP-A] ¢ =(Ric- —=—Ag¢+2E"®E" - —=—|E?
oy [0 = DIEP ~ Al g = (Rie — - Z5Ag + 2" 0 B — 1 IEF),

which can be rewrite as

2A 2
Ric— "¢ =2(Z|EP¢-E"®E"].
c—-—g (nl g ® )

So, one easily verifies from (1.15) that

R 2
Ric - —g = E|E|2g —-2E" Q@ E". (1.32)

In particular, (M, g) is Einstein if and only if
EP?

Eor =g

® " g

Next, by taking the divergence of (1.32) and using Lemma 3, we arrive at

. . R}y _[2-n 5
div (ch—;g) —2( o )V|E|.

By applying the twice-contracted second Bianchi identity together with the Equation
1.15, we obtain

2= 2gep <,
which implies that |E|* is constant. Consequently, the scalar curvature must also be
constant.

O
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To conclude this section, we recall two important integral identities that will be
useful in our context. The first one is a very important generalization of the classical
Reilly formula [58, Theorem 1], recently established by Qiu and Xia [57] (see also [45]).

Proposition 6 (Generalized Reilly Identity [57]). Let (M", g) be a compact Riemannian
manifold with boundary dM. Given two functions f and u on M" and a constant k, we have

/ f[(Au+ knu)® = |V2u + kug?| dVy = (n - 1)k/ (Af +nkf)u*dV,
M M

; /M (V2F = (Af)g —2(n — Dk fg + fRic) (Vu, Vi)dV,

!

d
+/ —f [|V3Mu|2 —(n - 1)ku2] dAg,
OM (91/

v dAg

ou ou\’ ou
v

2A3Mu— +H + A(VaMu, VaMl/l) + 2(1’1 - 1)ku$

where H and A stand for the mean curvature and second fundamental form of dM, respectively.

The second is a Pohozaev-type identity, originally observed by Schoen in [62] in
the context of the Einstein tensor, and subsequently extended to its present form for
(0,2)-tensors B that are locally conserved, that is, div B = 0 (divergence-free).

Theorem 10 (Generalized Pohozaev-Schoen Identity [34]). Let (M", g) be a compact
Riemannian manifold and let X € X(M) be a smooth vector field. If B is a divergence-free
symmetric (0, 2)-tensor, then

n

/X(trB)dV :—/<1§,£Xg)dVg—n/ é(X,v)dAg, (1.33)
M 2 Jm oM

. : trB .
where tr B denotes the trace of B with respect to g, B = B — =2 g is the traceless part of B,

Lx g is the Lie derivative of g in the direction of X, and v is the outward unit normal vector
field along dM.

1.4 Examples

1.4.1 Reissner-Nordstrom-de Sitter space

In this section we will explore the Reissner-Nordstrom-de Sitter (RNdS) space as
an example of elec electrostatic space. Consider (M", g, f, E), where
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M=1x8""
for some I C R which depends on the roots of the static potential f(r). With the metric

given by

g = f(N)2dr* + r’geun,
Also, the charge Q of a hypersurface = of (M", g) is given by

1 2
Q(X) = wn_l\/(n D /Z(E, VYA, (1.34)

where w,,_1 stand for the area of the standard unit (n — 1)-sphere and v the normal
vector of X.

Here we want to find the potential functions f that are indeed a solution for the
electrostatic system. At First, we will calculate the Christoffel symbols, followed by the
Riemann and Ricci curvatures.

3~ 0 ~|so_1] 0~ d—- d_ |-y
ij 2 Z {ax Sjk t gkz axkgz]}g ) {axig]()‘i‘ axngz argl]}g

- —fzrgijf
= % Zk: {%~0k + %?ko - 8%1(?00} g =0,
T = %Zk: {;g %?ko - %?00} g0 = % {%?@o + %?00 - %goo} g0 = —§.
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=~ J =
70 0 E ! E T!
= l"zkl"]SO ijrs + 24 F rs 24 r]krfl + —l"fk - a—xlr;k

= —fz(gzk(S - gjk0;) + lek (1- fz)@ké? - gik0?),

0~
T Ts Tl T Ts
R, = E 0T § T Tor = 5,5 =0,

R, = > TLIY, Zr’ 0+ 8r o, ;{ To, = T0T0, - > T, ro——
I

1%0
=(f'fr+f2—2ffr—f ) Sik =~ f' fr3ix,
0
1 I _
R = Zrzoril erorfﬂr_rfo_a_xlr;o 0,
J ~
1 70 1 70 0 _
Ok ZF F ZT F 81’ Ok EFOk— ’
~ 0=
1 1 T =0 1 1
o= 2. ool = 2 ol + 5 Too = 5 = T - > Tl - 5
120

= f - 7—253 + r_zésf = —f—é‘cf,

O ‘frf

= Zrﬁo Zrl o+ ai Y, =0,

dJ
1 70 1 70 0 —
Rooo = ZI‘ Tor ZF Tor arroo 0.

= Ry + Z Kﬁ =—f'frgir+ Z szk =—f'freixk—f (g1k6] g]kéj) + lek

j#0 j#0

—f'fr§ik—f2(§ik(n —1) - Zik) +(n=2)gik = (—f'fr+ (1= ) —2)) Zix,

—R0k+ZR

j#0

Rl + Z Rz;o 0,

j#0

70
= Ripg + ) Rpjy=—(n - 1)—. (1.35)

rf

j#0
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Now, we evaluate the Hessian and the Laplacian of f by using the Lie derivative,
Hence.

V2 f = Lyrgrnas = Lyp(f 2dr? +r>ggu1) = Lyg f2dr? + Lypr’gen

= Lvsf2dr* + 72 (Lys(dr)@dr) + 72 (dr ® Lys(dr)) + Lysr’gent.

Since Vf = f’¢'"d, and by the definition of Lie derivative,

Lvs(dr) = d(ivsdr) + ive(ddr) = d(dr(Vf)) = d(f'g") = f" f2+2(f' ) fdr

and then

2V2f — f/grrarf—Zer + 2f_2f”f2dr2 + 4f_2(f,)2fdr2 + f/grr&rngSnil;
—2f fRFfdr 2 dr? + A(f f AR + 2 fPrgena;
frar?+ (Y far* + f fPrgen. (1.36)

V2 f

Now, taking the trace

Af =g (f"+(fPf ) dr? + 87 f frrgsms = f/f2+ (fPf +(n=Df for7.
Using the second equation of the electrostatic system

)

n-—2
Af =2 EP* -
f=2\ —IEF -

2 1
EPf - ——A|;
1| | n-—1

n_

n_

ff”+(f’)2+(n—1)r‘1ff’:2(
2

T

Now, substituting the Hessian (1.36) into the first equation of the electrostatic system
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frart+ (Y flar + f fPrge = f(Ric — %A (f(r)2dr* + r*ga)

2
+2E"QE" - m|E|2 (f(r)72dr? + r’ggu1) );

FF a2+ (F2 F2dr% + f frgsis = Ric

Hff+ P+ =D ff - 2Z :imz) (f(r)2dr* + r’ga)

2
+ 2Eb ® Eb - mlElz (f(r)_zdrz + rzgsn—l) ;

7 far? + (F' f2dr* + ' frgses = Ric
+(ff+ () + =1 f ) (F(r)2dr? + rPgeu)
+2E @ E — 2|EP (f (r)~2dr? + 1r2ggu-1) ;

—(m=Dr A = f P geu — (f)* 1P gsn + (n = 2) f/ frgem
= Ric +2E° @ E* = 2|EP (£ (r)72dr? + r’ggn) .

Here, we applying (d;, d;) in the above equation, and from (1.35)
Ric(d,, 9) = —(n — D)r~ £/ £71dr?,

0 =2g(E, d,)* = 2[EP f(r)7%;

S(E, 9> = |[EPf(r)2 (1.37)

Once, by (1.7), E = (E, f,) 0, +gsn1(E, 73;)d; and [EP = (E, £, )’ +gen1(E, 79;)?.
The Equation 1.37 gives us that E is parallel to d,. Thus, since the electric field has only
radial coordinates, by (1.34), we get

a1y 1 2 1 2 1
Q™ = N g Lo B4 = e

(n-1)mn-2) Q
Ez\/n zn 1/ 9
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and so

|E|2 — (n B 1)(” B 2) Q2
2 rz(”—l) |
Thus, we use the second equation of the electrostatic system and solve the ODE
with initial values: f(p) = f’(p) = 0 such that

2Ap?
M= p2 (1 e fz)) (1.38)
and
_ 2Ap?
2 _ 2n-2) (1 _
Q°=p (1 CECE)] 2)) : (1.39)
Then,
o[ =2 e~ L A) £
Af_z(n—llE' n—lA)f’
2 2A
FF7 P =D = - 2P - 2
/ g 2 2A
(FF) + 0= ff = (= 2P - 22
’ 2 A1
S = DR f = - 2P - B
nlppr o o QF 2AT"
r ff - C (Tl 2) 7’”_2 n(l’l _ 1)/
,_ C Q? 2Ar
ff =g - =2) s - T (1.40)
f? C Q? Ar?
2 b= (n —2)rn-2 * 272(1-2) nn-1)
i.e., , ,
£ oap- 2C Q 2Ar (L.41)

+ —~ .
(n—=2)r"=2  y20-2)  n(n-1)

Making r = p in (1.40) and using the Equation 1.39,
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e Q? 2Ap
O=—=-(-2) p2(n=2)+1 Cn(n-1)
. 2Ap?
C(n=1D(n- 2A
0= C (g D=2 2
pn— [y n(n - 1)
e 2Ap? 2Ap? .
0= ”—2_(n_2)+(n—1)_n(n—1)'
C 2Ap?
=——-(n-2)+ o
C _ Ap?
g2 =12 (1_ n —2))’
C _ n=2 2Ap2 —
n-2 P ( nn—2)) =™

Then, we have from the Equation 1.41,

2 N Q*  2AF
=2 y2n-2)  n(n-1)

by making r = p and using the equations (1.38) and (1.39), we obtain that

f*=2D-

2 2/\2
0=op- 2%, C P

pn—Z pZ(n—Z) B n(n — 1)’
B 2Ap? 2Ap? 2Ap?
0=2D -2+ oy " Y oD =2)  nn=1)
— 2 2 _ 2

op e, AMn=DApr  2nAp _ 2n-2)Ap ;

nm-1)n-2) nn-1)n-2) nn-1)(n-2)
2D =1.
Therefore,

o1 am Q*  2Ar?
rn—z 1,2(71—2) n(n — ]_)

1.4.2 Charged Nariai space

In this section, we will explore more examples of electrostatic space (Definition 4).
by making a small change in the metric of the space (M", g, f, E). So, let
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M" =Ix§"!
for some I C R which depends on the roots of the static potential f(s). With the metric
metric given by
g =ds% + p?gena,

for p such that satisfies the equations (1.38) and (1.39).

There we want to find the potential functions f that are indeed a solution for the
electrostatic system. At first, we evaluate the Hessian and the Laplacian of f by using
the Lie derivative:

2V2f = vag = va(dsz + nggn—l) = .[Vfdsz + vangsn—l,'
= (Lvs(ds)®ds) + (ds ® Lys(ds)).
Since Vf = f’¢°°d; and by the definition of Lie derivative

Lvy(ds) = d(ivyds) + ivs(dds) = d(ds(Vf)) = d(f’) = f"ds.
So
sz — f”dSz.

Taking the trace

Af — fl/
and now we use the equations of the electrostatic system and solve the ODE with

initial values f(0) = 0 and f’(0) = y, where y will be defined later. Then, from the
second equation of the electrostatic space

n-—2 1
Af =2 E|> - AlF;
f n—1|| n-1 f;
n-—2 2
Il=2—E2 ——A .
[ =22 2IEPf - —=Af;
f7 o 2n-2) ., 2
— - El- = - A. 1.42
AT w e (142)

Now, combining (1.42) and the first equation of the electrostatic space
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2 2
2 _ < b b_ % 112,10 .
Vf_f(Rm n—1Ag+2E ®E n—1|E| g),

f7_2n=-2)
7_ n-1

2
+ ZEb ®Eb - mlElz (d52 + nggn—l) l,

fds?* = f|Ric+ ( |E|2) (ds® + p*gsn);

144

"ds? = f|Ric+ | = — 2|E]?| (ds® + p?ggu-1) + 2E’ ® E"|.
7 P8

Here, we applying (ds, ds) in the above equation, and observe that Ric(ds, ds) = 0,

f= fl% — 2|EF* + 2g(E,8s)2l;

0= —-2|EP* + 2g(E, )%
IEP* = ¢(E, 95)*.

Concluding that E is parallel to ds. Then, assuming that the electrostatic field is constant
and using (1.34)

a1y 1 2 1 2 e
0 = G o B4 = o g

_ [n=Dn-2 o |

E 2 pn_l Srs

and so,

(n-1(n-2) Q°

2 _
EF= 2 p2n=1)’

Therefore, from the second equation of the electrostatic space,

n-—2 1
EP> -
n—lll n-1

” Q? 2A
N R = =11}

Af =2( A)f;

(1.43)
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From now, we will study tree cases, are they:

. . [ 2A p"?
Charged Nariai space, if |Q| < T in_%
. [2A p*!
* Cold black hole space if |Q| > a3

n-1
¢ Utracold black hole space, if |Q| = ‘/ nzi\ 1 5_ >

To solve de ODE (1.43), we first observe that the roots of the auxiliary equation

o (2A o Q7 )
X +(n—1 (n-2) 20D =0

are

Q2  2A
= - 2 -
X i\/(” 2) p2n=1) -1

Using the Equation 1.39,

~ B 2Ap? 2N
T i\/(”‘Z)ZP2(1_(71-1)(71-2))_;1—1'

2An —4AN  2A
x = i\/(n—Z)zp‘z— o R

X = i\/(n—2)2p—2—2A.

(n—2)

oA e have the charged Nariai space and

Then, if p? >

f(s) =ci1cossa +cysinsa,

f'(s) = —acisinsa + acycos sa,

where

= — —72)2
a \/ 7 (n—-2) 2D

Taking s = 0 and considering the initial value y = «,
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£(0) = c1 cos0a + ¢z sin Oa;

0= C1
and
f'(0) = —acq sinOa + acy cos 0a;
o = xcy,
obtaining

f(s) =sinas.

1.4.3 Cold black hole space

oy
pr2<(n 2)

we have the cold black hole space and

f(s) = c1e°f + cre™5P,
f'(s) = ﬁclesﬁ - ﬁcze_sﬁ,

for

Q? 2A
- _9)2 -
5"\/01 2)Fﬂm—n n—1
Taking s = 0 and considering the initial value y = §,

f(0) = c1e% + cre 0P

O=c1+c
and
£(0) = Be1e™ — Beoe®
p=pc1—pe
1=2c,
obtaining

_sﬁ

f(s) = esﬁ—Te = sinh fs.
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1.4.4 Ultracold black hole space

—9)2
If p? = % we have the ultracold black hole space and

f(s)=c1+cos,
f’(S) = (2.

Taking s = 0 and considering the initial value y =1,

f(O) =1+ 20

0= C1
and
f(0)=rc2
1=co,
obtaining
f(s) =s.

Regarding the ultra-cold black hole, we can obtain additional information about
the parameters M, Q and E. Remembering that in the ultracold black hole |Q| =

2A n—1
\/n_lg_zandso,

E| = \/(n D(1-2) IQI

\/(n_l)(n_Z)\/Tl—ln 2

n—2'

(n-2)
2A

Here remembering that in the ultracold black hole p? =
equations (1.38) and (1.39) we get that

and rescaling the
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and

_ 2Ap?
2 _ 2(n-2) _
Q"= (1 (n-1)(n - 2))

p
-2\ L _n=2
(') (-5

(n - 2)2)”‘2 1

1.4.5 de Sitter space

A very important and useful solution of the electrostatic space for this work is the
de Sitter space. Consider (M", g, f, E), where

M" =8,
with the metric metric given by

— nn-1)
§7 7oA
Here we want to find the potential functions f that are indeed a solution for the
electrostatic system. At First, we evaluate the Hessian and the Laplacian of f by using
the Lie derivative.

(dr* + sin® rggu1) ,

_ -1
2V2f = £Vfg = n(ZA )va (d?’z + sin? ngnfl)}
-1 -1
= n(ZA )vadrz + n(ZA )LVf sin’ r8sn-1;
-1 —1
= ”(’;A L [(Loptdr @ dr) + (dr ® Losdn)] + n(z A gy s rgaea.

Since Vf = f’¢""d, and by the definition of Lie derivative,
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2A
nn-1)

Lvs(dr) = d(ivydr) +ivg(ddr) = d(dr(Vf)) = d(f'g"") = fldr,

then

nn-1)
A
=2f"dr* +2f’sinr cosrggi1.

VA f =2f"dr* + f'g"" 9, sin® rggna;

Now, taking the trace

2A

— o (£ Ar2 o o] £ o =
Af =g (f")dr* + g" f'sinr cos rggii "D

[f" + (n —1)f'cot(r)] :

Using the second equation of the electrostatic system and assuming that the electric
field is null

n-—2 1
Af =2 EPF - ——A|f;
f n_ﬂl A f
2A 2
124 _1 / - _ A
Mn_n[f—wn )f’ cotr| —Af;

f"+m—-1)f"cotr =-nf;
f"”sinr+(n—-1)f"cosr+nfsinr =0. (1.44)

Since the ODE depends only on trigonometric functions, let’s assume the solution is of
the type f(r) = Asinr + Bcosr, then

f'(r)=Acosr —Bsinr,
f"(r)=—-Asinr — Bcosr.
Replacing f and its derivatives in (1.44)
— Asin®r — Bsinrcosr + (n —1) (Acos?r — Bsinr cosr)
+n (Asin®r + Bsinrcosr) = 0;

—Asin®r + (n —1)Acos’r + nAsin’r = 0;

-A+A=0.
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Concluding that f(r) = Asinr + Bcosr is a solution for any values of A and B but
then, considering the initial value f(0) = 1. We finally get that

f(r)=cosr.

1.5 Summary of examples

We now will present a bunched of the examples previously demonstrated of the
electrostatic manifolds with boundary for arbitrary dimensions n > 3.

Example 1 (Vacuum static systems). The vacuum static systems (those for which E = 0)

are trivial examples of electrostatic systems. Among them, the de Sitter system corresponds

nn —1) (dr* + sin® r ggu1)

to the standard hemisphere (S'}, g) endowed with the metric g =
and the lapse function by f(r) = cos(r) with r < 1 /2 representing the height function.
Another distinguished vacuum static example is the Nariai system, given by M" =
[0, 1] x S"7, with metric ¢ = ds* + p*gswn and lapse function f(s) = sin(s), which
yields a compact, oriented electrostatic manifold whose boundary consists of two disconnected

components.

Example 2 (Reissner-Nordstrom-de Sitter (RNdS)). The (n + 1)-dimensional RNdS
spacetime is a three-parameter family (characterized by the ADM mass I, the charge Q, and
the cosmological constant A) of static, electrically charged solutions to the Einstein equations.
Consider the system (M", gnas, f+ E), where

M" =1x8§"",
for some interval I C R determined by the roots of the static potential

am o QF  2Ar
=2 p20-2)  p(n-1)

f?=1-

and

n-1

_ [m=-Dn-2) Q
E_\/ > » f(r)o,.

The metric is given by
Srnas = f(”)_z dr? + Vzgsn—l,
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where ggn1 denotes the standard metric on the unit sphere S"~' and r represents the radial
coordinate. When the cosmological constant vanishes identically, the space is referred to as the
Reissner—Nordstrom (RN) space.

Example 3 (Cold Black Hole). The Cold Black Hole system is defined on [0, +00) X S
endowed with the metric ¢ = ds® + p*>ggu1 and lapse function f(s) = sinh(ts), where

_|{(n=2)2Q%  2A
B p2=D) =1

The electric field is given by

S

n-1D)n-2) Q
2 pn—l J

Example 4 (Ultracold Black Hole). The ultracold black hole system is defined on [0, +o0) X
S"1 with metric ¢ = ds* + p>gen and lapse function f(s) = s. The electric field is given by

A
E=NG—™

1 ((n-22\""_ p?
n-1 2A n—-1"

where

Q=

Example 5 (Charged Nariai). Based on the Nariai system, one can construct the Charged

x S"1 with metric g = ds* + p®gsn1 and lapse function

Nariai system defined on lO, %

—2)202
f(s) =sin(ys), where y = \/ nzi\l B (npz(izl)Q . Moreover, the electric field is given by

\/(n—l)(n 20,

n 1



Chapter 2

Geometric inequalities for Electrostatic
Systems

2.1 Boundary area estimates and rigidity results

In this section, we establish results concerning boundary area estimates and their
implications. We begin with a slightly more general result, from which Theorem 1
follows as a particular case, assuming additionally that the boundary is connected.

Theorem 11. Let (M", g, f, E) be a compact electrostatic system with boundary dM =

A
Uf.zlzi, where ¥.; are the connected components of IM. If |E[* < =2 then
1
n+2 (8’
— < Vol(M),
2na Zi KZ‘ |Zi|

2
where a = max —— [A —(n- 2)|E|2] and k; := |Vf|‘)2 are the surface gravities. Moreover,

equality holds if (M", g, f) is isometric to the de Sitter system.

Proof. By taking f as the potential of the electrostatic system in Proposition 6, and
noting that f = 0 on JM, we deduce

/ f[(Au+ knu)® = |V2u + kug?] dV, = (n - 1)k/ (Af +nkf)u®dV,
M M
o [ (F =801 ~200 - Dkfg + fRic) (Va, Vv

M

+/ &—f [|V3Mu|2 —(n - 1)ku2] dA,.
oM (91/



40 Geometric inequalities for Electrostatic Systems

One sees from Definition 1 that
2 : 2 b o b 2 0
V- f(Vu, Vu) = f [Ric - mAg +2E°®E’ — mlEl g (Vu, Vu),
so that

/ f[(Au + knu)* = |V2u + kugP] dVy = (n - 1)k/ (Af +nkf)u*dV,

M M

+ /M (ZfRic -2 (n—’fl +(n— l)k) fg+2fE"®E" - %ﬂEFg - (Af)g) (Vu, Vu)dV,
d

+ ‘/aM % [lVaMulz -(n—- 1)ku2] dA,.

Taking into account that

2

Af = — (n=2)EP - A) f,

one obtains that
/M f [(Au + knu)® = |V2u + kug?| dV, = (n — Dk /M (Af +nkf)u*dv,
+ /M 2f [Ric(Vu, Vu) — (n = D)k|Vul?| dV, + /M 2f ((E, Vu)* — [EP|Vul?) dV,
+ /3M g—i [|V9Mu|2 - (n- 1)ku2] dA,.
Now, we take u = f and use the fact that f = 0 on dM to infer
[ sl s+ kn? = iv2f v kfsp|ave = -k [ (sf +nkf) fav,
+/sz [Ric(Vf, V)= (n—DkIVFP] dV, + Kdzf ((E, VF)* = [EPFIVfP) dV,.
We then use the classical Bochner’s formula:

AV > =2Ric(Vf, VF) +2[V2f* + 2(VAF, V)
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to compute the second term on the right-hand side of (3.9), observing that
/ 2f [Ric(Vf, VF)—(n - DkIVfP] Vv,
M

= [ £|awF -2V P - 2VAF, V1) - 201 - DRIV FF | av
M

= / FIAIVFP =2[V?f? = 2(n = DKV £
M

dv, +2/MAf(fAf +|VfIH)dVy,

where we have used that Af = 0 at M. Also by Green’s identity and again the fact
that f = 0in dM, one deduces that

2
[ awsp-wrpayave= [ (fa'vf C et )dAg=ZK?|zi|,

i

where dM = Uézlzi, Y; are the connected components of dM and «; = [V f l)}: (see

Proposition 3). Consequently,

[ sawstave= Y i+ [ viagav,

i

Therefore,
/M 2f [Ric(Vf, VF)—(n - Dk|VF*| dV,
=i [ 1

+3/ IVfPAfAV,.
M

2V +2(n — DKV |do +2 / fAf)?dV,

Now, substituting the above identity into (3.9), we obtain
2
/Mf | (AF +kn f)* = IV2f + K fgP| dVy = (n - 1)k/M (Af +nkf) f2dV,

+ZK?|Zi| —/Mf

+3/M|Vf|2Adeg+/MZf ((E, VLY —IEPIVfP) dV,,

2V2 fI> +2(n — 1)k|V f?

dVy +2 /M f(Af)*dV,
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so that
[ 25 (BRI - ViR v+ [ 925 Fav,
M M
:ZK§|zi|+3/ |Vf|2Adeg+/ FAF(Af —k(n —1)f)dV,
- M M
-2(n -1k /M fIVFPdv,.

(Af)
n

Taking into account that [V? f|* = \% P+ , we infer

o
IA

[ 25 (BRI SR~ V) ave+ [ 18 sfav,
M M

31y, 2 _ ﬂ_
in|zz|+3/M|Vf| AfdVy +(n 1)/MfAf(n kf)dVg

1

-2(n - 1k /M fIVFPAV,. (2.1)

We now consider

2
— [A—(n-2)EP] <

2 2] _
n_lmﬁx[A—(n—2)|E| ] =a,

and by , one sees that Af > —a f, which implies that

/ fAf)YdV, < —a / fAAfdV, = 2a / fIVFPdVy, (2.2)
M M M

where in the last identity we used integration by parts and the fact that f = 0 on dM.
Substituting (2.2) into (2.1) yields
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0 = / 2f (EPIVF? = (E, V£)?) dVg +/ FIV2FRAV,
M M
2a(n —1
< Z K?|Z‘i| - 30(/ fIVfIZdVg + %/ flvfldeg
i M Iy
“(n - 1)k/ FPAFAV, —2(n - 1)k/ VRV,
M M
a(n + 2
= D Kl - n+2) /M fIVfPavs. (2.3)

n

1

Now, we need to estimate the term / fIVf |2dVg. To do so, we first observe that

M
our assumption jointly with (1.15) imply —A f > 0 and hence, by by Holder’s inequality

and integration by parts, one sees that

o]

IA

[ apav, [ peanay,
M M

Sz /M FAf)AV,
ZZKZ-|ZZ~|/Mf|Vf|2dVg.

Again, by Holder’s inequality, one obtains that

2
(/ Adeg) sVol(M)/(Af)degs—ocVol(M)/ fAfdV,.
M M M

From this, it follows that

2

(Z Ki|2i|)4 = (/M Adeg)4 < a2V ol(M)? (/M fAdeg) .

1

This jointly with (2.4) yields

(X il Zi))?
mS/MfIVﬂdeg.

(2.4)
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Now, it suffices to use (2.3) to infer
a(n +2) ) 3
R [ pwatave s Y

consequently,

3
a(n +2) . .
2na?Vol(M)? (Z Kllzll) = Z Il

1 1

which proves the asserted inequality.

We now consider the case of equality. In this situation, it follows from (2.3) that
E is parallel to V£, and V?f = 0. Hence, we use Proposition 5 to deduce that M" has
constant scalar curvature. Consequently, since the boundary JM is totally geodesic,
we may then invoke Reilly’s generalization of Obata’s theorem (see [58, Lemma 3]) to
conclude that (M", g, f) is isometric to the de Sitter system. This finishes the proof of
the theorem. 0O

Proof of Theorem 1. It suffices to simplify the (unique) constant x appearing in
Theorem 11. m|

Proceeding, we present the proof of Theorem 2.

Proof of Theorem 2. We first consider the tensor T given by
.. _R b o b _ (P2
T := ch—Eg+2E ® E” — |EI"g.

It follows from Lemma 3 that T satisfies div T = 0. Moreover, taking the trace of T, we
have

T = 2;”R+(2—n)|E|2

2 —
= 5 L 2A +2EP) + 2 - n)EP

= —(n-2)A+22-n)EP,
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where we have used (1.15). Besides, one sees that

T

T——g

2
Ric — —¢ +2E" ® E? — Z|E]Pe.
ic ng n| I°g

\%
By choosing X = V£ in (1.33), using integration by parts and the fact that v = —%
along dM, one obtains that
/ Vf(trT)dV, = / (VF,V(-(n—2)A+(4-2n)EP))dV,
M M
= 2(n- 2)/ IEPAf dVg —2(n — 2)/ EXVf, v)dAg
= 2n —2)/ f|E|2( ( )|E|2 - %A) dV,
+2(n - 2) / IEPIVfIdA,. (2.5)
oM
Next, since Lyrg = 2V2 f, we use the first equation in Definition 1 to deduce
/ (T, Lysg)dVy =2 / fITPAV,. (2.6)
M M

At the same time, by the Gauss equation and Proposition 3, one sees that

/ T(Vf, v)dAg /a 5 lRic(V f,v) - %(v £, vy +2(E,VFXE,v)

oM

- Zipvy, v aay

= — icvv—R 2
= [ |-warico, -1 - 2 v

+ %|E|2|Vf|l dAyg;

oM _
[ o (-55 + 55 2) 22w | aac.e)
oM n

Substituting (2.5), (2.6) and (2.7) into (1.33) of Theorem 10, we get
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2(n—2)/ f|E|2l ( )|E|2-LAI dVg+2(n—2)/ EPIV fldA,

aM _
/f|T|2dV +n » |Vf|| R 2R+2(

~Die
n |E| dAg/

which implies that

o 2(n-2) 2 2(n —2)
[ | s 2 (2 a2 =D | av,

oM _
_ /a IV /] lR (”ZnZ)R— %|E|Zl dA,. (2.8)

Hence, taking into account that x; = [V f| . where X; are the connected components

of dM, we use the assumption and Eq. (2) to infer

/.
ZK'/ RY n-2 2 ER| dA (2.9)
i )| 2 2n n g '

Yo [ 15
1 Ei i 2

- 1

R%i ) n-2
= Ki/ »T—lElldAg— " A;KAZA

I
KiQE)? n-2 .
Kl /1 dA (n 1)(n — Z)wn 1 151 o ” Azél K| Zil,

o
IA

FIT? +

2(n —2) 2 2(” 2)
e (2 a- 2= Dieg | av,

2
+2A) — ;|E|2l dA,

IA

i=

which proves the stated inequality (4).
Finally, observe that, since both terms in the integral over M" are nonnegative,
equality holds if and only if

— 1|E|2 (A-(m—=2)EP)=0 and T=0.
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From this, and using once again the assumption A — (n — 2)|E)* > 0, we conclude that

E = 0 and, consequently, Ric = 0, thatis, M" is an Einstein manifold. By applying the
classical Reilly’s theorem (see [58, Lemma 3]), we obtain the rigidity result.
O

As a direct consequence of Theorem 2, Theorem E of [26] can be recovered by using
the Gauss-Bonnet formula. To be precise, we have the following corollary.

Corollary 1. ([26, Theorem E]) Let (M3, g, f, E) be a compact electrostatic system such that
E is parallel to V f and connected boundary dM. Suppose that |E|* < A. Then we have:

2
6712M + 1A|<9M| <4m, (2.10)

1
M| 3

Moreover, equality occurs in (2.10) if and only if (M, g, f, E) is isometric to the de Sitter
system.

In the higher-dimensional setting, the additional assumption that the boundary is
Einstein yields the following boundary estimate.

Theorem 12. Let (M", g, f, E) be a compact electrostatic system with connected Einstein

boundary M and such that E is parallel to V f. Suppose that |E|* < o /j %) Then we have:
s AR
|oM]| [min (R + |E|2)l <[n(n- 1)]HT_1a)n_1, (2.11)
oM n-—2

where wy-1 is the area of the standard unitary sphere S"~'. Moreover, equality holds in (2.11)
if and only if (M", g, f, E) is isometric to the de Sitter system.

Proof. Since M is Einstein, we may consider Ric® = §(1 —2)g?M, where 6 is constant.
By Bishop’s theorem, one deduces that

OM| < 6™ wp_1. (2.12)

On the other hand, since RM = (n — 1)(n — 2)5, Theorem 2 implies
5(r = 1)(n — 2) > min (”—"2R + é|15|2) ,
oM \ n n

so that

. 4 2
-1) = . .
onn-1) > 1(191]\1411 (R + — 2|E| ) (2.13)
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Next, by assumption, we have

4

min (R + |E|2) > 0.

oM n-2

Thereby, substituting (2.13) into (2.12), we arrive at (2.11). Moreover, the equality in
(2.13) guarantees the equality in (4) of Theorem 2 and therefore, the rigidity result

follows. m|

When n = 5, so that the boundary dM is four-dimensional, the Gauss-Bonnet—
Chern theorem reveals a deep connection between the topology and geometry of JM.
In particular, it expresses the Euler characteristic x(dM) through the following identity:

1 1 2 1 .
872X (OM) = 5 / WP dAg + o (RBM) dhg -5 / Ric, PdAg,  (2.14)
oM oM oM

where W, RM and Roica M denote the Weyl tensor, the scalar curvature and the traceless
part of its Ricci tensor of dM, respectively. This result originates from the seminal
contributions of S.-S. Chern [18] in the 1940s, wherein he generalized the classical
Gauss—-Bonnet theorem to higher even dimensions via the framework of characteristic
classes and differential forms.

Corollary 2. Let (M>, g, f, E) be a compact electrostatic system with connected Einstein
boundary dM such that E parallel to V f. Then we have:

2
lmin (gR + é|E|2)l |OM| < 19272 x (IM). (2.15)
oM \5 5

Moreover, equality holds in (2.15) if and only if (M>, g, f) is isometric to the de Sitter system.

Proof. Considering n = 5 in Theorem 2 (see (2.9)), one obtains that

/ leM _3r- é|15|2l dAg >0,
oM 5° 5

which then implies

4
min §R+—|E|2 |<9M|§/ RMdA,.
oM \b5 5 oM
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Now, we use the Holder’s inequality to infer

3 4 2 2
min | 2R + ZIEP oM
l911\?(5R+5|E| )l |8M|S/3M (R ) dAg.

To conclude, it suffices to apply the Gauss—Bonnet-Chern formula (2.14). Furthermore,
the equality case follows from Theorem 2. O

In the sequel, assuming a suitable upper bound for the scalar curvature, we obtain
a boundary estimate for compact electrostatic systems with connected boundary. This
estimate will be used in the proof of Theorem 3.

To this end, we first establish a lower bound for the scalar curvature in electrostatic
systems, which will also play a key role in the proof of Theorem 13.

Lemma 4. Let (M", g, f, E) be a compact electrostatic system with positive cosmological
constant A. Then the scalar curvature satisfies the following lower bound:

R> 4n-1)

> A.
3n—4+Vn2 -4
Proof. Consider the function

4n-1)
3n—4+Vn2—4

A straightforward computation shows that (1) is a decreasing function of . Moreover,

12)=2,{3)=2 (1 — ?) ~1.10, and ILim {(n)=1.

{(n) =

n—+oo

In particular, for all n > 2, we have
t(n)A < 2A.

Next, it follows from (1.15) that R > 2A and hence, the claimed inequality follows. O

We are now in a position to discuss our next result. Essentially, it provides a
condition under which the left-hand side of inequality (1.24) in Proposition 4 is
nonnegative. See also Remark 8 for a discussion on the meaning of the hypothesis.
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Theorem 13. Let (M", g, f, E) be a compact electrostatic system with connected boundary
JdM and positive cosmological constant satisfying

4(n —1)
R < A. (2.16)
3n—4-Vn2-4
Then we have:
2A
kCloM]| < RM4A,, (2.17)
(n=1) Jom g

where k = |V f| . and C > 0 is a constant. Moreover, equality holds in (2.17) if and only if

4(n —2)A2
uundk=—.

M", g, f,E)isi tric to the de Sitt t ith C =
( g, f, E) is isometric to the de Sitter system wi eni—1) ”

Proof. We start by defining

F(EP) = —4(';; D lippy =2 \/R (R Ut Y 1)2/\) +R

4(n - 1)2 (n—2)3
—2)2 - 1)?
= A

where « = |V f | | om- Note that F(EP)is a quadratic polynomial in the variable |E 2.
From now on, the proof is divided into some steps.

We first need to obtain a geometric condition to guarantee that f(lEIZ) > 0. Indeed,
since R > 0, it suffices to control the sign of the second factor in the product in (2.18).
Using (1.15), we rewrite this factor in terms of the scalar curvature R as

oy 1y
P(R) = 4((’;—_21))2 \/R(R+%A)—R _EP

(n —2)? 8(n — 1)2 (n —2)? R
m\/R(R+ T R T T

By squaring this expression, we get
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4(n —1)2 (n—2)3 4(n —1)2
N ( (n-272_ R )2

2
l—(" -2 l R (R LB 1)2/\) = P(R)® +2P(R) (—(” 2 r,

R+—=-A
4(n —1)? 2

Observe from (1.15) that R > 2|EJ* and therefore,

(n —2)? R
l4(n - 1)2R T A]

(n—2)

> |[———|EP +|E]?

> 0.

Furthermore, to guarantee that P(R) > 0 we only need to show that

_(n—1)2+(n—2)2R2+ 3n -4

AR — A% > 0.
4(n —1)2 2(n—1) =0

Q(R) :=

The roots of Q(R) are

(n—l)(3n—4i\/m)

(n—1)2+(n-2)>2

Ri = A.

By a simple simplification

3n—4$VZTTZW—J)@n—4iVnLﬂQA

£ 7 I —4FVn2—14 2n2 —6n+5
(n —1) (8n — 24n + 20)

(2n2—6n+5)(3n—4¢\/n2—4)
4n—1) A
S3n-4FxVn2—-4

Consequently, by Lemma 4 and the assumption (2.16), one sees that

R_<R <Ry,

and therefore Q(R), P(R) and F(|E[?) are nonnegative.

R
2

_A)
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Proceeding, we return to inequality (1.24) in Proposition 4 which asserts that

<.

1. o,
l—|v2f|2 + f|ch|Zl dV,
M
4(n

f
-1) ,  (n—2)? 8(n —1)2
_— /Mf |E| +—4(n—1)2 \/R(R+—(n_2)3A)+R

(n - 202 \/R (R , 801 - 1)2A) _R| - jerbav,

+

4(n —1)?

= / RMdA,,
oM

so that
1 / ll|%2f|2+ flRoiclzl AV + / fE(EP)dV, = / RMdA,.
K JmLf M oM

By letting C := rr%/ilnfﬂE ) > 0, one obtains that

C / fdVy < / RMdA,. (2.19)
M oM

Moreover, equality in (2.19) occurs if and only if Ric = 0, and V2 f = 0.
We now need to remove the dependence on f. To that end, on integrating the
equation in (1):

Af = % [(n —2)|EP - A] f

and applying Proposition 3, we obtain

—k|dM| > p— ((n —2)rr]1V1In|E| —A) /Mdeg.

Since C > 0, one deduces that

xC|OM| nz_cl (A—(n—Z)rr}ViIn|E|2)/Mdeg

2CA
n—l/Mdeg

2A / RMdA,,
n-1 OM

IA

IA

IA
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so that

2A
kCloM| < RMAA,, (2.20)
n-—1 IM 8

which proves the asserted inequality.
Finally, we address the equality case. If equality is achieved, then (2.19) yields
Ric = 0 and V2 f = 0. By Reilly’s theorem [58], it follows that the manifold is the de

. A .
Sitter space and then k¥ = —. Furthermore, we can explicitly compute the constant C
n
by evaluating

— 4(n-1) | (n-2)? 8(n —1)2
F(O) - 4(n — 1)2 \/ZA (2A + WA) +2A

(-2 \/2/\ (2/\ L8 1)2/\) _2A

4(n —1)2 (n—2)3
ERCES 4(n —1)2 4(n —1)2
= -0 |\ o [V e
_ 4(n-2)A?
- knn-1)"
4(n — 2)A?

Thus, we must have C = . So, the proof is finished.

kn(n -1
(1=1) i
Remark 8. Regarding the scalar curvature restriction in the assumption of Theorem 13, notice

that
) 4n-1)
lim

=2
ot 3y —4—-Vn? -4

Moreover, for n = 3, we have the explicit bound

1,10Az2(1—§)/\$RS2(1+§)Az2,89A.

Note that this hypothesis is consistent with the restriction observed in Proposition 3.

We proceed to prove Theorem 3, which follows as a direct consequence of Theo-

rem 13.
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Proof of Theorem 3. We begin by using (1.15) to verify that the assumption in The-
orem 13 is satisfied. Therefore, it suffices to apply the Gauss-Bonnet formula to the
right-hand side of The Equation 2.20 in order to obtain the stated inequality. |

It is also relevant to consider the case where the surface gravity does not appear
explicitly. In this context, we have the following theorem.

Theorem 14. Let (M", g, f, E) be a compact electrostatic system and M = nglzi, where
L; are the connected components of M. Suppose that

[(n —1)>+ (n —2)?)|EP < (n - 2)A.

Then we have:

I I
n-2 REi
- A E Ki|2i|SZKi/ TdAg/
i-1 i-1 i

where x; = |Vf] . and wy—1 is the area of the standard (n — 1)-sphere. Moreover, equality
holds if and only zf (M", g, f, E) is isometric to the de Sitter system.

Proof. By Proposition 4, we have

‘/NI l%|62f|2 + f|R°1C|2l dVg = /L;M |Vf|RaMdAg
1
+;/M (4(n = V) fIEI* + (n — 2)RAf) dVy,

by using (1.15), one obtains that

nx / RMdA,
oM

+ / (4(n = DFIEF +2(n = 2)(EP + A)Af) dVy

M
= mc/ R&MdAg
oM

n /M HWZ P+ f|R°ic|Zl av,

+/ 2[E (2(n — 1) fIEP + (n — 2)Af) dV,
M
=2(n — 2)Ax|oM]|
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where k = |V f |‘8M' Then, by Definition 1, we get

n/ ll|%2f|2+f|1z°ic|zl dVg+2(n—2)AK|(9M|=nK/ RMdA,
mLf oM

4
(n—1)

+

[ IR [ =17+ 0 = 2P = - 200] v

Therefore, by assuming that [(n — 12 + (n — 2)%]|E]* < (n — 2)A, one concludes that

AloM| < RMdA,.

2(n =2) Jom
Furthermore, equality holds if and only if Wz f >=0, |R0ic|2 =0and E = 0. By applying
the classical Reilly’s theorem [58], we obtain the rigidity result. |

Proof of Theorem 4. The proof follows immediately from Theorem 14, in combination
with the Gauss-Bonnet formula. |

In the remainder of this section, we present an additional boundary area estimate in
higher dimensions under the assumption of constant scalar curvature. In this case, the
technique differs slightly from the previous ones and is based on a volume comparison
argument involving the Bishop—Gromov inequality. We note that it would be of
particular interest to replace the constant scalar curvature assumption by a condition

involving a bound on |E|.

Theorem 15. Let (M", g, f, E) be a compact electrostatic system with connected boundary
dM and constant scalar curvature. Then we have:

IOM]| < ¢ Qp_1, (2.21)

for a specific constant ¢ > 0, where 3,1 denotes the volume of the unit (n — 1)-dimensional
sphere. Moreover, equality holds in (2.21) if and only if (M", g, f, E) is isometric to the de
Sitter system.

Remark 9. The constant c in Theorem 15 is given by

=
|
—_

1 nz
ci=—-
ko5

where C = % [A —(n- 2)|E|2].
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Proof. Initially, it follows from the system (1) that

Af 2
F Tn-1

where C > 0 is a constant by the constant scalar curvature assumption and (1.15). Next,

(A~ (n - 2)|EP] =: ,

consider the warped product N"*! = St x ¢ M, and denote geometric tensors on M
and N with the subscripts M and N, respectively. Using standard curvature formulas
for warped products (see [53, Chapter 7]), one sees that

Ricn(X,Y) = Riepm(X,Y) — %sz(X, Y),

Rien(X, V) =0,

Rien(U,V) = —Af—f ga(U, V),

for vector fields X,Y € ¥(M) and U,V € X(S!). Hence, one deduce from (1.17) in
Proposition 3 that

: ) A
Ricpp = =V f > ——gm, (2.22)

and consequently,
Ricy > CgnN.

Applying the Bishop-Gromov comparison theorem, we obtain

VoI(N) < Qi1 (%)T : (2.23)

On the other hand, by Fubini’s theorem and integration by parts, we have

Vol(N) = /Sll/MdegldG:ZN/Mdeg
= [ aravg =2 [ flaag
C Jm C Jom
_ %?wau (2.24)

where x = |V f|y is constant. Plugging (2.24) into (2.23), we get

n+l

Qli’lT
oM< = (2] .
| |_2m<(C)
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) n
Using the recurrence formula Q,,_1 = 2—Qn+1, one deduces that
T

oM< L.
K

In the case of equality, Bishop’s theorem implies that (N"*!, i) must be isometric to

A
the round sphere. The equality in (2.22) then yields Ricpy — %Vz f= —Tf gm, which

holds if and only if E = 0, meaning the system is vacuum static. Furthermore, by the
classical characterization of Einstein manifolds associated with vacuum static spaces
(see, for instance, [3, Section 5]), we conclude that (M, g) is isometric to the de Sitter
system, which finishes the proof. O






Chapter 3

Charged Hawking mass in the
electrostatic space

3.1 The Brown-York and charged Hawking masses

In this section, we present the proof of Theorem 5. It is worth noting that the
technique adopted here is inspired by recent works in various contexts of Einstein-type
spaces, including the vacuum static case [31, 35, 56, 66], perfect fluid space-times
[25] and quasi-Einstein manifolds [27]. We begin by establishing the bound for the
Brown-York mass in electrostatic systems. To do so, we consider the following notation

1
-1 » nn—=1)_ )2
=m VR
B ]\?X f + R | f|

In addition, we introduce the function v along with a conformal change of the metric

g by
4

v=(1 +ﬁf)‘nT_2 and g=vr2g.
With this notation, we have the following lemma.

Lemma 5. Let (M", g, f, E) be a compact electrostatic system with A +|E|* > 0. Then Ry is
= R -1
non-negative. Furthermore, R = Oifandonlyif E = 0, Af = ] fand f 2+%|V fI?

is constant in M". Here, R stands for the scalar curvature of §.
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Proof. First, observe that

Af = 2(”‘f)us|2—( fl)A)f
- (23 R per - ) g

= |20EP - %) f

R
n-—1

\Y

f, 3.1

where equality holds if and only if E = 0. From this, it follows that

Moo= A(A+pf)T)

- oy, ((1+ﬁf)"Vf)
- 2 )ﬁa wpfEaf+ DR gy P
< M )ﬁ(1+ﬁf)ﬂ(n(n (1+ﬁf)f+ﬁIVf|2) 62

On the other hand, we use the following formula for the scalar curvature as we see
in [10]

=_ omaf o (n=1)
R=v (Rv 4(n_2)Av),
in order to infer
_ =2 (1=2)
A= am R AR
— RO - R ) R
— A [a e ppPR-R].
Substituting this information into (3.2) yields
R(1+Bf)* - R<n(n—1)ﬁ( = )(1 +ﬁf)f+/3|Vf|2)



3.1 The Brown-York and charged Hawking masses 61

Consequently,

R

\%

R(L+Bf)2 = n(n - 1 ( S(1+pf + ﬁ|Vf|2)

(—)ﬁ2

2
i -
R| g2 -2+ ppf -

R |- (2 20 o).

Since R > 0 (whenever A + |E|* > 0), and using the chosen value of §, we conclude that
R>0. 2
Finally, it follows from (3.1) that R = 0 if and only if E = 0 and Af = ] f.

nn-—1)
i

is constant on M", which finishes the proof. m]

IVfIZl

Moreover, from the characterization of 5, we deduce that the quantity f 2y

We are now ready to present the proof of Theorem 5.

Proof of Theorem 5. Following the notation introduced above, it is well known that
the mean curvature H of I; with respect to the conformal metric ¢ = i g is
strictly positive. Indeed, since f|jy = 0, it follows that v |jy= 1. Hence, ¢ = g
over the boundary JM and (Z;, g) is isometric to (Z;, §), which, by assumption, can
be isometrically embedded in R" as a convex hypersurface with mean curvature
Hé, induced by the Euclidean metric. Moreover, taking into account that the mean
curvature of X; with respect to the conformal metric g is given by

—1

H =v n2(H1+2n
n

-1
- 2av<log(v>>) :

as we see in [10], so that

—i 2(n—-1) _n=2
H = V(1
(n—2)< A+ pfy=v)
= (3.3)
where we have used that H = 0 and v = ——%-. This proves that H > 0, as claimed

IVfI
(cf. Lemma 4 in [26]).

Proceeding, one sees from (3.3) that
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Mpy(Z1,3) = [ (H)—H)dA,
X

Wiy (Zi, 8) - (n = DRIV S| IE,

Since Lemma 5 implies that R > 0, and H >0, we apply the Positive Mass Theorem
for the Brown-York mass [64] to conclude that Mipy(X;, g) > 0. Consequently,

1
Zl' EIR Zi/
== e, )
1 .
- HidA,, 3.4
(”_1)5|Vf||zi/zi 0441 (3.4)

which proves the stated inequality (7).
We now consider the case of equality. If equality holds in (3.4) for some component
L;,, then

Mpy(Xi), ) =0

By invoking the equality case of the Positive Mass Theorem for the Brown—York mass,
it follows that the conformal metric g is flat, and consequently, (M", g) is isometric to
a bounded domain in R". Moreover, taking into account that R = 0, Lemma 5 implies
thatE =0, Af = _n— f and the quantlty |V fI?+ f?is constant on M". Thus,

since (M", g) is vacuum static, the scalar curvature R is constant. Consequently,

0=v |2 Vysps 2| = 20 V2 py ) oy
so that
VIVF> - 2An—fo =0.

Now, it suffices to use the Robinson-Shen-type identity in Lemma 2 to conclude that
IRic]> = 0. Finally, we use Reilly’s theorem [58] linked with the fact that M is totally
geodesic in order to conclude that (M", g) is isometric to S.
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On the other hand, if (M", g) is isometric to S’}, one deduces that dIM = sr1,
Thereby, the Brown-York mass of $"~! is given by

Mpy(s" ) = [ (n-1)dA,
Sn-1

sn—1 = (n - 1)Cl)n_1,

where w,_1 is the volume of the standard (n — 1)-sphere. At the same time, since S

has constant scalar curvature R = n(n — 1), it follows that the height function & satisfies

R
Ah = ——1h = —nh. Therefore, (S, g, h) is a static vacuum space with non-zero

) (n—1)
R

n
cosmological constant. Consequently, h? + |Vh|? is constant. Indeed, a direct

computation yields

, nn-1)
Vih*+ R

|Vh|2) = 2hVh +2V?h(Vh)

= —#Vh +2V2h(Vh)

= 2V2h(Vh) = 2hRic(Vh) = 0.

From this, it follows that

_ nn-1)
‘B 2 _ h2+ ( = |Vh|2) = |Vh||28M’
oM
so that
1
p= \Vhliom
Hence,
Mpy(IM, &)
0{(7’1 _ 1)|Vh||aM = Wnp-1= |8M|I
which is the equality in (3.4). So, the proof is completed. |

Remark 10. We note that Theorem 5 can also be formulated within a broader class of sub-static
systems (see Remark 5). The core of its proof relies on inequality (3.1), which remains valid in
this more general setting. This extension has already been observed, for example, in the case
where the energy—momentum tensor corresponds to that of a perfect fluid, under a sub-static
condition related to the dominant energy condition, specifically, the inequality p + P > 0,
where p denotes the energy density and P is the pressure; see [25, Theorem 2]. This broader
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perspective allows the result to be extended to other classes of energy—momentum tensors, such
as those associated with wave maps, including Klein—-Gordon-type matter fields (cf. [23, Section

2]).

This chapter also focuses on the study of surfaces embedded in three-dimensional
Riemannian manifolds. To establish the necessary structure, it is appropriate to begin by
recalling the foundational concepts of the electrostatic space for the three-dimensional
case (n = 3). Hence, consider a static space-time is a product manifold M* = Rx M? with
metric g = — f2dt*+g¢, for asmooth, positive function f : M — (0, +o0) and Riemannian
metric g. Here, (M 3 g)is an oriented three-dimensional Riemannian manifold. We will
explore the Reissner-Nordstrom-de Sitter (RNdS) space as an example of electrostatic
space. The 3 + 1-dimensional RNdS space-time is a 3-parameter family (labeled with
a mass M, a charge Q and cosmological constant A) of static, electrically charged,
solutions to the Einstein-Maxwell equations. Consider (M3, QrNds, f, E), where

M’ =1 x§?
for some I C R which depends on the roots of the lapse function given by

2M Q% Ar?
2

=1l-—+=-—.
This polynomial equation has four distinct solutions. There is a negative root with no
physical relevance. We denote by r. > r, > r_ the positive roots. The metric and the

electric field for RNdS space are given by
grnds = f(r)2dr* +r’¢e and E = %f(r)&r.

In the above, Q, I, and gs: stand for the charge, mass, and the standard metric of the
unit sphere S?, respectively. Here, r represents the radial coordinate. The set {r = r_}
is the inner (Cauchy) black hole horizon, {r = r,} is the outer (Killing) black hole
horizon, and {r = r.} is the cosmological horizon. We can have solutions possessing
some extreme conditions: the cold black hole r_ = r,, the Nariai black hole r, = r,
and the ultracold black hole r_ = r, = r., see more details in [26]. These solutions for
the electrostatic system (Definition 1) can be seen as a static black hole model with a
given Hawking temperature (the reason behind the term “cold").

Theorem 16. Let (M3, g, f, E) be a compact electrostatic system with connected boundary
JdM. Then the following assertions hold:
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(i) IfE is parallel to V f and |E|* < A, then

M)2 |9M|
(i) If|E]* < % then
¢ 2 |3M|
Men(OM) > (| QM) ) ad (36)

Moreover, equality holds in (3.5) or (3.6) if and only if E = 0 and (M3, g, f) is isometric to
the de Sitter system.

Proof. To begin with, we notice that a direct computation by using the definition of
charged Hawking mass and Eq. (2.10) yields

oM 1 4

Me@oM) = 'en (310M) - = [ 2+ 3maa + S 00my
loM] (A 2
Ton ||~ 12 oM+ |&M|Q(8M)

|<9M|
(reem?) 5,

which proves the first assertion. Moreover, the rigidity statement follows from
Corollary 1.

Proceeding, we shall prove the second inequality. Indeed, by combining the
definition of charged Hawking mass and Theorem 4, one obtains that

oM

me@m) = el (3rom) - g [ (124 A+ S 00OMY
3 |OM|
= ﬁ( _Ele |8M|Q(8M)2)

(|aM| o )Z) \/@

which gives the stated inequality. Furthermore, the rigidity statement follows from
Theorem 4. This finishes the proof of the theorem. O
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Remember the total electric charge contained within an orientable closed surface X

with unit normal v, i.e.,

QX)) = ﬁ /;(E, vydo, (3.7)
and the ADM mass of a Riemannian manifold (M?, g), which is given by
3 .
M =MM, g) = —n lim /(r) Z (digij — 9j&ii)V/,

i,j=1

where S(r) is the standard sphere. Here, v/ represents one component of the nor-
mal vector field of S(r). Moreover, a straightforward computation shows that the
charged Hawking mass of a sphere in the Reissner-Nordstrom-de Sitter space satisfies
Nicu(S(r)) = Mapwm (see [5, p. 6]).

A relevant concept in the electrostatic theory is the photon sphere. A time-like
embedded orientable surface T in (R x M?, — f2dt? + g) is called a photon sphere if
it is totally umbilical and f is constant on every connected component of Z. In the
three-dimensional Reissner—Nordstrom space (i.e., A = 0) with mass parameter It > 0,
there is a photon sphere located at the radius

3 802
T (1 +4/1- 9‘1}{2) p (38)

whenever 9% > 8Q? (e.g., subextremal Reissner—-Nordstrom space), see [16, 38]. A
Reissner-Nordstrém space is called subextremal (extremal, superextremal) if M > Q>
(if M? = Q%, M? < Q?). The photon sphere appears naturally in our study and plays
an important role in our main results.

The Reissner-Nordstrom photon sphere models an embedded submanifold ruled
by photons spiraling around the central black hole “at a fixed distance”. The Reiss-
ner—Nordstrom photon spheres are related to the existence of relativistic images in
the context of gravitational lensing [16, 38]. Such a photon sphere is a stable constant
mean curvature (CMC) surface (see Proposition 7 below). In fact, any sphere S%(r) of
radius r in the RNdS is stable if
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The concept of stability of a surface is related to its Morse index. The Morse index
of a closed surface ¥ is given by the number of negative eigenvalues of the Jacobi
operator J, where

] = =A* — Ric(v, v) — |A].

A constant mean curvature (CMC) surface X in a Riemannian manifold is stable if the
Jacobi operator is non-negative, i.e., the Morse index is zero (Index(X) = 0). Here, A™
and A stand for the Laplacian and the second fundamental form of . Moreover, v
represents the normal vector field of X. In the proof of Theorem 17, we do not impose
any information about the mean curvature H of a closed surface in the electrostatic
space (M3, g, f, E). It can be either non-constant or constant, and it can change signs.
In Theorem 17, we will only impose that ] must be non-negative, that is, Index(X) =
Moreover, the photon sphere will be an important example of this theorem. Stable
CMC surfaces are a fundamental tool in studying general relativity. For example, the
theory of stable minimal surfaces was essential in proving the positive mass theorem
[61].

Note that, even for minimal surfaces, the positivity for the charged Hawking
mass is not trivially obtained. It is a straightforward computation to show that the
charged Hawking mass of a sphere in the Reissner-Nordstrom-de Sitter space satisfies
Mcu(S(r)) = M (cf. [5]). The result we will provide does not impose (M3, g) to be
compact, and we do not ask for any additional condition over the mean curvature or
Gauss curvature of a surface X in the electrostatic system. It is well-known that if a
surface X has Index(X) = 0, then for any ¢ € C*(X) we have

0< /Z|qub|2da - /E(Ric(v, v) + |AP)d*do.

Taking ¢ = 1 we get
/ (Ric(v, v) + |AP)do < 0. (3.9)
z

Theorem 17. Let (M3, g, f, E) be a three-dimensional electrostatic system (compact or
non-compact) and X a closed surface on M satisfying (3.9). Then, the genus of X is at most 1.

1/2
smCH(m_('Zn') [16 / H2do Q(Z)2 (fn')] (3.10)

The equality holds if and only if ¥ is totally umbzlzcal, E is orthogonal to ¥, and equality holds
in (3.9).

Moreover,
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Remark 11. In Proposition 7 (below), we will prove that any CMC surface in the RNdS
space must be a sphere. The equality in Theorem 17 holds for a sphere of radius (3.8) in the
Reissner-Nordstrom-de Sitter space. Moreover, we can conclude that the charged Hawking
mass is non-negative if A > 0.

We will apply the above theorem to a stable minimal surface to get rigidity (Theorem
18). Nonetheless, we will also provide the lower bound for the charged Hawking
mass considering a stable CMC surface with non-zero mean curvature and a minimal
surface of index one (cf. Theorem 19 and Theorem 20).

Some important results use the Hawking mass to obtain the rigidity of a given
space [5, 49]. In [5], the authors proved the rigidity of 3-manifolds satisfying Einstein’s
constraints, assuming the existence of a strictly stable minimal two-sphere that locally
maximizes the charged Hawking mass, concluding that the ambient space must be
locally a copy of RNdS, see also [49] for the analogous result without charge. If
we consider just stability, the rigidity for area-minimizing two-sphere holds if the
two-sphere has a fixed area. In this case, the sphere is a global maximum of the
Hawking mass [49, Remark 4.4]. We will assume that [5, Theorem 2] holds for a stable
area-minimizing two-sphere with a fixed area (see the details in the proof of Theorem
18).

In the following theorem, we will use the results of [5, 49] to obtain a sharp lower
bound for the charged Hawking mass of minimal surfaces.

Theorem 18. Let (M, g, f, E) be a three-dimensional electrostatic system with a non-null
cosmological constant and . C M an embedded stable minimal surface. Then, the genus of ¥ is
at most 1. Moreover,

Iz 1z
WCH<Z>_(4R) [|Z|Q( )’ + (4n)]. (3.11)

In addition, if ¥ is a stable minimal two-sphere, equality holds if X is the horizon boundary of
the ultracold black hole system.

We want to obtain a lower bound for the charged Hawking mass for a stable
CMC surface (H # 0), i.e., a constant mean curvature surface X satisfying the stability

condition (3.9) for any function ¢ € C*(X) such that / ¢do = 0. However, we can not

z
provide the rigidity since, as far as we know, we do not possess a result like the main
theorem in [5] for stable CMC surfaces. It is well-known that if a surface L is a stable
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CMC surface, then
/ (Ric(v, v) + |AP)do < 8, (3.12)
T

see the details in [19, 46].

Theorem 19. Let (M2, g, f, E) be a three-dimensional electrostatic system with T a closed
stable CMC surface in M. Then, the genus of X is at most 3. Moreover,

|Z| )1/2 l H2

smCH(>2>_(4n e Zomp s ('Z') 1]. (3.13)

1z 4m

The equality holds if and only if ¥ is totally umbilical, E is orthogonal to ¥, and equality holds
in (3.12).

Remark 12. Considering A > 0, the charged Hawking mass is non-negative for any stable CMC
12m
surface in the RNdS space such that || > A The Nariai system is M> = [0, 7t/ VA VA] x §2

with metric tensor g = ds® + ngz, where f(s) = sin(VAs), M = 1/\/ and Q = 0.
3

4
Therefore, the area of a two-sphere L in the Nariai system is |X| = Kn The equality holds in

Theorem 19 for stable CMC sphere such that s = 7 This will be discussed in more detail in
2
the proof of Theorem 19.
The last theorem above (Theorem 19) inspired us to pursue a similar result for

minimal surfaces of index one. It is well-known that such a surface must satisfy the
following inequality:

/ (Ric(v, v) + |AP)do < 8n (1 + Int (3.14)
X

1+¢(X)
=)

Here, Int[x] denotes the integer part of x. See details in [26, 60].

Theorem 20. Let (M°, g, f, E) be a three-dimensional electrostatic system with ¥. a closed
minimal surface of index one in M. Then,

Mep(T) > El/z o2 + U -1-1Int
CHV =\ 4n 1| 47t "

(3.15)

1+¢(X)
=)

The equality holds if and only if ¥ is totally umbilical, E is orthogonal to *, and equality holds
in (3.14).
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Remark 13. Considering A > 0, the charged Hawking mass is non-negative for any minimal

: . 127 1+g(X) :
surface of index one in the RNAS space such that |X| > N 1+ Int — |/ Consider

. Lo . . 3
the deSitter system which is M° = S3 with metric g = A 8s M=Q =0and f(x) = xy,
with Cartesian coordinates x = (x1, X2, X3, xX4). We can see that the equator is a minimal

12
sphere L. of index one with area |L| = Tn Therefore, the equality holds in Theorem 20.

3.2 Proof of the main results

In this section, we present the proof of the main results. Before we prove our main
results concerning a lower bound for the charged Hawking mass, we will prove a
criterion for CMC surfaces in the RNdS space to be stable (Proposition 7). This result
will be important for a better understanding of Theorem 17. Then, we will prove the
sharp lower bounds for the charged Hawking mass of stable surfaces in the electrostatic
space-time (Proposition 8).

Proposition 7. Any CMC surface in the three-dimensional Reissner-Nordstrom-de Sitter
space must be a sphere S*(r) with mean curvature H given by

2 2\1/2
o 2P QAT
r r r2 3
Moreouver, if
3M 802 3M 8Q?2
o1 = <o 144/1- =
2 ( 99)22)—“ 2 ( * 9N

such CMC surface must be stable.

Proof of Proposition 7. We start with a result due to Brendle proving that any CMC
surface must be S?(r) in the Reissner-Nordstrom-de Sitter space (cf. [15, Section 5]
to see that A plays no role in the proof of Corollary 1.3). For every spherical slice,

¥ = {r} x §? in the RNdS space, we have H(r) = %f(r) and |Z| = 4ntr®. By the spherical

symmetry, X is umbilical. Moreover, E = % f(r)dr is parallel to the normal vector field

v = f(r)o,.
Remember by 1.5 that

Af =A*f +V2f(v, v) + H(VF, v).
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By Definition 1 we have

H(Vf, vy = fIAP = Af =A% f = V2 f(v, v) - fIAP
= ([EF = A)f - A*f
— f[Ric(v, v) + 2(E, v)* = ([EP + A)] - fIAP
= 2f([E* = (E, v)*) = A¥f — fRic(v, v) - fIAP. (3.16)

Since E is parallel to v (unitary), i.e., |E]* = (E, v)?, we obtain

(%Vf V)~ |A|z) f = (~A% ~ Ric(v, v) - |AP)f.

ie.,
H
f

where we use that A* f = 0, since f is a non-null constant at & = {r} x S?.
In the Reissner-Nordstrém-de Sitter space, we have

(Vf, v)—|AP = —Ric(v, v) — |AP, (3.17)

2
2 Q
|E|—r—4
and M ’
1 (2 202 2Ar
_ 2 rr _ 2 - = -
Vf=f@r)f(r)ad, = f(r) 2f(r)(r2 5 3 )3r.
Thus, )
H 2(Mm Q2 Ar
o=z 5-3)
Moreover,
H ,» _2(M Q* Ar) H?
f(Vf,v> Ar=7lz" % 3) 2
2(M Q% Ar\y 14 .
=7 r—z‘r—s‘?)‘aﬁﬂ”
_2 (o2 Ar 1 2m QP A
Cr|r2 3y ror2 3
2[3m 20% 1 2 2 2
== r_z_r_3_?]__r4 [ZQ —3EUEr+r] (3.18)
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Note that if )t = Q = 0 we always have an unstable sphere (see the deSitter space). We
can conclude that if

3?(1— 1—8Q2)3rs@(1+ 1—8—Q2) (3.19)

the CMC surface must be stable. Moreover, we can see that the photon sphere of radius
3M 8Q?

14+4/1-
2 9M2

) must be a stable CMC surface in the RNdS space.

In fact, from (3.18) and (3.19) for any ¢ € C*(X) such that / ¢do = 0 we have
z

/leqblzda - /(Ric(v, V) + |A|2)¢2da
X X
- [weopdos [ (%Vf, vy - |A|2) §?do > 0.

O

Proposition 8. Let (M3, g, f, E) be a three-dimensional electrostatic system (compact or
non-compact) and X a closed surface on M satisfying

/(Ric(v, v) +|AP)do < C.
z

Then,

172
men)> () | [#a0+ Foer+ 2 (H)- £,

where C € R. Moreover, the genus of X is bounded from above, i.e.,

C
1+—2>g9(%).
1. 2 8%
Proof of Proposition 8. From Definition 1 and the Gauss equation we have, respec-
tively,
V2f(v, v) = f[Ric(v, v) + 2E, v)* = ([EF + A)]
and

R 1
> = K+ Ric(v, v) + §(|A|2 - Hz),
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where K is the Gauss curvature of .. Combining the above equations and using (1.15),

we obtain .
V2f(v, v) = f[E(H2 —|AP) = K + 2(E, v)?].

Now, from
Af =A*f +V2f(v, v) + H(Vf, v)

and the last equation we deduce

Af _ A
fof

By integrating the above identity, we have

H

7 (Vf, v).

+ [%(H2 —|AP) - K + 2(E, v)?] +

2 _[H Vs f?
/Z(IEI A)da—/zf(Vf, wio + | “=do

g

/ (Ric(v, v) +|AP)do < C, (3.21)
M

%(H2 —|AP) - K + 2(E, v)zl do. (3.20)

We consider that

where C € R. Dividing (3.16) by f and by using (3.21) we get

v e L, e
L(fwf, >+f2|sz|)do

2 2 2 _
> /Z |APRdo +2 /Z (IEP = (E, v}*)do - C. (3.22)

Thus, from (3.20), (3.22) and the Gauss-Bonnet theorem we have

4n(1 - g(X)) = /Z [%(H2 +|AP)]do + /Z (IEP + A)do - C,

and since 2|A]> > H?,

3
4m(1 - g(X)) = 1 /Z H?%do + /Z (IEP? + A)do - C. (3.23)
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With this inequality, we can analyze the topology of X. Indeed, 47(1 - g(X£)) +C >0,
ie.,

C
1+ = > g(X).

Combine the above inequality (3.23) with Definition 2, i.e.,

167 1672
2nx(Z) = 7] —Mcu(X) + = / (H? + —A)d T
to obtain
167t 1672
47 T —Mcey(X) > — T — Q@)+ /H2d0+/|El2da+ ZAlZ) -

Moreover, applying Holder’s inequality to the definition of charge given by (3.7) yields

to
2
16m*Q(X)* = ( / (E, v)da) <|¥| / (E, v)*do < |5 / IEPdo.
z z z
Finally,
1 [ 2 (3 = 3om” 2 O(@)? + / H2do + A|Z|
X X
The inequality above proves the theorem. |

Proof of Theorem 17. By hypothesis, we have
0> /(Ric(v, v) +|AP)do. (3.24)
T
Therefore, Proposition 8 holds for C = 0, and from (3.23) we have g(X) < 1.

Let us apply (3.10) to a sphere in the Reissner-Nordstrom-de Sitter space. We know
that in this case My (S(r)) = M, see [5]. Since

1
— H?%do = f(r)?
l6m S(r) f
our inequality (3.10) is reduced to
QZ

M>r -2 +2—=—



3.2 Proof of the main results 75

where the equality holds for

3M 8Q?2
r = T (1 +4/1- m) .
This is a totally umbilical stable constant mean curvature surface in the RNdS space
in which equality holds in (3.24), and E is parallel to v. See Proposition 7, equations
(3.17) and (3.18). O

Proof of Theorem 18. Consider a stable minimal sphere of radius r in the RNdS space,
and applying the inequality presented by Theorem 17, we get

2
MM > & + é1’3,
r 3
where equality holds if and only if
%#—%&+Q2:& (3.25)

2
The mean curvature of a two-sphere in the RNdS space is given by H(r) = - f(r).
Moreover, the ADM mass is

_1 Q> A
ﬂR_Z(r+ ; 3r). (3.26)

Hence, combining (3.25) and (3.26) we get
Ar4—rZ+Q2:0,

ie.,

,  1x4/1-4AQ2

! oA

We can consult [26, Section 3.8] to conclude that a sphere in the RNdS space is
stable when the radius r is bounded, i.e.,

1—\h—4AQ2< 2<1+\h—4AQ2
ST s

2A 2A ’
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and it is strictly stable if

1-+/1-4AQ2 o 1++/1-4AQ2
r .

2A 2A

In fact, the Jacobi operator for the RNdS space is given by
J=—-A* - %(Ar‘* -2+ Q).
r

On the other hand, consider the equality holds in (3.11) for a stable minimal sphere
of radius r in the electrostatic system. Thus,

1/2 2
werr- (2] [t 3] - 2.3

We must have a priori

1++/1-4AQ2 1
2 _ - 2 _ (1 9 A42)2
re = A , le., Q= 4A[1 (1 -2Ar9)7]
Otherwise, the Equation 3.25 does not hold.
Hence,
_Q2 A, o, As_ 2,3
Meg(X) = r +3r _4Ar[1 (1 2Ar)]+3r = 3Ar.

Therefore, the sphere = = S(r) of radius 7 = L maximizes the charged Hawking
mass, which is strictly stable. Hence, from Theorem 2 in [5], there is a neighborhood
of such sphere in (M, g) that is isometric to the RNdS space ((—¢, €) X £, grnas) for
some ¢ > (. Since in the RNdS, X is minimal if and only if f = 0, such a surface must
be the horizon boundary of M, i.e., £ = JM.

Considering that the roots of f in the RNdS space are ry = r_ = r,, we can
1
perform a change of variable such that grngs = ds® + p®gs2 with f(s) = s, p? = A
1 2
Q% = A and M2 = N’ which correspond to the ultracold black hole system, where

M = [0, +00) x S? (cf. [5, Equation 1.12] and [26, Section 3.7]), with a stable horizon at
s =0. O
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Proof of Theorem 19. A stable CMC surface satisfies

8m > / (|A|2 + Ric(v,v)) do.
b

See more details about the above inequality in [19]. So, applying Proposition 8 and
considering C = 8m we obtain inequality (3.13). Assuming A > 0 from (3.23) we get
g(X) <3.

Let us apply (3.13) to a sphere in the RNdS. We know that in this case Micy (S(r)) = I,

1 1
see [5]. Moreover, from (3.18) if Q =0, M = and r = —, then such sphere must
VA VA P
be stable. Furthermore,
1
— | Hdo= f(r}
167 S(r) ¢ f(r)
So,
1/2
12| 2 4m o, AL
N> — + =00 +=-—-1]. 3.27
- (4n f 1| Q 34n (3:27)

1
The Nariai system is M° = [0, 7/ VA] x S§? with metric tensor g =ds*+ R where

Tt
and Q = 0. The equality in (3.27) holds fors = ——. O
T 2VA

Proof of Theorem 20. It is well-known that a closed minimal surface of index one

f(s) = sin(VAs), M = 3\1/X

satisfies the inequality:

1+ ¢(X)
2

81 (1 + Int [ ) > / (|A|2 + Ric(v,v)) do,
%

where Int[x] denotes the integer part of x. See for instance [26, Proposition 17] and

L 1+g(X)
[60]. Considering C = 87t |1 + Int

] ) in Proposition 8 will give us the desired

result. 3
Consider the deSitter system which is M> = 2 with metric ¢ = A 85 NM=0Q=0
and f(x) = x4, where x = (x1, x2, x3, x4). We can see that the equator is a minimal

12
sphere T of index one with area |Z| = Tn Therefore, the equality holds in (3.15). O
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