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ABSTRACT

This PhD thesis presents numerical methods based on the homotopy approach to solve
the Power Flow Problem (PFP) in large-scale ill-conditioned power system models. For this
goal, static and dynamic homotopy-based approaches are employed to embed the nonlinear
algebraic equations of the PFP. The static approaches are grounded in Newton-Raphson method
(NR) resolutions, while the dynamic methods use numerical integration techniques. The states
computed in the dynamic homotopy step are assumed as initial estimates and are refined
in a second step by running an NR scheme for finally calculating the PFP solution. This
refining step was also employed in a version of a static homotopy-based scheme when a low
tolerance is imposed at the last point of the homotopy pathway. As in the dynamic solvers,
in this version of the static scheme, a term based on a Fixed Point Vector (FPV) function
to embed and enforce the initial estimate of the iterative PFP was inserted in the homotopy
function. Studies of simple integration methods were carried out because they were used in
the dynamic homotopy approach. The implicit Backward Euler’s method (BE) demonstrated
adequate qualities for use among the investigated techniques, including explicit and implicit
methods. The performance of the techniques was evaluated through experiments conducted on
several test systems, which included large-scale ill-conditioned models such as 13k-, 54k-, 70k-,
82k-, and 109k-bus networks. The static homotopy approach combined with the FPV function
successfully solved all simulations, including a modified three-slack power system model. In
turn, a simpler dynamic homotopy-based method was notable for its low computational cost
in solving the PFP. However, while incorporating the beneficial features of the static version
with FPV, another dynamic version resulted in a high computational burden. According to the
problem formulation, the proposed techniques are appropriate for solving problems related to

contingency and others involving inherent modeling by homotopy.

Keywords: Power flow; Newton-Raphson method; ill-conditioned systems; homotopy; MAT-
POWER.



RESUMO

Titulo: Métodos Numéricos Baseados em Homotopia para a Solugdo do Problema de Fluxo

de Carga em Modelos de Sistemas de Poténcia de Grande Escala e Mal Condicionados.

Esta tese de doutorado apresenta métodos numéricos baseados na abordagem de homotopia
para resolver o problema de fluxo de poténcia (PFP) em modelos de sistemas de poténcia mal
condicionados e de grande-porte. Abordagens estaticas e dindmicas baseadas em homotopia sao
usadas para incorporar as equagoes algébricas nao-lineares do PFP. As primeiras sdo baseadas
em resolugoes do método de Newton-Raphson (NR), enquanto as tltimas usam técnicas de
integracao numérica. Os estados determinados na etapa de homotopia dindmica sao assumidos
como estimativas iniciais e sao refinados em uma segunda etapa executando um esquema de
NR. Esta etapa de refinamento também foi empregada em uma versao de um esquema baseado
em homotopia estatica Assim como nos solucionadores dindmicos, nesta versdo do esquema
estatico, um termo baseado em uma funcao de vetor de ponto fixo para incorporar e impor a
estimativa inicial do PFP iterativo foi inserido na funcdo de homotopia. Estudos de métodos
de integracao simples foram realizados porque eles foram usados na abordagem de homotopia
dindmica. O esquema backward Euler (BE) implicito demonstrou qualidades adequadas para
uso entre as técnicas investigadas, incluindo métodos explicitos e implicitos. O desempenho das
técnicas foi avaliado em diferentes cenarios incluindo redes com niimero de barras de 13k, 54k,
70k, 82k e 109k. A abordagem de homotopia estatica combinada com a funcao FPV permitiu a
resolucao com sucesso de todas as simulagoes, incluindo um modelo de sistema de poténcia com
trés barras slacks. Por sua vez, um método baseado em homotopia dindmica mais simples foi
mais eficiente por seu baixo custo computacional na resolucdo do PFP. As técnicas propostas
sao apropriadas para resolver problemas relacionados a contingéncia e outros envolvendo a

modelagem inerente por homotopia.

Palavras-chave:  Fluxo de carga; método de Newton-Raphson; sistemas mal-condicionados;

homotopia; MATPOWER.
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND

Power Flow studies are essential for determining the steady-state operating point of electri-
cal power systems. Based on the solution obtained for the problem, it is possible to investigate
operational conditions that guarantee the successful operation of the power system under nor-
mal conditions, such as supply of energy demand and power generation, proximity of voltage
magnitudes to extreme operating values, operation of generators within active and reactive

power limits, overload in transmission lines and transformers, contingencies and other informa-

tion (GLOVER et al., 2012).

The Power Flow Problem (PFP) is expressed as a system of nonlinear algebraic equations.
Iterative methods are commonly used to find its solution due to its complex nonlinear charac-
teristics. Among these methods, the classical Newton-Raphson method (NR) has traditionally
been adopted as the standard approach (KUNDUR, 1994). The NR method relies on an initial
estimate that is ideally assigned close to the solution. However, several factors in today’s power
systems can introduce significant shifts in operating conditions. Therefore, these factors can
lead to serious difficulties in achieving an accurate solution using this method. The widespread
integration of renewable energy sources (WENG et al., 2012), control devices (GATTA et al.,
2024), frequent reversals of power flows (TARANTO et al., 2022), and load variations are just a
few examples of such factors. As a result, the voltage magnitudes and angles within the system

can undergo substantial changes.

The dynamic nature of these changes poses a challenge in selecting an appropriate initial
estimate for the Power Flow (PF) solver. A common practice is to initialize the PF solver using
an initial guess based on the learning of qualified personnel who handle the operation of the

system. Another alternative is to use data stored by software in planning studies. It is done, for
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example, based on daily (or other scale) system operational results, which are peculiar to each
power system area. However, without this “learning”, a more general estimation can be done
based on a flat start, i.e., all bus voltage phase angles equal to zero, and voltage magnitudes in
load buses equal 1 pu. On the other hand, this guess may deviate significantly from the desired

solution in the analyzed power system model, and consequently, classical iterative methods may

diverge (TOSTADO-VELIZ et al., 2020a; TOSTADO-VELIZ et al., 2021).

According to Milano (2009), when the solution of the PFP cannot be obtained using con-
ventional methods and the standard flat-start initial guess, the problem is considered ill-
conditioned, despite the problem having a valid solution. Consequently, there is a need to
develop more robust and accurate techniques for initializing the PF solver in order to enhance

its effectiveness in handling diverse operating conditions.

Several researchers have investigated different approaches to address ill-conditioning in the
PFP. For example, some studies have proposed modifications to the NR method or other ite-
rative methods such as the Heun-King-Werner’s method (HKW), as proposed in Tostado-Véliz
et al. (2020c). Other studies have focused on preconditioning techniques or optimization-based
methods. In Pan et al. (2020), it has been reported that the accuracy of calculations involving
an Optimal Multiplier (OM) can be significantly improved by introducing additional informa-
tion, for instance, retaining the higher-order terms in Taylor’s expansion series approximations
for the PFP equations. This particular assumption has consequently motivated the develop-
ment of an alternative load flow algorithm that utilizes the NR method with optimized step

size (PAN et al., 2020).

Managing a single OM entails the manipulation of deviation magnitudes while ensuring
consistent directional changes in the state of the system. Alternative methodologies have been
proposed to address ill-conditioned PFP. Notably, techniques grounded in the Continuous New-
ton’s philosophy (CN) have gained attention. These techniques involve adapting numerical
integration methods to effectively solve the PFP (MILANO, 2009). This can be interpreted as

a dynamic tool.

In this context of the increasing complexity of power systems and the search for more robust
solvers, homotopy concepts are suitable (OKUMURA et al., 1991) for solving the problem as

they change the original state in search of an easy-to-solve scenario (KU et al., 2011). If the
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change is appropriate, a feasible solution presents itself, starting an iterative process, with the
help of other solvers, to return to the original scenario that is difficult to solve. In Freitas & Silva
(2022), a static homotopy approach was presented for solving a PFP. This approach utilizes two
parameters to generate a path starting from an initial guess and leading to the final solution.
However, due to the utilization of the NR solver at each step of the path, the computational
cost is high, especially for ill-conditioned large-scale systems. Despite the elevated cost, the
technique is robust and effective in obtaining a solution for the PFP, even under challenging

conditions.

1.2 OBJECTIVE

The main objective of this PhD thesis is to present alternative techniques using homotopy
that combine different techniques to efficiently solve the ill-conditioned power flow problem in

large-scale systems. The static and dynamic homotopy-based techniques are investigated.

The specific objectives of this PhD thesis are specified as follows:

» Presentation of homotopy-based techniques applied to power systems to solve the large-

scale ill-conditioned power flow problem;

o Investigation of both static and dynamical homotopy approaches with some specific cha-

racteristics of each method;

e Simulations involving large-scale ill-conditioned power systems to demonstrate the ro-

bustness of the techniques to solve difficult convergence problems;

o Investigations of the behavior of the defined method parameters, tests in contingency
scenarios, and simulations for cases considering multiple slacks and overloaded systems;

and

o Demonstration of the sensitivity of the results for an iterative PFP, departing from an
initial estimate based on a flat start. It is emphasized how a homotopy-based technique

is beneficial for successfully converging the problem.

The proposed approaches aim to overcome the limitations of traditional methods, such
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as the conventional Newton-Raphson method, and provide accurate solutions while avoiding
convergence issues. The effectiveness of these approaches is evaluated through experiments on
large-scale and ill-conditioned models to contribute to developing more efficient and effective

solutions for PFP in complex power systems.

1.3 CONTRIBUTIONS

The main contribution presented by this work is the proposition of methods that allow
convergence for ill-conditioned large-scale systems starting from an initial estimate flat start.
The methods were tested with real systems available in the MATPOWER database, such as

13k-, 70k-, 82k, and 109k-bus, demonstrating the robustness of the method.

The idea is to handle homotopy functions in both static and dynamic forms. In general,
other publications explore only the static form. In this work, detailed studies based on the
dynamical approach demonstrate the efficiency of this tool to solve a PFP in combination with

the classical NR solver.

The work presents the homotopy technique as a powerful tool for dealing with the problem
of multiple slacks in a power system model. It is also adequate for multiple contingency studies
since interconnections can generally be disabled and/or activated simultaneously, while the
proposed power flow based on homotopy is solved just once. Experiments involving an 82k-bus

system illustrate this contribution.

Another relevant point is that the method was developed in the free software MATPOWER
(ZIMMERMAN; MURILLO-SANCHEZ, 2020), in which adaptations were implemented in an

auxiliary script to complement the original and obtain the desired results.

1.4 RELATED PUBLICATIONS

As a result of the research, the work provided the following publications:

(1) FREITAS, F. D.; SILVA, A. L. Flat start guess homotopy-based power flow method gui-
ded by fictitious network compensation control. International Journal of Electrical Power

& Energy Systems, Elsevier Ltd, v. 142, p. 108311, 11 2022. ISSN 01420615. Available
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in: <https://doi.org/10.1016/j.ijjepes.2022.108311>. (FREITAS; SILVA, 2022);

(2) LIMA-SILVA, A.; FREITAS, F. D.; FERNANDES, L. F. de J. A homotopy-based ap-
proach to solve the power flow problem in islanded microgrid with droop-controlled dis-
tributed generation units. Energies, v. 16, p. 5323, 7 2023. ISSN 1996-1073. Available
in: <https://www.mdpi.com/1996-1073/16/14/5323>. (LIMA-SILVA et al., 2023);

(3) LIMA-SILVA, A.; FREITAS, F. D. Dynamical homotopy transient-based technique to im-
prove the convergence of ill-posed power flow problem. International Journal of Electrical
Power & Energy Systems, Elsevier Ltd, v. 155, p. 109436, 1 2024. ISSN 01420615. Avai-
lable in: <https://doi.org/10.1016/j.ijepes.2023.109436>. (LIMA-SILVA; FREITAS,
2024a);

(4) FREITAS, F. D.; LIMA-SILVA, A. A power flow homotopy-based solver emanating from
a flat start estimate. In: 2023 IEEE Power & Energy Society General Meeting (PESGM).
IEEE, 2023. p. 15. ISBN 978-1-6654-6441-3. Available in: <https://ieeexplore.ieee.org/
document/10252210/> (FREITAS; LIMA-SILVA, 2023);

(5) LIMA-SILVA, A.; FREITAS, F. D.; FERNANDES, L. F. D. J. Técnica baseada em
homotopia com uma rede ficticia para determinacao da solucdo do problema de fluxo de
poténcia em sistemas mal-condicionados. In: Simpésio Brasileiro de Sistemas Elétricos -
SBSE. [S.L.: s.n.], 2023. (LIMA-SILVA et al., 2023); and

(6) LIMA-SILVA, A.; FREITAS, F. D. Exploring a dynamic homotopy technique to enhance
the convergence of classical power flow iterative solvers in ill-conditioned power system
models. Energies, v. 17, p. 4642, 9 2024. ISSN 1996-1073. Available in: <https:
//www.mdpi.com/1996-1073/17/18/4642>. (LIMA-SILVA; FREITAS, 2024b).

1.5 OUTLINE

This PhD thesis, in addition to Chapter 1 presented previously, is organized as follows:

o Chapter 2 presents the fundamentals for the formation of nonlinear equations that govern
the PFP, in addition to detailing classical solvers based on differential ordinary equations,

furthermore details the main concepts of homotopy;

o Chapter 3 provides a bibliographical review of the main works published in scientific


https://doi.org/10.1016/j.ijepes.2022.108311
https://www.mdpi.com/1996-1073/16/14/5323
https://doi.org/10.1016/j.ijepes.2023.109436
https://ieeexplore.ieee.org/document/10252210/
https://ieeexplore.ieee.org/document/10252210/
https://www.mdpi.com/1996-1073/17/18/4642
https://www.mdpi.com/1996-1073/17/18/4642
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journals that use, among others, the homotopy method to solve the PFP;

o Chapter 4 presents the idea of homotopy-based methods emphasizing static and dyna-
mical homotopy, besides the concepts of the proposed Fixed Point Vector homotopy

methods;

o Chapter 5 presents the test systems chosen to validate the proposed methods and their

main technical characteristics;

o Chapter 6 presents the experiments and results under different performance parameters,
such as the number of iterations, computational performance, and contingency studies,

applied to each power system model;
o Chapter 7 shows the main conclusions of the thesis; and

o The Appendix A, Appendix B, and Appendix C complement details and tutorial infor-

mation covered superficially in the main text.



CHAPTER 2

FUNDAMENTALS

This chapter presents the basis of the power flow problem. It aims to show the key equations
involved in modeling the problem and address the traditional and other known methods that

originated numerical computations in the past but are still used as references for studying the

PFP.

Advanced methodologies that treat ill-conditioned problems are also discussed, including

the fundamentals of the homotopy method.

2.1 THE POWER FLOW PROBLEM

An energy transmission system is a complex network that allows the transfer of electricity
from generation sources to consumers. At its core, it includes several key components and pri-
marily consists of elements like interconnections, device models, loads, generation sources, and
various characteristics, including device limits, transformer tap control, and capacitor/reactor
switching. Together, these elements allow the formation of a network model, which can be
modeled using various mathematical techniques. These elements have their models and can
be effectively modeled to create the network equations (KUNDUR, 1994). These models are
essential for deriving network equations that describe how power flows through the system,
enable engineers to analyze performance, identify potential issues, and develop strategies for

improvement.

Considering a portion of a power system defined by a fictitious bus k& and the elements
that compose it, as illustrated in Figure 2.1, the current injection convention consists of the
current injection at bus k (1), the shunt susceptance at bus k (jb;"), admittance between bus

k and bus m (yi,). Assigning the voltage at bus k as V', by Kirchhoff’s first law, the current
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jbgh l Lh

Figure 2.1: Current injection at bus k

injected at bus k is defined by

I = 30"V + > Tim, (2.1)

meQy

in which Q is a set of m buses adjacent to the k bus. Similarly, the current flowing from bus

k to bus m can be defined by

T = Y (Vie = Vi) - (2.2)

It can be concluded that the current injected into bus k£ can be defined as

mEQk mEQk

The Kirchhoft’s law relating current and voltage modeling these devices at each bus can be

put as

1 = [Yeus] - [V]- (2.4)

From Equation (2.3), each element of nodal admittance matrix Yy,s may be constructed as

Yir = J03" + D (vkm + dbin) (2.6)

mer

such that Equation (2.4) can be expressed with its elements (ZANETTA JR., 2006) in matrix

form o -
I [Yiu Yo o0 Y o0 Yy | Va
I, Yo Yo -+ Yy, -+ Yoy Vo
N : : - : - : ‘ _ 97
I Yio Y - Y - Yy Vi (27)
_TN_ L Yvi Yae oo Yam oo Yynd _VN_
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Therefore, the current in the £* node, for a given total number of buses Ny, is given by

Equation (2.8). B B B B
I =YuVi+YeVot+ -+ Y Vi,

Ny (2.8)

The complex power injection at each bus depends on the voltage at the bus, and the injected

current (GLOVER et al., 2012) in such a way that

Sk = Py +jQi = Vi, (2.9)
Ny *
P +jQk=Vi|D>_ YVimVm (2.10)
m=1

Moreover, the voltage phasor is Vj, = V7%, Vrn = V,e % and ?Zm = Gym — jBrm. Then,

replacing it in Equation (2.10)
Ny

P +jQu=Vi Y (G — jBim)Vine? =0 (2.11)

m=1

Knowing that the angular difference is given by 6, — 6,, = 0, and using the Euler equation
given by
e%m = oS O + 7 Sin O, (2.12)

Equation (2.11) can be rewritten as Equation (2.13).

Ny

Pe +jQr=Vi > Vin(Gim — jBm) [co8(Okm) + j sin (6] - (2.13)

m=1

Therefore, separating the imaginary and real components from Equation (2.13), the net active
power injected into bus ##k, denoted as Py, and the net reactive power injected into the same

bus, denoted as Q, can be expressed as Equation (2.14) and Equation (2.15).

Ny

Py =Vi Y Vi [Ghm c08(0km) + Brm sin(0p)] b =1,2,... N, (2.14)
m=1
Ny

Qv =V > _ Vin [Grom sin(Okm) — Brm cos(Ohm)] b =1,2,... N, (2.15)
m=1

Analyzing a bus of a power system, the power injected into this bus S} is the sum of the
powers generated S¢y, and the power consumed Spy, in this bus k, that is, S, = Scr — Spk.

Decomposing the apparent power Sy into active P, and reactive power Q,,

Py, = Pcy, — Ppy, (2.16)
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@k = @Gk - @Dk’ (2-17)

Each bus is associated with four variables: Vi, 0k, Py, and Qr (GLOVER et al., 2012).
Two of these variables must be specified to compute an operation point and the power flow
in the network. According to the bus type, the others are calculated, which can be verified
in Equations (2.14) and (2.15). The slack bus, or Vf-bus type, is a reference point with a
predetermined voltage magnitude and angle, contributing to balance system losses. The PQ
bus, also called the load bus, is the one where active and reactive power are specified, and
the voltage magnitude and phase angle are determined. This bus typically represents a load
connection. The PV bus, or controlled voltage bus, is linked to a voltage source, with the
voltage phase and reactive power are calculated. Furthermore, it requires consideration of

reactive power constraints (QIN, 2017).

Equations (2.14) and (2.15) represent a set of nonlinear equations that serve as the basis for
the PFP solution for a system with /N, buses. Rearranging these equations establishes this set
of equations according to the number of PV and PQ buses, known as Power Balance Equations
(PBE). Its standard form is in the polar coordinates by considering power injection formulation

in Equations (2.18) and (2.19),

Ny
0=P, -V, Z Vin [Grmcos(Okm) + Bemsin(Ogm)], k € PQ or PV, (2.18)
m=1
Ny
0=0Qr— Vi > Vin [Grmsin(Om) — Brmcos(On)], k € PQ. (2.19)
m=1

where a nodal voltage phasor at bus #k is Vi, = V260, Vi and 6, are the voltage magnitude
and phase angle of Vi, respectively; Oy, = 0, —0,, is the angular difference between 6, and 0,, at
buses #k and #m, respectively. P is the net active power injected into bus #k, while @)}, is the
net reactive power injected into the same bus; Gy, and By, are the real and imaginary parts
of Yim = Gm + 7Bim, the complex-valued entry element Y, of the system bus admittance

matrix.

In Equation (2.18) and Equation (2.19), P, and Q); can be put as a function of the vol-
tage magnitude (ZIP model, exponential form, etc.) (KUNDUR, 1994). Also, they can be

constrained, where the most usual is the reactive power limits verified in generator models.

The number of buses (Ny) can be defined by the sum of the number of PV buses (Npy ) and
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PQ buses (Npg) plus the slack bus. For example, considering an AC network with only one

slack bus, the number of bus is

Ny = Npg + Npy + 1. (2.20)

However, note that several slack buses can be present in a network, for example, in the case
of islanding of the system or in the case of asynchronous networks interconnected by DC link.
Knowing that Equation (2.18) is due to the PQ and PV buses, and Equation (2.19) is due just
to the PQ buses (ZANETTA JR., 2006), the total number (n) of nonlinear equations to be

solved is given by

n = 2NpQ + NPV7 (221)

and this set n of equations can be denoted by Equation (2.22), in which x = [OT VT]T eR"
is the network state and f(x) is a map, that is known as mismatch (or residue) of the PFP, of

the type f(x) : R" — R", which is usually solved by numerical methods.

f(x) = 0. (2.22)

2.2 CLASSICAL SOLVERS

Several methods are used to determine the solution of the PFP. The problem is discussed

in the sequel.

2.2.1 Gauss-Seidel method

The Gauss-Seidel’s method (GS) is an iterative numerical and simple method (AMERON-
GEN, 1989) which performs well for solving a load flow in small power systems. In some solvers,
the GS method is used as the initial solution (CHATTERJEE; MANDAL, 2017). A noted di-
sadvantage is the number of iterations needed to achieve the desired accuracy; the convergence

becomes slower when the system size expands.

Assume a relation between nodal voltage and injected current into a bus. The base equation

starts from the relationship between the voltage and current in a bus and the active and reactive
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powers injected (STEVENSON JR., 1986).

Vil = P, — jQu, (2.23)
. P
T, = DG (2.24)
Vk
. Ny
P, — o _
’“_—;3@’“ =YiuVi+ Y YV (2.25)
¢ "k

The voltage at PQ-bus k can be calculated (ZANETTA JR., 2006) using iterative steps defined
by

; 1 (p—
7o _ k= JQk _ zykn , (2.26)
Y ik (V?)
n;ék

and the iterative GS method

) = » N '
Vi = ) D T A DR PR (2.27)
Yk (V(Z)> —
k n=1 n=k+1

[terations continue as long as a stopping condition from Equation (2.28) is not met (GLOVER
et al., 2012).

<e forall k=1,2,...,N. (2.28)

2.2.2 Newton-Raphson’s method

A classical load flow method known as Newton-Raphson method (NR) or Newton-Fouriers
method (MILANO, 2010) is widely used in several PFP studies as a reference method. Well
known as a solver for well-conditioned cases (MILANO, 2009), it can solve large-scale systems
in a few iterations. The speed of convergence is one of its characteristics since the number of
iterations does not depend on the size of the system (TINNEY; HART, 1967). Furthermore,
accuracy is an important point for this method, being the precision controlled by a tolerance
for the power mismatch (¢), for example, in the range of € = 1 x 107® or smaller. This value
is widely used as a parameter for testing numerical solvers. Describing this power mismatch in
real values, it amounts to an inaccuracy of the calculations obtained of the order of 1 VA for a

system based on 100 MVA.
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Assuming that a PFP can be modeled by a set of non-linear equations defined by f(x), the
idea is to find the solution x, of the set of equations for which f(x) = 0 starting from an initial

guess x©.

Let x be a single variable and f(x) a single variate function. The Taylor expansion is used

as a starting point for the NR method, which is defined by

f(x)=>_ — o (x- x)", (2.29)

and can be rewritten as
£ (X(O))

f(x)="1 (X(O)) + 1 (X(O)) (x — X(O)) + o

(x — X(O))2 +
(2.30)
& (X(O))
3!

£ (x(©)

oy (x —x©@)".

(x —xO) ... 4

Considering that higher-order terms have less impact on the total sum, a linear approxima-

tion is defined by
f(x) ~ f (x©) + £ (x©) (x —x©), (2.31)
of

in which f’ (x) = [a_x] , then

}(x—ﬂ%. (2.32)

x(0)

Given that f(x) = 0, then

of

~ (0) il
ONf(x )+{8x

} (x — X(O)) : (2.33)

x(0)
and

f (X(O)) N — {%

Therefore the new estimate x can be obtained through the previous estimate x(*) given from

(0)} : (x — X(O)) . (2.34)

the equation
f (X(O))
I

Ix

(2.35)

x ~ x0

x(0)

In the same way, as x — x(¥) = Ax, it is easy to note that
f (X(O))
of
ox

Ax ~

, (2.36)

x(0)
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and Equation (2.35) can be rewritten as

x ~ x4+ Ax. (2.37)

Updating in Equation (2.37) is needed because the expression gives only a linear approxi-

mation of f(x). Then, several iterates are necessary until a prescribed precision is reached.

Considering that the nonlinear equations formed by a practical system are defined by mul-
tiple variables, Equation (2.36) can be extended to a matrix form. In this case, the deriva-

tive function of f(x) is transformed into a matrix named as Jacobian matrix J(x), where for

f(x) € R" and x € R"

, of (x)
() — 2.
J (x1) o | (2.38)
(Ofi(x) Oh(x)  OR(X)]
aXl aX? axn
afg (X) 3f2 (X) L 8f2 (X)
I =] oxi Ox 0xn | . (2.39)
(%) X))
| Ixy 0xs ox,, |

In summary, the NR method is governed by Equation (2.40). Furthermore, the estimate of
the root x, computed for the i iteration is x*1). Hence, it clearly depends on the estimate

from the previous iteration x), and the increment Ax® computed according to (2.41).
x0T = x4 Ax®) (2.40)

Ax = — [J (x)] 7' £ (x@) . (2.41)

After some convergent iterations, the numerical iterative procedure can converge for a re-
sult x,, depending on the initial guess. The control of the convergence process is assessed by
verifying the absolute deviations of a given set of variables or mismatch of f(x). A usual metric
is to adopt the ||-||os. Then, one way is to control the absolute deviations of Ax¥ or of the mis-
matches of the function (see Equation (2.42)). Then, when || || < € for a specified error ¢, the
method converges. In case this result is not obtained for a fixed number of iterations maw;s.,,
the problem is divergent. In this latter case, the problem has no solution, or the initial guess

was not adequately assigned to lead to the convergence of the iterates. Therefore, a robust
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method (or strategy) is necessary to solve the problem better.

1£(x.) ]| < €, for € > 0, (2.42)

£ oo = maz {| A, - - [fal} - (2.43)

2.2.2.1 Polar coordinate

All formulations of the NR method shown before followed the formulation in polar coordi-
nates. From Equations (2.18) and (2.19), the objective of the iterative method is to find a state
vector x composed of a module V' and an angle 6 of voltage that satisfies the equation below,

or approximates the result

Ny
P,:p — Vk Z Vm(ka COS ka + Bkm sin ka) = O, (244)

m=1

Np
Zp - Vk Z Vm(ka sin ka + Bk:m COS ka) = 07 (245)

m=1

where the specified active power is defined by P.” and the specified reactive power is defined

by @;". Thus the state vector in polar form is defined by
x:{q. (2.46)
Therefore the power mismatches in the iterative process can be defined by
AP, = P — P(V.0), (2.47)

AQr = QF — Q(V.0). (2.48)

Applying Equation (2.31), the matrix of power mismatches was defined for each iteration i as

A(AP) B(AP)

AP a0 v AH®
- , (2.49)
20| 0@ aaQ)| [ave
00 oV
knowing that P*? and QP are constants, Equations (2.47) and (2.48) are as follows
| oP 9P |
Ap© a9 ov | [A0Y
_— . (2.50)
AQW 0Q 0Q| |AV®

20 oV
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Thus, the increments of the state vector can be calculated for each iteration i as follows

, oP opP]! ,
AG o6 av| [APY
=— , (2.51)
ave] o 90| |agw
00 oV
and can be updated at each iteration as follows
Ol = 90 + AW, (2.52)
VD — v Ay O (2.53)
or op
In the literature, it is common to see the subdivision of the Jacobian matrix J = QQ %}
B_V

into submatrices called H, N, M and L, in which L = %1; , N = 35 , M = B—(g , and L

(STEVENSON JR., 1986; KUNDUR, 1994; ZANETTA JR., 2006). Thus, Equation (2.51) can

be rewritten as )

AG) H N|  [ApP®
= — . (2.54)
AV® M L AQ®

This subdivision into submatrices is justified because the equation of the partial derivatives of
the power equations as a function of the variables results in equations in polar coordinates that

are easy to implement computationally. Therefore, the submatrices can be defined by

0P

Hkm 89 = VkV (ka sin ka - Bkm COS Hkm), (255)
oP
Hy, = (‘39: = —Qr — Vi’ B, (2.56)
P
Niypy, = gvk = Vi(Ggm €08 O + B sin g, ), (2.57)
oP
Ny = a_v: = VY (P 4+ VG, (2.58)
0
My, = % = —ViVin(Gim €08 Ok, + B sin Oy, ), (2.59)
0
My, = % = P, — VG, (2.60)
0
Lkm = agk = Vk(ka sin Hkm Bkm COS ka), (2.61)
0 _
Lie = 295y, — vy, (2.62)
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2.2.2.2 Rectangular coordinate

Another way to organize the power flow equations is to use a rectangular form instead of a
polar one. All equations must be adjusted, and a new formulation must be defined in this case.

In this way, the nodal voltages at buses k and m can be rewritten as
Vi = Vi =V, + Vi, (2.63)
Vin = Ve =V, + Vi, (2.64)

where V, and Vj,, are defined as the real and imaginary part of the voltage phasor V. The

active and reactive power injected into a bus k can be written in rectangular form as
N,

P, = Zb Vi (Grm Vi, — Bim Vi, ) + Vi (Grm Vimg, — Bem Vi )] s (2.65)
m]:bl

Qk = Y Vimi (GimVer, = BimVima) = Ve (GimVim,, — Bim Vi, )] (2.66)
m=1

For PQ-type buses, the power mismatches are given by

AP, = P — i Ve (G Ve, = Bim Vimn, ) + Vimy, (Grm Vim, — Brm Ve )] = 0, (2.67)

m]:bl

AQk = Q7 = Vimy (Grm Vi — BimVimy) = Vi (GiomVim,, — Bim Vi, )] = 0. (2.68)

m=1

A voltage restriction equation is required for a PV-type bus, which is given by V2 = V2 +

Tk

V2

.- The linearization of this equation gives AV? = 2V, AV, + 2Vip, AV, where AV? =
(V)2 — (Vieale)2, Thus, the power mismatch matrix considering the voltage constraint equation

can be given by

(AP, ] Hy Hy ... Hy ... Hy, Ny N ... Niyoo... Ny, AV, ]
APQ Hgl H22 ce Hgk e H2n Ngl N22 NN Ngk ce Ngn A‘/TQ
AP, Hy Hup ... Huye ... Hun |[Nug Nz ... Nup ... N | | AV,
AQl MH M12 e Mlk SN Mln L11 L12 e le [P Lln A‘/zml
AQQ Mgl M22 e Mgk e MQn L21 LQQ e Lgk e Lgn A‘/imz
AV? 0o 0 ... 2V, 0|0 0 ... 2V ... O AVin,

|AQ, | | My My ... My ... My | Lot Lup oo Ly oo Loy | |AVig, |

(2.69)
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Similarly, the submatrices of the Jacobian matrix can be defined by
0P,
Hiy = 5 = Vi, Gt + Vi, B, (2.70)
0P,
Hy, = # = V.. Grr + Vim Brx + I, (2.71)
Tk
0P,
Nim, = o ko V. Bim + Vi, Grom, (2.72)
0P,
Ny, = oV LI Ve Bk + Vi, Git + Lim,, (2.73)
1M
0
0
My, = mC/Qk Vi Bik + Vi, G — Iy, (2.75)
Tk
0
0
Ly = mgk = V0. Grr — Vim, B + Ly, (2.77)
imy

in which I =YV = [. + jI;,,. Therefore, the increments of the state vector can be updated at

each iteration as follows

VD — O L AVO, (2.78)

v — @ 4 Ay (2.79)

m

2.2.2.3 Current injection

Another way for solving the PFP alternatively to polar and rectangular approaches is using
the form known as the current injection method (COSTA et al., 1999; ALVES et al., 2019).
Solving the equations in rectangular coordinates using the current injection mode requests a
set of Npg equations for PQ buses and a set of 2Npg equations for the current residuals defined

by

Irk = Z(G’“V“ - Bklvzmz) - V2 + V2 =

1€Q Mk

(2.80)
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/ Vi, P + Vo, Qi
iGQk Tk 1My
The imaginary and real current deviations can be defined by
Vi, APy — Vi, AQy
Vil AP, + Vi, AQy,
AL, = — —, 2.83
’ Vi + Vi (283)

in which Vj, = /V;2 + V2, (COSTA et al., 2001), and the equations can be rewritten as

Vi AP, Vi, AQy,

AL, = — , (2.84)
k ‘/192 ‘/192
Vi AP, Vi, AQy,
A, = —* k , 2.85
k sz + Vk2 ( )
with
_Aliml_ [ BIH GIH B12 G12 s Bln Gln 17T A‘/rl |
A]n G11 B11 G2 —Biyal|...| Gy, —Bia AV;ml
Alipn, By, Gy |B,, G |...|By G, AV,
AL, | — _ | Gar —Bai [ Gy By, || Goy —Bay, AVim, . (2.86)
A[imn Bnl Gnl Bn2 Gn2 cee B;mn G;ln A‘/T"
AVASY | G.i B |G B |...|G,, —B. | [AVig,.

The set of submatrices for the constant power model of the Jacobian matrix can be defined by

, oI Qu(Ve2 = Vi) = 2V Vi, Py
B — 1My — B o Tk 1My k k 287
o= Gy kk v : (2.87)
, I, Pe(V2 = V2, ) + 2V, Vi, Qr
G’ — 1My — G’ o Tk 1My k k 288
o= gy~ G R : (2.88)
" a[/ Qk(v2 - V2 ) - 2‘/1” V;m Pk‘
B, =" =-Bj — Tk e SRR 2.89
o= gy o v , (2.89)
" 8[/ Pk;(v2 - V2 ) + 2‘/;‘ V;m Qk
G,=-—-*=G Tk e PR 2.90

Reactive power residuals form a new state variable, so a new constraint equation is imposed

for PV buses.

V |%
AV, = ZEAV, + ZEAV,, 2.91
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where AV}, = VP — Veele (ALVES et al., 2019). Therefore the matrix can be adjusted as

Alip, B), B By Bi, Gy G Gux G, 0
Alip, B2i By, Boy, Bon | Ga1 Gy Goax G2y 0
‘/imk 4 4 Vi,
> APy Br1 B B, Bin | G Gga G, Ggn )
V2 Vv
Alimn Bn1 B2 Bnk B'/nn Gnl Gn2 Gnk G’/ﬂ’l’b 0
Al =- Gllll G2 Gk Gin Bllll —Bi2 B —-Bin 0
AlLL, Ga Gy Gak Gan | -Bai By, —Ba ~Ba, | 0
% Vv
"k AP, Gii G Gy Grn | -Bri —Bio B, B | — ek
Vk-2 Vk
AL, Gn1 Gn2 Gk G;in —Bn1  —Bna2 -B,x B;in 0
\% Vi
| AV | 0 0 ‘;: 0 0 0 ;:k 0 0

Finally the increment equations (ALVES et al., 2019) are defined by

2.2.3 Fast-Decoupled method

VT(HI) — ‘/7'(i) + Avr(i),

V) _

m

Vi + AV,

[ Av,,

AV,

AV,

AV,

AVim,
AVimQ

AVim,,

AVim,

| AQk

(2.92)

(2.93)

(2.94)

A widely used method called Fast Decoupled Power Flow (FDPF), initially proposed by

Stott & Alsac (1974), presents fast convergence compared to the full NR solver. Since its

conception, different versions have been created. The approach is also known as XB or BX

methods (AMERONGEN, 1989). Before explaining the difference between them, it is essential

to detail the construction of matrix B.

The transmission line branches are modeled by a conductance G and a suceptance B

(STOTT; ALSAC, 1974), according to Equation (2.95).

(2.95)

Once the line conductance Gy, is neglected, the Y}, matrix will be represented by Y, =
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JjBim, since only susceptance elements will compose it, being represented by the Equation (2.96).

Bll B12 e Blm

_ B B -+ By,

Ybus - j : :21 :22 . 2 (296)
Bii Bre -0 Bim

The decoupled method assumes that the power flow equations have a resistance of the
branch small with respect to the reactance Ry, < X4, and the angular differences are near

to zero Oy, = 0, — 0,, ~ 0.

These simplifications are possible by relating the power flow relations (P + jQ) with the
associated voltage drop (AV') and its angular opening (f,,). The nonlinear equations that
govern the power system are basically given by Equation (2.97) (STEVENSON JR., 1986;
ZANETTA JR., 2006; GLOVER et al., 2012).

Ny

P — Qi = Vi Y Vi Gim + 1Bim) [c08(Bkm) +  sin(Bhm)] (2.97)

m=1
Assuming studies with Extra-high Voltage (EHV) and Ultra-high Voltage (UHV) systems,

the branch resistances are assumed to be much less than the reactance (R, < Xgn) (ZA-

NETTA JR., 2006), and the impedance Zy,,, = Ry, + jXgm can be rewritten as admittance
ceptance element B will remain, as Equation (2.98).

Yk‘m

Neglecting conductance, only the sus-

ka
Bipwn=—————. 2.98
R, X, 2%
Then, Equation (2.97) can be rewritten as
Ny
P — Qi = Vi > Viu[Bron Sin(0pm) + jBrm €08 (0. (2.99)
m=1
Considering the following approximations sin(6g,,) ~ Ok, and cos(0,,) ~ 1, we have
Ny
Pr=> ViViuBim (b — Om),
m=1
m#k
? (2.100)
Ny

Qr=— Z ViV B

m=1
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In this way, it is possible to note that active power is associated with the angular phase shift
(P0), and reactive power is associated with the voltage magnitude variation (QV). Evaluating

only the active power of Equation (2.100), we can rewrite it as follows:

P N, N,
7 = 2 VBl = Y Vi Bl (2.101)
k _ —
mk mk

12

P
Assuming that V,,, ~ 1 and that AV < V for incremental values, we have that A (V)

AP
A yielding Equation (2.102) (ZANETTA JR., 2006).

AP Al al
v £ = ) Bl — > BpnAb,,. (2.102)
k — _
mzk mzh

From the nodal analysis, considering the neglected shunt elements, the proper element of
Ny

Ny
AP
susceptance is obtained by By, = — Z B.,. and LR —Bu.AG, — Z B, Af,,. After
_ k _
mh mk
AP al
simplifications, we have LA Z B, Af,, and writing as matrices
k m=1
AP
{7] = —[B][Ad]. (2.103)

For convenience, the matrix —[B] in the active power equation is called [B’]. In the same

A
way, with A (%) ~ 7Q, Equation (2.100) can be rewritten as
Ny
AQg
— _N"B,, AV, 2.104
7 mz:l k (2.104)
and
A
[7(;2] = —[B][AV]. (2.105)

Similarly, the matrix —[B] in the reactive power equation is called [B”]. Summarizing

Equation (2.103) and Equation (2.105) the iterative equations are organized as

| - B

(2.106)

P - B
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The method proposed by Amerongen (1989) considers four different strategies to consider
the resistance in the branches in the Yy, formation named BB, XB, BX, and XX methods. The
BB method considers the resistances in B’ and B”. In method XB, resistance is ignored only
in matrix B’ formation. In the BX method, resistance is ignored only in the formation of B”.
Finally, in the XX method, resistance is disregarded in forming B’ and B”. In summary, among
these, the ones that present the best performance are XB and BX (MILANO, 2010). The best
performance between XB and BX is associated with generally high R/X ratios (AMERONGEN,
1989).

2.2.4 DC Power Flow method

The DC Power Flow method, also known as linear power flow, is an approximate method
that only considers the active power distribution throughout the power system. The technique
is a good alternative to simplify classical power flow methods, being considered the simplest
power system analysis tools (PURCHALA et al., 2005). Therefore, the method has an analytical

solution and does not need iterations. Stott et al. (2009) enumerate some advantages:

a

(
(b

) non-iterative solutions;

) relatively simple method;

(c) the network data are relatively simple to obtain; and
)

(d) the results are reasonably accurate for phase angle.

The method considers some simplifications in Equation (2.22) to obtain a set of linear
equations (MILANO, 2010). The simplifications keep active power P and voltage angle 6 and
neglect reactive power Q and voltage magnitude V' (BIRCHFIELD et al., 2018). Initially, only

the nonlinear active power Equation (2.18) is considered, i.e.,

Ny

Pi=Vi > Vi [Gimcos(Opm) + Brmsin(Om)] - (2.107)

m=1
More specifically, in Extra-high Voltage (EHV) and Ultra-high Voltage (UHV) systems the
voltage magnitude is near to 1 pu (BIRCHFIELD et al., 2018) in such a way that the following
simplification can be applied

V=V~ % (2.108)
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Furthermore, in EHV and UHV the voltage angle 6, is small such that the angular appro-

ximation are small enough that
Sin(Og,) = sin(bx, — 0,) =~ O, — O,y (2.109)

In addition, the resistance of the lines R and charging capacitance B, are also neglected in
the construction of admittance matrix (WOOD et al., 2013; ZIMMERMAN et al., 2011), and

in such way that

1 1
~—, B,~0. (2.110)

Y =
R+ ;X X’

The admittance matrix Y, can be written as

Bll B12 Blm

- By By - B

Yous = J - :21 :22 . 2 : (2.111)
Bii Bz -+ By

The result leads to the nodal real power injections expressed as a linear function (HONGFU

et al., 2014)

Ny

Pp=> [~Bpm (0 —04)]. (2.112)

m=1

The main disadvantage of DC power flow is the inaccuracy of results, which can lead to a
wrong estimate (MILANO, 2010). It is important to know the system to which the simplifi-
cations are considered in the study. Despite this, some authors continued to investigate the
method and presented works to improve the accuracy of DC power flow formulations (YAN;

SEKAR, 2002; STOTT et al., 2009; QI et al., 2012).

2.3 NON-TRADITIONAL METHODS BASED ON SYNTHETIC DYNAMICS

The methods discussed beforehand may have limitations and fail when it comes to deter-

mining the PFP solution.

The emergence of more complex electrical networks with more restricted operations con-
tributed to difficulties in determining the solution to the load flow problem. This approach
continued to motivate research in the area to focus on unconventional techniques to solve the

problem. One line adopted was to seek the solution through a synthetic dynamics approach
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based on transformations and adaptations of the algebraic equations of the original problem
(MILANO, 2010; JARDIM; STOTT, 2005; TOSTADO-VELIZ et al., 2020a). However, always

with the aim of calculating the original PFP solution.

Several contributions were proposed to the topic of synthetic dynamic in the power flow

problem. Some of them are discussed below.

2.3.1 Euler’'s method

A technique denominated Continuous Newton’s philosophy (CN) was proposed by Hetzler
(1997). Following this philosophy, the static problem for solving a set of nonlinear equations via
the NR method is formulated as a set of Ordinary Differential Equations (ODE). Then, with
this objective, in principle, any numerical integration can be applied to solve the dynamical

problem.

A well-known and easy-to-implement numerical integration method is the Forward Euler’s
method (FE). The equations are similar to NR (a static approach) in such a way that the
NR method acts as an FE method with step size At = 1 (HETZLER, 1997). Therefore, by
introducing a generic and appropriate integration step At into Equation (2.41), for iteration i,

the state deviations are given by
Ax = At {= [ (xD)] 7 £ (x0) }. (2.113)
From Equation (2.40), knowing that x(*! = x® 4 Ax(® then

XD = xO AL [J (xP)] 7 (x@), i=01,... (2.114)

The problem formulation according to (2.114) can take several forms considering At as an
optimal multiplier. In this context, the problem is viewed as the numerical solution at the step
i of the ODE x = — [f,] ' f(x). The problem formulated this way was defined as Continuous
Newton’s method, and so a problem characterized by a synthetic dynamic (HETZLER, 1997;
MILANO, 2009; MILANO, 2010). In this context, other numerical integration techniques can

be utilized to solve the problem, noting that the solution of interest is the steady-state one.

Since the initial estimation is often not the solution, it can be viewed as a perturbation

in the dynamic problem. Therefore, until reaching the steady state, the intermediary curve
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points, defined by x(* between the initial point in x(®) and x,, are similar to those composing
the points of a transient. Thereby, the synthetic dynamic problem can be viewed as solving a

transient problem in power systems.

The FE scheme is considered a single-step and explicit integration method because the
calculation of the solution x*Y depends on only a single recurrence in the known solution

(point) x®.

2.3.2 Backward Euler’'s method

Another single integration scheme is the Backward Euler’s method (BE). It was presented
in the context of CN power flow topic by Milano (2019). It is an implicit numerical method
that depends on the current iteration to calculate the current step. Its standard scheme can

be given by

<D — (@) _ A [J (X(i+1))]—1 £ (X(i-i-l)) . i=0,1,... (2.115)

Note that the calculated iteration x+") depends on itself to compose the terms given by
J (x(”l)) and f (x(”l)). According to Butcher (2016) the method is promising because it

presents a certain stability depending directly on the step size At.

2.3.3 Trapezoidal method

The Trapezoidal method (TM) can be viewed as an evolution of Euler’s method, repre-
senting an average of both FE and BE methods (BISWAS et al., 2013). It is classified as an
implicit method because it uses the results of the current iterations to continue calculations
until convergence is achieved. Its standard scheme is given by Equation (2.116). According to

Sun et al. (2024), it may show better accuracy for long time intervals At (SUN et al., 2024).

x0T+ = x(® _ % [T (x)] 7 (x@) + [T (xTD))E (xT)], i=0,1,... (2.116)
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2.3.4 Runge-Kutta’s methods

Similar to the FE method, the Runge-Kutta’ formulas (RK) are used to solve dynamical
nonlinear equations through numerical integration schemes (SHAMPINE, 1986; KUNDUR,
1994). This method is also employed for a dynamic form of the PFP (MILANO, 2009). It

involves additional computation using constants referred to as K,,, for the same iteration.
The Runge-Kutta 2"¢ order’ method (RK2) iterative formula is given by

0 At(K; + K>)

x+D = x 5 , (2.117)
where the constants are calculated (LOTKIN, 1951; RALSTON, 1962) as
K, =f(x®, t®), and
(2.118)

K, = f(x+ Ky, t9 + At),
with ¢t as fictitious time related to the iterations, generally not used explicitly in the formulas.

In the same way, classical Runge-Kutta 4" order’s method (RK4) is an efficient explicit
numerical integration to solve the PBE using the previous state x*) to take the next iteration
and get the solution to the problem (MILANO, 2009). The update x(*Y is composed of

previous iteration results and calculated as

@ 4 ALKy 4+ 2K, + 2K3 + Ky)

x0T = x : (2.119)
6
where the constants are calculated (GALLER; ROZENBERG, 1960) as
K, = f(x9, t®),
Ky At
oo (s 55 3)
(2.120)
. K NERVAN
Ky = f (x@ + 72 @ 4 7);

Several methods are proposed in Tostado-Véliz et al. (2019a) and are compared with the
RK methods. The robustness of the method is assessed considering medium and large-scale

ill-conditioned power systems.
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2.3.5 Heun and King Werner's method

The Heun-King-Werner’s method (HKW) proposed by Tostado-Véliz et al. (2020a) can solve
ill- and well-conditioned cases. With an approach that combines the Heun method (BUTCHER,
2016) and the King-Werner method (ARGYROS; MAGRENAN, 2017), it is suitable for solving
nonlinear equations with a convergence greater than NR (MCDOUGALL; WOTHERSPOON,
2014). The Euler method with a step At is expandable by the prediction step for an initial
estimate of x*) given by

where

g (xM) = =3, (x®) 7" £ (x). (2.122)

Using the King-Werner’s method, an intermediate point between x*) and y® is calculated

generating the estimate x(*)

1
%09 = (x4 y®). (2.123)
Then, Equation (2.122) is modified to
g (59) =~ (£9) £ (x9) (2120

Therefore, Heun’s method is characterized by estimating the next iteration using the fol-

lowing equation

(k1) _ (0 4 A

5 I () g ()] 2129

X

The method proposed by Tostado-Véliz et al. (2020a) uses an adaptation parameter 1(*)
defined as

2|SSR® — SSRO)|

SSRO ’

IQE (2.126)

where the suggested initialization is given by ¢?) and the Sum of Squares of Residuals (SSR),

for SSR(-) : R" — R", defined as
SSR® = — [ (x®)]" - £ (x®). (2.127)

Tostado-Véliz et al. (2020a) suggest limiting ¢ to a maximum value of 2, where under these

conditions, they work like the NR method with At = 1.
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The next subsection will examine a different method utilizing a dynamic approach to address

the static PFP.

2.4 SYNTHETIC DYNAMIC POWER FLOW

This section discusses a different dynamic technique used to solve the PFP. The objective is
not to provide an in-depth analysis of the technique but to evaluate its components to highlight
another dynamic scheme for the PFP that differs from the dynamic homotopy approach. The
Synthetic Dynamic Power Flow (SDPF) is part of the ORGANON software (see Chaves (2008))

and its detailing is beyond that one discussed in this thesis.

The method analyzed in this section is known as Synthetic Dynamic Power Flow (SDPF) and
was proposed by Jardim & Stott (2005). In the problem formulation, the nonlinear equations of
the PFP are grouped and modified conveniently to join states, x, with another set of variables
called control variable y. The steady-state response of this modified problem is expected to
converge to the standard PFP solution. Consequently, like the dynamic homotopy problem, it

depends heavily on a numerical integration method for determining its solution.

2.4.1 Description of the method

The main aspect of the method is the introduction of decision variables, also known as
controlled variables. As a result, a dynamic characteristic is created so that these variables
reach a steady-state, following a dynamic behavior. This aspect is what characterizes the so-
called synthetic dynamics of the problem. It can be said that the solution to the problem in
a steady-state is what matters, regardless of its transient behavior. Furthermore, the nature
of the dynamic aspect introduced into the problem is entirely artificial and can assume infinite

configurations, depending on the parameters adopted to represent it.

The differential equations involving the decision variable are of the type (JARDIM; STOTT,
2005)

y =z(x,y), (2.128)

in which y is the control variable (decision variable) and x represents the states.
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Equation (2.128) is associated with control in the voltage magnitude in PV buses, limits
of equipment, control actions, etc. In the PQ buses, the goal is to deal with mismatches that
characterize an equilibrium between the specified power injection into the bus and the power
flow to interconnections. Then a set of nonlinear equations characterizes the power balance

equations and can be represented by algebraic equations of the form

0=f(xy). (2.129)

The problem involves solving a nonlinear algebraic-differential equation set composed of
(2.128)-(2.129). An implicit integration method is suggested in (JARDIM; STOTT, 2005)
to solve the problem. Following the strategy adopted in that reference, the set of nonlinear
equations is discretized for a given step At and handled according to the chosen implicit method.
Then, a general form for the differential equations can be transformed into a set of algebraic

equations organized as follows

Vi1 = BAtZ(Xp41, Yni1) + C,
(2.130)

—Yn+1 + BAtz(Xn—Hv Yn-i-l) + C = Oa

in which At is the integration step, J is a coefficient that depends on the numerical method,
and C is a term that depends on the previous steps, which are intrinsic to the implicit method.

The algebraic equations in (2.129) assume the form

f(Xn—l-lu}In—l—l) =0. (2131)

The combination of Equation (2.130) and (2.131) forms a set of nonlinear equations that

must be solved simultaneously, for example, by the NR method.

2.4.2 Definition of decision variables and associated dynamic equations

A key aspect of the SDPF method is characterizing the decision control variables. In Jardim
& Stott (2005), several options are presented. However, in this thesis, only some variables
associated with a power generator are the target of the discussion. For example, the controls of
the active power, the terminal voltage, and the reactive power limits. However, other quantities

and other components could be explored.
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In a PV bus associated with power generation in the PFP, the main control strategy usually
used is to control the active power of the generator and its terminal voltage. These two aspects

are modeled below.

Jardim & Stott (2005) suggest that power generation can be represented by a classical
model (electric circuit), whose PV bus is connected by an internal voltage source through a
reactance X;. In this case, the internal source, represented by a dynamic phasor, is used to
form a differential equation associated with a given decision variable. Figure 2.2 illustrates the
associated electric circuit when a bus k of type PV is considered.

|
W
|

X

Vi L0,

Figure 2.2: Electric circuit with an internal voltage behind a reactance X,

In the electric circuit in Figure 2.2, the objective is to control the active power produced
by the generator at a specified value P,” and a specified terminal voltage V;”¥. Then, assuming
a dynamic behavior, in steady-state, it is expected that Vi (t) — V;* and Py(t) — P.*. Also,
reactive power limits can be controlled by handling the reactive power of the generator, Q(t),

and its respective limits. In this case, the option to control the voltage Vi () must be released.

Following Jardim & Stott (2005) and considering the electric circuit in Figure 2.2, the active

power control in a PV bus for a generator k£ can be associated to the differential equation
Sk = KPk[Ppr - Pk<V797y)]7 (2132>

in which ¢y is the internal angle of the generation unit, which is determined considering a
voltage drop in the generator reactance. Kpy is a positive constant, P,” is the power to be
controlled on the generator terminal bus, and Py (V,0,y) is the power calculated as a function

of the states and control variables.

The terminal voltage control at bus k is based on the dynamic equation

Ey = Kvi(V;P = Vb, (2.133)
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in which Fj is determined as the internal voltage behind the reactance X; (see Figure 2.2), the
term Ky is a positive constant, V7 is the voltage specified at bus k, and Vj, is the voltage

variable used to control V;.

If the reactive power limit is activated, an alternative is to release the control of the voltage
magnitude and start controlling reactive power in order to keep it within pre-established limits.

In this situation, Equation (2.134) is used instead of Equation (2.133) if the limit is violated

By, = Kg[QF — Qr(V.0,y)], (2.134)

in which @;” is the violated limit, 7.e., Q" = Qmin case the violated limit is the minimum value

Qmin O Q) = Qumaz case the violated limit is the maximum value Qqz.

The reactive power limit must be checked after convergence of the implicit method ite-
rations at each time step n, to verify which equation to use in the step calculation, either

Equation (2.133) or Equation (2.134).

The slack bus in the system is considered an infinite bus, in which the angle 6, = 0 and

Viack = Voo are defined.

The Trapezoidal method (TM) was used in the variables discretization, traditionally used
in electromechanical and electromagnetic transients simulations. Assuming that the reactive

power limits meet established conditions, the dynamic equations for a given bus k are

0p = Kpp[PP — Po(V,0,y)] = —Kpr AP, (2.135)
Ey = Kvi(V;? — Vi) = =Ky AVj, (2.136)
where
AP, = P(V,0,y) — P, (2.137)
AVy =V — V2. (2.138)

Using the trapezoidal method, knowing the data at step n, the calculation at step n + 1

and time-step At, gives

At

507 <o = Bl (AR 1 AR (2139
(n+1) (m _ At (n+1) (n)

2
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that generates the nonlinear equations

0=0"t — st 4 7ka(APk( 4 APM), (2.141)
0=E"" g™ 4 7KV,C(Av,j Ay, (2.142)

In addition, there are also the algebraic equations of the type

f(xmHD) ythy =, (2.143)

In addition to Equations (2.141), (2.142) and (2.143), the equations due to the internal
voltage drop in each generating unit connected to a bus k, of the PV type, must be considered.
From the circuit in Figure 2.2, the voltage behind the reactance can be calculated, assuming a

current I, and a terminal voltage V;Z6,. The relationship between the voltages is

Ep /6, = Vil Oy + i X, Ik (2.144)

Current I, can be interpreted as the current injection into bus k due to the generator. It

can be calculated using the matrix Y3, and the voltage at each bus of the system as

Iy = Yous(k, )V = V1Y + VoY + ... + Vi, Yin,,

N, (2.145)
Iy = ViYim.
m=1
Therefore, Equation (2.144) becomes
Ny
Ep L8y = VidOy + jX0 > ViV, (2.146)
m=1
Splitting Equation (2.146) into real and imaginary parts, it is obtained
Ny
E). cos 0, = Vi cos O, — X, Z V(G sin 0, + By, cos 0,,), (2.147)
m=1
Ny
Ejsindy, = Vi, sinf, + X, Z Vi (G €08 0,y — B sin6,,), (2.148)
m=1

allowing to write the algebraic equations

Ny
0 = Eicosd, — Vi, cos b, + X, Z Vi(Grm sin 0y, + By cosf,,), YE=1,--- N, (2.149)

m=1
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Ny
0= E,sind, — Visinf, — X, Z Vin(Ggm cos 0, — By sinb,,), Yk=1--- N, (2.150)

m=1

Therefore, Equations (2.141), (2.142), (2.143), (2.149) and (2.150) form a nonlinear equation
system which must be solved in the variables x("*1) and y™+V| for the time t,,1, given that

the states and decision control variables at the step n (time ¢,), x™ and y™, are known.

Assuming that the problem is solved iteratively by the NR method, then in the " iteration

of the step n + 1 is calculated as
x(MHLHD) (1) Ayt L) (2.151)
yHLitD) — (L) Ay (L) (2.152)

Note that 6 and E comprise the set of variables y. Thus, considering the slack bus as the
number 1 and it has angle zero, the state vector is x = [fy...0np, Va... Vay|T € RENPvHNEQ)

and y = [01F) ... 0npy Enpy |7 € REVPV),

The organization of variables and equations was done by prioritizing the representation
usually made in MATPOWER to take advantage of its existing data structure. Thus, the

variables were defined as follows
: : : : : T
x= [0y Og ' Vi, ' Vibg 1671 ET] (2.153)
The equations were organized as follows:

1) Npy equations of the type (2.141);

2) Npg equations with active power mismatches at load buses;

)
)

3) Npy equations of the type (2.142);

4) Npg equations with reactive power mismatches at load buses; and
)

5) 2Npy equations of the type (2.149) and (2.150).

Considering the previous modeling, it is possible to write a linearized system of the type

A
ASHY 4 T Kp(Tipv A0 + Jopy AV) = —F, (2.154)
leQAH + JQPQAV = —Fpr, (2155)
A
AEC™) L K, AV = —Fy, (2.156)

2
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JspoA0 + Jipo AV = —Fgpg, (2.157)
aHAE -+ a12A5 -+ CL13A9 -+ CL14AV = _FE17 (2158)
aglAE + CLQQA(S + CL23A0 + CLQ4AV == _FE27 (2159)

where the mismatches Fs, Fppg, Fv, Forg, Fri1, and Fpgs are calculated as follows

A A
Fs =60+ 4 5KPAP(”+1) + (—0™ + EKPAP(")). (2.160)
Given that AP = P(V,0) — P at a PV bus. Remark that in the illustration of Figure 2.3
that P®P at bus k refers to the power injected into the bus. Thus, if there is generation and a
constant load P at the bus, P® = P97 — P Tp the figure, the illustration refers to the case
where an active power generation is 1.0 pu in the bus, and the consumption in the bus equals

0.8 pu. Then, it must be considered a power injection of 0.2 pu as P.” for the bus.

7 PE= 1)

O
\ ™

PPN - 0.8 pu
PP = 0X pu

AN

Loé\with pload Cte
0.8 + jf.l pu

=/

Figure 2.3: Illustration for the definition of the power injected into the bus & in the scenario where in the bus
there is both generation and load

Remark that AP™ in Equation (2.160) must be kept constant at step n since the interest

is the iteration to obtain the results at step n 4+ 1. Other information are:

e Fppg = mismatch AP at PQ buses;

At At
o Fy = E0HD 4 7KVm/<n+1> + (—EW + 7KVmﬂn)) with AV =V — VP at PV

buses;

« Fopo = mismatch AQ at PQ buses; and

[ F

} = [Equations (2.149) and (2.150)].
Fpo
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Note that the objective is to solve an initial problem for determining the variables in step
n + 1. Assuming that an iterative method is used, an initial estimate is needed for this step.
The value of the previous step n was adopted with this aim. Therefore, the initialization for

n+1,0)

computing the variables in step (n + 1) are done considering the variables x! = x™ and

y 10 = v  Jardim & Stott (2005) suggested initializing the problem by considering a

predictor step.

In the case of convergence in step n + 1 (point ¢,.1), the time is incremented according
to the time-step At, and a new point is obtained. The process continues until a steady-state
status is reached or a given tolerance is acceptable for the PFP. Also, the divergence can occur,

and in this case, other parameters associated with the decision control variable should be set.

Convergence (steady-state) is verified when the error between the specified value of all
control variables and the specified values, as well as mismatches in all buses, is less than a

prescribed tolerance.

2.4.3 Reactive power control in generators

The reactive power limit in generators is an important issue treated when the PFP is studied.
Its study should be considered for several reasons, such as controlling the terminal voltage or
other remote bus voltage. The constraint comprises minimum and maximum values, @,,;,, and

Qmaz, Tespectively.

According to Jardim & Stott (2005), when a violation of the reactive power limit is detected
in a generator, the differential equation E w =K Vk(V,:p —V}) used to control the terminal voltage
must be replaced by Fj, = Ku(QF — Qr(x,y)) = —K4AQy, with AQy = Qi(x,y) — QF, in
which Ky is a positive constant, @Q;” is the violated limit (Qin, Or Qmas) and Qi (x.y) is the

reactive power calculated in step n for the generator connected at bus k.

Thereby, applying the trapezoidal rule for numerical integration, the discretization of the

equation generates the recurrence equation at the bus k of type PV

BV = B — SR (AQ0 +A¢), (2.161)
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producing the algebraic equation

A A
A AQMY 4 2K AQP. (2.162)

0=E"Y - B+ 3 .

The evaluation of @ to compare with the bounds [Qmin, Qmaz] is given by (see Figure 2.4

for illustration)

Z Qum + QY ke PV (2.163)

where ()., is the reactive power ﬂowmg from the bus k& to m, and

Sim = Vil = V(Y V) = Pom + jQrm, (2.164)

(load)

51D = pllowd 4 jlled, (2.165)

- [= —
@l W—===] |
e

Load

Figure 2.4: Reactive power flow

Therefore, the value of ) can be computed as

Qi = imag[Vi(Yus(k, )V)*] + QL. (2.166)

Considering the PV buses, the linearization of Equation (2.162) generates the mismatch

equation

At n n
Mismatch: Fopip, = Elinﬂ) — E(n) + - Ky (AQ (nt1) | AQ,(C )> , (2.167)

and

wen) At
AEM™Y 4 5 Ko (Jaipy A + Jaapy AV) = —Forim. (2.168)
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Remark that the submatrices J3;py and J3apy were not part of the Jacobian matrix when

bounds were met and are now incorporated to accommodate the bounds violation of Q.
Figures 2.5 and 2.6 shows a simplified flowchart for the SDPF. In the flowchart, it is possible
to highlight two main loops: an internal and an external. So, the main comments will emphasize

their characteristics.

Define initialization parameters

At, tol, tolg, Vo, b0, Xo, Kp, Ky, K,
Q" Q™ e, P, Vi

[omean=o ]

/ 60 =0, Ey =1, for PV bus /

Compute:
AP, = P, — B", justtoPV bus;
AV, = Vi — Vi, just to PV bus;
F5 = AtKPAPk;

Fppg = AP, and AQ just to PQ bus;
Fy = AtKyAV,, and AFE just to PV bus;
AP = AP, justto PV bus;
AV = AV, just to PV bus.

no

Qlim # 0

Compute: @y for PV and change equation of AV}, for AQy =
Qr — Q™ according to the violated reactive power limits.

'“ [

Compute: AQy. for PQ bus.

Compute: the mismatchs AE for E real and imaginary parts.

|

Form a initial mismatchs vector
o= [ngFgPQvngAanAET]T'

eS
th | Flleo < tol

no

End @

Figure 2.5: Flowchart illustrating the SDPF - Part I
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— Form the Jacobian matrix J associated to F.

|

Compute Ax = —J'Fandx = x¢ + Ax
with xo = [angvag‘PQv‘/g}—’VﬂW%Q?ég'vEg]T'

Compute the mismatches F'

no

[|Fl|e < tolyr n=n+1

Check @ limits arguments Qe = Q"™ =1

|

AQmaz‘ — Q _ QTGHGI" or
AQmm — Q _ QTGM"

A= 5 1)
or
AQmin <0

yes

Figure 2.6: Flowchart illustrating the SDPF - Part II

The internal loop is in Figure 2.6, following the direction marked by the letter “A”. This
loop performs computations of the NR scheme related to the computations of the variables for
the step n + 1. The convergence is met when the infinite norm of the mismatches is smaller
than tolyg. After convergence, the reactive power limits of generators are evaluated. In case
of any violation, a flag Q"™ is switched to the value 1, but if no violation is verified, the flag is
set to zero, as initialized on starting the initial computations. Then the step n is incremented,
and the external loop is completed, returning to restart the problem following the path “B”
in the flowchart, now in Part - I. This external loop stops when the mismatches F' achieve a

tolerance tol, indicating a steady-state status.
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2.5 IWAMOTO’'S METHOD

Another common strategy to address the issue of ill-conditioning encountered in solving the
power flow problem was to use an acceleration factor. This factor is applied to the deviation

states to compute the updated states during each iteration.

A method proposed by Iwamoto & Tamura (1981) focuses on optimizing the acceleration
factor, also known as the Optimal Multiplier (OM). This method utilizes the power flow re-
presentation in rectangular coordinates, benefiting from the quadratic characteristics of the

problem for its 1-parameter optimization approach (IWAMOTO; TAMURA, 1978). The fol-

lowing provides a brief description of the problem formulation.

Assume the set of nonlinear equations given by Equation (2.169), in which y(x) is a calcu-

lated power vector and y* is a specified power vector.
y(x) =y° (2.169)

Considering an m-bus network with input data in rectangular coordinates, then

« vector of nodal voltages: x=1[er f1 ea fo ... em fml;
o vector of specified quantities: y*=[P§ Qi P5 |[V5]*> ... P¢ Q¢ |; and

« vector of calculated variables: y(x) = [P;(x) Qi(x) Pa(x) [Vao(x)[* ... Pn(x) Qun(x)].

Expanding Equation (2.169) in Taylor series, it is obtained
v’ =y(x+ Ax), (2.170)

where
2

s _ a T a
v =y(x)+ aXy(x) Ax + Ax 8X2y(x) Ax. (2.171)

0
Considering that the Jacobian is J = a—xy(x) and

y(Ax) = AxT - @y(x) - AX, (2.172)

then
yi=y(x)+J - Ax+ y(Ax). (2.173)
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Suppose that a scalar p is inserted into the equation in the same direction as Ax in order
to improve convergence and suppose that in some iteration, the state vector x is named as Xe.

Then, the following algebraic equation is formed as
v —y(xe) —J - pAx — y(pAx) = 0. (2.174)

Therefore, Equation (2.172) can be rewritten as

2

y(uAx) = (AXT) - Ly (x) - (udrx),

ox?
(2.175)
2 r 0
y(pAx) = p*- Ax - o5y (x) - Ax.
Observing Equation (2.172), Equation (2.175) can be rewritten as
y(pAx) = i - y(Ax). (2.176)

Hence, Equation (2.174) remains as a second order equation defined with the constants a, b

and c as a function of p

Y = y(xe) + - [=T- Ax] + - [~y (Ax)] = 0, (2.177)
then
atpu-b+pu*c=0, (2.178)
where
a= ys - y<xe);
b=-JAx; (2.179)
c = —y(Ax).

If g is an Optimal Multiplier (OM), and n = 2 - m, the idea is to adjust the OM size, using
the function F' defined in Equation (2.180).

n

1
F=g3 (it bitpc). (2.180)

j=1
The OM p is adjusted through the minimization of the function F'. Then, applying the

0
optimal conditions for Equation (2.180), the condition a—F = 0 must be satisfied. Therefore,
1

resulting in

n n n

Z(aibi) + Z (b? +2- aici) 3 Z(bici) cpt 2 Z (Cf) it =0, (2.181)

i=1 i=1 i=1 =1
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and

go+ g ptg g’ =0, (2.182)

where
n

g = 2<aibi);

g = i (b7 + 2 - a;c;);
=1

g2=3" an(bici)§

g3 =2 2; (c7)-

Finally, calculating the OM u for each iteration and choosing a real solution for it close to

(2.183)

one, an updated state deviation vector can be obtained as Ax(") «— u . Ax(" and

x D = x4 pAx™. (2.184)

2.6 APPROACH BY HOMOTOPY

Using homotopy-based techniques offers an alternative method for addressing ill-conditioned
systems, focusing on both static and dynamic approaches. This expands the tool options for
power flow research, complementing traditional methods and those that incorporate synthetic

dynamics and acceleration factor optimization.

Homotopy methods are robust numerical techniques applied for solving systems of nonlinear
algebraic equations as Equation (2.22) (WATSON, 1989; CHIANG; WANG, 2018) for the
generic power flow problem. They are also called numerical path-following methods since they
depend on a path emanating from an initial state to a final equilibrium point. The problem
involves designing an appropriate parameterized nonlinear equations system for a parameter
h € [0,1] (LIAO, 2012). The formulation considers that at the initial state, defined for h = 0,
the problem is “easy” to solve or has a known solution. In contrast, when h = 1, the final

state is identical to the “difficult” solution for the problem formulated for finding the roots of

f(x) = 0 (WATSON, 1989).

The homotopy process is generated assuming the inclusion of parameters to gradually mo-

dify a nonlinear function (formulation for the “easy” problem, which has a trivial solution),
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modifying it until the original function is recovered (the “difficult” problem, which corresponds
to finding the zeros of equations such as Equation (2.22)). We also assume in this work that the
trivial solution of the “easy” problem is precisely equal to the initial estimate, x\9, for solving

the NR problem of the homotopy path.

The homotopy technique applied to a specific problem depends on a homotopy map G
based on the original system of equations f(x) = 0 and a set of parameter h according to a

modified nonlinear function for an algebraic system (MILANO, 2010)
G(x,h) = 0, (2.185)

in which h = [hy hy ... hy]T is the continuation parameter set; a map G is defined as G :
R™* — R™ and is generated according to the use of h and the definition of the “easy problem”,

i.e., for h = 0. The parameter h is an independent variable such that G : R™ x R™ — R".

The expression G(x,h) comprises generally two parts: one is related to the term that must
be preserved when the homotopy parameter assumes the unitary value; and the other is the one
that is extinguished for this same parameter value. For a single homotopy parameter h € [0,1],

an example is the classical expression
G(x,h) = hf(x) + (1 — h)go(x) = 0, (2.186)

in which go(x) is considered the “easy” solution problem and f(x) is the target nonlinear

equation.

Note that go(x) in Equation (2.186) is a function freely defined by the user, and for each
value of h, a system of the nonlinear equation should be solved according to a fixed h. When h
is discretized for values 0, hy, ha, ..., h,, we say that the solutions for G(x,h) corresponding to
h; are associated to a point of the homotopy path. Therefore, the path is formed by all solutions

obtained using the values h;, « = 0,1,2,... n.

For a simple demonstration of an application of the composition of G(x,h) to manipulate
a network through a single homotopy parameter h, assume that f(x) = f(x) + f2(x), i.e.,
the network equations are composed of two parts fj(x) and f3(x). For example, the function
G(x,h) can be formed to eliminate the second part, such as in a contingency study. For this

claim and using the single homotopy parameter h € [0,1], the expression is

G(x.h) = Afi(x) + (1 — h)a(x) + (1 — h)go(x) = 0. (2.187)
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In Equation (2.187), when h = 0 (the “easy” solution problem), the problem consists of
solving the equation f,(x) 4 go(x) = 0, starting from an initial estimate x(®). Considering that
in a contingency scenario, f5(x) models a very small part of the network, for example, a trans-
mission line outage or other interconnection, its representation is very simple. Consequently,

we can formulate this initial problem as easily solvable.

On the other hand, if the interest is the insertion of a device or control law, we can suppose
that initially f(x) = f;(x) and the term f3(x) needs to be added to the original one. Then, the

expression for G(x,h) can be written as

G(x,h) = hf;(x) + hfy(x) + (1 — h)go(x) = 0. (2.188)

In Freitas & Silva (2022), a static homotopy approach was introduced to solve a problem
of type Equation (2.185) embedding two parameters, i.e., n, = 2. The parameters were used
to drive the solution from a flat start initial estimate, which also coincides with the solution to
this starting point of the homotopy path. Modifications that affect only some specific elements
of the system admittance matrix according to h reach the final result at the last point of the

homotopy path.

The idea in using h = 0 was to obtain the trivial solution by reorganizing the network
elements fictitiously so that each bus met its own consumption and generation demand. The
consequence is that there would be no load flow between the buses, and the solution of this
system is the same initial estimate of a flat start guess. The networks presented in Figure 2.7
show two didactic examples of how the method works for highlighting changes at the k-bus of
type PQ (Figure 2.7(a)) and the k-bus of type PV (Figure 2.7(b)).

Evaluating the system in Figure 2.7(a), it is assumed that bus #1 is the slack-bus, where
the voltage magnitude is given, [V;| = Vp;, and as reference bus with 6; = 0°; V| = V;,;£0°,
for the bus #m of PV-type with the given voltage magnitude Vo, Vi = VomZ0°. Considering
that the initial estimate is of the type flat start, we have the voltages on the buses of type PQ),
Vi and V;, Vi = V; = 1£0°. Then, Equation (2.18) and Equation (2.19) can be written for
this specific case, as follows

AP, = P, — V3,V; [Gy;j cos(0k;) + Bijsin(bx;)] — ViVor [Gra cos(0x1) + By sin(6x1)] —

ViVom [Grm €08(0km) + Brm sin(0gm )] — Vi Vi [Grel,
(2.189)
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AQk = Qk — V;J/] [Gk] Sin(ij) — Bkj COS(@kj)] — Vk‘/()l [Bkl sin(@kl) — Bkl COS(@kl)] —

Vk‘/(]m [ka SlIl(Hkm) — Bkm COS(@km)] — Vka [_Bkk]
(2.190)

0

Slack Slack
| Gy By | | Gy By
oo o ®
V, =V, L0° V, = 1.0£0° Vin = Vol 0° V) =V,L0° V, = Vi L0° Vin = Vol 0°
(a) bus #k as PQ-type (b) bus #k as PV-type

Figure 2.7: Schematic diagram to determine the power flow equations at first iteration with flat start guess
at a bus #k as PV- and PQ-type

Assuming that V, =V}, sin(6y;) = sin(bkm) = sin(fxr) = 0 and cos(by;) = cos(Op) = 1,
Equation (2.189) and Equation (2.190) are transformed to

AP, = P, — Gij — Vo1Gri — VomGrm — G, (2.191)
AQy = Qx + Brj + Vo1 Br1 + Vom B + B, (2.192)

The strategy to reset the mismatches of the equations is to insert a fictitious shunt element
gr in Equation (2.191) and by in Equation (2.192) such that it makes the values of AP, and
AQ)y zero. i.e., fictitious shunt compensation elements are introduced for h = 0. From these
equations, the fictitious network elements are defined to make the PFP solution trivial and equal
to the initial estimate at the first iteration. Then, the fictitious shunt elements are determined

as follows:

gk = P — Gij — Vo1Gr1 — Vo Giem — G, (2.193)

br = —(Qk + Brj + Vo1 Bra + Vom Bram + Bia,)- (2.194)

Therefore, when the fictitious shunt elements are inserted into Equation (2.191) and Equa-
tion (2.192), the power mismatches become null, as can be seen in (2.195)-(2.196). This means

that the state of the system coincides with the PFP’s own initial estimate.

AP, = P, — Gj — Vo1 G — VomGrom — (G + gx) = 0, (2.195)
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AQr = Qr + Bij + VorBir + VomBim + (B + bi,) = 0. (2.196)

Proceeding in the same way for the PV-bus in Figure 2.7(b), the difference in relation to
the PQ-bus is that the voltage magnitude is known. Then only one variable is unknown and
just one fictitious compensation element is necessary. In this case, to reset the mismatch of
active power since it is a known value. Considering the magnitude of the specified voltage,

Vi = Vo Z0°, the Equation 2.18 and Equation 2.19 will be

APk = Pk — ‘/Ok;V] [Gk] COS(@kj) —f— Bk;j Sin(@kj)] — VOka [le COS(le) —f— Bkl sin(ﬁkl)] —

Vor Vo, [Grem €08(0km,) + B Sin(0km)] — Vor Vor Gk-
(2.197)

For PQ-bus linking the bus #k, V; = 1, sin(6y;) = sin(fy,,) = sin(fxx) = 0 and cos(bx;) =

co8(0m) = cos(fkx) = 1, Equation (2.197) can be rewritten as
AP, = Py — VorGrj — VorVorGrr — Vor Vo Grem — Vor Vor Gk (2.198)

Assuming the same strategy, to get AP, = 0, the shunt element can be defined as

Pk 1 LOl LOm
— G = G — G — G 2.199
gk Vozk Vo kj Vor k1 Vor k kk ( )

Therefore, the mismatches can be computed as Equation (2.200) and considered zero.

AP, = Py — VorGrj — VorVor1Grr — VorVom Grm — Vi (Gt + g1.) = 0. (2.200)

Notably, fictitious elements were inserted only in the PQ- and PV-type buses as shunt
elements. The consequence of this is that they will only change the main diagonal in the
construction of the admittance matrix Yy (see Equation (2.201) and Equation (2.202)). The
amount of the fictitious shunt elements must be removed progressively along the homotopy

path until fully extinguished at the end path, which occurs for h = 1.

Note that along the homotopy path, the network gradually changes its configuration, and as
a consequence, a new point of operation (solution of the resulting nonlinear equation system)
will also be formed. The solution of this new operating point is calculated through an iterative
method, such as NR, using the result of the previous point as an initial estimate. This flexibility
gives a margin for the user to have a very close estimate for the solution on the next point of

the homotopy’s path. Therefore, as the homotopy path points are obtained numerically, the
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distance between points can be regulated by controlling a step Ah of the homotopy parameter

of interest h.

Since network configurations can be modified through a homotopy path with many pa-
rameters of the vector h, we assigned the parameter (entry) h; to change only the fictitious
admittance as described previously. Therefore, assuming that the homotopy parameter h;
changes in the interval 0 < hy < 1, we have the construction of the nodal admittance matrix

with the fictitious elements as
Yie = h Y + (1 —h1)(gr + jbr), k € PQ, (2.201)

Vi = hiYir + (1 — h)(gx), k € PV. (2.202)

in which Yy is an admittance of the original network.

The representation of power system didactic example with the fictitious elements (FREI-

TAS; SILVA, 2022) can be seen in Figure 2.8(a) for PQ-type and Figure 2.8(b) for PV-type.

A second strategy to modify the network configuration uses an additional parameter, ho.
Using it simultaneously with h; allows for a more extensive change in the network. However,
the more parameters for the homotopy path are inserted, the more operating points need to be
calculated. As a result, the computational cost will increase. If the user can avoid this maneuver

regarding the diversification of the parameters, it may also have a reduced computational cost.

The second strategy to facilitate convergence is modifying the impedance in the branches
close to the slack bus, defined as neighborhood 2. The idea was to reduce the impedance zp,,
linking two buses #k and #m, by a scaling factor < 1 in such a way as to artificially increase
the load flow capacity in the referred branch. Evidently, this factor must be removed at the
end of the homotopy process, for example, by assigning a unitary value for §. To meet this

demand, a new homotopy factor hy was defined, and the fictitious impedance was defined as

ékm = hgzkm + (1 — hg)ézkm, Zkm € QS, ka = 1/2km (2203)

Therefore, the modified admittance matrix along the homotopy path must also be formed
incorporating the elements g,,, due to the activation of hs, besides those fictitious shunt

admittance due to the contribution of h;.
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(a) bus #k as PQ-type (b) bus #k as PV-type

Figure 2.8: Fictitious network inserted governed by homotopy parameters hy and ho at a bus #k as PV- and
PQ-type

The homotopy path is formed through the solution of nonlinear algebraic equations, given
the parameters h; and hy for discrete values in the range 0 < h; < 1 and 0 < hy < 1, for
step-lengths Ah; and Ahs, respectively, i.e., hy;, © = 0,1,... Ny and hgg, k = 0,1,...,Ny. At
each path point (7,k), a nonlinear equation system must be solved iteratively using the NR

scheme requiring a given number of iterations iters; p.

Except for the first point, which has a trivial solution coinciding with the initial estimate
x| all others are solved iteratively considering its initial estimate as that point of the homotopy
path previously computed by the NR solver. This way, the solution at each point in the path
is expected to stay close to its neighbor, providing good conditions for converging the NR'’s

method up to achieving the last one, for h = 1.

Therefore, the number of NR solvers for the homotopy path, consequently the global num-
ber of iterations, depends on how h; and hs are discretized. Then, the NR global number of
iterations to achieve the final solution of the PFP depends on the step-length Ah for the homo-
topy parameters. Also, it depends on the number of iterations of the NR solver to determine
the nonlinear equation solution solved individually per discrete point. So, for two parameters
h = [hy ho]T, the global number of iterations, Ny, for the homotopy path can be determined

as
N1 Nz

Niter = Y Y iterp), (2.204)

i=1 k=1
where iter( ) is the number of iterates for the point ¢ and % to form the homotopy path.

Remember that iterggy = 0 because it corresponds to the initial point, and no iteration is
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necessary since the solution at this point is its own estimate x(©.

2.7 OVERVIEW

This chapter focused on the theoretical foundation of the PFP. It presented the construction
of the well-known active and reactive power balance equations that model the PFP using
Ohm’s law, which is the starting point for this problem. Since they are nonlinear equations,
developing techniques to solve them is crucial, which is an important scientific finding. This
theory has evolved over the years and has become more robust to solve more complex problems.
It presented classical solvers and others with relevant numerical performance available in the
literature to demonstrate their relevance and complexity. These solvers served as a basis for

the comparison of the proposed method.

Several techniques were discussed for solving the PFP, such as the classical methods,

methods based on synthetic dynamics, optimization, and homotopy.

The theoretical foundation of this chapter aims to establish the numerical basis for un-
derstanding the proposed method described in Chapter 4, as well as the reference comparison
methods used in Chapter 6. Additionally, the next chapter will provide a review of the literature

on PFP, ill-conditioned systems, homotopy methods, and various applications.



CHAPTER 3

STATE OF THE ART

This chapter reviews the power flow problem, emphasizing the issues involving the ill-posed
questions that have been detected over the years. The bibliographic survey is far from complete,

but it summarizes some issues addressed in the investigation proposed in this work.

The emphasis on the homotopy theme received attention since it provides a key framework
for solving the PFP, as studied in this PhD thesis. Therefore, some publications in this field

motivated the investigations proposed in the continuation of the work.

3.1 INTRODUCTION

The PFP is a topic that has been studied for a long time. Since the beginning, it has
challenged the understanding of mathematical models in solving the nonlinear algebraic equa-
tions that govern the power system. In a way, the main challenge was associated with the
dimensions of the power system and consequently to estimate the PF solutions. Since the first
studies (DUNSTAN;, 1948), the topic was investigated considering parameters such as accuracy
and speed of methods converging to the solution. Also, there was an interest in decoupling
the results of calculations from human intervention, leaving the process automated from digital

computing (HENDERSON, 1954; DUNSTAN, 1954; GLIMN; STAGG, 1957).

Generally, the input parameters for modeling the electrical system consist of a set of known
values defined by the physical arrangement of the elements in the circuit of the network. After
establishing the physical limits considered, parameters such as the resistance and reactance
of each transmission line, the voltage ratio and phase shift transformer, the power load and
generation, and data on the generation buses are established as input data (DUNSTAN, 1947).
Based on the initial information, Kirchhoft’s law imposes restrictions, including the principle

that the sums of the currents must equal zero. Additionally, considering the equipment limits,
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the power flow in each branch of the network is calculated using the voltage values at the

terminals (WARD; HALE, 1956).

Since the Massachusetts Institute of Technology used the first network analyzer in 1929, due
to the importance of the system for electrical safety, interest in these solvers has grown, and
countries have started to invest in these solutions (DUNSTAN, 1947). In the beginning, one
of the main advantages was to obtain the solution using digital computers in such a way as to
consider all input parameters to obtain an accurate solution (DUNSTAN, 1954; HENDERSON,
1954; WARD; HALE, 1956). An example is the method based on a digital computer proposed
by McGillis (1957), which solved the problem using mesh and nodal methods. Another example
was proposed by Ness (1959), who restricted the approach proposed by Ward & Hale (1956)
only to the convergence problem of nonlinear equations by an iterative method. This followed
the analysis method and convergence acceleration technique proposed by Brown & Tinney
(1957), obtaining faster convergence for a 6-bus test system. From this work, the methods
became more robust as they increasingly relied on the support and advancement of computer

technology.

With this technological advancement, many well-known methods have been tested and were
used as a reference, such as NR (TINNEY; HART, 1967) and Fast Decoupled load flow (STOTT;
ALSAC, 1974). It made it possible to compare performance between methods (GLIMN;
STAGG, 1957; TAYLOR,; TREECE, 1967) based on parameters such as solving large-scale
and overload systems, convergence speed, number of iterations, approximation error, ability to

solve well- and ill-conditioned power systems, among others (STOTT, 1974).

Given the complexity of solving the PFP in certain power systems, it was observed that some
solvers achieved convergence while others did not. In view of the existence of possible solutions,
a distinction needed to be done between well-conditioned and ill-conditioned power systems.
There have been instances where the solver diverged or stagnated when using conventional load
flow calculation methods, despite the existence of a potential solution; that is, there was no
practical load flow solver available to address the PFP (IWAMOTO; TAMURA, 1981). Thus,
cases were classified into well-conditioned systems to differentiate them from ill-conditioned
cases. This application is crucial when the system’s operating state is unknown or when only a

poor initial guess is available (DEUFLHARD, 1974). This problem can occur in real situations
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such as contingencies, insertion of new equipment into the system, or in power system transients.

The NR method is considered standard in applications for PFP solutions. Therefore, it is
regarded as a reference to distinguish well- and ill-conditioned cases (MILANO, 2009; MILANO,
2010). According to Milano (2010), well-conditioned systems exist where the PFP solution
exists and are solved by standard NR using the flat start guess as an initial estimate. The
flat start guess is the initial estimate in the iterative process with voltage magnitude on the
load buses equal to 1 pu and voltage angle equal to 0. According to Milano (2010), the ill-
conditioned cases are defined where the PFP solution exists, but they are not found using
standard NR solver starting from the flat start guess. From another point of view, Tripathy et
al. (1982) defined as ill-conditioned systems when the Jacobian matrix has eigenvalues sensitive
to small changes in values compared to other less sensitive eigenvalues, for example. From the
classification of ill-conditioned cases, a wide range of research and solution proposals have

recently opened up, including promising results for large-scale systems.

It is worth highlighting some works that dealt with methods to treat ill-conditioned ca-
ses. An approach using high-order Levenberg-Marquardt concepts (POURBAGHER; DE-
RAKHSHANDEH, 2016) and later adding fuzzy rules concepts (DERAKHSHANDEH et al.,
2018) was presented to solve ill-conditioned cases with 11-, 57-, 118- and 2383-buses with reli-
ability and high speed. The method was compared with five other solvers, including standard
NR and Iwamoto’s method. Shahriari et al. (2012) use the state space search method to search
a low voltage solution and maximum loading point of two ill-conditioned test systems. Oliveira
& Freitas (2021) and Freitas & Oliveira (2023b) solved large-scale ill-conditioned cases, inclu-
ding 70k-buses inspired by the Heun-King-Werner methods, presenting superior performance
compared to standard NR, Euler, and Runge-Kutta-Broyden hybrid form. Tostado-Veliz et al.
proposed different approaches to solve ill-conditioned cases such as combining Runge-Kutta
Broyden’s Load Flow (TOSTADO-VELIZ et al., 2018); based on the Adams-Bashforth formu-
lation (TOSTADO—VELIZ et al., 2019b); the new approach called Newton-Raphson-Predictor-
Corrector (TOSTADO et al., 2019a); using concepts from current injection form (TOSTADO-
VELIZ et al., 2021); combining approach with Forward-Euler formula and Ralston method
(TOSTADO et al., 2019¢); based on Gauss-Newton’s formulation (TOSTADO et al., 2019b);
among other approaches applied to ill-conditioned systems (TOSTADO-VELIZ et al., 2020c;
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TOSTADO-VELIZ et al., 2020a).

Finally, it is also worth highlighting some works that dealt with ill-conditioned systems
but using homotopy concepts. With the evolution of models, the methods became robust
and solved large-scale test systems. In this context, the homotopy method is suitable as it
transforms a difficult-to-solve problem into a feasible solution and progressively returns to
the original difficult-to-solve state (KU et al., 2011). Okumura et al. (1991) use concepts of
predictor step for following the homotopy path and solved an 11-bus test system. Freitas
& Silva (2022) fictionally reorganized the entire network so that the initial solution in the
homotopy process was trivial. From then on, the original elements were reinserted into the
system. At each homotopy step, the NR method was used to find intermediate solutions until
the system returned to its original state of complex solution. This method was tested for
large-scale test systems with 13k- and 70k-buses and achieved reliable results that motivated

exploring homotopy techniques to solve the PFP.

Jardim & Stott (2005) proposed a Synthetic Dynamic Power Flow (SDPF) method inspired
by the work proposed by Galloway et al. (1970) in 1970. The idea in these works is to embed
the power flow equations into a dynamic model and take advantage of the fact that the dynamic
response of a stable power system converges to a stable equilibrium point. In the work presented
by Galloway et al. (1970), great potential for convergence was claimed. However, little attention
was paid to the proposal. In 2005, Jardim & Stott (2005) changed the technique and presented
a method based on the introduction of decision variables. While Galloway et al. (1970) used
undamped second-order dynamics to mimic the behavior of synchronous generators, Jardim &
Stott (2005) proposed a reliable and efficient first-order dynamics. The nature of the dynamic
aspect introduced into the problem is entirely artificial and can assume infinite configurations,
depending on the parameters adopted to represent it. In 2008, Chaves (2008) presented an MSc
thesis, exploring the discovery in Jardim & Stott (2005) to investigate the operation point of
two small test systems for different initial conditions and verifying the ill-conditioning influence.
The technique was implemented into a production-grade software called ORGANON (JARDIM,
2005), whose script is not accessible as it is the MATPOWER software (ZIMMERMAN et al.,
2011).
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3.2 HOMOTOPY AND POWER FLOW

Over time, the homotopy method has been shown to be highly effective in solving nonlinear
equations (LI, 1997). Since it was presented in 1935 by Hu (1959), the idea has proven capable
of facilitating the path to solutions and has been applied in different areas of study, such as
science, finance, and engineering (LIAO, 2012). Recently, it has been applied in different fields
of science (MEHTA et al., 2016) such as physics, chemistry, and biology in different works
(MEHTA, 2011; MANIATIS; MEHTA, 2012). However, it was restricted to evaluating the
relationship between the homotopy methods and the nonlinear equations that govern the PFP.
So, a bibliographical search was actually carried out in a scientific database to understand the
evolution of scientific works and the latest publications on the topic. Initially, the homotopy
and power flow themes were related to collecting works with these related themes. This research
and previous work related to these latest publications have been carried out over the last four
years. This survey verified the main techniques, methods, and real cases applied to solve the
problem. The main idea was to verify how homotopy helps with difficult-to-solve problems,

such as load flow.

3.2.1 New approaches to solve nonlinear equations

The work presented by Echavarren et al. (2023) introduces a second-order formulation of the
Newton-Raphson method. This method utilizes homotopy techniques to solve the PFP through
the reformulation of the equations. An important point is that the initial estimates start from
the flat start guess. One of the difficulties of the method is computing successive derivatives
to create the second-order update state vector, which leads to more significant computational
time effort. The method was tested for the IEEE 39-bus test network and reduced the number
of iterations compared to the NR method, even in four variations of load scenarios. The applied
homotopy methodology with the second-order approach was more accurate, robust, and stable

than NR.

Some publications employ numerical methods and homotopy to make the hybrid method
more efficient. Tostado et al. (2019¢) proposed a novel approach that combined homotopy

and the numerical Newton method to solve ill-conditioned systems. They used the Forward-
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Euler and Ralston method to propose the idea without being affected by the initial guess and
validated the method in systems such as 3012-bus and 9241-bus systems. Mehta et al. (2016)
proposed a homotopy continuation technique named the Numerical Polynomial Homotopy-
based Continuation (NPHC) method that used complex-valued solutions to find convergence
to the physical real form solution. In Freitas & Silva (2022), the static homotopy approach is
employed to solve the PFP by assuming a fictitious network. At each point along the homotopy
path, the fictitious network is gradually removed until it vanishes completely at the end of the

path.

Another approach considered the development of electrical generation through renewable
energies, such as photovoltaic, wind, and fuel cells (CHIANG et al., 2014). The so-called
Distributed Generation (DG) started to be considered in PFP studies that demand solvers
incorporating these characteristics (ZHAO et al., 2013; CHIANG; WANG, 2018). In this same
direction, Lima-Silva et al. (2023) proposed a homotopy numerical method to solve a PFP with
DG inserted in the grid. The method proved to be advantageous over the traditional NR when

considering different load scenarios for 6-, 38-, and 69-bus distribution test systems.

The methods already developed using homotopy are also widely studied as a reference
for performance comparison (KU et al., 2011; CHANDRA et al., 2017; ALI et al., 2023a;
BALUEV et al., 2024). To present a brief history of some numerical methods applications in
PFP applications, we show some important works on the subject that have been published
over time in Table 3.1. It is important to note that, over time, electrical systems have become
more complex and larger. In this context, the evolution of solvers needed to keep up with this
evolution, as shown by the growth of the systems tested, and the increase in the number of

buses.

3.2.2 Power systems stability studies

The homotopy method also helps in stability studies, where it is essential to know all
possible solutions of the nonlinear equations of a power system, whether stable or unstable
(LEE; CHIANG, 2004). Lindberg et al. (2023) presented a new method to calculate all real

solutions of a lossless system with all PV buses. Through parameter homotopy continuation,
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this work presents advantages over other homotopy methods, reaching solutions more quickly
by exploiting the symmetry between the system’s equations. However, they tested only with

didactic models such as a 3-bus system.

In the same way, Ali et al. (2023a) and Ali et al. (2023b) use homotopy concept to find
all solution boundaries, delimiting in regions for a system, and Chandra et al. (2017) uses a
NPHC, independent of the initial guess, a 3-bus and another 10-bus system with renewable

generation, to provide the operator a voltage stability studies.

3.2.3 Optimal power flow

The Optimal Power Flow (OPF) studies are an essential tool for the safe operation of
the electrical grid. Operators depend on numerical simulators to predict optimal dispatch
meeting system constraints. In this sense, many works address issues for evaluating the system’s

available resources.

The homotopy approach, as described by Nair et al. (2022), assesses algorithm performance
by modeling the power system in both Cartesian and polar coordinates. It compares parameters
such as the number of iterations and computational performance, which change based on the

size of the system. The approach considers power systems ranging from 9 to 25k buses.

Park et al. (2020) employed the OPF post-contingency approach for a Polish network simu-
lating an online outage. Three models were tested using two homotopy parameters, achieving

good performance and guaranteeing global convergence under established initial conditions.

Agarwal et al. (2021) seek global convergence for large-scale systems. Other methods utilize
homotopy to adapt OPF solvers to the increasing integration of renewable energy sources
(MCNAMARA et al., 2022). They also take into account the time-dependent constraints of
energy storage systems in large power networks, such as those with 70k-buses (AGARWAL;
PILEGGI, 2022).
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3.2.4 Three-phase power flow

The homotopy method approach is also applied to three-phase power flow (PANDEY et

al., 2017). Pandey & Pileggi (2020) proposed a method that uses NR and GS, associated

with homotopy concepts, to guarantee convergence in large-scale transmission and distribution

systems since the continuation methods (GOLDGEISSER; GREEN;, 2000) are also appropriate

for this approach.

Table 3.1: Summary of different approaches about PFP and tested cases

Reference

Main contribution

Size of tested
systems (buses)

Dunstan (1947)

Establishes certain principles and methods
that facilitate the handling of problems of
power flow in networks

5 and 24

Dunstan (1948) Load flow studies computing a complete set 5 and 10
of coefficients describing the effects network
using just a desk calculating machine

Henderson (1954) Presents an iterative method employed for 15
solving power flow problems on an automatic
digital computer

Ward & Hale (1956) Describe the network connections and impe- 6
dances in the form of a list of node basis pa-
rameters

Glimn & Stagg (1957) Automatic calculation of load flows perfor- 30 and 80
med by the Gauss-Seidel method

McGillis (1957) Solved the load-flow problem by mesh and 7 and 38
nodal method with an IBM digital computer

Brown &  Tinney Present the acceleration methods and discuss 13 and 50

(1957) their effectiveness

Ness (1959) Worked for faster convergence to reduce the 6
time required to run a load flow

Tinney & Hart (1967) Present a classical power flow solution by 7, 500 and 1k

Newton’s method that works efficiently for
large problems

Taylor &  Treece
(1967)

Load flow analysis by the Gauss-Seidel
method

Stott (1974)

Describes a fast decoupled load flow method

14, 30, 57, 118, 205
and other
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Table 3.1 — continued from previous page

Reference

Main contribution

Size of tested
systems (buses)

Iwamoto & Tamura
(1981)

Developed a load flow calculation method for
ill-conditioned power systems

11 and 43

Tripathy et al. (1982)

Present the K.M. Brown’s method to solve
ill-conditioned load-flow problems

11, 13, 43, 30 and 57

Okumura et al. (1991)

Use concepts of predictor step for following
the homotopy path

11

Milano (2009)

Proposes an entire family of numerically ef-
cient algorithms for solving ill-conditioned
power flow cases

1254

Milano (2010)

Presents different methods which any well-
assessed numerical method can be used to
solve a PFP

2, 14 and other

Zhao et al. (2013) Presents a homotopy method for power flow 13, 37, 123, 1101,
analysis of distribution networks with DGs and 8500
modeled as P-V nodes

Chiang et al. (2014) Presents a homotopy power flow method con- 13, 123, 1101 and
sidering distributed generation 8500

Mehta et al. (2016)

Proposed a homotopy continuation named
the Numerical Polynomial Homotopy-based
Continuation

5, 10, 11, 12, 13 and
14

Tostado-Véliz et al.

(2018)

Combined Runge-Kutta and Broyden’s ap-
proach for solving ill-conditioned power sys-
tems

11, 13, 20, 43, 30, 57,
118, 300

Tostado et al. (2019¢)

Proposed two mnovel load flow techni-

118, 300, 312, 9241,

ques combining Forward-Fuler and Ralston and 13659
method
Tostado-Véliz et al. Proposed a method based on Newton-Cotes 3012, 3375, 6024,
(2020Db) formula for solving ill-conditioned systems 9961, 13659 and
27318
Tostado-Véliz et al. Presented a novel method for Ill-conditioned 500, 2383, 2737,

(2021)

systems using current injection

3012, 3120, 3375 and
6468

Freitas & Silva (2022)

Fictionally reorganized the entire network so
that the initial solution in the homotopy pro-
cess was trivial

9, 300, 1888, 1951,
3012, 3375, 6515,
13659, and 70k

Echavarren et al.
(2023)

Presents the second-order formulation for the
Newton-Raphson method

39
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Table 3.1 — continued from previous page

Reference Main contribution Size of tested
systems (buses)

Lima-Silva & Freitas Proposed a hybrid technique to solve the ill- 300, 3012, 3375,
(2024a) posed power flow problem 13659 and 70000

Baluev et al. (2024) Studied the safety and stability of power flow 14, 30, 64, 118, and
evaluating the operating states proximity to 300
the loadability limits

Lima-Silva & Freitas Present a dynamic homotopy technique to 18482, 27318, 36964,
(2024b) calculate a preliminary result for a power 54636 and 109272
flow employing integration techniques

3.3 OVERVIEW

This chapter presented a literature review related to the topics homotopy and PF. We have
verified various recent works that address the topic in different contexts. In these works, the
concept of homotopy is utilized to divide the solution path into parts and reach the real solution
of the original problem. In general, the latest works can be grouped by common themes, such as
approaches to solving nonlinear PF equations, studies related to voltage stability of an electrical
network, studies to determine the OPF according to network constraints, and a three-phase

PFP approach.

The next chapter presents a different approach to treating the homotopy problem applied to
the PFP. Both, static and dynamic structure approaches, are investigated as a new alternative

to solve the PFP in large-scale ill-conditioned power system models.



CHAPTER 4

PROPOSED METHODS

4.1 INTRODUCTION

This chapter presents the proposed dynamic homotopy formulation for solving the large-

scale ill-conditioned PFP.

The idea is to start from an initial flat start estimate to obtain an easily solvable state
necessary to implement the homotopy concepts. The dynamical homotopy has advantages over
other available methods because in just a few steps, during the dynamic homotopy, it can arrive

at an initial estimate suitable for initializing traditional methods, such as NR.
Both the static and dynamic homotopy-based techniques are addressed.

The static homotopy approach presented in Chapter 2 is modified in the current chapter, and
an alternative model for the problem is introduced. Besides, two dynamic homotopy approaches
with different characteristics are proposed. In both cases, the objective is to calculate a solution
with low precision for the PFP and use it as an initial estimate for use by a traditional iterative
method. The first dynamic homotopy method is based on a combination of a Fixed Point
Vector (FPV) solution and the mismatched equations of the original PFP. The second approach
has an additional part concerning the static homotopy-based method because it introduces a
new fictitious part composed of a compensation network that is removed along the homotopy

process.

4.2 DYNAMICAL HOMOTOPY

The PFP formulation in this section is organized as a nonlinear system of Ordinary Differen-
tial Equations (ODE) and explores the homotopy principle. The idea is to use the analogy with

the power system transient studies. The initial estimate, x(¥), for the iterative PFP numerical
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computation behaves precisely like a disturbance at the beginning of a transient, in which it is

calculated from zero up to a unitary parameter value.

To model the problem according to Equation (2.185), we assume a single homotopy para-

meter, i.e., ny = 1.

Suppose a l-parameter homotopy problem, where Equation (2.185) is related according to
an embedding parameter h = ¢, in analogy to the time ¢ for a physical system. Considering
this analogy, the homotopy parameter ¢t will be designated as “time” from this point. Then,
performing the computation of the differential of the multivariate function G(x,t) in Equa-
tion (2.185), the state vector x is dependent on the parameter ¢ and the following expression
is obtained

0G oG

generating the nonlinear system of ODEs

IG(x1) _ 0Gdx(t) | 0G

a ox dt o = (4.2)

for the initial state x(0) = x©.
Therefore, the initial estimate x(© for the PFP is viewed as the initial boundary condition
(disturbance) at the beginning of the transient. On the other hand, as it is not the solution of

the algebraic equations f(x) = 0, x(© can be interpreted as a “perturbation” for the transient

problem. Then, the PFP consists in solving the ODE, giving

dx(t
Ga }c(lgf - -Gy, x(0) =x, (43)
G(x.t G(x,t
where G, stands for G, (x,t) = % and Gy, for Gy(x,t) = 0 (f;};’ )

In Equation (4.3), G, is assumed to be nonsingular for all ¢, and the objective is to determine
a path curve v(t), 0 <t < 1, associated with the states at each ¢t. Therefore, the PFP solution
X, consists in determining the result at the final point of the curve, v(1). In the case of some
t, the Jacobian G, may be singular (the situation for a saddle point), and the resolution of the
problem fails. The path does not reach the final state at ¢ = 1 in this situation. Therefore,
divergence is verified analogously with an unstable system. However, this weakness does not

imply that the “difficult” problem has no solution.

Therefore, the homotopy problem can be transformed into a “dynamical” problem (MI-

LANO, 2010), also analogous to Newton’s continuous problem as proposed in Milano (2009),
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Milano (2010) and Milano (2019) to solve nonlinear equations. The problem can be extended
for a multi-parameter homotopy problem according to the number of parameters defined in h.
A nonlinear Partial Differential Equation (PDE) system should be solved in this case. However,

only ODEs will be the focus of this thesis.

The ODE (4.3) can be solved by a numerical integration method. The most traditional
is the Forward Euler’s method (FE) for an initial condition x(0) for computing the states at
regular step-size, At, until a final discrete time, t;. For the homotopy path, t; = 1. The FE

solver applied to Equation (4.3) gives the states in the discrete-time 1 = (k + 1)At
x(k+1) =x(k) — At[G,]7'Gy, k=01, ...

(4.4)
x(k+1) = x(k) — At[G(x(k),tr)] 'Gi(x(k),tx), k=01, ...
An implicit form represented by the BE is given by
x(k+1) =x(k) — At[G,]'Gy, k=01, ...
(4.5)

x(k+1) =x(k) — At[Go(x(k + 1)1 1) 'Ge(x(k + 1), txr1), k=01, ...
Another explicit integration method, but requiring additional computations for the same

iterate, is the Runge-Kutta 2"? order’ method (Euler modified), given by

x(k+1) :x(k)+%[K1+KQ], kE=0,1,... (4.6)

where
K, = —[Ga(x(k)tr)] " Gu(x(k) t),
(4.7)
Ky = —[Go(x(k) + AtKy )] Gy(x(k) + AtKy 1),

Unlike the static problem discussed in static homotopy, the dynamical homotopy problem as
presented in Equation (4.2) and solved via explicit schemes such as the Euler or other method,
does not require solving a nonlinear equation system in the (k + 1) path point, because the
implementation of the technique is part of a recurrence scheme. Even using implicit methods,
such as BE, it will be demonstrated through experiments that solving nonlinear equations is un-
necessary to obtain an adequate solution for the implicit scheme. In the case of Equation (4.4),
it needs a primary computational burden to perform the operation [G,]™'G;. Therefore, it in-
volves only one computation of a Jacobian matrix and its associated LU factorization, besides
mismatches. On the other hand, for the static problem, a certain number of iterates is needed
to solve the NR method. The RK2 in Equation (4.6) needs the computation of K; and Kj,

requiring two LU factorizations.
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4.2.1 Homotopy “easy” function definition

Considering a 1-parameter homotopy map (2.185), the equation G(x,t) can be represented
as the static homotopy path expression (4.8), starting from the “easy” solution, ¢ = 0, and

evolving to the target function in ¢t = 1.
G(x,t) = tf(x) + (1 — t)go(x) = 0. (4.8)

In Equation (4.8), go(x) is a function chosen in order to provide an easy solution for ¢ = 0 in
Equation (4.8). A difficult task is to establish the function gy(x). In the sequence, we propose

schemes based on the initial estimate, similar to the disturbance state on starting a transient.

4.2.2 Fixed point vector homotopy function

The goal is to obtain the mismatch vector f(x) at the final ¢ = 1 such that ||[f(x)|| < e,

with sufficiently small e.

An alternative to the easy function go(x), it is to use the Fixed Point Vector (FPV) ho-
motopy function (LIU; KUO, 2011), i.e., go(x) = K(x — x©), in which K is a user defined

constant.

For this situation, considering the practical PFP, at the beginning of the homotopy path,
at t = 0, the initial estimate will be defined as a flat start estimate, i.e., phase angle zero for all
nodal buses, and unitary magnitude in the PQ buses (Voltage magnitudes of controlled buses

are kept constant and are not modified by the homotopy scheme). So, for the states § and V,

0
G(x,0) =go(x) =K [V - Vo] =0, (4.9)
Vi is a vector with all entries 1 and K is a parameter established according to the system

model.
From Equation (4.9), we conclude that for ¢t = 0, x(0) = x(©), i.e., § = 0 and V = V.

According to Equation (4.8) and Equation (4.9), we have the general equations

of
o i )
G . £0 x(t)
y t@x +(1—-1) o where (4.10)
98

= KI
0x ’
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and
G = %8 )+ (- DKL, t— kAL, k=012,...
ox x(®)
(4.11)
oG
Gt = E = f(X(t)) - gO(X(t))’
x(t)

in which J(x(t)) is the Jacobian matrix of the PFP; I is the identity matrix; and for a constant
step-size, At, the discrete-time evolves as t = 0, At,2A¢t, ..., 1, with At < 1. Assume that the

notation x(k) corresponds to the discrete state vector computed for the parameter ¢ = kAt.

According to Equation (4.11), G, depends on the original PFP Jacobian matrix J(x(t)) and
the constant K. The parameter ¢ acts in the direction to recover the original Jacobian matrix
when t changes from zero to 1. The vector G; depends only on the mismatch function f(x(t))
and the function of deviations from the flat start initialization, go(x(¢)). We can conclude
that the matrices G, and G; are similar to those necessary to implement the algorithm to
solve the traditional PFP. Once they are computed according to Equation (4.11), the ODE
in Equation (4.2) can be solved by a numerical integration scheme such as Equation (4.4),

Equation (4.5) or Equation (4.6).

In practice, for the PFP application, the constant K should be chosen as a small positive
value in order to avoid high diagonal values in the original system Jacobian matrix with the

increment of t.

A small step Aty in general is sufficient to start adequately the simulations and reach
successful convergence at t = 1. However, for ¢t > Aty, a larger step At > At, is mandatory.
This procedure avoids the computations of many intermediary points with step Aty up to the
final result in ¢ = 1. Furthermore, it increases the computational cost of obtaining the total

number of points until this final point is reached.

The proposed dynamical scheme is suitable to solve ill-posed nonlinear systems since the
introduction of the function go(x) works as a term to attenuate the ill-conditioning of the

Jacobian matrixz of the original PFP.

Depending on the adopted integration method to solve Equation (4.2) and the time-step At,
the result accuracy in ¢t = 1 is low. Then, we propose to use the result computed by numerical
integration in t = 1 and refine it by applying the NR scheme. The hybrid process following this

strategy is expected to improve the original PFP solution when the result determined by the
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homotopy transient-based approach has been computed successfully.

The technique is symbolically summarized through the Algorithm 1. On implementing the
Algorithm 1, step 6 requires a reduced number of iterations since the result provided by the
dynamical homotopy at ¢ = 1 gives an initial estimate that provides fast convergence for the

NR solver. Then, the proposed technique efficiently solves ill-conditioned large-scale PFP.

Algorithm 1 Homotopy transient-based approach and improvement by the NR solver

Require: Flat start estimate x(©; Aty; At > Aty; K; tolerance € = 1078 pu; and grid data.

Ensure: Solution of the PFP, x,, i.e., states of the system x, = [HT VT}T.
1: Define an integration method for computing the initial step in ¢; and do k£ = 0; define the
number of points whose states need to be calculated, N > 2, according to the assigned At.

2: Introduce x(0) = x(© (similar to a disturbance in ¢ = 0) and compute x(1) with time-step
Atq for the point t; using an explicit or implicit scheme.
3: for k=12,... N do
4:  Compute x(k + 1) with (constant or not) time-step At for the point ¢, using one of
schemes (4.4), (4.5) or (4.6), given x(k) has been successfully calculated; remember that
for the last point to compute x(N), the time-step should be adjusted to (At — Atp), in
reason that in the last point, ¢t was fixed in 1.
5. end for
6: Use the state vector x(N) computed in step 4 as a guess to solve the PFP by utilizing the
classical NR solver and determine x, with high accuracy e.

4.3 PERFORMANCE OF THE SOLVERS IN THE FIRST TIME-STEP

Based on the proposed dynamic homotopy methodology, its performance will be investigated
in the next steps, mainly on the importance of the first stage where the low accuracy initial
states are calculated.

Assume that the homotopy pathway starts at ¢ = 0 with the initial state x(0) = x©,

defined by the ODE’s initial condition, it then evolves through time instants ¢, spaced by
a time-step Atg, where £ = 0,1,2,...,N and N is the number of time-steps, until ¢, = 1.
The procedure allows for variable time steps At, along the pathway, which can result in re-
duced accuracy for large time steps. However, at each time step, at least one LU factori-
zation needs to be performed, because it is necessary to perform a computation of the type
D(xP 1) = —[Gu(x® )] 71Gy(x®) t), which increases the computational cost. Therefore,

various aspects need to be analyzed in order to determine an appropriate method for computing
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the solution of the nonlinear equation systems f(x) = 0 at the end of the homotopy pathway.

Given a time-step Atg, the homotopy pathway can diverge from the exact path point for
the first time-step, at t; = Atg, depending on the choice of the gy(x) and Aty. The analysis
below concerns the choice based on the fixed point function, FPV, as defined previously, i.e.,
go(x) = K(x—x©). The first point, ¢, = Atg, on the pathway will be calculated to demonstrate
that even though Aty is very small, using an explicit integration solver at this time may not

be appropriate, especially for ill-conditioned systems.

Let the FE solver be used to compute the states in the step t; = Aty < 1. Then, for
x(0) = x@ and t = 0, G,(x(0),0) = KT and G,(x(0),0) = f(x). It implies from Equa-
tion (4.4) that the increment x(t;) — x(© = —Ato[KI7'f(x?) = —52£(x(0)), i.e., the devi-
ation Ax(0) = x(t;) — x© is proportional to the mismatch f(x(?). However, in the case of
ill-conditioned systems, ||f(x(?)|| > 1 and the ratio Aty/K needs to be set at a very small
value. On the other hand, this strategy leads to small deviations Ax(0), causing slow con-
vergence, with stagnation or leading to early divergence of the homotopy problem. The error
increases when using an explicit integration method that requires the calculation of interme-
diary points, such as RK2. This is because computations involving the mismatch f(x(0)) are
even more involved. Additionally, the error increases because it depends on the partial results
of the type x(0) + K;f(x(0)), as in the case of RK2. Therefore, it is necessary to establish a

proper method to calculate ¢; with a very small time-step.

Now, let the BE scheme be used to compute the states in the instant ¢t; = Aty < 1. From
Equation (4.5), the increment is x(¢;) — xo = —Atg[AteJ (x(t1)) + (1 — Atg) KI)7'f(x(t1)) and
the unknown is x(¢;), which arises in the two sides of the equation. Considering the time-step
Aty < 1, a fixed-point iteration technique can be applied to the expression to obtain x(t).
Assume that, in its i" iterate, the unknown is the variable x((¢;). In this work, to minimize
computations involving the inverse of G, it was suggested to calculate just one iteration i and
assigning x (t;) = x to compute x™(¢;), the final result of interest, for a simplified result.

Then, the updated result yields

(1—Aty) K __
+ 2 TV RIY(xO) ~ —[J(x@) + — 1] (x(@) =
ALy (D) [J(x) Al ity (4.12)

= —[I(x©) + o1~ £ (x?),
in which 6 = K/At.
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Interestingly, in Equation (4.12), the original PFP ill-conditioned Jacobian J(x(®) of the
initial iteration was modified by the introduction of the small-perturbation factor ¢ for this
step t;. According to Freitas & Oliveira (2023a), the small perturbation factor allows an
adequate conditioning procedure to solve the original ill-posed PFP. Also, in the function of
the assignment of § and Atg, the factor K is determined as K = dAty. Therefore, it is not

necessarily equal to unity.

Another form to achieve a good result when the time step t; is very small, given x(©, is
by solving Equation (4.8) for a specific ¢;. In this scenario, only the states are considered as
variables. Then, an approximation for the states at ¢; can be obtained by solving the algebraic
equation G(x) = Atf(x) + (1 — Atg)K(x — x(©) = 0, assuming a linear approximation for
t1 < 1. According to (GARCIA; ZANGWILL, 1981), a linear approximation of G(x) around
x(0) gives

G(x + Ax) = G(x) + G, (xD)Ax = 0. (4.13)

Considering that t; = At for computing (4.13), then G(x(¥) # 0, G, (x@) = AtJ(x@)
+ (1 — Atg)KI, and G(x©) = Atof(xD) + (1 — Aty) K (x@ — x@) = Atof(x(?). Then, the

linear approximation in (4.13) gives the deviation

Ax =x — xO = —[G,(x)]'G(x) = [AteI(x D) + (1 — Atg) KT] T Atof (x9).  (4.14)

Note that, after some algebraic handling, the result in (4.14) is identical to that in (4.12),
and the result obtained by the linear approximation and through the BE solver agrees. Hence,
using these two forms for approximating the states at the time ¢; = Aty provides results close
to the homotopy pathway. These approximations can be used as initial conditions at t; for
numerical integration methods for the homotopy pathway. Particularly, explicit techniques are

unable to yield satisfactory results without this initialization.

For t; < t;, <1, the remaining points should preferably be calculated with integration steps
At much larger than the initial one Aty. This requirement is reinforced by the need to minimize
the number of computations of ®(x(t),t;) at each step t,. However, explicit methods may be
more sensitive to the high integration step. On the other hand, an implicit method requires
iterations to obtain the result in the integration step itself and admits a large time-step. In

one way or another, the goal is to minimize performing LU factorizations until the final result
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at t = 1 is reached, as these factorizations require the highest computational costs. In explicit
methods of the FE and RK2 types, at least 1 LU factorization is performed to obtain the result
in one step. In the implicit BE method, only 1 LU iteration is proposed to be used in this work
to obtain the result. However, this approach yields an approximate result for the step due to
the need for more iterations to achieve high precision. It is suggested that the results of the
homotopy problem at step ¢t = 1 in this work may be inaccurate regarding the error requirements
needed for the PFP, based on the characteristics of the methods. The result obtained from the
integration process is only considered to be a rough estimate of the exact solution to the load
flow problem. Hence, a conventional method such as NR or its NR fast decoupled (FDXB)
(see Kundur (1994) and Zimmerman et al. (2011) for details of the decoupled method), is a

good approach to improve the solution obtained from dynamic homotopy.

Therefore, a compromise must be sought between the expected result at the end of the
dynamic homotopy simulation horizon and the expected accuracy of the PFP solution. Consi-
dering that it is not reasonable to use an exaggerated number of time-steps in the simulation
because the dynamic homotopy process would be very computationally expensive, an alterna-
tive would provide an approximation of the result in time ¢ = 1. However, at this point, an
approximate solution for the states may be unaccepted and would need to be refined. In simpler
terms, in this scenario, the homotopy method changes the initial estimate x(©) to a new state
% = x(t)|,=1. The transformed state is expected to be within an attraction region and should

give a good starting point for convergence, even for a numerical method like the classical NR

and FDXB methods.

The idea is to use the dynamic homotopy method to determine an approximate solution
for the PFP, starting from a flat start estimate, equivalent to an improvement in the region of
attraction in the original problem. From this result, the PFP solution can be calculated with
high precision. Furthermore, this new starting point, x(¢)|;=1, can be used by other iterative

techniques different from the traditional NR.
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4.4 FICTITIOUS NETWORK COMPENSATION TO IMPROVE THE DYNAMIC HO-
MOTOPY PATH

Due to the characteristics of certain networks, such as overloaded systems, isolated subsys-
tems, and large networks, the initialization of the homotopy process can have a divergence
problem. Another alternative homotopy function was investigated to circumvent this weak-

ness, and another method to implement the dynamical homotopy was proposed.

In this case, the proposal is to combine in the homotopy function also the insertion of
fictitious elements, proposed by Freitas & Silva (2022), to avoid power flow between the buses
at the beginning of the homotopy process when h = 0. The static process is based on inserting

a compensation network connecting constant impedances to the buses.

To illustrate the procedure of compensation network insertion, let a bus k be interconnected
with their respective adjacent buses ¢ and j. A shunt load or generation connected to bus k is
assumed, forming a power injection given by the active power specified P*? and reactive power
specified Q*P, where the specified apparent power is given by gzp = P’ +jQ;". Figure 4.1

illustrates a one-line diagram for this representation.

@ © @

Su | S.
| —1 < | > — |
| |

SP = PPHiQY

Figure 4.1: Original network without fictitious power injection inserted at bus k

Assuming that the initial estimate is the flat start type, 6,, =0 Vm, and V,, = 1 pu in
PQ buses and V,,, =V’ in PV or V0 buses.

When starting the homotopy process, at h = 0, the objective is to start with a constant
impedance load, which is adjusted to avoid power flow between interconnections. Consequently,
the method depends on converting the load to an impedance 7% at each bus k. The impedance

is set to avoid power Sy, between two bus k and m so that the voltage at bus k, for h = 0, is
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precisely equal to the estimate Vk(o) for the PFP. Figure 4.2 illustrates the scheme when h = 0,

. . . . —cte
given that there is a compensation impedance 7, .

| S,=0] S.=0 |
1 — [ 1

Figure 4.2: Network with a fictitious impedance inserted at bus & to enforce the power flow between intercon-
— S 5 3
nections i — k and k — j equal to zero and supply the load S, = P +jQ;F when h =0

Considering the equilibrium balance equations at bus k£ and the flat start initialization and
the compensation load, then, at h = 0, it becomes
Np
APy = | | VPG + Vi > VinGim | = B | + Viar, (4.15)
mh
Np

AQr = || VB — Vi Z VinBim | = QY| + Viibr, (4.16)

m=1

m#k

1
in which v, = 7 = gr + jbi is the fictitious shunt admittance connected to the bus k and
k
which needs to be removed along the evolution of the homotopy parameter h. Therefore, g
and b are adjusted to generate zero mismatches at A = 0, and this objective can be achieved

through the following setting

1 1
= | -G, — — Voo Gim — PP, 4.17
Ik A 2 km | T+ vEiE (4.17)
mtk
1 1
b, = | B — Vi Bim — Q5" 4.18
k kk T . Z_l k + ngQk ( )
m#£k

Now, for h > 0, the power balance equations are modified as follows, depending on the

homotopy parameter h. For a specific bus k, according to the type of bus (PQ or PV), the
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mismatches are dependent on A and calculated as

R~ ; ;
Vi > Vi Gmcos (Okm) + Bimsin(Opm) | — PF | + (1= h)V2gs
Apk L m=1 _
Gk(X,h> = = 5
AQk [ N ]
Vi Y Vi (Gimsin(Bim) — Brmcos(Ogm) | — Q| + (1 — h)Vi2by
L L m=1 | i
(4.19)
with 0 < h <1.

Solving successive PFPs in (4.19) varying h from zero up to the unitary value and using the

initializations of the previously calculated states for h, the solution of the PFP is obtained.

Note that at each point h > 0, it is necessary to use the associated Jacobian matrix

0f (x)

J(x) = 5 calculated by using (4.20) of the original PFP. It is calculated without network
X

compensation and separated into four submatrices to better explain its influence on a general

homotopy Jacobian, Jj, which is determined from G(x,h) instead of only f(x).

Jin Jip
J(x) = : (4.20)
Jor Joo
Thus, using G(x,h) from Equation (4.19), the submatrices associated to the Jacobian matrix

J, modified by h are calculated as follows

4 OAP,(x,h)

Jh, = 0, Ji1, (not affected by h)
PQ and PV buses
APy (x,h
Jh, = a;—‘ﬁ;’) =Jio+ (1 —h)(2Vkgr), (only the diagonal element
\ of original Jy, is affected)
( A h
Jhy = %QS(J = Jo, (not affected by h)
Only PQ buses
Jhyy = %ﬁ =Joo + (1 — h)(2Vibg). (only the diagonal element
k
of original Ja is affected)

Thus, by computing the Jocobian J; according to the parameter A and the mismatches in

Equation (4.19), the increments are determined as

Ax = —J,'G(x,h). (4.21)
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Therefore, using an iterative method such as NR (or others alike), the updated values of
the states x can be calculated for a given h, but following an idea of static approach, since the

points in the homotopy pathway are precisely determined unless there is tolerance.

The procedure described previously is related to the static homotopy problem in which a
fictitious power flow problem is solved at each point of the homotopy path. However, only the
latter point is of practical interest because it is the solution that was sought for the original
PFP. Then, in the next steps, the objective is to modify the static homotopy problem discussed
and embed it into an efficient dynamic homotopy scheme to determine an approximate solution

for the homotopy path and improve it using a conventional iterative technique.

Following the notation adopted for the homotopy parameter when the dynamical homotopy
is studied, the parameter h will be replaced again by t. This way, considering the dynamic

homotopy approach, the following differential equations are involved:

0G 0G

dG 9G dx 9G

il B 4.22
i~ ox at tar 7Y (4.22)
dx
Gy— = —-Gy.
dt !
. . . . . . dG .
in which Gy is exactly the same matrix used in the static approach. However, the term a is
calculated as
O(AP,(x,t))
oG ot Viig
O(AQk(x,1)) ViZby,
ot

Therefore, since the terms Gy and Gy are known, the ODE in (4.22) can be promptly
solved. However, the dependence in (4.23) is verified only for the voltage magnitudes. Then, a
modification in the homotopy function is proposed in the next subsection to consider also the

voltage angles in Gy.

4.4.1 Modifying the dynamical homotopy equation

In some cases, a more robust initialization is needed to address the ill-conditioning that can

arise when using the dynamic homotopy technique. One approach to dealing with this problem
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is to modify the homotopy function in Equation (4.19), integrating its superior convergence
properties into the dynamic homotopy problem. This modification is justified as the convergence
for specific issues can be hindered when exploring the dynamic homotopy derived from (4.8).
The change also includes the initial estimate and modifies the weighting of AP, and AQ

previously with ¢, for bus k. Then, a new homotopy function can be proposed as follows.

Glxt) = HE(x) + (1 )8 ()] + (1 — D)go(x0). (4.24)
where the traditional power balance equations for a bus & of type PQ are
_ o -
V2G4 Vi Y Vin[Gikom €08 Oty + Bl sin O] — B
m#£k
fi.(x) = , (4.25)
Ny
—Vi2By + Vi Z Vi |G 810 O, — B €08 O] — QFF
m#k

and the compensation term adopted in the static homotopy for the bus & of type PQ is
Vk2gk
fir(x) = . (4.26)
Vb
The initialization of the dynamic homotopy problem still uses the flat start estimation of

the PFP. Then, with x| i.e., 91(:)) = 0 for PQ and PV buses and Vk(o) = 1 pu for PQ buses,

the easy function continues to be defined as

0
go(x) = K vl (4.27)

For the conditions in (4.24), the matrix Gy is modified to

of df,
=t|—+(1—-t)— 1—-H)KI 4.2
Ge=t (Gt =05 ) + - 0K1 (4.29
. Of . . L Oofp .
with P J(x), the Jacobian of the original PFP, while o ® calculated only for V} in PQ
X X
AP A
buses. Hence, changes are verified only for the element o oV, k) = 2V,gr and a(aé)k) = 2Vi.bs.
k k

It is worth noting that K must be set at a reduced value in Equation (4.28) because it affects

the diagonal values of G,. So, from Equation (4.24) the function Gy is also determined, yielding
oG
G, = B = f(x) + f1(x) — 2tf; (x) — go(x) =
(4.29)
=f(x) + (1 — 2t)f1(x) — go(x).
Therefore, with the matrices Gy and Gy calculated from (4.28) and (4.29), respectively, the

ODE in (4.22) is solved by a numerical integration method.
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4.5 OVERVIEW

In this chapter, the homotopy approaches were presented in both static and dynamic
methods. Two dynamical homotopy-based schemes were proposed, and peculiar characteristics
demonstrate the difference between the two techniques. The results of these strategies have
low precision since the implementation prioritizes a low computational cost in this step. Then,
the states obtained from the dynamic homotopy are refined and adopted as an initial estimate
for finding a more accurate solution through a traditional scheme such as the NR method.
Therefore, the proposal can be viewed as a two-step hybrid method. Other methods based on

static homotopy were discussed.

A detailed description of all techniques was addressed. They were implemented computati-
onally and adapted in a version of the MATPOWER software (ZIMMERMAN et al., 2011), ba-
sically through modifications in one of its functions (scripts available in Zimmerman & Murillo-

Sanchez (2016)) which integrate the tool package.

In the next sections, several test systems are detailed, and experiments are performed to

demonstrate the techniques’ performance qualities.



CHAPTER 5

TEST SYSTEMS

5.1 INTRODUCTION

This section details the various test systems used in the experiments described in the next
chapter. Different types of systems based on their size and loading characteristics are high-
lighted. One example is a very large model system that consists of three islands. This system
was originally studied in MATPOWER (ZIMMERMAN et al., 2011), which was analyzed with
three slack buses. In the next chapter, we aim to demonstrate, using the homotopy technique,

that systems like this can be represented as a single synchronous equivalent network.

Most of the simulated test cases were extracted from MATPOWER (ZIMMERMAN; MURILLO-

SANCHEZ, 2020), which contains a vast library of real and synthetic power systems.

The main idea was to explore some well-conditioned cases for initial tests, including over-
loaded test systems. However, the main interest is to study those of ill-conditioned type cases,
i.e., those ones where a solution for the PFP exists, but cannot be solved by a classical NR
method starting from the initial flat start estimate. In particular, large-scale test systems are

of great interest.

5.2 GROUP OF CASES

In summary, five groups of cases were chosen to be tested, as will be highlighted below.

i) Native ill-conditioned MATPOWER study cases

) case3012wp;

b) case3375wp;
) casel3659pegase; and
) case_ACTIVSg70k.
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ii) Synthetic systems created by replication process

(a) casel18482;
(b) case27318;
(c) case36964;
(d) caseb4636; and
(e) casel09272.

iii) Well-conditioned power systems

(a) case300.

iv) Overloaded and well-conditioned power systems

(a) case691limit;

(b) casel41limit;

(c) case_ACTIVSg500limit; and
)

case_ACTIVSg2000limit.

v) Multiple slacks ill-conditioned power system

(a) case82k.

5.2.1 Native ill-conditioned MATPOWER study cases

These cases are native from MATPOWER, available in the program’s database (ZIMMER-
MAN; MURILLO-SANCHEZ, 2020). Tests were performed to identify the ill-conditioned si-
tuation of each test system, verifying if the solution of the PFP is obtained through an NR
scheme based on a flat start guess. Table 5.1 summarizes the main physical characteristics of
the systems highlighting figures of number of buses, generators, loads, shunts, branches, and
transformers. The latter column shows the slack-bus power generation (Ssier) just to check
the convergence to the correct result. The results are calculated based on the initial estimate
provided in the MATPOWER databank. This estimate is closer to the PFP solution and will
serve as a reference for evaluating the cases in the next chapter, where the initialization will

use a flat start guess.

The case3012wp is a native MATPOWER case data (ZIMMERMAN; MURILLO-SANCHEZ,
2020) with 3012-buses representing the Polish 400 kV, 220 kV, and 110 kV network during peak
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Table 5.1: Quantification of the main elements characterizing a selected native ill-conditioned MATPOWER
study case

CASE Buses Generators Loads Shunts Branches Transformers Sslack

case3012wp 3,012 502 2,271 9 3,572 201 8.2135 + j0.6083
case3375wp 3,375 596 2,434 9 4,161 383 6.8986 + j0.6439
casel3659pegase 13,659 4,092 5,544 8,754 20,467 5,713 0.7687 + j0.1581
case_ACTIVSg70k 70,000 10,390 32,460 3,477 88,207 16,855 13.2478 + j0.7668

hours in winter 2007-2008. In the same way, the case3375wp represents the Polish 400 kV,
220 kV, and 110 kV networks with 3375-buses during winter 2007-2008 evening peak conditions,

but including some equivalents of the German, Czech, and Slovak networks.

The case13659pegase is available in MATPOWER data bank (ZIMMERMAN; MURILLO-
SANCHEZ, 2020) representing a large and complex European high-voltage transmission network
with 13659-buses (FLISCOUNAKIS et al., 2013; JOSZ et al., 2016). Its data does not corres-
pond to reality but is used as a test model for planning and operation that simulates European
grid data. The data stems from the Pan European Grid Advanced Simulation and State Esti-
mation (PEGASE) project, part of the 7 Framework Program of the European Union. Their
main voltage levels in decreasing order are: 750 kV, 400 kV, 380 kV, 330 kV, 220 kV, 154 kV,
150 kV, 120 kV, and 110 kV. The low voltage levels range from 27 kV to 400 V and are used to

model step-up transformers that connect generators to the high-voltage network.

The case_ACTIVSg70k is one of the biggest case data available in MATPOWER (ZIMMER-
MAN; MURILLO-SANCHEZ, 2020) with 70,000-buses. It is a synthetic system of the Eastern
United States. Figure 5.1 exhibits a map illustrating its hypothetical geographical scope!. The
grid has voltage levels with 765 kV, 500 kV, 345 kV, 230 kV, 161 kV, 138 kV, 115 kV, 100 kV
and 69 kV. It was created with algorithms described in Birchfield et al. (2017), similar to the
local network (see Birchfield et al. (2018) for additional details).

5.2.2 Synthetic systems created by replication process

Some ill-conditioned MATPOWER base cases were combined by Tostado-Véliz et al. (2019¢)
to validate novels ill-conditioned power-flow techniques. The purpose was to create large sys-

tems and increase the complexity of available tested systems. Table 5.2 summarizes the cha-

! Available in: <https://electricgrids.engr.tamu.edu/>
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Pou’

Figure 5.1: Picture of the oneline diagram for the synthetic case_ACTIVSg70k covering part of the USA map

racteristics of how these new synthetic power systems turned out.

Table 5.2: Characteristics in numbers for some elements of five synthetic ill-conditioned power systems

CASE Buses Generators Loads Shunts Branches Transformers Sslack
casel18482 18,482 2,890 9,790 14,654 32,113 2,638 23.6193 + j7.1130
case27318 27,318 8,184 11,088 17,508 40,935 11,426 1.1141 + j0.1248
case36964 36,964 5,780 19,580 29,308 64,227 5,276 20.8768 + j7.2080
caseb4636 54,636 16,368 22,176 35,016 81,871 22,852 1.8052 + j0.0589
casel109272 109,272 32,736 44,352 70,032 163,743 45,704 3.1883 - j0.0702

The case18482 and case36964, available in Tostado-Véliz et al. (2019c¢), are synthetic cases
resulting from the manipulation of the original MATPOWER data bank case9241pegase. For
these cases, the test system models were set by carrying out replications of the same system
by two and four times, and performing appropriate adjustments in the interconnections of the

final networks. Then the resulting cases were:

o caselB8482 = case9241pegase X 2;

e case36964 = case9241pegase X 4.

The case9241pegase represents in size and complexity the European high voltage trans-
mission network, but not exactly the real system. This data comes from PEGASE project
(FLISCOUNAKIS et al., 2013; JOSZ et al., 2016). Its main voltage levels in decreasing order
are 750 kV, 400 kV, 380 kV, 330 kV, 220 kV, 154 kV, 150 kV, 120 kV, and 110 kV.



5.2 — (GROUP OF CASES 79

Similarly to the manipulation with the model represented by case9241pegase, the case27318,
caseb4636, and case109272, available in Tostado-Véliz et al. (2019¢), are also synthetic cases

resulting from the multiplication of the original MATPOWER case13659pegase as follows:

e case27318 = casel3659pegase X 2;

o caseb4636 = casel3659pegase X 4;

e casel09272 = casel3659pegase X 8.

The main characteristics of case13659pegase are available in Section 5.2.1.

5.2.3 Well-conditioned power systems

The power flow problem presented in this section has a convergent solution for the test
systems when using a flat start estimation to run the NR scheme. Then, following the unders-

tanding verified in Milano (2009), the system models are well-conditioned.

The case300 is a classic IEEE case available in MATPOWER that is widely used for
validating load flow algorithms. It was developed in 1993 by the IEEE Test Systems Task
Force under the direction of Mike Adibi2. Their main bus voltage levels in decreasing order
are: 345 kV, 230 kV, 138 kV, 115 kV, 86 kV, 66 kV, 27 kV, 20 kV, 16.6 kV and 13.6 kV.
Table 5.3 summarizes the main figures of the system. The latter column in the table shows the
slack-bus power generation (Sgack) just for the purpose of convergence checking and reference

for validating other results.

Table 5.3: Figures of elements of the 300-bus

CASE Buses Generators Loads Shunts Branches Transformers Slack

case300 300 69 201 29 411 107 4.5595 + j0.3884

2 Available in: <http://labs.ece.uw.edu/pstca/pf300/pg_tca300bus.htm>
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5.2.4 Overloaded and well-conditioned power systems

The information in this subsection comprises well-conditioned test systems but with an
elevated loading level limit (see other details in Tostado-Véliz et al. (2019d)). They were
generated from native MATPOWER systems to increase the load level near the maximum
operational limit point. The strategy followed for this objective was to increase the active
power injected into the generation buses, in steps of 0.0001 pu, until the NR method had
divergence, starting from the flat start estimate. On identifying the divergence, the data of
the operational point previous to the step with guaranteed convergence was then retained.

Table 5.4 summarizes the characteristics of the overloaded and well-conditioned systems.

Table 5.4: Figures of elements of the overloaded and well-conditioned power systems

CASE Buses Generators Loads Shunts Branches Transformers Sslack

case69limit 69 1 48 0 68 0 0.403 + j0.280
casel41limit 141 1 84 0 140 0 1.252 + j0.784
case_ACTIVSgb00limit 500 90 200 15 597 131 8.878 4+ j1.209
case_ACTIVSg2000limit 2,000 544 1,125 149 3,206 861 12.522 + j1.811

The case691imit is a portion of a distribution system for which data are available at Baran
& Wu (1989) and Das (2008) with some modifications as branch flow limits disabled, i.e., set
to 0 (instead of 999) and generator limits for Qumin, Qmaz, Pmae Mmagnitudes set to 10 (instead
of 999). The voltage system is 12.7 kV.

The casel41limit is a 141-bus distribution system for the zone of the metropolitan area
of Caracas, in Venezuela (KHODR et al., 2008), with some modifications such as doubled load
at bus 53 (100 kVA instead of 50 kVA) and set BASE KV to 12.47 kV (instead of 12.5). Its

working voltage is 12.5 kV.

The case_ACTIVSg5001limit is a synthetic 500-bus system located in the northwestern part
of the United States state of South Carolina designed with a 345 kV and 138 kV transmission
network. This model fictitiously simulates the mentioned region electrical network (BIRCHFI-

ELD et al., 2017).

Likewise, the case_ACTIVSg2000limit is a synthetic 2000-bus system located in the state of
Texas, United States, designed with 500 kV, 230 kV, 161 kV, and 115 kV transmission networks.
This model fictitiously simulates the electrical area for the region (BIRCHFIELD et al., 2017).
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5.2.5 Multiple slacks ill-conditioned power system

Usually, most electrical networks are considered to operate as a synchronous system area.
However, when areas are interconnected by DC links, the operation can be of type asynchronous
(KUNDUR, 1994). In this case, the power flow is solved assuming more than one slack bus.
In the next chapter, it will be demonstrated that the problem can be solved synthetically by
considering only one slack bus. Given these aspects, a more complex system is presented in
this section and used in the next chapter to determine the solution of the PFP for its operation

point.

The test system represents a case with distinct slack buses and will be labeled case82k.
Also, it is a native case found in the MATPOWER data bank called as case_SyntheticUSA.
It represents three isolated areas with their respective slack buses. Table 5.5 summarizes the

main data of this case scenario.

Table 5.5: Figures highlighting the main characteristics of the 82k-bus three slacks power system

CASE Buses Generators Loads Shunts Branches Transformers Slack
9.5001 + j0.6799
case82k 82,000 13,419 37,755 3,952 104,121 20,696 23.0181 + j3.3767

8.0378 + j0.9838

ACTIVSg10K

Figure 5.2: Oneline diagram for the synthetic case82k

The case82k is a synthetic United States case, that comprises data from an electrical grid
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that spans the geographic map of the USA, as illustrated® in Figure 5.2. It combines three
distinct cases, namely case_ACTIVSg70k from the eastern United States, case_ACTIVSgl0k
from the western United States, and case_ACTIVSg2k from Texas. The AC voltage levels of
the transmission network are 765 kV, 500 kV, 345 kV, 230 kV, 161 kV, 138 kV, 115 kV, 100 kV,
69 kV, 24 kV, 22 kV, 20 kV, 18 kV and 13.8 kV. The three isolated systems are connected by
nine DC lines. An algorithm described by Birchfield et al. (2017) simulates the transmission
system models but without modeling any actual lines (BIRCHFIELD et al., 2018). Figure 5.3
illustrates the interconnection between buses and branches of each of the three areas of the
system. This figure presents the representation of interconnections between the buses using the

branches and has no equivalence with the physical representation of the system.

5.3 OVERVIEW

This chapter presented five test system groups that were characterized as follows: four origi-
nal ill-conditioned MATPOWER study cases, five synthetic ill-conditioned, one well-conditioned,
four of type overloaded and well-conditioned, and one with multiple slacks and ill-conditioned.
In this list, tests on case13659pegase, case_ACTIVSg70k, and caseb54636 will illustrate exam-
ples to demonstrate how close the initial voltage estimates given by MATPOWER are to the
solution. This pattern led to the search for a PFP solution that relies on a more indepen-
dent initial estimation for iterative techniques, such as the classical flat start estimation, whose

application through the homotopy technique will be discussed in the next chapter.

3 Available in: <https://electricgrids.engr.tamu.edu/>
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8
oo _Buses/Branches

case_ACTIVSg10K

case_ACTIVSg70K

case_ACTIVSg2K

Figure 5.3: Three areas of the case82k illustrated by graph connections constructed from the native MAT-

POWER data bank



CHAPTER 6

EXPERIMENTS AND RESULTS

6.1 INTRODUCTION

This chapter presents experiments and results related to the application of homotopy-based

PFP approaches. Both static and dynamic homotopy techniques are evaluated.

Two static homotopy approaches are discussed, highlighting their characteristics and limi-
tations. Additionally, two dynamic homotopy-based schemes are tested for their effectiveness
in solving the power flow problem. Each approach is examined for its numerical performance

and the key aspects inherent to it.

Multiple experiments are conducted on large-scale, ill-conditioned power system models, as
presented in Chapter 5, to verify the effectiveness of the proposed methods. Additionally, con-

tingency cases are evaluated to assess the efficiency of the dynamical homotopy-based method.

All simulations employ MATPOWER’s database. For any system running the NR method
with MATPOWER'’s database initial estimate, the PFP always converges. Then, the results of
the PFP executed for this situation are taken as a reference for comparison with the accuracy
of the proposed numerical schemes in this work. The simulations were carried out using a
personal computer, Intel(R) Core(TM) i7-8565U 8" Gen, 256 GB SSD CPU, 1.80 GHz, 16 GB
RAM, 64-bit OS.

6.2 IMPACT OF THE INITIAL ESTIMATE FOR THE CLASSICAL NR METHOD

This section presents two examples of initial estimates used in the native cases of MAT-
POWER. The aim is to emphasize the question of the initial guess adopted by MATPOWER
(reference solution of the PFP) and the flat start adopted in further simulations to demonstrate

the effectiveness of the proposed techniques of this PhD thesis. The systems represented by
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casel3659pegase, case_ACTIVSg70k, and case54636 were tested.

To illustrate how far MATPOWER's initial estimates are from the PFP solution, Figure 6.1
shows in plots the initial estimates (red dashed) and the PFP solution (black) for the bus nodal
voltage magnitudes and angles for the 13,659-bus, Figure 6.1(a) and 6.1(b); 70,000-bus, Figure
6.1(c) and 6.1(d); and 54,636-bus model, Figure 6.1(e) and 6.1(f). Note the proximity of the
solution and the initial estimate (see, for example, the details in the zoom region). These aspects
explain the convergence in all cases of the classical NR method when the native MATPOWER

database is used.

However, when the initial estimate is changed to flat start, divergence from the iterative
process occurs when the classical NR method is used to determine the PFP solution, as will be
detailed later. The results confirm the ill-conditioning of the systems represented by the data
in case3012wp, case3375wp, casel3659pegase, case_ACTIVSg70k, casel8482, case27381,
case36964, caseb4636, case82k and casel09272. Therefore, the simulations in the sequence

are based on experiments using ill-conditioning cases such as these and others.

6.3 TESTS CONSIDERING THE CLASSICAL NR WITH DIFFERENT STRATEGIES
OF INITIALIZATIONS

Before introducing a new method, the classical schemes were used to solve the PFP, consi-

dering the test systems covered in the previous chapter.

This section discusses simulations and results assessed with the classical NR solver when
computed in four different strategies of initializations. The goal is to demonstrate the poor
performance of the NR method when applied without adequate initialization or adequate system
conditioning. First, tests were performed considering the native initial estimate (NR-MAT)
given in MATPOWER (ZIMMERMAN; MURILLO-SANCHEZ, 2020); second, the simulations
assumed the classical NR solver, but with initialization entirely of the type flat start (NR-flat);
third, the simulations considered an estimate with a flat start but modified by using an Optimal
Multiplier (OM-NR) solver as defined in Equation (2.184); finally, for the last simulations the
NR solver uses initial estimate which is the result of two iterations of the Gauss-Seidel (GS)

solver (GS-NR). The GS solver departs from the flat start guess. When the GS computes more
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Figure 6.1: Illustrative plots for comparison between the initial voltage estimate V(%) available on MAT-

POWER data bank, and the final states V' (solution of the PFP) for the case13659pegase, case_ACTIVSg70k
and caseb54636

than two iterations, the results delivered for the NR cause divergence for the NR solver for all
cases. Seven ill-conditioned cases were used in the experiments. Table 6.1 exhibits the number

of iterations when occurring convergence according to the case and strategy.
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Table 6.1: Performance for the strategies NR-MAT, NR-flat, OM-NR and GS-NR

CASE NR-MAT NR-flat OM-NR GS-NR
case3012wp 3 X X 3
case3375wp 4 X X 4
casel3659pegase ) X 15* T*
case_ACTIVSg70k 6 X X X
casel8482 6 X X X
caseb4636 ) X X X
casel09272 ) X X X

x: divergence; * unstable point.

From Table 6.1, it is verified that when the simulations are performed with the NR solver
with a flat start (NR-flat), all results of the PFP are divergent. On the other hand, only
the approach with MATPOWER's initialization (NR-MAT) presented convergence for all test
systems. Despite this, three iterations are required for the smallest system and five for the
highest one. This occurs even with an initial estimate that is very close to the solution. When
the strategies OM-NR and GS-NR were used, both diverged for the case_ACTIVSg70k. Also,

both converged for simulations for the case13659pegase for a different operation point.

In Table 6.1, except for the (NR-flat) solver, the worst performance was verified for the
OM-NR approach, which converged for just one case, albeit to an unstable operation point.
The GS-NR, despite having better performance than the OM-NR solver, presented inadequate
results for four larger systems. Hence, using the Gauss-Seidel result for initializing the PFP
provides an inadequate partial solution for the classical NR solver in case of ill-conditioned

large-scale system models.

6.4 STATIC HOMOTOPY APPROACH SIMULATIONS

This section presents two approaches to the static homotopy problem. The main difference
between them is the introduction of a fixed point vector in one of the homotopy functions,
besides an artificial compensation network to drive the solution of the homotopy problem from

a flat start point until the PFP solution or a result close to the high precision states.
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6.4.1 Homotopy function without a FPV term

In Chapter 2, the static homotopy approach was presented as a two-parameter problem
(hy and hs) based on introducing a fictitious compensation network, as proposed in Freitas &
Silva (2022). The problem depends on the homotopy parameter h = h; (see Equations (2.201)-
(2.202)) and its step Ah to define the discrete points along the homotopy path. Also, it was
introduced a parameter hs to control the insertion of a scaling factor for impedance, § < 1.
This factor acts artificially reinforcing interconnections in the neighborhood of the slack bus (see
Equation (2.203)). The insertion of § is then controlled by this second homotopy parameter,
hs, used to activate the factor ¢ for 0 < h; < 1, and remove it when h; = 1 since this factor is
not part of the original network. This second homotopy parameter was introduced to reinforce
connections near the slack bus along the homotopy process, i.e., for 0 < h; < 1. We suppose
that links near the slack bus are subject to power flow fluctuations along iterations, supposedly

due to actions to regulate the system losses.

The same idea was presented again in Chapter 4, but in the form outlined in Equation (4.19).
This formulation includes a slight modification in its computational implementation regarding
the point h = 1 in the homotopy pathway. This is the main difference compared to the technique

described previously.

In this formulation, the factor d is implicitly present in the elements of the matrix Y;,,, which
consists of entries Yi,, = Gim + JBrm, even when hy = 1. As a result, this modified matrix

accounts for compensations due to changes related to ¢, making the parameter hy unnecessary.

However, for the new problem formulation, when h; = 1, it is essential to remove the effect
of the artificial scaling factor § to restore the original network. This is achieved by running
the Newton-Raphson method (NR) again, using the original admittance matrix without the
influence of § and the states obtained for the last point of the homotopy path (still under the
effect of 4).

In this new version of the homotopy function, the load (or generation) compensation is
introduced directly in Equation (4.19) through constant impedance powers V2g, and V2, at

the bus k, which are removed as h; increases.

The previously described problem was referred to as Guided Solution Homotopy (GSH-NR)
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because it employs the Newton-Raphson method (NR) to compute the states at each point
along the homotopy pathway. The final point in the old version (h; = 1 and hy = 1) represents
the solution for PFP. An example of this method and how the global iterates are computed for

the solver can be found in Appendix A.

A first version of the GSH-NR was proposed in Freitas & Silva (2022). In this version, the
factor ¢ is removed when the last point of the homotopy path is reached. For this situation,
the parameter hy is switched from 0 to 1, indicating that all impedances possibly modified by
0 < 1 must be restored, and so the original admittance matrix. Then, the artificial network
is still found for h; = 1 — Ah, and is switched to the original network, i.e., for 6 = 1, when
hy = 1. The states on the previous point are used as an initial estimate for finding the final
states in the homotopy pathway h; = 1. The flowchart in Figure 6.2 shows the procedure for
setting parameters and the computation logic leading to the final solution of the PFP for the
first version of the GSH-NR scheme, as outlined in Chapter 2. It is hoped that at the end of

the homotopy process, the result is the PFP high precision solution.

A second version of the GSH-NR, as outlined in Equation (4.19), was developed and illustra-
ted in the flowchart in Figure 6.3. The key distinction in this approach is that the compensated
network, and so matrix Yj,s, is modified by the scaling factor ¢ only before commencing the ho-
motopy process. This process entails the adjustment of the admittance matrix while ensuring it
remains invariant with respect to ¢ until the conclusion of the homotopy process. Additionally,
the calculation of the PFP along the homotopy path is performed with a relaxed tolerance
toly, in which tol; is significantly larger than a tolerance tol,. This latter is a small value that
ensures a highly precise solution for the power flow. To meet this requirement, the final result
from the homotopy process is improved by running a Newton-Raphson method (NR) solver
with the specified tolerance tol,. Consequently, the total number of iterations needed to reach
the final solution for the PFP, including those required by the GSH-NR solver, in addition to

the iterations needed for the high-precision execution of the NR solver.
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Figure 6.2: Flowchart illustrating the main procedure aspects of the GSH-NR solver (first version)

6.4.2 Homotopy function with a FPV term

Furthermore, this thesis proposes a modification in the GSH-NR scheme by presenting
a new approach to utilizing the homotopy parameter h within the homotopy function, as
shown in Equation (4.24). In this new homotopy function, an FPV term was introduced for

the compensation approach defined through GSH-NR. The compensated mismatches are now
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Figure 6.3: Flowchart illustrating the main procedure aspects of the GSH-NR solver (second version)

weighted by h, while the FPV is weighted by (1 — h). Remark that for smaller values of h,
the main weight is driven for the FPV term in relation to the mismatches of the compensated

network. Because of the inclusion of the FPV term and the use of the GSH-NR idea, the
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technique was called GSH-FPV-NR. In this new solver, an additional parameter, K, must be

introduced to include the term FPV.

Referring to the flowchart in Figure 6.3, the only modification needed to implement this new
solver is to change the box immediately after initiating the homotopy loop for h; < 1, using
Equation (4.24) in place of Equation (4.19). However, a value for the parameter K must be
specified. Based on recent experiments for the cases of dynamical homotopy (see for examples
results in Lima-Silva & Freitas (2024b) and Lima-Silva & Freitas (2024a), values in the range

107* < K < 1072 are suggested.

6.4.3 Experiments with the static homotopy approaches

Simulations were conducted to identify the PFP solution for various test systems using
GSH-NR and GSH-FPV-NR. Concerning the GSH-NR solver, results presented are exclusively
for the GSH-NR version that follows the algorithm illustrated in the flowchart in Figure 6.3.
This choice was made because no significant differences were observed when implementing the

algorithm from the flowchart at Figure 6.2.

Table 6.2 summarizes the results of simulations for the NR method with initialization defined
in MATPOWER (close to the solution), the NR method with flat start estimate, the GSH-NR,
and the GSH-FPV-NR. The tol; = 1072 and toly, = 10~® were used for the latter. The second
column in the table exhibits the iterates, required for convergence for the NR solver when it uses
the initial estimate assigned in MATPOWER (NR-MAT). But, for the initialization of type flat
start (NR-flat), the convergence is successful only for the 300-bus system, requiring 5 iterations
(see the 3" column). Using the GSH-NR solver needed the parameters adjusted following the
flowchart at Figure 6.2, i.e., Ahy; and ¢ and and the PFP solution was obtained according to the
number of iterations in 6" column. The GSH-FPV-NR, besides these parameters, also needed
K (see 9" column). The number of iterations for convergence is presented in the 10" column.
In the MATPOWER data bank, all cases represent test systems with just one slack bus, except
the case82k, which has three slack buses. To use the homotopy algorithm, we modified the slack
status in areas 2 and 3 for the type of PV or PQ, and just a single slack in area 1 was established

(see Appendix B for further details). For the slack bus in area 1 supplying the removed slacks
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in the other areas, fictitious interconnections were assigned between each two buses. In the case
of case82k, synthetic transformers composed of a complex tap and a reactance were introduced

for each connection. So, the system was treated as a single synchronous network.

Table 6.2: Performance of Newton-Raphson (NR) and two static homotopy approaches

NR GSH-NR GSH-FPV-NR
CASE NR-MAT NR-flat Ahl ) iterNR Ahl 1) K iterNR
case3012wp 3 b'e 0.25 1.0 20 1.0 0.01 1x10™* 10
case3375wp 4 X 0.25 1.0 20 1.0 0.01 1x10* 11
casel3659pegase ) X 0.25 0.125 22 0.5 0.01 1x10™ 15
case_ACTIVSg70k 6 b'e 0.125 1.0 41 025 1.0 1x10* 24
case18482 6 X 0.5 1 10 05 05 1x1072 11
case27318 5 X 0.25 0.125 25 05 0.1 1x102 13
case36964 6 X 0.125 1 27 025 05 1x1072 18
caseb54636 5 X 0.01 0.01 X 05 01 1x1072 17
casel09272 5 X 0.01 0.01 X 025 0.1 1x1072 19
case300 5 5 0.5 1.0 8 0.5 1.0 1x10* 8
case82k 6 X 0.01 0.01 X 025 1.0 1x10* 24

x: divergence.

The GSH-NR method, applied to the case_ACTIVSg70k, a large model, required a total
of 41 NR iterations along the entire homotopy path to achieve the PFP solution (see the 6
column). When the GSH-FPV-NR is used, only 24 iterations are required. The GSH-NR
solver was unable to find a solution for other large-scale ill-conditioned systems, such as those
represented by cases caseb4636, casel09272, and case82k. Conversely, the GSH-FPV-NR
effectively solved all cases studied, showcasing its outstanding performance in addressing large-

scale ill-conditioned systems, including the modified 3-slack buses (3 isolated areas) of case82k.

6.5 EXPERIMENTS USING THE DYNAMIC HOMOTOPY APPROACH

The dynamic homotopy approach grounded on the FPV homotopy function which was
implemented to reduce the computational burden of the PFP, followed by a refinement of the
result with the NR method. This investigation was prompted by the observation that, although
the simulations with the GSH-NR demonstrated high accuracy and efficiency, the number of
iterations required to solve the case_ACTIVSg70k system was considered excessive. Additio-

nally, some cases experienced divergence. Also, although the GSH-FPV-NR has demonstrated
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a high quality of convergence for studied cases in relation to GSH-NR, an elevated number of
iterates still motivates interest in improving its performance. But, considering it embedded into
a dynamic approach as well. Remember that the homotopy path points in the static approach

are each calculated by an NR scheme.

Considering the dynamic aspects, integration methods need to be investigated due to the
dynamic nature of the problem. Unlike static approaches, which primarily rely on Newton-
Raphson method (NR), dynamic solvers depend on numerical integration methods. The quality
and performance of these methods are crucial for achieving successful convergence of the PFP.
Then, varied experiments were carried out. Furthermore, the initialization of the dynamic
homotopy technique demands reduced integration steps and the employment of appropriate
integration methods. Given these aspects, several studies needed to be carried out to verify the

best performance of the dynamical homotopy numerical scheme.

6.5.1 Investigation of the dynamic homotopy scheme initialization

This subsection aims to investigate the initial behavior of the dynamic homotopy appro-
ach based on the FPV easy function definition and the equations of the PFP. Because of this
characterization, the technique will be called only FPV to differ from the other approach to
be discussed later, but named FPV2. Considerations will be dedicated to studies involving
the initial steps and the performance of the implicit and explicit integration methods for per-
forming this initialization scheme. With this objective, considering a didactic case, a generic
example was presented in Appendix C. Furthermore, experiments and results on various poorly
conditioned large-scale power system models are assessed. The goal is to show how effective
the proposed method is in accurately finding the solution of the PFP by utilizing the desired

performance of the dynamic homotopy-based technique.

6.5.1.1 Simulations to assess the performance of the integration solvers

Experiments were assessed to demonstrate the performance of the dynamic homotopy sol-
ver’s to improving the convergence of the classical NR scheme. The studies initially prioritized

the characteristics of integration methods, focusing on the influence of the time-step size.
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All simulations involving the integration methods require a small time-step to compute
the initial step t; = Aty, starting from ¢, = 0. This dependence can be physically explained
by the smallest “time constant” associated with the system’s dynamics under study. For the
simulations in this work, the initial time-step, Aty, is a factor for investigations since ensuring
an adequate result for the dynamical homotopy-based technique is a key aspect for evaluating
the efficiency of the method. Therefore, the discrete points in the path curve, (t), 0 <t <1,
are tg = 0, t; = Atg, and tp1 = Aty + kAtg, k = 1,--+ (N — 1). The initial point at t, = 0
gives the Initial Condition (IC) with states x(0) = x®, which also coincides with the original
initial estimation for the PFP. N represents the number of points beyond the initial point 0
in the homotopy pathway. It must be chosen and meet the restriction, which avoids ¢; > 1.
Therefore, if necessary, the final point ¢y must be set in the unitary value and the time-step
properly reduced. For instance, in the extreme case where Aty = 0.005 and At; = 1.0 were
specified, the definition of the time instants ¢ (or steps) would be as follows: t; = Aty = 0.005,
ty = Atg + Aty = 1.005, with N = 2 points plus to = 0. However, as t, > 1, the point must be
readjusted to give to = 1. In this case, the time-step must be reduced to At; = 0.995 instead of
Aty = 1.0. The variable N represents the number of points on the homotopy pathway where
the states x(tx), & = 1,--- ,N need to be computed. Using a numerical integration method
that minimizes N is beneficial because computing each point requires an LU factorization of the
matrix G(x(ty)) (refer to Equations (4.12) and (4.14) for more details). This aspect becomes
more evident in the following simulations for computing states only at the instant ¢, which

suggests the use of an implicit method for ill-posed systems.

6.5.1.2 Experiments for the first time-step

In the context of the dynamic homotopy scheme, it is important to determine the states
for the initial step when t; = Aty. This evaluation impacts the setting of the factor K in
the definition of the “easy” function gg(x) and, consequently, the conditioning of the state

derivative matrix, G, (x,t).

Assume that the PFP is of the type ill-conditioned. In reason of the nature of this type of
nonlinear system, the mismatches for the initial estimate generally present ||f(x(®)|| > 1. At

the beginning of the homotopy pathway, the starting point is initially known due to IC and given
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by to = 0, x(0) = x(©). Then, the states x(¢;) in the point defined by #; = At can be calculated
in the sequence by x(t1) = x(¢;)+Ax(0). Considering the dynamical homotopy-based problem,

a numerical integration technique should be used to determine Ax(0).

Based on the first approximated states, x(t1), calculated at ¢;, divergence along the ho-
motopy pathway may already be verified. Then, it is fundamental to study the numerical
behavior of the states for this point. The states x(t;) were calculated for a small At, fol-
lowing this strategy. For these simulations, the initial time-step was fixed at 0.005, giving
t; = 0.005. To demonstrate the ineffectiveness of explicit integration methods in this situa-
tion, we applied the FE and BE solvers to compute the states at t;. The value 0.0001 was
assigned for K in the function gy(x). Initially, as presented in Section 4.3 and considering the
FE solver, the deviation concerning the initial states, x(0) = x© is Ax(0) = x(¢;) — x(0) =
—(0.005/0.0001)f(x(?) = —50f(x®). This result demonstrates that the numerical pattern of
[|Ax(0)|| contributes to amplifying and propagating the characteristics of the ill-conditioning
of the original PFP. This is justified because, for ill-conditioned systems, as stated before,
||£(x(©]|| is generally very large. Then, it is unacceptable to compute the state for the instant t;
as x(t1) = x(0) — 50f(x(®)), as it will cause a numerical explosion of the norm ||f(x(¢;))||. On
the other hand, incrementing K, for example, setting it into a unitary value, results in small
increments Ax(0) = x(t;) —x(0) = —0.005f(x?)). However, this result yields a greatly reduced
variation Ax(0), proportional to mismatches, likely without significantly changing the states in
t1. When using the RK2 scheme, the result becomes even worse because not only we need to
directly evaluate the states at ¢; to compute K; (as required for FE), but it also needs an ad-
ditional evaluation to calculate K5 using an inadequate computed K, refer to Equation (4.7).
Therefore, we conclude that using FE or RK2 (explicit integration techniques) would signifi-
cantly increase the error, rendering the solution ineffective for computing the states across the

homotopy pathway.

In contrast, when considering the BE solver (or even a linear approximation of the homotopy
function as calculated by using Equation (4.14)) at t1, the deviation Ax(0) is calculated using
Equation (4.12). Using the same values adopted for the explicit integration analysis, K = 0.0001
and Aty = 0.005, a small scaling factor increment 6 = K/At, = 0.0001/0.005 = 0.02 is

calculated, and provides a “perturbation term” 0I to be added to the diagonal of the initial
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PFP Jacobian matrix in Equation (4.12). Note that the Jacobian matrix is the same as the
one for the first iteration of a standard iterative technique, such as the NR scheme. Therefore,
the adjustment of § is a function of K and Aty. So, this procedure is expected to effectively
mitigate the ill-conditioning of the Jacobian matrix during the dynamic simulation at time
t;. However, only the setting of ¢§ is insufficient since large Aty can also make the convergence
process unfeasible, as shown in simulations later. Therefore, the investigations considering these
aspects should be considered to achieve results for successfully solving the dynamic homotopy
problem for time instants t; > 1, even when At is substantial. Ultimately, this will establish

a robust starting point for the NR solver and other iterative schemes.

6.5.1.3 Time-step change investigation

Based on the previous findings and descriptions, other experiments were carried out using
the FE, RK2, and BE solvers, but starting from the point #; instead of t, = 0. With this
objective, the states in the point ¢; were calculated only with the BE solver (or using a linear
approximation of the homotopy function as calculated by using Equation (4.14)). Then, they
were employed as IC for further studies with FE, RK2, and BE solvers. This procedure aligns
with adopting only an implicit integration technique to compute the states initially in the

instant ¢;, according to the description forwarded in Section 6.5.1.2.

Therefore, it was assumed that the simulations must start from the point whose states x(;)
were calculated at time ¢; using the initial point to = 0, where the IC is x(0) = x(©). For this
previous result, only the BE solver or a linear approximation of the homotopy problem (see

Equation (4.14)) was used to obtain it.

Then, from this part of the work, the adopted Initial Condition (IC) for FE, RK2, and BE

solvers are considered starting in the point defined in the homotopy pathway by ¢, (x(t1),t1).

The numerical integration solvers calculate points with ¢, > t;, k = 1,--- N — 1. To
evaluate the performance of the three numerical integration solvers, initial simulations with
to = 2At,y were assumed. Experience has shown that setting ¢5 in large time steps, unless using

the implicit method, results in premature convergence failures of the explicit methods.

To compare the performance of the implicit method (BE) with the explicit methods (FE
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and RK2), simulations using two different types of time steps for ¢ > t, were also carried out.
In the first set of experiments, an elevated constant time-step was used to compute the last
point in ¢5 = 1. In the second set, it was modified to be a variable time-step that increases

over time.

Tables 6.3-6.5 exhibit simulation results, respectively, for the solvers FE, RK2, and BE,
when Aty = 0.005 (used for determining ¢; and t5) is adopted; and At = 0.5 (large time-step),
used for ¢ > t3. The value K = 0.0001 was adopted in the simulations. The second row in
the tables indicates either the discrete-time for the dynamic homotopy calculations (2" to 6"
columns) or the iterations for the NR solver (columns 7% to 9'*), which uses the result in t = 1
of the dynamic homotopy problem, i.e., X(¥), as an initial estimate. Depending on the solver
used, the results of the infinite-norm of the PFP mismatches, ||f(x)||o, are shown in 2"¢ to 9
columns, based on the case defined in the 1%¢ column.

Table 6.3: Norm evolution for the FE solver combined with the NR solver for an initial time-step Aty = 0.005
and large time-step for ¢t > 0.01

CASE/Time ||£(x)]|oo of the Solver [1f(x)|]cc NR

t or iter 0.0 0.005 0.01 0.51 1.0 1 2 3
case18482 532 65 9.7 2x10%  2x10° - - -
case27318 200 25 1.2 27 2 x 107 - - -
case36964 532 65 3.5 2 x 103 3 x 10° - - -
caseb4636 200 25 1.2 27 1 x 107 - - -
casel09272 200 25 1.2 27 1 x 10 - - -

case69limit 0012 2x107* 1x10° 5x10* 2x10° 2x107% 3x 10712
casel41limit 0.006 2x107%* 9x10% 5x10* 2x10° 4x10% 1x 1071
case500limit 13 1.2 0.02 0.9 1.0 8x107% 2x107% 4x10°8
case20001limit 54 3.9 0.8 210 7 x 103 - - -

Table 6.3 refers to a significant time-step immediately following the instant ¢, = 0.01. From
the computed norms, it is verified that the FE solver is unable to furnish an adequate estimate
% for the NR solver in ¢ = 1, when employed to solve the dynamic homotopy problem
for the large-scale ill-conditioned base cases. However, when applied to small systems, even
considering the loading in the limit (69-, 141-, and 500-bus cases), it provided an appropriate
starting, which converged with no more than three additional iterations. However, a failure
of convergence occurred for the 2000-bus system. This is the largest model among those with

studied stressed conditions.

The explicit technique implemented for the RK2 solver performs similarly to the FE sol-
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Table 6.4: Norm evolution for the RK2 solver combined with the NR solver for an initial time-step Aty = 0.005
and large time-step for ¢ > 0.01

CASE/Time ||£(x)]|o0 of the Solver [1f(x)||cc NR

t or iter 0.0 0.005 0.01 0.51 1.0 1 2 3
case18482 532 65 33 3x107  1x10% - - -
case27318 200 25 13 6 x 10° 1 x 1019 - - -
case36964 532 65 33 3x10°  2x10" - - -
caseb4636 200 25 13 7 x 10° 1 x 1019 - - -
casel09272 200 25 13 1x 107 5 x 10 - - -

case69limit 0012 2x10* 1x10* 9x10® 5x10° 1x10% - -
casel41limit 0.006 2x10* 8x10™° 4x10™* 2x10™* 7x107° - -
caseb500limit 13 1.2 0.6 1 x 10* 5x 103 - - -
case20001limit 54 3.9 1.9 1 x 104 4 x 10* - - -

ver. However, in some cases (see Table 6.4), the performance is even worse, as there was no
convergence for smaller systems. This behavior is because RK2 requires an intermediate LU
factorization to reach the instant of interest, according to the defined time-step At. Since the
method reaches large errors in ¢t = t; = 0.01, these errors propagate and lead to erroneous
results in the following steps. From Tables 6.3 and 6.4, in t3 = 0.51, results with a norm at
least 10* are observed. Although the FE solver also shows erratic computation, the norms are
smaller than those found by the RK2 solver (for reference, see the 5 column in both tables).
However, neither FE nor RK2 performed satisfactorily and gave adequate starting states %%

for running the NR solver.

The results shown in Table 6.5 indicate that the BE method successfully converged for
all test cases. This demonstrates that the single implicit method is suitable for solving the
dynamic homotopy problem, even when using elevated time steps. When initiated with the
results obtained by the dynamic homotopy-based technique, the NR solver required at most
three iterations for convergence (see 7, 8 and 9" columns in the table for the results of the
iterations using NR solver, starting with the states computed by the BE dynamic homotopy-

based scheme for ¢ = 1), regardless of the system studied.

In the upcoming experiments, the methods were evaluated, extending the time steps for
tr > to. The specific time points t; = 0.005, t, = 0.01, t3 = 0.02, t4 = 0.12, t5 = 0.62, and
te = 1.0 were established. It should be noted that the time step Aty = t5—t, = 0.5 is considered

large. Again, the infinite norms of the mismatches were observed for the dynamic homotopy and
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Table 6.5: Norm evolution for the BE solver combined with the NR solver for an initial time-step Aty = 0.005
and large time-steps for ¢ > 0.01

CASE/Time [|1f(x)||oo of the Solver [1f(x)|]cc NR

t or iter 0.0 0.005 0.01 0.51 1.0 1 2 3
casel8482 932 65 33 7.2 3.7 0.04 1.5x 1075 1x 107!
case27318 200 25 13 0.5 0.25 0.1 25x107° 7x 10712
case36964 532 65 33 6.9 3.6 0.27 6x107* 4x107?
caseb4636 200 25 13 0.5 0.25 0.1 3x 1070 7x107'2
casel09272 200 25 13 0.5 0.25 0.1 3x 107 7x107'2

case69limit 0012 2x107* 1x10™* 2x107% 5x1077 5x 1072 - -
casel41limit 0.006 2x107* 8x10® 1x10% 5x107 6x 10~ - -
case5001imit 13 1.2 0.6 0.02 9x 103 1x10% 2x10713 -
case20001limit 54 3.9 2 2.8 1.5 0.01 8x 1077 9x107%

NR solvers. Considering the similar profiles verified for the mismatch norms of case109272,
caseb4636, and case27318 and based on the findings in Tables 6.3-6.5, only the results for
the largest system is shown for these specific experiments, i.e., the case109272. Similarly,
the same remark is made for the experiments involving the case36964 and case18482, being
considered only the former. Just the largest system was considered concerning the limit loading
cases. Given the explanations regarding the selected systems, the new simulation results are

presented in Table 6.6.

In Table 6.6, the mismatch norm was computed for each point defined by a specific time
instant tg, according to the employed solver. Also, only the result for three iterations of the

NR solver for refining the result is exhibited in the table (see 10" to 12" columns).

Table 6.6: Evolution of norms with reduced initial time steps and progressive increments in computing the
dynamic homotopy results, followed by three iterations of the NR solver considering the integration methods
FE, RK2, and BE

CASE Solver/Time [|f(x)]]oo of the Solver [|1f(x)]]oo for NR
t or iter 0.0 0.0056 0.01 0.02 0.12 0.62 1.0 1 2 3
FE 532 65 35 07 57 57 114 28 5 0.2
case36964 RK2 532 65 33 16 96 42 26 0.2 3x107* 1x107°
BE 532 65 33 16 40 14 09 0.09 0x107® 1x 10710
FE 200 25 1.2 0.02 007 03 0.17 0.03 6x107* 2x107°
casel109272 RK2 200 25 13 63 12 05 03 0.19 2x107* 2x107°°
BE 200 25 13 63 11 02 0.1 0.02 1x107% 1x 107!
FE 5, 39 08 07 36 58 91 16 1.0 6 x 1073
case20001limit RK2 5, 39 19 10 50 55 34 0.2 3x107* 1x107°
BE 539 19 10 1.0 03 02 5x10* 3x107° -

The results from Table 6.6 show that all solvers now exhibit favorable convergence perfor-
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mance, except for the explicit FE solver in the case36964 and case20001limit. In fact, they
achieved convergence after two and one more additional iteration, respectively. The BE solver
once again performed well in obtaining an initial result for the NR solver at ¢ = 1. The RK2
solver also performed well, almost as well as BE, but with slightly lower performance in the

system with high loading.

One drawback of the experiments highlighted in Table 6.6 is that additional computations
were required because two more time points ¢, were necessary compared to the first part of the
experiments shown in Tables 6.3-6.5. Despite this, no significant improvement was observed in
reducing the number of iterations in the refinement process using the NR solver. It is important
to note that a new LU factorization of the Jacobian matrix is required at each time point added,

increasing the computational cost of the process.

6.5.1.4 Changes in the time-step and factor K

In Section 6.5.1.3, the simulations were carried out using the parameters K = 0.0001 and
Atg = 0.005. In the present subsection, new experiments are conducted modifying these para-
meters to evaluate their impact on the performance of the dynamical homotopy-based technique.
Both the initial time-step Aty and the factor K, the latter composing the “easy” function go(x),
were multiplied by a scaling factor ten when compared to the previous values. So, the new va-
lues are Aty = 0.05 and K = 0.001. This way, the perturbation parameter in Equation (4.12)
d = K/Atg = 0.02 was kept in the same value despite different values for Aty and K. Still, the
dynamic of the time simulation due to the numerical integration process was modified. The
upcoming investigations will focus on determining whether the initial result, (%), generated by
the dynamical homotopy solver is suitable for initializing the NR method. Additionally, the
decoupled form, known as FDXB scheme, will be utilized to accurately compute the results for

the PFP under these new conditions.

Several simulations were carried out. The goal is always to minimize the number of points
across the homotopy pathway because each point in the path demands a LU factorization of the
matrix G, (x(¢)). The dynamical homotopy-based technique used the NR and FDXB solvers

to refine the solution. Again, in the instant ¢;, the states x(¢;) were always obtained using only
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the BE scheme.

In the first simulation, the homotopy pathway was set with the points defined by the instants
tr {0, 0.05, 1.0}. A very large time-step, At; = 0.95, is verified for determining ¢,. Therefore,
it is necessary to compute the states for the two points ¢; = 0.05 and ¢, = 1.0 to reach an
approximate state X(©) at the latter instant. Again, the simulations were performed with the
solvers FE, RK2, and BE, using IC departing from x(¢;). For this scenario, only the BE scheme
could provide an approximate result, which led to the successful convergence of the NR or the

FDXB solvers.

In a second set of experiments, the homotopy pathway now was set with four points and
defined by the instants ¢ for three different forms: {0, 0.05, 0.1, 1.0}; {0, 0.05, 0.15, 1.0}; and
{0, 0.05, 0.20, 1.0}. Again, among FE, RK2, and BE schemes, only the latter was able to

provide an approximate result for the successful convergence of the NR or the FDXB solvers.

Another set of experiments investigated the homotopy pathway using five points. The
values of ¢; and t5 were held constant at 0.05 and 0.1, respectively, while only the value of 3 was
changed, with 4 set at 1 as the final path point. The experiments considered the following time
instants 5 for three different path options: {0, 0.05, 0.1, 0.20, 1.0}; {0, 0.05, 0.1, 0.25, 1.0};
and {0, 0.05, 0.1, 0.30, 1.0}. The simulations considered for these options allow us to obtain
a suitable approximation of states %(¥ to the NR or FDXB solvers. So, convergent solutions
with high accuracy for all PFP were calculated to a test system with explicit and implicit
schemes. The results concerning the case109272, case36964, and case_ACTIVSg2000limit
are discussed in the sequel. Figure 6.4 depicts plots indicating the evolution of the infinite
norm of the PFP mismatches for the three test systems when the NR solver is initialized by
an explicit (FE or RK2) or implicit (BE) integration scheme. The homotopy pathway has five
points, but only the instant ¢3 was modified along the simulations, being assigned the values
0.20 and resulting in Figure 6.4(a); 0.25, for Figure 6.4(b); and 0.30, for Figure 6.4(c). In
the plots, the norms are associated with results obtained through the dynamical homotopy-
based methods and the NR scheme’s iterations. Then, the term “Iterations” in the axis of
abscissa means index k of a time instant ¢; when the visualization occurs from 0 to 4 and
means effective iteration of the NR solver for an index greater than 4. In the plot legends, the

mnemonics “109k”, “36k”, and “lim” refer to identification for the case109272, case36964, and
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case_ACTIVSg2000limit, respectively. Still, from the plots, the norm results for the index 0
in the abscissa axis correspond to the infinite norm of the mismatches for the original estimate
of the PFP, which is initialized with a flat start. The result for index 4 is associated with
the instant t4 = 1, the latest point of the homotopy pathway, and also to the approximate

states x(9). This is then used as an initial estimate for the NR solver.

The plots in Figure 6.4 indicate that the performance of the dynamical homotopy-based
schemes provided convergence for the NR solvers with a number of iterations closer to each
system, except for the case where t3 = 0.25 and the FE scheme was employed. Another remark
is that the RK2 scheme for more elevated t3 presented a performance similar to BE. Then, this
similarity is expected to remain stronger by increasing the number of points for the homotopy
pathway. However, this procedure must be avoided since the objective is to minimize the
number of points of the homotopy pathway, aiming to reduce the computational cost in the

global PFP resolution.

Table 6.7 shows the required global mean CPU time (dynamical homotopy-based plus NR
scheme actions) to perform the simulations for obtaining the PFP solution according to the
experiments used to generate the plots in Figure 6.4. Other experiments include simulations
with the power flow executed using the native initial estimate provided by the MATPOWER
data bank (NR-MAT), which this work uses as a reference framework. The initial estimate
in this condition is closer to the known solution. All other mean CPU times result from the

computations in which the PFP starts using a flat start guess.

From Table 6.7 it is verified that the explicit integration method FE scheme has almost
the same computational burden as BE. However, a comparison is made for the simulation with
many points. It was shown that only the BE works properly for smaller points. Then, it is
expected to have better BE performance than FE. The RK2 scheme requires more CPU time.
This is because RK2 involves the computations of constants K; and K5, while the simplified
scheme implemented for the BE is almost similar to FE. Similar to FE, RK2 does not work
well for a small number of points, as happens in the BE scheme. Therefore, the results in the
table confirm that the BE solver is suitable for use in the dynamic homotopy-based technique.
Consequently, the results show that the CPU time can be even smaller when the BE scheme is

used with fewer points in the homotopy pathway.
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Figure 6.4: Plots indicating the evolution of the infinite norm of the PFP mismatches for three test systems
when the NR solver is initialized by an explicit (FE or RK2) or implicit (BE) integration scheme, considering
the homotopy pathway with five points, but only the instant ¢3 is changed

We can observe that from the results of the several sets of experiments performed with
proportional increment for Aty and K, only the BE scheme was able to present a suitable

approximation to the NR solver for all situations. The schemes FE and RK2 had an adequate
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Table 6.7: Mean CPU time in seconds for running experiments whose results were presented in the plots of
Figure 6.4

CASES
METHOD 3 casel109272 case36964 case_ACTIVSg2000limit
NR-MAT - 3.8889 (100%) 1.8862 (100%) 0.3100 (100%)
0.20 5.6750 (146%) 3.3580 (178%) 0.2120 (68%)
FE 0.25 5.6500 (145%) fail (-) 0.2340 (75%)
0.30 6.6210 (170%) 3.3680 (179%) 0.2240 (72%)
0.20 8.9580 (230%) 4.3800 (232%) 0.2550 (82%)
RK2 0.25 8.7950 (226%) 3.5900 (190%) 0.2610 (84%)
0.30 9.2150 (237%) 3.6770 (195%) 0.2270 (73%)
0.20 6.6550 (171%) 2.7160 (144%) 0.1890 (61%)
BE 0.25 6.6540 (171%) 2.7110 (144%) 0.2500 (81%)
0.30 6.5690 (169%) 2.7860 (148%) 0.2900 (94%)

performance only for a larger number of points in the homotopy pathway. Yet, it required
considerably small time steps for the initial time instants. This requirement was not essential
when using the implicit BE method, except when considering the instant ;. It was verified
that when many points of the homotopy pathway are used, all integration methods provide
almost similar performance for searching a good initialization %(%). On the other hand, a large
number of points must only be used if obtaining an adequate solution is unfeasible; that is not
the situation verified since the implicit scheme BE proved to be efficient for starting the NR

and FDXB solvers even with three points (say, instants {0; ¢;; 1.0}) in the homotopy pathway.

The simulations were also assessed by increasing the values of K to 0.002 and Aty to 0.1
while keeping the perturbation ¢ at 0.02. However, the large value of Aty did not contribute
effectively to determining a suitable approximation of states x(*), which made it impossible to
properly initialize the NR and FDXB schemes. When using the dynamical homotopy-based
scheme for simulation, it is crucial to take into account not just the parameter §, but also the
initial time-step Aty to obtain a suitable initialization x(%. Once this is achieved, the factor K

can be calculated.

The influence of the time-step length was investigated for the largest power system model.
Figure 6.5 exhibits results for the backward Euler’s integration method simulations for a given

constant K. For these experiments, K was set at 0.00015.

Two types of fixed time-step lengths, Aty and At, were admitted again. The former was
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fixed at the beginning of the transient in a small value because of the selected explicit integration

method. So, Aty was fixed in 0.005, while the user can assign At according to the study.

For the experiments and plots shown in Figure 6.5, the constant values for At were assigned
in the values 1.0, 0.5, 0.25, 0.1, and 0.01. The computation of the last point, in t = 1, is

performed for a reduced step-time (At — Atg) to prevent t exceeding the value 1.

I I I ]
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‘\‘ —— At =0.25 ]

Ol —
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Figure 6.5: Euler’s method results for Aty = 0.005, K = 0.00015 and different At for the mismatch of the
case_ ACTIVSg70k

In order to achieve high accuracy in the numerical integration process shown in Figure 6.5,
it is necessary to use a significantly smaller time step At to obtain a more accurate transient at
the time ¢ = 1 (as depicted by the green curve). Hence, the best performance was achieved with
a value of 0.01 among the different time step lengths tested. This means that more time points
are needed in the time range between 0 and 1. However, using more time points requires more
LU factorizations, increasing the computational time for the PFP. The question is whether the
accuracy of the result obtained at time 1.0 is sufficient for the refined result produced by the
NR solver to converge adequately. Hence, based on the plots, it may be acceptable to compute
an imprecise solution at the end of the transient at t = 1 and employ this estimate as the initial

approximation for the NR method to obtain a highly accurate solution.

The choice of Aty and At for calculating the curve points in the numerical integration
method influences the determination of the norm value in ¢ = 1. Consequently, it may impact
the result that the NR method will refine at the end. The following experiments (see Figure 6.6)
intend to show results explaining the choice of the Aty value. When using the Backward Euler’s
method, very high or very low values of this parameter may lead to significant mismatches at

t=1.
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Figure 6.6: Norm of mismatches calculated by the homotopy transient-based technique for the ill-posed
systems, in t = 1, as a function of Atq, for specific step-lengths At and a given K

To demonstrate the influence of Aty and At in the dynamical homotopy-based approach, the
experiments were performed in the four ill-conditioned systems, i.e., case3012wp, case3375up,
casel3659pegase, and case_ACTIVSg70k. Again, the initial time-step was assigned to compute
the instant t; of the curve; and a constant time-step At is given to determine the other discrete

points t; of the transient curve up to t = 1.

To assess the sensitivity of selecting Atg, the experiments were conducted by varying its
value from 0 to 0.02. The norm was verified of f(x) for a given K and three different At values:

0.5, 0.25, and 0.01.

The norm value of the homotopy numerical integration result in ¢t = 1 was monitored and
plotted. This is the value of interest to be refined by the NR solver. The four test systems’

results are exhibited in Figure 6.6 as several plots. The initial norm value, computed for
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x(© (initial maximum mismatch), ranges from 201 for the case13659pegase to 1449 for the
case3375wp. Despite these very high values, the norms at the end of the transient, in t = 1,
reach values below the unity for certain values of time-step Atg, even in the worst case for the
time-step At selected. Other studies were carried out with different values for K, and similar

results profiles were obtained for the Aty value ranges.

Another set of experiments using FPV-BEng) and FPV-RK2yg) were carried out modifying
the time-step At from 0.1 to 1.0, keeping K constant 1 x 1074,

Table 6.8 details the data and obtained results for the two largest models. In the 2"¢ and 3"
columns, the values for K and At are indicated. Further columns show the number of transient
curve points and iterations for refining the solution by the NR solver. The results indicate that
the dynamic homotopy-based approach, using BE method, achieved satisfactory convergence
for systems, as demonstrated in the 6! column of the table. However, the solver for RK2 fails
to yield appropriate results for refining the solution in certain At values, as evidenced by the

total iterates showing SR.

Variable monitoring was assessed to verify the evolution of a state along the homotopy
transient (dotted line) and the NR scheme iterations (full line) in refining the low-precision
solution obtained by the homotopy transient-based approach. The parameters in this simulation
are those used in Table 6.8. Therefore, K = 1 x 10~% and At changes according to the data in
37 column. The solvers BE and RK2 were considered. The simulations were carried out in the
casel109272. The voltage magnitude and angle in bus #6 were monitored and visualized in
Figure 6.7 and Figure 6.8. The plots’ dotted lines represent the homotopy transient produced
by the points using the BE and RK2 solvers. The full lines begin where the dotted lines
end in the plot. For better clarification, consider the step-length At = 1 and the voltage
magnitude and angle curves. For this example, the dotted lines reach point 2 in the “Iterations”
scale. The result is due to the starting from flat start (bus #6 is a PQ-type), contributing to
V(0) =V =1 pu and Angle(0) = Angle® = 0°. The next points are computed for t; = At
and ty = (At — Atg). The 5 in the plots corresponds to “Iterations(2)”. The dotted plot ends
and starts the full line plot, corresponding to the NR solver effective iterations. This latter
part of the plot goes from Iterations(2) to Iterations(6). Visualizing these transitions for all At

is better exhibited in the angle curves. A similar procedure can be explained for other At.
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Table 6.8: Performance of FPV homotopy function varying the time-step At keeping K =1 x 1074

Test #3: FPV-BE(wg) Test #4: FPV-RK2(xp)

CASE K At itergg iteryg  iterp itergke iteryg  iterr
1x107* 1.0 2 4 6 2 5 7
1x107* 0.5 3 3 6 3 4 7
casel3659pegase 1 x 107% 0.25 5 3 8 5 4* SR
1x107* 0.125 9 3 12 9 4 13
1x107* 0.1 11 3 14 11 4 15
1x107* 1.0 2 5 7 2 X SR
1x107* 0.5 3 4 7 3 X SR
case_ACTIVSg70k 1x 107% 0.25 5 4 9 5 5 10
1x107* 0.125 9 4 13 9 4 13
1x107* 0.1 11 4 15 11 4 15
1x107* 1.0 2 4 6 2 * SR
1x107* 0.5 3 4 7 3 6* SR
case36964 1x107* 0.25 5 4 9 5 5* SR
1x107* 0.125 9 3 12 9 4* SR
1x107* 0.1 11 3 14 11 4 15
1x107* 1.0 2 4 6 2 5 7
1x107* 0.5 3 3 6 3 4 7
case109272 1x107* 0.25 5 3 8 5 4% SR
1x107* 0.125 9 3 12 9 4 13
1x107* 0.1 11 3 14 11 4 15

*

x: divergence; * unstable point; SR: senseless result.
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(a) Test #3: FPV-BE(xg) (b) Test #3: FPV-BE(xg)

Figure 6.7: Bus-6 of case109272, with different At solved by backward Euler’s method (dotted line) and
Newton-Raphson’s method (solid line)

Note that the converged values occur for the same values in the visualization of the plots,

regardless of the time-step At.

In Figure 6.8, similar results are shown for test using the RK2 solver. However, for the
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Figure 6.8: Bus-6 of case109272, with different At solved by Runge-Kutta’s method (dotted line) and Newton-
Raphson’s method (solid line)

case At = 0.25 (blue plots), there is evidence of incorrect convergence of the NR. Although
the voltage magnitude converges to the correct value after refining the result, the same result
was not obtained for the angle. We can see that the NR solver for “Iterations(5)” starts from
a value of approximately -175 degrees and converges to about -150 degrees, which is far from
the correct value of approximately 25 degrees. The result confirms the evidence mark “SR”

assigned in Table 6.8 when At = 0.25 is used.

In the next set of experiments, the backward Euler’s and second-order Runge-Kutta’s
methods were employed for other numerical integration strategies involving options of dis-
crete time t;, i = 0,1,...,N, and time-step lengths Aty, At, and changing in the parameter K.
Experiments were carried out for different test systems. Tables 6.9, 6.10, 6.11, 6.12, and 6.13

depict the simulations results.

Table 6.9 exhibits results in which At is kept constant in 0.25, while K is changed in
the range 1 x 1077 to 1 x 1072. It is verified that values of K smaller than 1 x 10~* are
inappropriate for Euler’s solver. For the case_ ACTIVSg70k, values greater than 1 x 1072 also
lead to convergence failure. From the table, again, was concluded by the adequate convergence
of the NR solver when backward Euler’s dynamic homotopy scheme is employed, even for small

time-step At.

Figure 6.9(a) shows a plot for magnitude and Figure 6.9(b) phase angle of nodal voltage in
some buses of the 70,000-bus system with a step Aty = 0.005, At = 0.25, and K = 10~%, using

the Euler’s method for the FPV homotopy approach. The transient response of a state reaches
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Table 6.9: Performance of FPV homotopy function varying K for a step At = 0.25

Test #5 FPV—BE(NR) Test #6 FPV—RKZ(NR)

CASE K At itergg  iteryg  iterp itergrke iteryg  iterr
1x10°2 025 5 4 9 5 5 SR
1x10% 025 5 3 8 5 5 SR
1x107* 025 5 3 8 5 4 SR

casel3659pegase | 55 o5 3 e SR 5 » SR
1x10% 025 5 3 SR 5 4 9
1x1077 025 5 X SR 5 4 SR
1x107%2 0.25 5 X SR 5 X SR
1x10% 025 5 4 9 5 5 10
1x107* 025 5 4 9 5 5 10

case_ACTIVSgTOk | 195 (25 5 X SR 5 X SR
1x107% 0.25 5 X SR 5 X SR,
1x1077 0.25 5 X SR 5 X SR,
1x10°2 025 5 4 9 5 X SR
1x10% 025 5 4 9 5 5 10
1x107* 025 5 4 9 5 5* SR
case36964 1x10~° 025 5 x SR 5 x SR
1x10% 025 5 X SR 5 X SR
1x1077 0.25 5 X SR 5 X SR,
1x10°2 025 5 4 9 5 7 SR
1x103 025 5 3 8 5 SR SR
1x107* 025 5 3 8 5 4 SR
casel09272 1105 025 5 3 SR 5 £ SR
1x10% 025 5 3 SR 5 4 SR
1x1077 025 5 x SR 5 4 SR

*

x: divergence; * unstable point; SR: senseless result.

an accurate result for the voltage magnitude basically for the two points of the transient-
based approach (see dotted curves Figure 6.9(a)). The phase angles (see dotted curves in
Figure 6.9(b)) need refinement that the NR solver provides. The accuracy of the states is
improved by the NR method (solid lines). Again, the contribution of the transient-based result
participation on calculating the PFP solution is surprisingly good since we are dealing with an
ill-conditioned and large-scale system. We emphasize that the pure NR solver cannot solve the

PFP when departing straightforwardly from a flat start estimation.

Experiments with different steps At; along the points of the transient-based curve were
carried out. The step lengths Aty = 0.005, Aty = 0.025, and Aty = 0.97 were adopted to obtain
the three points t; = 0.005, t, = 0.03, t3 = 1. Table 6.10 depicts the results for K = 1074
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Figure 6.9: Trajectories along the homotopy process for the bus voltage case_ACTIVSg70k, with the first
iterates obtained applying the transient-based approach with Euler’s method (dotted line) for At = 0.25 and
K =1 x 10~* and the others points refined with Newton-Raphson’s method (solid line)

two cases. Considering only the largest system, the RK2 scheme presented convergence for
the transient-based stage. In the refinement phase, the NR solver demanded 5 iterates for
convergence. In tests with smaller points, the convergence was impossible with just 2 points.
However, the BE method performed better than the RK scheme, requiring 3 discrete points in

the transient-based stage and just 4 iterations in the refining NR scheme.

Table 6.10: Performance of the FPV for three different time-steps, Aty = 0.005, Aty = 0.025, and Aty = 0.97

FPV-BE g FPV-RK2 g
CASE K At itergg iteryg iterr itergrke iteryg iterp
casel13659pegase 1 x107* Aty and Aty 3 3 6 3 4 7
case. ACTIVSg70k 1 x 107* At; and Aty 3 4 7 3 5 8

Simulations that also consider several methods were assessed. The aim was to use other
methods different from the NR solver as done in the previous simulations. For these experiments
were considered some ill-conditioned systems available on MATPOWER, some ill-conditioned
systems available on Tostado-Véliz et al. (2019¢c), and stressed power systems available on
Tostado-Véliz et al. (2019d). Here, the experiments for obtaining the low-precision solution via
dynamic homotopy method were carried out by employing the BE method and RK2, both with
time-step At = 1. With these partial results, the methods NR, FDXB (NR fast decoupled),

HKW, and RK4 were used to refine the low-accuracy results.

Table 6.11 shows the results in terms of iterations for the convergent cases. The 27¢ column

in the table is the number of iterations required for the NR solver to reach the convergence,
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Table 6.11: Number of total iterations (iterr), with At = 1, solved by FPV-BE and FPV-RK2 with high
accuracy step as NR, FDXB, HKW, RK4

NR FPV-BEwmy FPV-RK2(r) FPV-BE@pxs) FPV-RK2pxs FPV-BEmxw, FPV-RK2(kw, FPV-BEgrks FPV-RK2(rks)

CASE -

MAT K iterp K iterr K iterr K iterr K iterr K iterr K iterp K iterr
case3012up 3 1x1072 5 1x102 6 1x1072 21 1x102 25 1x1072 10 1x102 10 1x1072 24 1x1072 30
case3375wp 4 1x1072 5 1x102 6 1x102 21 1x102 25 1x1072 10 1x102 10 1x102 25 1x10°2 31
136590pegase 5 1x10™ 6 1x107 8 1x107%2 33 1x102 21 1x1072 SR 1x1072 SR 1x10™* 25 1x1072 29
ACTIVSg70k 6 1x107% 7 1x1073 10* 1x107® 36 1x107® 37 1x1072 SR 1x1072 SR 1x107% 26 1x107% 31*
case18482 6 1x1072 6 1x10™% 6 1x107%2 35 1x1072 43 1x1072 8 1x10™® 8 1x1072 25 1x1072 30
case27318 5 1x107* 6 1x10* 7 1x10™® 31 1x1072 31 1x10™* 9 1x102 9 1x107* 25 1x1072 29
case36964 6 1x10™% 6 1x107% 10* 1x1072 35 1x1072 43 1x10™* 8 1x10™% 12 1x107® 26 1x107% 32*
caseb4636 5 1x107* 6 1x10* 7 1x10™* 31 1x1072 31 1x107* 9 1x102 9 1x107* 25 1x10°2 29
case109272 5 1x10™ 6 1x10™* 7 1x10% 31 1x1072 31 1x10™* 9 1x1072 9 1x107™* 25 1x1072 29
case300 5 1x1072 6 1x1072 6 1x107%2 29 1x107%2 21 1x1072 9 1x1072 9 1x1072 23 1x107%2 26
case69limit 4 1x1072 4 1x1072 5 1x107* 22 1x10™* 32 1x102 5 1x1072 6 1x107° 11 1x1073 16
casel41limit 3 1x107%2 4 1x1072 5 1x107° 16 1x1072 26 1x1072 5 1x102 6 1x10™® 11 1x107% 16
5001limit 3 1x1072 5 1x1072 5 1x10% 14 1x1072 15 1x10™* 5 1x1072 8 1x10™* 16 1x1072 25
20001limit 3 1x1072 6 1x102 6 1x10™® 24 1x1072 26 1x1072 8 1x102 9 1x10% 21 1x10"% 27
* At =0.25

assuming initial conditions assigned in the MATPOWER. From the 3" column to 18", there
are results concerning the NR, FDXB, HKW and RK4. We can observe that the NR, FDXB,
and RK4 solver converges for all test systems when the low-accuracy result is obtained by the
EU and RK2 approach. Similar results are verified for the RK4 and HKW solvers, but when the
HKW is used as the method for the low-accuracy, the method presents Senseless Result (SR)
for tested systems case136590pegase and case_ACTIVSg70k. Figure 6.10 illustrate case18482

from Table 6.11 with different mismatches along the convergence curve.
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Figure 6.10: Mismatches regarding approaches of nine simulations presented in Table 6.11 for the case18482

Simulations were performed for the high time-step dynamic homotopy process for all ill-
conditioned test systems. In this experiments, a time-step At = 1 was used for the homotopy

path curve y(t), 0 < t < 1, and K = 1 x 107%. Then, considering the initial time-step
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Atg, the homotopy path has N = 2 points. The BE method was employed to determine the
solution of the dynamic homotopy at the point & = 2 or approximately t = 1. The states
obtained in this point were used as initial estimates for the NR solver. The combination of
all results was presented in plots of some states and the power mismatch for each iteration in
the combined processes. Figure 6.11 exhibits the plots of some states and the power mismatch
along the iterations for the 109,272-bus system. Figure 6.11(a) is the voltage magnitude, and
Figure 6.11(b) is the phase angle for the buses 2 to 6. It is possible to observe the evolution
of the mismatch ||f(x)||~ as the states start from the initial flat voltage estimate and, at each
iteration, converge to the solution of the problem. The dotted-line in the plot represents two
iterations of BE method, which in the second iteration has voltage magnitude with low accuracy,
on the order of 1 x 10 pu. Also, the mismatch is in order 1. From the second iteration in
the plot, it is activated the NR solver demands only four iterations to reach convergence (see

dotted lines for the states), and the mismatch falls from 1 to smaller than 107® pu.
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(a) Voltage magnitude for At = 1.0 and K =1 x 1074

(b) Voltage angle for At = 1.0 and K =1 x 1074

Figure 6.11: case109272, BE method (dotted line) and Newton-Raphson’s method (solid line)

We can state that although the initial method obtained low accuracy, this step expanded

the attraction region. And the NR solver acted to find an accurate solution to the PFP.

Furthermore, to demonstrate the importance of adjusting the homotopy steps appropriately,
the case36964, for instance, converges with seventeen iterations in total with the parameters
At = 0.1 using RK2 and HKW. The first ten iterations follow the homotopy steps and are solved
in this case using RK2. The last seven iterations seek high accuracy using the HKW method,
thus totaling seventeen iterations. Figure 6.12(a) demonstrates the convergence to the correct

solution, represented by the asterisk element (*) in the figure. However, with At = 0.5, despite
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obtaining the desired mismatch, it converges to the wrong solution. Note that the voltage
angle of each bus in Figure 6.12(b) does not converge to the correct answer, represented by the

asterisk (*).
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(a) Voltage angle for At = 0.1 converging on the right (b) Voltage angle for At = 0.5 converging on the wrong
solution solution

Figure 6.12: case36964, Runge-Kutta second-order method (dotted line) and Heun-King-Werner method
(solid line)

6.5.2 Execution time for some solver using FPV

The performance of the proposed method was evaluated by measuring the execution time
of calculations for simulations on the two tested systems (13,659- and 70k-bus systems). The
experiments were assessed for the static homotopy method (GSH-NR), for the dynamical FPV
homotopy approach combined with the refined solution of the NR method, as done in Test #1
and Test #6. Additionally, the CPU time demanded computing the PFP solution by the NR
method, NR-MAT, having the initialization used in MATPOWER was performed. Table 6.12

shows the execution time in seconds in the 2"¢, 374 4 and 5 columns. It is confirmed that

Table 6.12: Mean CPU Time in seconds for running experiments considering the two largest test systems

CASE GSH-NR Test #1: FPV-BE(ng) Test #6: FPV-RK2xg)  NR-MAT
casel3659pegase 1.9750 0.6870 (35%) 1.4840 (75%) 0.5000 (25%)
case_ ACTIVSg70k  25.0740 4.4300 (18%) 9.4080* (38%) 3.0100 (12%)
*K=1x10"°

the GSH-NR method (see 2" column for the percent base of time) is by far the most expensive.

In contrast, the CPU time for the NR solver with initialization given in MATPOWER is the
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one that requires less computational time (5" column). However, the proposed transient-
based approach plus refinement of the solution by the NR method (see 3" column) has a
computational cost almost similar to the MATPOWER’s reference burden when Euler’s scheme
is employed. Therefore, although the RK’s scheme presents a computational demand smaller
than the GSH-NR, it is greater than Euler’s transient-based FPV homotopy approach. This fact
is justified because, in addition to giving less LU factorization per calculated point, the Euler
method furnishes a better approximation of the low-accuracy solution for the initialization of
the NR method in the refinement step. All simulations were performed using K = 1 x 1074,
except the case_ACTIVSg70k with Test #6: FPV-RK2 g, (3" line and 4 column) that uses
K =1 x1073. Notwithstanding, we emphasize that MATPOWER'’s calculation uses an initial
estimate assigned in the neighborhood of the solution. At the same time, the other results are
obtained from a flat start estimate, which does not allow for convergence for the NR method

without the transient-based approximated states for tested systems.
The CPU time for the NR solver with initialization given in MATPOWER is the one that
requires less computational time (2"¢ method) as can be seen at Table 6.13. However, the pro-

Table 6.13: Mean CPU Time in seconds for running experiments considering some test systems

CASES
METHOD casel09272 casebH4636 case36964 case27318 casel8482

NR-MAT 38889  (100%) 2.1236  (100%) 1.8862  (100%) 0.8912  (100%) 0.8241  (100%
FPV-BE ) 42730 (110%) 2.1840  (103%) 1.7260  (92%) 1.1430 (128%) 0.9040 (110%
FPV-RK2(xg) 6.3920 (164%) 3.1070  (146%) 4.1100 (218%) 1.6240 (182%) 1.1630 (141%
FPV-BEgpxp 26800  (69%) 14070  (66%) 1.0840  (57%) 0.7560  (85%) 0.6250  (76%
FPV-RK2(pxp) 41690  (107%) 2.0840  (98%) 1.5890  (84%) 1.0600  (119%) 0.9160
) ) ) )
) ) ) )
) ) ) )
) ) ) )

( ( (
FPV-BEmkw, 91300  (235%) 4.5840 (216%) 2.9980  (159%) 2.2600 (254%) 1.4240 (173%
FPV-RK2mkw) ~ 9.9470 46800  (220%) 5.2420  (278%) 2.3260  ( 1.6950  (
FPV-BEgks)  66.7260 (1716%
FPV-RK2gksy  79.5310  (2045%

31.7030 (1493%
38.9190 (1833%

26.6220 (1411%
28.9193  (1533%

15.7050  (1762%
19.0950 (2143%

12.2030  (1492%
14.7610  (1791%

posed transient-based approach plus refinement of the solution by the NR method (see 2"¢ and
3% method) has a computational cost almost similar to the MATPOWER’s reference burden
when Euler’s scheme is employed. It is worth highlighting the FDXB method (see 4" method),
which has a lower computational cost than the reference method (NR-MAT), despite obtaining
the result with many iterations. Therefore, although the RK’s scheme presents a computational
demand smaller than the GSH-NR, it is greater than Euler’s transient-based FPV homotopy
approach. This fact is justified because, in addition to giving less LU factorization per calcu-

lated point, Euler’s method furnishes a better approximation of the low-accuracy solution for
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the initialization of the NR method in the refinement step. Notwithstanding, we emphasize
that MATPOWER’s calculation uses an initial estimate assigned in the neighborhood of the
solution. At the same time, the other results are obtained from a flat start estimate, which
does not allow for convergence for the NR method without the transient-based approximated

states.

6.6 CONTINGENCY STUDIES

This subsection presents contingency studies considering simulations with the proposed
dynamical homotopy-based technique (FPV) applied for the PFP. The type of simulations
is more stringent and agrees with practical situations where high loading of the networks is
inherent. Experiments were carried out only in the system (70k-bus model), given the greater
complexity of the electrical grid. The single contingency based on the traditional load rejection,

generation rejection, or transmission line (interconnection) removal was assessed.

The experiments consisted in performing contingencies in the ten most considerable power
rejected loads/generations or power interruption transmission line outages of the 70k-bus sys-

tem, followed by running the PFP for three strategies:

i) using the MATPOWER's initial estimate as given in its database;

ii) using the dynamical homotopy-based technique, however only for the base case and ap-
plying the result as an initial estimate (refinement by using the classical NR) for the
network under contingency; and

iii) performing the dynamical homotopy-based technique under the network in contingency,

followed by the refinement of the inaccurate solution by the classical NR.

All computed states for the case of load and generation rejections successfully converged
for the three strategies investigated. However, concerning the interconnection contingencies, all
the strategies presented similar results for the PFP solution, including the three contingencies
that had divergence. Table 6.14 exhibits the ten interconnections of the 70k-bus system with
the highest transmission apparent power (4" column) for the base case (2"¢ and 3" columns
show the interconnection buses) and the PFP convergence status (5 column) according to the

removal of a given interconnection.
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Table 6.14: Ten most loading interconnections and contingency convergence status

Case bus k bus m Skm(MVA) Convergence
#1 59757 59774 3221 yes
#2 27110 27113 3137 yes
#3 29761 29768 2887 no
#4 26773 26323 2541 yes
#5 59774 59926 2452 yes
#6 24583 24590 2178 no
H#7 32502 32508 2155 yes
#8 25706 25709 2093 yes
#9 23638 23645 2092 no
#10 25707 25709 2077 yes

From Table 6.14, the contribution of the dynamical homotopy-based technique to the suc-
cessful convergence in case of contingencies is evident. In the situations of divergence, as in the
cases #3, #6, and #9, the results agree with those obtained using the NR solver with a very
close initial estimate given in MATPOWER'’s database.

6.7 EXPERIMENTS ON THE DYNAMIC HOMOTOPY APPROACH THAT CONSI-
DERS BOTH NETWORK COMPENSATION AND FPV FUNCTION

This section presents the results of experiments for the dynamic homotopy approach con-
sisting of both network compensation and FPV function. Information, such as the experi-
ence obtained from the dynamic homotopy problem with FPV but without the compensation
network, is employed in this section. One of them is the employment of learning acquired in the
experiments considering the problem without the compensation network. For these, the range

of values of K in the easy function go(x) are very useful in the investigations of this section.

Another important conclusion from previous results was that which characterizes an inte-
gration method studied. The simulations indicated the BE method as the most suitable for
implementing the numerical resolution schemes investigated for the synthetic ODE associated
with the power flow problem. Therefore, it will be the only method used in the following

simulations.

This section will use the idea already applied to the dynamic homotopy technique without

the compensation network to find a low-precision solution at the homotopy path point at t = 1.
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Then, with the approximate results, an iterative solver, such as NR, will refine the PFP solution

with high numerical precision.

6.7.1 Simulations for obtaining high-precision Solution

Experiments were carried out for some ill-conditioned test systems. The objective was first
to execute the FPV2 solver to determine the approximated PFP solution at the end of the
dynamic homotopy step in h = 1. With this aim, an initial time-step was assigned, Aty, and
increasing it along the homotopy pathway until it reached the final step in t = 1. And, at
each step t;, the states were calculated adopting the BE scheme. With these states, a norm for
the compensated system is calculated using the scaling factor §. Table 6.15 depicts the results
for the test systems indicated in the 1% column. The table has information on the results for
both the FPV2 and NR solvers. From the 27¢ to 13" columns, the results refer to the FPV
scheme and time instant from 0 to 1, being informed of the respective norms calculated from
the states in these points. The last four columns of the table give results obtained for each
iteration of the NR solver when it uses the states obtained by the FPV2 in the point ¢ = 1.
We emphasize that the network in this point is still under the possible influence of the scaling
factor ¢ in the computation of the admittance matrix Y;,,. However, when the NR scheme is
applied, this effect is no longer considered because the original admittance matrix is assumed.
From the 14" to 16" columns, the table yields information regarding the first iterations of the
NR. In the last column, the final norm of the converged PFP solution is indicated, and in what
iteration was obtained (see the number in parenthesis). The simulations were performed by

using K = 0.0001 and 6 = 1.

Table 6.15: FPV2-BEyg), K = 0.0001, § = 1

CASE/Time ||f(x)] of the Solver [|f(x)[| NR

At or iter 0.0 5% 1076 1x107* 5x 107* 15 x 107  0.150 0.150 0.150 0.150 0.150 0.150 0.098 1 2 3 last

t 0.0 5x107% 1.05x 107* 6.05x 1074 0.0021 0.1521  0.3021  0.4521 0.6021  0.7521  0.9021 1

case3012wp 818 818 818 817 815 589 469 347 220 90 44 128 1.326 0.049 2x107° 1x 1071 (4)

case3012wp 1449 1449 1448 1448 1445 1057 849 632 405 169 78 236 2.356 0.051 3x107° 1x 1[)’11(4)

case_ACTIVSg70k 239 239 239 239 238 167 131 95 59 2 12 35 67426 23028 0.0846 6 x 10719(5)
(6)

case82k 1x 106 1x108 1% 108 1% 108 1x10°  1x109 8x10° 6x10° 3x10° 1x10° 1x10° 2x10° 3x10' 1x10° 1226 2x1071°(6

Results in Table 6.15 indicate convergence for the system investigated, including the case82k.
Note that the norms for the simulations with the FPV2 are elevated in the point ¢t = 1. Notably

for the case82k whose norm is very high. However, despite this, the NR solver still achieves
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Figure 6.13: Absolute power mismatches computed at the final of the dynamic homotopy by using the FPV2
scheme for the case82k

convergence with six iterations. Despite this result of FPV2, a deeper investigation was con-
ducted using the partial states calculated by the FPV2 scheme and the high accuracy refining
determined by the NR method. Figure 6.13 shows the distribution of the mismatches (residues)
as a function of the states (angle in PV and PQ buses and voltage magnitude in PQ buses)
when computed with the result only due to the FPV2 solution. Clearly, only four states have
very high norms in the order that are determined after the execution of the FPV2 solver. Most
of the points are characterized by good precision, which is reflected in the initial estimate that
is handled by the NR solver in Table 6.15. This behavior is also observed when the difference
between the high precision states and those calculated in the FPV2 stage is observed. To have
this comparison, Figure 6.14 shows results for voltage angle (Figure 6.14(a)) and magnitude
(Figure 6.14(b)) for the case82k. The proximity between a low- and high-precision curve is

measured by calculating the deviation from one value from another.

Comparing both Figure 6.14(a) and Figure 6.14(b), the error is significant whether the
difference reaches an elevated value different from zero. This behavior is more evident for voltage
angle and magnitude in the last states in the plots. However, most of the plot points indicate
good agreement between the low- and high-precision results. This is evidence that despite the
elevated norm in Table 6.15, the initialization of the NR solver by the states obtained by the

FPV2 solver is appropriate.
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(b) Voltage magnitude approximation at the end of the homotopy path, h = 1, and refined result

Figure 6.14: Results obtained for voltage magnitude and phase angle using FPV2 and refined result by the
NR solver for the case82k

6.7.2 Simulations evidencing the influence of the scaling factor / on the results

To illustrate the influence of the parameter ¢ in the results determined by the FPV2 (as
well as for other homotopy-based techniques used as a tool for solving the PFP), simulations
were performed in the test system represented by the case13659pegase. The simulations with
d = 0.1 (the stable case) and 6 = 1 (the unstable case) were considered for this aim. The
Dynamic homotopy solver was executed for various time steps, and the time and the infinite
norm correspondence were observed. Table 6.16 exhibits the instant of time from the point
t1 =1 x 1075 until ¢t = 1. In the simulations, X = 1 was used. The last four columns of the
table give the infinite norm of mismatches of the three initial iterates and the last one. The
parenthesis at the side of the norm is the total number of iterations required for the NR solver to

solve the PFP using the approximation determined by the FPV2 solver. When § = 0.1, the slack
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bus generates S, = 0.7687 + j0.1581 pu. The result agrees with those found in MATPOWER'’s
reference solution. However, for 6 = 0.1, the slack bus generates S, = 1.5639 + j14.5971 pu,
characterizing an abnormal operation point due to the very high reactive power generated by

the slack bus for the specific system.

Table 6.16: FPV2-BEg), K = 0.0001, and values for § = 0.1 and § = 1

CASE/Time [|£(x)||~ of the Solver [|[f(x)[|l~ NR

At or iter 5x 1076 1x107* 5x 1074 15 x 1074 0.150 0.150  0.150  0.150  0.150  0.150  0.150 0.0993 1 2 3 last

t 5x107% 1.05x 107" 2.05x 107" 7.05x 107" 7.2x 107" 0.1507 0.3007 0.4507 0.6007 0.7507 0.9007 1

casel3659pegase” 201 201 201 201 201 149 120 90 59 25 27 35 20 05 6x107* 8x 1071°(4)
case13659pegase™ 201 201 201 201 201 149 120 90 59 92 43 68 37 5 1.3 8 x 10712(6)

*for  =0.1 and ** for 6 =1

Results in Table 6.16 indicate that two scaling factors were used in the simulations for
executing the FPV2 scheme, and two sets of distinct states were, in fact, calculated in the
point ¢ = 1. The NR solver presented convergence for both situations. The results for § = 0.1
led to a voltage-stable solution, while § = 1 generated an unstable set of voltage solutions.
This set of unstable voltages was identified by measuring the angular difference between two
interconnections. The result was considered unstable when this difference was superior to ninety

degrees in absolute value.

In fact, the result for different scaling factors is expected because, for an assigned ¢, one
correspondent set of states is obtained. Even though they are different in the point t = 1,
what would be awaited was that any result could be satisfactory enough to start the NR solver
adequately. However, this is not true, and in some cases, it is necessary to assign 0 < 1 to

obtain convergence of the NR when the result of the FPV2 is used as a guess.

To reinforce the impact of § in the results determined by the dynamic homotopy-based
solver, other results are shown in terms of plots of voltage magnitude and angle, the error
between the values refined and with low accuracy of the FPV2-NR as well as, the mismatches
determined at the end of the FPV2 solver execution. The results are shown from Figures 6.15
until 6.18. The case of unstable solution is evident in Figure 6.17 that highlight very high
angular displacement between converged and approximate angles. In the case of stable solutions
as in Figure 6.15(a), the error is twenty degrees. With relation to the voltage magnitude is
not simple a straightforward conclusion based on the plots whether a case present stable or

unstable solution.
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(b) Voltage magnitude approximation at the end of the homotopy, h = 1, and refined result

Figure 6.15: Results obtained for voltage magnitude and phase angle using FPV2 and refined result by the
NR solver for the case13659pegase
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Figure 6.16: Absolute power mismatches computed at the final of the dynamic homotopy by using the FPV2
scheme for the case13659pegase when § = 0.1
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Figure 6.17: Results obtained for voltage magnitude and phase angle using FPV2 and refined result by the
NR solver for the case13659pegase
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Figure 6.18: Absolute power mismatches computed at the final of the dynamic homotopy by using the FPV2
scheme for the case13659pegase when § = 1

6.7.3 Execution time

The computational time of two large-scale systems was measured to verify the algorithms’

performance at Table 6.17. Four methods were tested for the cases that had convergence. The
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performance was evaluated for the two static homotopy methods, GSH-NR and GSH-FPV-
NR, and the two dynamic homotopy-based techniques, FPV-BExr) and FPV2-BE(yg). The
performance comparison in figures of CPU time is shown in percentages in parentheses in front
of their respective times in seconds. All three methods evaluated outperformed the old method
GSH-NR presented in Freitas & Silva (2022) for the test system studied. The FPV-BEg)
method stood out, as it consumed only 18% of GSH-NR for the case_ACTIVSg70k. The FPV2
solver had a performance similar to the static approach GSH-FPV-NR. However, the advantage
of both techniques is that they obtain a solution of the PFP for the complex case formed by

the three slack buses, namely the case82k and others.

Table 6.17: Mean CPU time in seconds for the computational burden of methods used on two large-scale test
systems, where the methods were convergent for a solution

CASE GSH-NR GSH-FPV-NR  FPV-BEnr,  FPV2-BEng,
case13659pegase 1.9750 1.9211 (97%)  0.6870 (35%)  1.7730 (90%)
case_ ACTIVSg70k 25.0740 15.3466 (61%)  4.4300 (18%)  17.2930 (69%)

6.8 OVERVIEW

This chapter presented experiments and results to verify the performance of the homotopy-
based methods. The simulations use the test systems presented in Chapter 5. The tests consider
two static homotopy approaches, namely GSH-NR and GSH-FPV-NR. Also, two dynamic

homotopy schemes were presented, simply called FPV and FPV2.

The NR methods, starting from the MATPOWER initial estimate and flat start guess, and

the GSH-NR method, starting from the flat start estimate, were used as a comparison reference.

The simulation results highlighted the effectiveness of the GSH-FPV-NR scheme in addres-
sing situations where the GSH-NR fails. Regarding the dynamic homotopy approach, although
the FPV2 scheme required the most computational resources compared to the FPV, it demons-
trated more robust performance by successfully resolving a complex case where an isolated

system transitions into a synchronous network.

Computational performance was evaluated for both FPV-BEr) and FPV-RK2yg) vari-
ants. Both models performed comparably to the NR-MAT method, which begins with the
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MATPOWER estimate. This highlights the versatility of the schemes, which can achieve solu-
tions at a reasonable computational cost, even when starting from a poor initial estimate. Addi-
tionally, the performance was assessed with various numerical solvers at different high-accuracy
stages, including FDXB, HKW, and RK4. The methodology demonstrated its effectiveness in
expanding the attraction region of the tested methods. Notably, the computational time was
similar to that of the NR-MAT method, even when starting from a flat initial estimate. In the

case of FPV-BErpxg), it exhibited superior performance compared to NR-flat.

Several experiments were presented to demonstrate the effectiveness of the implicit inte-
gration method for solving the numerical problem when dynamical homotopy-based techniques
are employed. The BE solver performed adequately for the simulations, which was the tech-
nique used when the FPV2 scheme was adopted. Experiments were carried out in large-scale

ill-conditioned systems, including models of 70k-, 82k-, and 109k-buses.

The tests showed that the integration method’s time step, At, directly affects the total
number of iterations required. As At decreases, the number of steps during the dynamical
homotopy stage increases, causing the final estimate for the second stage to be closer to the
actual solution. Consequently, Newton-Raphson’s method converges with fewer iterations.
Another test highlighted the importance of the K parameter in achieving a highly accurate

solution. The proper definition of this value is crucial for ensuring convergence.

Lastly, the FPV method was also tested in a contingency situation. It was shown that
dynamic homotopy schemes help achieve the correct power flow solution, even when considering

independent systems with multiple slack buses.



CHAPTER 7

CONCLUSION

This PhD thesis proposed homotopy-based techniques arranged in a way to solve algebraic
nonlinear equations and model the power flow problem in large-scale ill-conditioned power
system models. Despite the PF being a static problem, the homotopy-based problems were
formulated to consider both the static and dynamic approaches. All the homotopy-based solvers
assumed that the PFP is solved starting from a flat start guess. Then, when a static approach
is considered, the flat start guess is the initial point of the homotopy pathway. However,
for a dynamic method, the flat start guess is interpreted as the boundary condition for the

synthesized differential equations.

Concerning the static homotopy-based techniques, a method presented in Freitas & Silva
(2022) was studied, called GSH-NR, and a modification of it performed in this PhD thesis
to solve a more complex problem that was not solved by the original GSH-NR technique. In
common, the strategies are based on artificial compensation of the power grid at the starting
point of the homotopy path. Compensation is done through the connection of shunt impedances
at each bus in the system that absorb (or generate) the power of the bus itself so that there
is no initial flow in any interconnection. Thus, there is no need to solve a PFP at the starting
point because the solution is the initial estimate of the iterative load flow problem. Along the
homotopy process, the fictitious impedances are disconnected progressively, and their amount
is regulated by the homotopy parameter until it achieves the unitary value. This new proposal
was characterized by the insertion of modifications on the homotopy function of a term based
on a Fixed Point Vector (FPV) and weights in the function defined for GSH-NR. Thus, the
method was defined as GSH-FPV-NR.

While the GSH-NR was conceived to search for a solution at the end of the homotopy
pathway, the GSH-FPV-NR determines a low-precision solution at this point, which an iterative

solver, such as NR, refines for high precision.
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The dynamic homotopy-based techniques proposed in this work use an FPV term for gene-
rating the “easy” function of the homotopy function. A first and simpler homotopy function
was proposed based on only the combination of algebraic equations of the original PFP and the
FPV component. Then, it was labeled simply as FPV. It does not use an artificial compensa-
tion of the network along the dynamic homotopy process. A second proposal was investigated,
assuming the replacement of the algebraic equations of the original PFP in the first proposal
by the equations of the GSH-FPV-NR scheme, keeping the inclusion of the term FPV. By this
proposal, the solver was called FPV2. This second scheme is more robust because it takes into
account the qualities and properties of the GSH-FPV-NR, and so the procedure of artificial
network compensation. On the other hand, it demanded a computational burden greater than

the FPV scheme.

The solution obtained for the dynamic homotopy-based technique is an approximation be-
cause the integration methods employ large time-step lengths. Smaller steps would lead to the
computation of many discrete points in the homotopy path curve without great impact in the
final point since the interest at this specific point is to obtain a rough result. In contrast, it

could be computationally expensive compared with the static techniques.

The Static homotopy solvers require the resolution of algebraic nonlinear equations along the
homotopy path, while the dynamic homotopy-based technique depends on the determination
of results along the homotopy path but whose resolution is done by numerical integration
techniques. In this sense, implicit and explicit integration techniques were investigated for
the problems. The schemes FE and RK2 were studied as explicit and BE as implicit methods.
Experiments demonstrated better performance for the implicit method, being the recommended
and the only one used for simulations with the FPV2 solver. Several experiments were carried
out considering the determination of the initial step on the dynamical solver since, at this
point, the numerical results can significantly impact the subsequent points on the homotopy
path. Besides, the definition of these subsequent points influences the process convergence and

the associated computational burden.

The solvers GSH-FPV-NR, FPV, and FPV2 determined an adequate low-precision solution
of the PFP, which was improved by an iterative scheme such as NR. For the FPV solver, the

study was also extended to include refinement with the FDXB scheme.
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Experiments were performed to demonstrate the effectiveness of the techniques in various
test systems with different characteristics. The solver GSH-FPV-NR presented convergence for
all test systems. To the dynamic homotopy solver, the FPV technique demanded a computati-
onal burden for finding a solution almost similar to that obtained by the MATPOWER despite
using an initial estimation closer to the solution. However, the FPV2 demanded a substantial

CPU time, compared with the FPV, to solve the same problem.

An interesting aspect of this work was to address homotopy-based techniques, whether static
or dynamic, for solving problems with several slack buses. For this strategy, a formulation
considering islanding systems can be explored. As an application, contingency studies were
carried out using only the FPV approach applied to the 70k-bus system. Furthermore, a

problem was carried out in which the test system presented three slack buses.

In summary, the proposed methodology in this work demonstrates:

to be suitable for dealing with ill-conditioned and large-scale power system models;

e to use an idea of an artificial compensation network and a dynamic approach to find an
approximation of the states of PFP and improve it by using the classical NR solver or

other classical solvers;

o that can be implemented in the MATPOWER free software, requiring only a few mo-
difications in the Jacobian matrix and mismatches of solutions that are already directly

calculated by the program;

o that the dynamic approach differs from the static homotopy approach because the solution
in the homotopy parameter for the unitary value approximates states for f(x) = 0, whose

result is used to improve the PFP results; and

e to be a promising tool for studying contingency and system islanding in power systems.

RECOMMENDATIONS FOR FUTURE RESEARCH

The planned objectives for the new work directions are to extend the application of ho-

motopy to recent studies on the impact on load flow considering equipment limits studies.
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Furthermore, it intends to study the applications developed considering a new scenario with
a power system with several slack buses replaced by a strategy where a phase-shift device
allows working with a single slack bus. This procedure can be useful for islanding studies,

interconnections with DC link, contingency studies, etc.

o Investigate other strategies to search for new improvements in the static and dynamic

homotopy-based approaches, considering new alternatives to define a homotopy function;

e Research on other integration methods aiming to improve the performance of the dynamic
homotopy problem, as well as the use of an adaptive time-step according to the error

verified along the homotopy integration process;

o Carry out supplementary tests involving the homotopy-based techniques to take into

account diversified cases of contingencies and control of devices or a given quantity;

o Implement the main aspects of the Synthetic Dynamic Power Flow for large-scale systems

and verify the joint application with homotopy concepts; and

o Perform additional investigations on the FPV2 approach to implement an optimized code

to the algorithm.
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APPENDIX A

THE 2-PARAMETER HOMOTOPY STATIC PROBLEM

Suppose we have an original network and another that is modified by the two parameters
of homotopy h; and hs, with discrete values hy;, © = 0,1,2,...,Ny and hg, kK = 0,1,2,...,Ns.
The original network is modified along the homotopy path, through changes in h; and hy. The
changes emanate from a flat start guess, x(©, which also coincides with the solution for the
starting homotopy path point, denoted by x[*% when h; = hy = 0, up to reach a final state
in the path, labeled xNN2! for hy = hy = 1. Figure A.1 illustrates a hypothetical homotopy
path sketch for the case when N; = 8 and N, = 1. In this example, the initial solution of the
path is 2[%0 = 2 while the last point is the solution x, for the algebraic equation f(x) = 0

of the original network.

XBUI=x,

[4.0]
X001 = x(©0) X

Figure A.1: Tlustration for a hypothetical homotopy path sketch for two parameters h; and hq, where Ny = 8
and No =1

The key modification on the network involves operations in the diagonal of the admittance
matrix and impedances connecting the slack bus. The changes in the diagonal are performed
through the insertion of fictitious shunt admittances adequately adjusted to give flat start
solution for the initial point of the homotopy problem. This specific control is performed
by modifying only the parameter h;. Supplementary, the network is modified through the
insertion of reinforcement in impedances near the slack bus neighborhood for improving the

convergence along the homotopy path. This specific reinforcement, case necessary, is introduced
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by a scaling factor § multiplying an impedance which is regulated by the homotopy parameter

hs. The process occurs as described in the sequence.

Let Yi; be a diagonal entry of the original admittance matrix Ypzyg. Then, a convex
homotopy (CHIANG; WANG, 2018) is adopted as follows. Firstly, the homotopy parameter,
hi, 0 < hy <1, is applied to compute a fictitious and parametric dependent diagonal element
as

Yik = 7 Yig, + (1= h1)(gx + jbi), k € PQ bus when hy = 0, (A.1)
in which for PV-bus, by is set to zero and no change is needed for the slack bus.

The parameter hs is used to modify the impedances zy,, € ), of interconnections around
the slack bus and assumes only two values, hy = 0 or hy = 1 (i.e., N; is always equals 1). The

homotopy process produces the modified impedance
gkm = hgzkm + (1 - hg)ézkm (AQ)

in which 6 € R, 0 < § < 1 is a factor introduced artificially by the user. This procedure
acting with hs helps to artificially reinforce links with the slack bus and so strengthen the
interconnections when large changes of power flow are required due to a given value of the other
parameter hy. But, it is removed for h; = 1 because the reinforcement is no longer necessarily
justified by the fact that the point in the homotopy path x™ =19 is closer to the final point
xVi:1 - Changes on other interconnections with hs are unnecessary since the generation at the
other buses supply artificially changes in the loads due to the modification in h;. Therefore
changes in the interconnections also follow what was planned to keep the equilibrium load-
generation. However, losses can be different and need to be compensated by the slack bus

in high amounts or even with the reverse flow along the generation of the homotopy path by

solving a PFP for a required point.

Then, considering

« the inclusion of the fictitious shunt admittances for modifying a diagonal entry Yj; and

o the value of branch admittances g, = 1/2km € s, (see Freitas & Silva (2022) for details),

and modified as Zx,, = 02pm, with 6 < 1, when hy < 1 and § = 1 for hy =1,

an updated admittance matrix Y sus is calculated with the changes promoted by h; and hs
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and used for the execution of the PFP via the NR method along the homotopy path. Note
that ?BUS = YBUS for h1 =1and h2 =1.

Assuming that N; = N, then the total number of points at the homotopy path which re-
quires the solution computation of a PFP is N. The justification is based on the fact that the

0,0

initial point has solution x[>% exactly equal to the initial estimate x(*), according to the sugges-

tion in Freitas & Silva (2022). Hence, the solution for the initial point is trivial, x*% = x(©),
The intermediate path homotopy points up to (N — 1) are modified only by changes in h; and
considering Zy,, = 02,. In the last point, hy is switched to 1, while h; also has reached the

unitary value (i.e., Ny = N) and Zg,, = 2zgm. Therefore, N points along the homotopy path

need to be calculated. Following this interpretation, the total iterations for the NR solvers to
N
generate the homotopy path is iter, = N Z itery;, where itery; is the number of iterations for

=1
convergence with tolerance €, of the NR solver at the point ¢ of the homotopy path.



APPENDIX B

EXAMPLE CONSIDERING MULTIPLE SLACKS NETWORK TOPOLOGY

Homotopy is a robust tool for modeling several types of statuses of components as well as
controlling laws. Among the applications is modeling multiple slacks in isolated systems in
just one fictitious equivalent slack, which is interesting for studies of system islanding. Other
applications include contingencies, such as situations where interconnections are open or closed

for some reason, modeling of asynchronous HVDC; etc.
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Figure B.1: Synchronous system represented by three interconnected areas

Figure B.1 exhibits an online diagram of a synchronous system composed of three connected
areas. Contingencies resulting in the permanent opening of the interconnections 2-3 and 3-
5 simultaneously lead to the electrical separation of the three regions. In principle, as the
system initially had only one slack bus, conventional techniques for solving a power flow would
require two other slack buses. However, applying homotopy, even with the opening of the
interconnections, it is possible to simulate fictitious connections between area 1, where, for
example, was defined as slack. This way, the execution of the PFP would follow the same

pattern as a conventional power flow with just an area or synchronous system. Figure B.2,
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based on an online diagram, illustrates the possibility of a new configuration for the artificial

system resulting from the fictitious connections.

JXe
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Figure B.2: System represented by three disconnected areas and fictitious reactance connecting the isolated
areas

The isolated system analyzed from the point of view of a synthetic synchronous grid can be
interpreted as follows. According to the online diagram in Figure B.2, after islanding, although
the slack bus generates active power Pr = P, + P4+ Pg, as a matter of fact, only Py = P, is the
effective generation for the isolated area 1. In the situation of area 2, the effective generation P,
must be complemented by the artificial active power P,. Therefore, physically, generation at
bus 4 must be Py = P, + P,. This result for P,4 would be the power generation to compensate
for the lack of a slack bus in the area. However, In this case, it must be verified whether the
generation in the area meets the required conditions. In a negative case, load shedding must
be implemented in the area. A similar remark can be made for the generation in bus 6. In
all cases, the slack buses in areas 2 and 3 were transformed into PV buses, keeping the same
specified magnitude voltage. But another alternative would also be to use them as PQ buses.

In this case, the voltage magnitude is free to change.

For the situation where the objective is the disconnection of circuits, the configuration
network changes can be done using homotopy by setting the desired admittance to be turned
off as Yrm = Grkm + Tbkms Ykm (1 — h)Yrm while the connection between slack and the other PV

bus, as x. = hx..

Three isolated areas were connected for the grid represented in the original case82k. Mo-

difications were performed to assign just one slack bus in area 1. The other original slack buses
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in areas 2 and 3 were converted into PV or PQ buses. To preserve the same voltage assigned
to the slacks in areas 2 and 3, they were replaced by a transformer with complex taps and
reactance X, instead of only single reactances. In the original system, for the purpose of the
changing, the voltages assigned to the three slack buses were V; = 1.0£0°, V5 = 1.043£67.91°,

and V3 = 1.043Z — 49.41°. Then, the suggested transformers in the interconnections were:
o link 1-2: 2. =107%; tap = (1/1.043) £ — 67.91°;
o link 1-3: 2. =1075; tap = (1/1.043)£49.41°.

The taps’ information is according to MATPOWER’s input branch data k& — m, where the

notation for tap is a : 1, and the complex tap a is referenced at the side of bus k.



APPENDIX C

A GENERIC TUTORIAL EXAMPLE OF DYNAMIC HOMOTOPY INITIALIZATION

To better understand the application of the concepts, a tutorial example from Freitas &
Oliveira (2023a) was proposed before applying the details to large-scale ill-conditioned power
system models. The problem consists of finding the roots of the nonlinear equation generic
system represented by fi(x1,r9) = 23 + 23 — 2z125 — 1 = 0, fo(w1,22) = 21 + 29 — 2 = 0,

f(x1,20) = [fi(z1,22) folz1,22)]T, and x = [z1 25T,

In order to iteratively solve the system, an initial estimate x(® = [I 1]” is assigned. Note
that at this point, the Jacobian matrix is singular. However, in the neighborhood of x(©,
the singularity disappears for other points. Then, to eliminate the singularity at x(, it was
proposed by Freitas & Oliveira (2023a) to replace one of the variable values with the same value
incremented by a small value €, for example, xgo) = 1—¢. The Newton-Raphson solver has been
found to not converge without the added perturbation. Additionally, achieving convergence
may be difficult depending on the specific value of e. However, the dynamic homotopy-based

technique addresses this issue by incorporating the explicit and implicit integration methods

we have previously discussed, along with any necessary adjustments.

Two different approaches were used for simulations: one using only the classical NR scheme,
starting from x(©); and the other using a combination of the dynamic homotopy-based method
and the NR solver. By this latter, the NR solver uses x(*) = x(¢)|;—; as the initial guess, which
was obtained previously by a dynamic homotopy numerical scheme.

When the NR is used starting directly from x(©), it was investigated with different values

of € to modify only the entry x§°>.

In the hybrid approach, an integration method is initially used to calculate a partial result

at t = 1, generating X(©) = x(t)|,—;. This partial result is used as a guess for the classical NR
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solver to compute the high-accuracy solution x,.

The integration methods FE, BE, and RK2, were used as proposed previously. In all
dynamic homotopy simulations, the initial time step At, = 0.01 produces the first step
t; = 0.01. The subsequent steps t, > t1, k = 2,3,... were determined by a constant time step,
denoted as At. Two different types of simulations were run with constant values for At: 0.5 and
0.125. In addition, the value of K was varied, with the following values: 0.005, 0.01, and 0.05.
For all simulations using dynamic homotopy, the results were initially computed at time ¢; using
only the BE solver, or equivalently, by using the linear approximation for the static homotopy
equation. Then, the states obtained at time ¢; were used as the starting point for the FE, BE,
and RK2 numerical integration solvers for t, > t1, k = 2,3,... with a given At. Figure C.1
illustrates the mismatch plots for the simulations. In Figure C.1(a), the plots for results were
obtained using only the NR solver, while the other subfigures exhibit the plot visualizations
for the hybrid approach, considering constant step-time At = 0.5. Convergence was achieved
for all simulations and, after using the NR solver, reached the refined values z;, = 1.5 and

Ty, = 0.5 with a tolerance for the mismatch of 107°.

The analysis of the results shows that when the NR solver departs directly from the original
estimate x(© with xéo) = 1 + ¢, the mismatches initially experience a sudden increase for any
perturbation value €, and then gradually decrease with each iteration. A minimum of 9 to 11
iterations were necessary to achieve a tolerance of 10™° in these experiments. In the hybrid
approach (refer to Figures C.1(b), C.1(c) and C.1(d)), the NR solver utilizes the result obtained
for the point when ¢t = 1. The discrete intermediate points in the plots for the range 0 to 1 refer
to results obtained from the dynamic homotopy solvers. With the enhancements introduced
by the homotopy solvers, the Newton-Raphson solver exhibits improved convergence behavior,
consistently achieving convergence within a maximum of 8 iterations across a range of values
for the parameter K. This enhanced performance is observed when the NR solver is utilized in
conjunction with the FE, BE, and RK2 solvers. In all cases, the best performance was observed
with the BE (implicit form) solver, which required no more than 3 iterations to reach a solution.
The explicit forms (FE and RK2) also achieved the solution with fewer iterations than the NR

solver properly when starting directly from x(©).

Another set of experiments was accomplished to verify the influence of the time-step At,
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Figure C.1: Results determined by using only NR and a combination of dynamic homotopy, with At = 0.5,
and the NR solver

keeping the same step initial, t; = 0.01, and using K = 0.05. For this case, a constant value

At = 0.125 was set. Figure C.2 depicts plots for the hybrid approach involving the experiments.

) )
I 8—‘\
® 0
(Y

o0
o0
00
re

!

tog, lfcVll,)
A

6+ -
8- ® FE ® BE © RK2
—»>—N:FE ——N:BE ——N:RK2
-10 1 | |
0 1 2 3 4
Iteration

Figure C.2: Integration solver performance when a smaller time-step At = 0.125 was adopted after the step
t; = 0.01



From Figure C.2, we can confirm that the behavior observed in the results shown in Fi-
gure C.1 was maintained. However, the explicit solvers now require fewer iterations to achieve
a highly accurate solution using the NR method. The BE solver did not show a significant
improvement compared to its performance with a high time-step size, but it still outperformed

the other dynamic homotopy solvers.
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