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Resumo

Multiplicidade de Solugdes para Problemas Elipticos por meio de Multiplas Aplicacdes do
Quociente de Rayleigh.

O Quociente de Rayleigh e a andlise de seus valores extremais permitem examinar e
caracterizar a estrutura da variedade de Nehari associada a um funcional de energia. Nesta
dissertacdo, apresentamos diferentes formulagdes desses valores extremais o que possibilita
determinar se a variedade de Nehari, ou alguns de seus subconjuntos, sdo vazios ou ndo. Essa
informacdo é fundamental, pois os candidatos a solucdes dos problemas elipticos considerados
pertencem exatamente a um desses subconjuntos.

Uma vez estabelecida essa caracterizacdo, aborda-se a existéncia de solugdes de equagdes
diferenciais parciais ndo lineares por meio de métodos variacionais, por exemplo, através de
procedimentos de minimizacao sobre as “subvariedades” de Nehari. Além disso, sdo apresen-
tadas aplicacdes especificas que ilustram os resultados tedricos desenvolvidos e evidenciam seu
alcance ao demonstrar a multiplicidade de solucdes para diferentes classes de problemas com
um ou mais parametros.

Palavras-chave: Quociente de Rayleigh, multiplicidade de solucdes, subvariedades da variedade

de Nehari, técnicas de minimizacao.



Abstract

The Rayleigh Quotient and the analysis of its extremal values make it possible to examine
and characterize the structure of the Nehari manifold associated with an energy functional. In
this dissertation, we present different formulations of these extremal values, which make it
possible to determine whether the Nehari manifold, or some of its subsets, are empty or not.
This information is fundamental, as the candidate solutions of the elliptic problems considered
belong precisely to one of these subsets.

Once this characterisation has been established, the existence of solutions to nonlinear
partial differential equations is addressed through variational methods, for example, by means
of minimisation procedures on the Nehari “submanifolds”. In addition, specific applications
are presented that illustrate the theoretical results developed and demonstrate their scope
by showing the multiplicity of solutions for different classes of problems with one or more
parameters.

Keywords: Rayleigh quotient, multiplicity of solutions, submanifolds of the Nehari manifold,

minimization techniques.
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List of Symbols

* We denote by W = W; x W x - - - X W, the product of Banach spaces W;, and ||-||w;, i =

1,2,...,n, is the norm. The norm on W is given by ||-||= || [lwy, + - lwo+ - + |-l w;.;

W= (W \{0}) x (Wa\{0}) x -+ x (W, \{0})  R*=R"\{0};

* uie; = (0,..,0,u;,0,..0);

V.F(u) := (Dy,F(u),...,D,,F(u))"; where D,,F(u) are applications;

* VuF (u) (v) := (Du, F () (v1),-.., Dy, F () ()"
n
* D,F(u)(v):= ZDuiF(u)(v,-).
i=1
If we consider the functional ®(u) = T'(u) — AG(u), then we introduce the following notation.

* Ji(u) = DT (u)(u);
* Jo(u) = DuG(u)(u);

0, = (0,0,0,...,0);

Ji, JheCl;

' (u) = Ji(u) = A Ta(u);
o ¢(t) := D(tu), called the fiber map of the functional &®;

 Ja(u) >0 for all u € W\ {0}.



Introduction

The Rayleigh Quotient has its roots in classical mathematical physics, being introduced and
popularized by Lord Rayleigh (John William Strutt). His monumental work, The Theory of
Sound, first published in 1877.

Advancing almost a century, the Israeli-American mathematician Zeev Nehari introduced
a revolutionary method in 1963 to address nonlinear eigenvalue problems. Nehari observed
that the nontrivial solutions of his nonlinear problem could be characterized by the stationarity
condition of an energy functional, or, equivalently, through a nonlinear generalization of the
Rayleigh Quotient.

On reading these pages, the reader might think that the thesis focuses exclusively on a
single method for guaranteeing the existence of solutions. However, the scope of this work
goes far beyond that: it not only presents results associated with the Nehari manifold, but also
explores modern tools that establish a deeper connection between this manifold and elliptic
partial differential equations.

In this study, we combine the Nehari set with the nonlinear Rayleigh quotient, two funda-
mental tools which, when used together, allow us to identify and understand the location of
possible solutions within the subsets of the Nehari manifold. This methodological integration
provides a clearer and more robust perspective on the problem, showing how modern theory
can facilitate both the existence and the characterisation of solutions.

In this work, we shall generally consider an energy functional of the form
®(u) = T(u) — AG(u), where & : W — R, ® € C1(W\ {0,},R).

Here W denotes a Banach space or, in the particular case of Chapter 1, the Cartesian product of

Banach spaces, A a real parameter. Thus, the the definition of the Nehari set is as follows

N ={ue W\ {0} : Vub(u) (u) = %cp(m)

= o}, 0.0.1)
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where, V,®(u) (u) := (D, ®(u)(u1),. .., Dy, ®(u)(u,))" besides W = Wy x ... x W, , W; is
Banach space, and D,,,®(u)(u;) this is the Fréchet derivative at point u and in the u;e; direction.
Note that ® depends on A ; therefore, the Nehari set N will also depend on the parameter A.
For the sake of simplicity in our notation, we shall omit writing ®; e N, . Note that when u
belongs to a single Banach space, the definition will be the same, but without using the gradient,
employing only the usual classical Fréchet derivative.

Let H be a real Hilbert space and let
A:D(A)CH—H

be a self-adjoint linear operator. For u € D(A) \ {0}, the Rayleigh quotient is defined by

where A(u)(u) is the inner product of A(u) with u. On the other hand, for nonlinear operators,

let W be a real reflexive Banach space and let
AB:W—>W*
be (possibly nonlinear) operators satisfying
B(u)(u) >0 forallu e W\ {0},

the Rayleigh quotient associated with the pair (A, B) is defined by

R() = A(”>(Z) wew {0},

For our energy functional, we obtain the Rayleigh quotient from the Fréchet derivative, that is,

_ DuT () (u)

D, (1) (1) = D, T (1) (u) = 2D, G{u) () = 0 = R(u) i= e 0,

where D, G(u)(u) # 0 forallu € W = (W \ {0}) x (W \ {0}) x - - x (W, \ {0}). Thus R rep-
resents the Rayleigh quotient from the Fréchet derivative (see e.g. [19], [28]). Note that u
belongs to A if and only if it lies on the level set R(u) = A, which will allow us to analyse in

greater depth the geometry of the functional and, in particular, to determine conditions under
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which the associated Nehari set is non-empty. This analysis is essential because, if the Nehari
set is not empty, this implies that it contains an element that constitutes a strong candidate to be
a solution of the elliptic partial differential equations under study. So, to enrich our analysis,
let we shall begin by us examining how the Nehari set can be subdivided; to this end, we will

introduce and refine the extremal values of the Rayleigh quotient.

In the first chapter, we analyze the critical points of the energy functional restricted to
the Nehari set, which under suitable assumptions is generally a Nehari manifold. In fact, the
Fréchet derivative of the energy functional @ satisfies the corresponding weak formulation, and
by applying the Implicit Function Theorem-or alternatively, as in Chapter 3, using the method
of Lagrange multipliers-we conclude that the critical values of the functional restricted to the
Nehari set correspond precisely to weak solutions of the problem. For this purpose, we work
in the vectorial setting. This result and its consequences are of great importance, since later
we shall focus solely on proving that the energy functionals attain their minima on the Nehari
C'-manifold and, therefore, that critical points exist. This will serve as a basis for concluding
that a specific problem indeed admits solutions.

Furthermore, in this chapter we shall undertake an extensive and in-depth study of the Rayleigh
quotient from the Fréchet derivative, together with its naturally defined extremal values, from
which various fundamental properties will be derived. We will also show that, by defining
the extremal values based on the derivatives of the fibering map associated with the Rayleigh
quotient of the Fréchet derivative, one obtains additional information that is essential for the

main objective: the subdivision of the Nehari set into three disjoint subsets
Nt = {u eN :D2,®u)(u,u) > ()},
NO = {u eN D2 ®u)(u,u) = 0},

N~ = {uGN:DﬁuCID(u)(u,u) <0}.

The definitions of these subsets may be also expressed either in terms of the fiber map of
the energy functional or in terms of the fiber map of the Rayleigh quotient from the Fréchet
derivative (see (1.1.1), and (1.7.1) in Chapter 1).

We also formulate hypotheses concerning the fiber map the Rayleigh quotient from the Fréchet
derivative and show that, under certain conditions, they provide crucial information for achiev-

ing our main results. Finally, we study the Rayleigh quotient from the energy functional and
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show how it is closely related to the Rayleigh quotient from the Fréchet derivative, inheriting

many of its properties at various stages of the analysis.

In the second chapter, we present a complement to the previous one. Once the naturally
defined extremal values are established, and since they allow us to subdivide the Nehari set, the
main objective is to prove—by means of the minimization method—that the energy functional
& attains its minimum when restricted to the Nehari subsets. In other words, the minimization
method consists in minimizing the energy functional ® on these Nehari subsets. Moreover, we
show that such a minimum corresponds to a solution of the elliptic partial differential equations
associated with ®. Finally, we determine to which subset of the Nehari manifold this solution
belongs.

To obtain this result, it will be necessary to impose additional hypotheses that constrain the
energy functional. In general terms, if the functional satisfies all these hypotheses, we shall be
able to guarantee the existence of a solution to the corresponding problem. This fact will be
stated in the first theorem of this chapter, which we shall develop in the vectorial case, that is,
for u € W, where W is a product of Banach spaces.

After this, and in order to simplify the calculations, we shall work in the scalar case; that is, we
shall consider functions u belonging to a single Banach space. Consequently, all the results
presented from this point onwards will be developed under this framework.

As an application of this theorem, we shall show that the quasilinear elliptic problem

—Apu = Alu|* 2u+ |u|"u, inQ,
(0.0.2)
u=0, on dQ

PN
admits at least two weak solutions in WOI’Z(Q), where l<a<p<y<p'= N ,if p <N,
4

and p* = o if p > N, Q@ C R" is a smooth bounded domain, and A is a real parameter (see
[30D).
It is worth mentioning that, later on, in Chapter 3, this equation will be extended to the case of

two parameters.

Since in Chapter 1 we refined the definition of the extremal values associated with the
standard Rayleigh quotient, it is natural that in Chapter 2 more elaborate theorems, propositions,

and lemmas will appear. We shall introduce new hypotheses, which are typically satisfied in
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problems that arise naturally in the study of the energy functional.

The minimization method will allow us to approach the search for solutions to the problem in a
clearer and more accessible manner. Throughout this chapter, relevant and carefully structured
results are presented, so that the reader may appreciate how the developments carried out in
Chapter 1 now acquire a deeper and more coherent meaning. Moreover, the use of the refined
extremal values simplifies the formulation of the hypotheses and allows for a more precise and
effective manipulation of the different subsets of the Nehari manifold, which greatly enriches
the analysis. Finally, we shall study the extremal values of the Rayleigh quotient arising from
the energy functional, showing how these values allow for a refinement of fundamental results
and, in particular, how they enable us to determine whether the critical point of the energy

functional has positive, zero, or negative energy.

To conclude, we shall present an application of the theory developed by studying a Kirchhoff-
type problem (see [7] and [35]), which will serve to illustrate how the results obtained in this
chapter can be employed in a concrete and relevant case within the analysis of nonlinear elliptic
problem

—(a+ A /|Vu|2)Au =[u|"%u, inQ,
(0.0.3)
u=20, on dQ,
where Q C R? is a smooth bounded domain, @ > 0 and y € (2,4).
Finally, in Chapter 3 we shall study a problem involving two real parameters (see [28]).
Following the same line as in the previous chapters, we shall work extensively with all the tools
developed beforehand. Although the presence of two parameters introduces an additional level
of complexity into the problem, the analysis essentially becomes manageable thanks to the
systematic and repeated use of the Rayleigh quotients—both the from Fréchet derivative and
the from the energy functional, and their respective extreme values.

In this chapter, the energy functional will take the appropriate form to incorporate both
parameters, and its structure will once again allow the application of methods based on the
Nehari manifold and on fibering theory. The combined use of the Rayleigh quotients, evaluated
strategically at different points, will be crucial for understanding the geometry of the problem

and for identifying the location of the solutions within the subsets of the Nehari manifold.
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The problem to be studied in this chapter will be the following:

—Apu = |u)" 2w AJu|*Pu— plu| = (A, u,u)  in Q,
u=20 on dQ,

(0.0.4)

N
wherel<q<oc<p<y<p*,p*:Np ifp<Nand p* =+if p>N,and A,u € R,

and Q is a smooth bounded domain.
Once this relationship has been established, we introduce the Rayleigh quotient from the

Fréchet derivative and the Rayleigh quotient from the energy functional in the following way:

Jivatrvn flu= [l
R(u):= L WEWT\ {0}, peR,

Jul®
L [1vappE g2 [l
i q Y

Re(u) = , ueW,"\{0}, peR

and

In fact, we can observe that this problem constitutes an extension of the first problem presented
in Chapter 2. It will be shown that by incorporating two parameters, the Rayleigh quotients
allow for a clear and comprehensible analysis that leads to the proof of the existence of three
distinct solutions for this problem.

Analogously to the applications in Chapter 2, the defined extremal values will enable us to
understand and accurately describe the structure of the equation. We shall show that, under
appropriate hypotheses, the Nehari manifold can once again be decomposed into suitable
subsets, and that the refined extremal values of the Rayleigh quotients allow for a precise
characterization of this decomposition. This structure will be essential for proving the existence
of three weak solutions to the problem. Two of these solutions will be obtained through
minimization techniques applied to different parts of the Nehari set; one of them is denoted by
u> € N, and the other by u®> € N~

The third solution, u', which is deduced to belong to A/, will instead be obtained using the
Mountain Pass method. This approach identifies a variational geometry that cannot be captured
solely through minimization techniques.

It will also be shown that these three solutions are distinct from one another, which is a very

important result. For this purpose, we will use Theorem (3.3.4). Clearly, the solutions u? and
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u? are different, as are 4 and u!, since they belong to disjoint sets. To show that u? and u' are

different, we will rely on the sign of the energy functional ® associated with our problem. In
this way, it will be shown that ®(1*) < 0 and ®(u') > 0. Moreover, it will be proven that u' is

linearly stable, whereas 1 is linearly unstable.



Chapter 1
Rayleigh quotient

In this chapter, we shall address the development of the Rayleigh quotient derived from the
Fréchet derivative, when we refer to this quotient, we will denote it by RQ. To simplify the
exposition, whenever we mention the Rayleigh quotient we shall be referring specifically to
this quotient.

From this quotient, we shall be able to study the various extremal values of the fiber of the
Rayleigh quotient (see [19]), which will allow us to establish a direct connection with the
Nehari set. More precisely, these extremal values will help us to understand when the Nehari
set is empty or not.

In addition, we shall refine these extremal values and define, from the derivative of the fiber
of the Rayleigh quotient, new characterisations which, together with the equivalences in the
definition of the Nehari set and its subsets, will enable us to determine in which cases these
subsets are empty or not, and how they are closely related to one another.

We shall also present the geometry of the fiber of the Rayleigh quotient, showing situations in
which this fiber possesses a critical point and others in which it does not. These results will be
fundamental for the subsequent chapters.

Finally, we shall introduce the Rayleigh quotient associated with the energy functional, and we
shall show how it relates to the previous Rayleigh quotient, demonstrating that their properties

are closely interconnected

In this chapter, we shall work in the space W = HW the product of Banach spaces W;, adopting

a vectorial perspective on the problem. W1th1n thls framework, the Nehari manifold and the

corresponding energy functional will also be defined from a vectorial approach.

16
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In this chapter, we shall study the following equation
P(u) =T (u)—AG(u),

where A € R, T,G € C' (W \ {0},R). Taking into account that weak solutions are defined by

differentiating & in the Fréchet sense and setting it equal to zero, we have
V. ®u):=V,T(u)—AV,G(u) =0, ueWw (1.0.1)

Let us define the Nehari vector manifold associated with (1.0.1):

Definition 1.0.1. The Nehari manifold is defined as
d
N = {u EW\{0n} : V() (u) = - ®(tu) 11 = o} (1.0.2)
. n
where W = H(W, \ {0}).
i=1
The problem of the Nehari manifold is:

®(u) — critical,

uehN.

(1.0.3)

Remark 1.0.1. The notation (1.0.3) means that V,®(u) = 0 for all direction v € T,N, that is,
V. ®(u)(v) =0 forallve T,N.

Proposition 1.0.1. Ler ® € C' (W, R). Assume that for some u € N one has
W =T,N ®Ru,

and moreover,
V. ®(u)(v)=0, foreveryveT,N.
Then V,®(u) =0, that is, u is a critical point of ® in the whole space W.
Proof. Since W = T,N @ Ru, any w € W can be written uniquely as w = v+ otu with v € TN

and o € R. By the linearity of the derivative in its second argument,

V. ®(u)(w) =V, ®u)(v)+aV,P(u)(u)
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by hypothesis, V,®(u)(v) = 0 for all v € T, N, hence V,®(u)(w) = oV, P(u)(u), since u
belongs to the Nehari, one has V,,®(u)(u) = 0. Therefore,

V. ®(u)(w) =0, forallweW,

which means that V,®(u) = 0. Consequently, u is a critical point of ® in the whole space
w. []

Firstly, we shall show that the critical points of the energy functional (1.0.3) satisfy equation
(1.0.1). That is, by demonstrating this, we are establishing that the critical points of the
functional correspond to solutions of equation (1.0.3). Consequently, these critical points
represent solutions of a partial elliptic differential equation associated with the considered
energy functional.

For this reason, the following theorem is of particular importance throughout this chapter.
Once the hypotheses of this theorem are verified, we will be able to guarantee the existence of
solutions. This analysis not only underpins the validity of the variational methods employed but
also provides a deeper understanding of the relationship between the geometry of the energy

functional and the structure of the problem’s solutions.

Theorem 1.0.1. Assume that ® € C'(W,R) and that the function
F(u,t) :=D,®(tu)(u)
is of class C Lon W xRT. Suppose that N # O and that
d
EF(u,t) li=1#£0, forallue N (1.0.4)

Then N is a C! -manifold of codimension 1, W = T,,(N') & Ru for every u € N, and any solution
of (1.0.3) satisfies (1.0.1).

Proof. To prove that A is a C! submanifold of codimension 1, we apply the Implicit Function
Theorem (see Appendix B.0.2). Indeed recall that the Nehari set is defined by

N ={u e W\ (0.} Vu(u) (u) = %d)(tu)h:l: 0}.
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Let us introduce the auxiliary function
F(u,t) := D,®(tu)(u), (u,t) €W x RT,

then we have that
Nz{uEW:F(u,l)zo}.

Fix uy € N. Then
F(ug,1) = D, P(up)(ug) = 0.

By hypothesis, F € C!(W x R, R) and
AF (o) = LF(uo,t)|  #0
Uu = — u .
t 05 dt 0, —1
Since # is a real scalar variable, the partial derivative
O;F (up,1):R — R, s — Fi(up,1)s,

is a linear isomorphism. Hence, all the hypotheses of the Implicit Function Theorem (see
Appendix B.0.2) are satisfied at the point (ug, 1). Therefore, there exist an open neighborhood

Uy C W of ug, an open interval I C R™ containing 1, and a unique function
P g q
t € CH(Uy,RT)

such that
F(u,t(u)) =0 forall u € Uy, and t(up) = 1.

From the definition of F, the identity F(u,t(u)) = 0 is equivalent to
D, ®(t(u)u)(u) =0, Vu e Up.

Multiplying by the positive scalar 7(u), we obtain

which shows that
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Since ug € N was arbitrary, we conclude that A/ is a C ! submanifold of W. On the other hand,

we define the following function
G(u):=F(u,1) =D, P(u)(u), uew.

Then G € C'(W,R) and

N =G10).
Moreover, since p
D,G(u)(u) = EF(u,t) = Fi(u,1) #0,
t=

the differential D, G(u) is a nonzero continuous linear functional on W. Therefore, by Theo-
rem (B.0.1)
T,(N) =kerD,G(u), VueN.

Thus, by Theorem (B.0.4), N has codimension 1. On the other hand, let us prove that
T,(N)NRu = {0}. (1.0.5)

Let w € T,(N) NRu. Then there exists & € R such that w = qu. Since w € kerD,G(u), we

have
0=D,G(u)(w) = o D,G(u)(u).

Since D, G(u)(u) = F;(u,1) # 0, it follows that ¢ = 0 and hence w = 0.
Next, let v € W be arbitrary and define

Set

Vo i=V— QU.

By linearity of D, G(u), we obtain
D,G(u)(vo) =0,
which implies v € T, (V). Consequently,

v=vo+au € T,(N)+Ru. (1.0.6)
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Since v € W was arbitrary, combining (1.0.5) and (1.0.6), we conclude that
W =T,(N)®Ru, VueN.

On the other hand, to prove that any solution of (1.0.3) satisfies (1.0.1), it follows from the
proof of Proposition (1.0.1). U

The previous Theorem implies that, from it, we can obtain a general and simple view of
which critical values on the Nehari manifold satisfy the variational form of a given problem.
Once this is understood, it will be sufficient to prove the existence of critical values on that

manifold to guarantee the existence of solutions to the corresponding elliptic equations.

Remark 1.0.2. We say that the vector SM—method is applicable in geral to problem (1.0.1)
for a given A € R if condition (1.0.4) is satisfied for each u € N.

1.1 Rayleigh quotient from the Fréchet derivative

The RQ allows us to understand the behavior of the fiber, which will facilitate the demonstration
of the existence of solutions for different elliptic problems, as well as to gain a deeper insight
into the properties of the RQ. By means of an argument based on infima and suprema, one aims
to determine whether the Nehari manifold is empty or not; moreover, this provides fundamental
information on whether the subsets of the Nehari manifold are empty or not. Once this is
established, through other methods and theorems, the existence of a solution to a specific
problem can be achieved.

Let ® be the energy functional associated with equation
D(u)=T(u)—AG(u).
Then the derivative in the Fréchet sense in the direction u is
D@ (u)(u) = DT () (u) — ADyG(u)(u).

In the present thesis, we introduce the hypotheses necessary for the proper definition of the RQ.
Based on these, we shall study the fiber function, which will help us to understand its nature

and behaviour, and will later enable us to search for solutions.
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(A1) : D,G(u)(u) #0, for all u € W.
From this we define the Rayleigh quotient, that is,

D, T (tu)(tu)

L reRTN\O 114 1.1.1
DuG(u) () ' © \O, ueW, (A.1.T)

ru(t) == R(tu) =

where

d d .
(A2) : The maps ET(M) and EG(M) are of class C' on RT x W,

(A3) : For every fixed u € W there exists

limr,(t) = #,(0), where #(0) € [—oo, 0]
t—0

d
Remark 1.1.1. Observe, that (A1) and (Ay) imply that r,(t) and E(D/l (tu) are maps of class
C'on RT xW.

We note that the following statement is clear; therefore, we denote it by

= 0, then 1 is a critical point of r,,.
t=

. d
(R) : Forue N, if = (Dudb(tu)(u))

. . d
Letue W, e RT. If Eru(t)’ = 0, then 1y is said to be a critical point of r,(f) and
=i

A = r,(1) is said to be a critical value, for ru € N/, we observe that

L) - m%wu@(ruxu» (1.12)

Indeed the derivative of the Rayleigh quotient (1.1.1) with respect to ¢

p @
Lrult) = L

(DT (1) 1)) DuG{1) 1) — DT (1) 1) - (DG ()
(DuG(tu) (tu))® .

By applying the chain rule and taking into account that the derivative is linear in its second
argument, we obtain that

d _ tD2, G(tu)(u?)D,G(tu)(tu) — tD2,G(tu) (u?)D,T (tu)(tu)

" (DG () (1) 2 1)
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O the other hand, since tu € N then, the derivative of ®(tu) in the Fréchet sense in the direction
of uis D, ®(tu)(u) = D, T (tu)(u) — AD,G(tu)(u) = 0 multiplying both sides by 7 and using the
linearity of the derivative in its second argument, we obtain D, T (tu)(tu) = AD,G(tu)(tu) Sub-
stituting this into (1), and using the fact that %DMCID(M) (u) = D2, T (tu)(u?) — AD?,G(tu) (u?)
we then obtain the result.

We call o € R™ the extreme point of r,(¢) if the function r,(¢) attains at #q its local maximum

or minimum on R*.
Proposition 1.1.1. For u € W and t > 0 there holds:
(a) tu € N ifand only if A = r,(t).

Furthermore, if D,G(tu)(tu) > 0 (respectively, D,G(tu)(tu) < 0) foru € W and t € R, then:

(b) ry(t) > A if and only if%cb(tu) >0 <%Cb(tu) < O) ;

(c) ru(t) < A if and only ifiCI)(tu) <0 <iCI>(tu) > O) :
dt dt
2

d d
(d) Eru(t) < 0 if and only iquD(tu) < 0 (respectively, > 0);

2

(e) %ru(t) > 0 if and only ifj?@(m) > 0 (respectively, < 0).

Proof. The proof of these items is essentially intuitive and relies primarily on straightforward

derivative computations.

(a) Let ru € N. Then D,®(tu)(tu) = 0 (the Fréchet derivative in the direction zu ) as
®(tu) = T (tu) — AG(tu) and by the linearity of the differential in its second argument,

we have

D, ®(tu)(u)t = D, T (tu)(u)t — AD,G(tu)(u)t =0
D, T (tu)(tu)

D, G(tu)(tu)

= r(t) =A7.

= A=
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(b) For this item, let us first consider D, G(tu)(tu) > 0 then
D, T (tu)(tu)
)=
rult) = b Gleu) ()
<= D, T (tu)(tu) — AD,G(tu)(tu) >0

d
<— —P(t 0.
7 (tu) >

Note that the last inequality follows from the application of the chain rule for derivatives.

On the other hand, if we consider D, G(tu)(tu) < 0, we have the following:
D, T (tu)(t
ru(t) — u ( I/l)( Lt)
D,G(tu)(tu)
<= D, T (tu)(tu) — AD,G(tu)(tu) <0

d
—P(r 0.
= (tu) <

This proves what we wanted to show.

(c) The proof of this item is completely analogous to the previous one; therefore, let us

proceed to the demonstration of the next item.

(d) Firstly, let us note that the second derivative of @ with respect to ¢ is obtained using the
chzain rule for the Fréchet derivative in the direction of u we have

d
D(tu) = — (D, P(tu)(u) by (1.1.2) Therefore, our inequality for the Rayleigh deriva-

dr? dt
tive is determined by the sign of D, G(tu)(u) then if D, G(tu)(u) >0
d 1 d
—ry(t) = ————(D,P(t 0
d" = D, Glea) () de PP 1) >
2
= d7CI>(tu) > 0.

And it is clear that for D, G(tu)(u) < 0 the inequality is reversed, yielding the desired

result.

Note that the last inequality follows from the application of the chain rule for derivatives.

(e) The proof of this item is completely analogous to the previous one, so there is no need to

repeat it.
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1.2 Extremal values for the Rayleigh quotient from the Fréchet

derivative

Once the RQ has been obtained, we can define certain parameters associated with it. These
parameters are introduced strategically and conveniently, with the purpose of later linking them

to our variational problem. In this way, we define the following parameters:

Ai(u) := inf r,(t), uew,
teRT

As(u) := sup r,(t), uew,
teR+

and we restrict our main attention to the extremal values:

)Vii = 1nf ),i(l/t), Afss = sup ls(u), (121)
ueW uew

Asi = sup A;(u), Ais = inf Ag(u). (1.2.2)
uew ueW

When defining them, we will adopt precise and consistent notations to facilitate both exposition
and analysis. For example, if A;; denotes the infimum of the infimum, and A, represents the
supremum of the supremum, we will use this type of notation systematically throughout the
text.

From these parameters, we will be able to deduce and explain in which cases the Nehari
manifold is empty or not. It is important to understand this part, since in order to solve
the proposed elliptic equations, we may already determine in which cases we have potential

candidates for the existence of solutions.
Lemma 1.2.1. It is fulfilled that
(a) If Aij > —oo(Ags < +o0), then N' =0, for any & < Aij(A > Ag);
(b) N #£0, for A € (Aij, Ass), and N =0 for A € R\ [Ayi, Ags).
Proof.  (a) It is known that

)“ii: inf inf I"u(l‘)
ucWwite(Rt)
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(b)

suppose that A < A; < R(tu), tu € W on the other hand, it is known that for u € N we
have A = R(u) then A = R(u) < A;; for u € N contradiction, analogously where

Ags = sup sup ry(?)
ueWre(R+)

suppose that A > Ag > R(tu), tu € Won the other hand, it is known that for u € N we
have A = R(u) then A = R(u) > A, contradiction, then (a) is satisfied.

u € N if and only if R(u) = A, recall that
N:={ueW:Ru)=A} and R(u):=
and that the scalar extremal values are defined by

Aii i= inf inf r,(f), Ag:=sup sup r,(t).
uewte(R") ueWte(R*)

Case 1: Assume that 4 € (A, Ag). Then, there exist vectors uy,us € W and 11,1, € RT
such that
ru, (1) <A <ry,(t2).

Let us define

y: [0,1] — W x (RT)
s 1— y(s) = ((1 —s)uy +sup, (1 —s)t;+512).

Note that W and (R™) are convex sets, it is also continuous in [0, 1] now define

f+ [0,]] —R
s t— f(S):rus<'}/(s))7

where f(0) = ry, (t1) and f(1) = r,,(2) besides is continuous and differentiable because
it is a composition of continuous and differentiable functions. By the intermediate value
theorem exists so such that f(so) = A. Let us call y(so) = (uo,%0) — f(50) = ru,(t0)
Case 2: Assume now that A ¢ [A;;, Ay, i.e., either A < A;; or A > Ag,.
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- If A < Ay, then for every u € W, we have R(u) > A, so there is no u such that
R(u) = A, contradiction. Hence, N = 0.

— Similarly, if A > A, then for all u € W, we have R(u) < A, and again N = 0.

Therefore, N' =0 for all A € R\ [A;;, Ag).

1.3 Applicability of the Nehari method

Once the fiber of the RQ is known, we will add some conditions and see how these allow us to
obtain important results. In this work, we aim to study a particular case of the behaviour of
ru(t), since in many problems discussed in the literature we encounter this type of behaviour.
That is, in order to obtain useful results, we impose conditions on r,(¢). Such a condition can

be written as follows.

(S) For all u € W, r,(t) has no critical points in R™ except the points of global minimum or

maximum of r,(¢) on R™.

We will see in the forthcoming examples that condition (S) could easily be verified. Typical

graphs of function r,(¢) satisfying (S) are presented in Figure 1.1.

P

ru(t) CID(tu)

r=1 SN

— t — t
1 Imax D2 u 1 %)

Fig. 1.1 r,(¢) and a perfectly smoothed fibering function ®(¢u) with parabola-like transitions.

This will allow us to obtain the following important result.

Theorem 1.3.1. Assume (A1), (A2) and (A3) hold. Suppose r,(t) satisfies (R), (S) and A < Ajs.
Then for each A € (A, Ais) the vector Nehari manifold method is applicable to (1.0.1) so that if
N 0, then N is a C'-manifold of codimension 1 and any solution of (1.0.3) satisfies (1.0.1).
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d
Proof. Let A € (A4, Ais) and u € N. Suppose by contradiction that EDutb(tu)(u) li=1=0.
Then by (1.2.2) and (R)

1

= W)

D, G(tu)(u) dt =0, (1.3.1)

t=1

t=1

then r = 1 is a critical point for r,(¢), and by (S) the function r,(¢) attains its global minimum
or maximum at # = 1. Assume, for instance, that this is a global minimum point. Since A > A
and A = r,(1) for u € NV, (1.2.2) implies

ro(1) = min r,(t) = A > Ag = sup ( inf ru(t)) > inf r, (1) = ru(1).

teR+ uew \IERT T teRT

Thus we get a contradiction and the proof follows from Theorem (1.0.1). ]

If condition (S) is strengthened by the introduction of additional constraints, one can expect
more precise estimates of the extremal values of the SM method. Throughout this thesis, those

extremals will be progressively refined. Let us now consider the following particular case of ().

(So) For any u € W one of the following holds:

(a) ry,(r) has no critical point ¢ € R such that tu € \;

d
(b) —ru(t)=0forallr € R.
dt
The typical graphs are the below
ru(t)

(a) No critical points (b) Constant function

Fig. 1.2 figures with the Sy condition

Thus, if one ever works with an energy functional and its quotient satisfying these conditions,

the following theorem would be very useful.
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Theorem 1.3.2. Assume (A}),(A2) and (A3) hold. Suppose r,(t) satisfies (R),(So) and Aij < Ais
(Asi < Ags). Then for each A € (Aii,Ais) (A € (Agi, Ass)) the vector Nehari manifold method is
applicable to (1.0.1) so that if N # 0, then N is a C ' manifold of codimension 1 and any
solution of (1.0.3) satisfies (1.0.1).

Proof. We prove the statement for the case A; < A;;. The proof in the case Ag; < Ay is similar,

d
Given u € \V, suppose by contradiction that EDud)(tu)(u) /=1=0. Then by (1.2.2) and (R)

= m%(afb(tu)(@) =0, (1.3.2)

=1 =1

then 7 = 1 is a critical point of the function r,(¢). Hence, (Sp) entails that the function r,(r)
identically equals to the constant A in R" and attains its global minimum and maximum at any

point t € R™. However, the assumption A < A yields that

A < Ajs = inf (sup ru(t)> < sup r,(t) = maxr,(t) =r,(1) =R(u) = 1.

ueW \ ;cp+ teR+ teR*

Thus we get a contradiction and proof follows from (1.0.1).

1.4 Subsets of the Nehari manifold

In recent years, the Nehari manifold and its subsets have become a fundamental tool for proving
the existence of solutions in variational problems. As a result, the concept of the Nehari
manifold has acquired multiple formulations and equivalences—some depending solely on the
energy functional, while others are expressed in terms of the Rayleigh quotient; both, however,
are closely related.

Strategically, this relationship allows the Nehari manifold to be splited into different regions
or components, facilitating the analysis of the critical points of the functional. Many authors
and researchers refer to this process as the multi-Nehari manifold, since it precisely consists of

considering several partitions or internal structures within the original manifold.



30

Definition 1.4.1. The subsets of the Nehari manifold are defined as follows:
Nt = {u e N : D2 ®(u)(u,u) > 0},
N0 = {u eN D2 ®u)(u,u) = 0},

N~ = {uEN:Dﬁud)(u)(u,u) <()}.

Where N = NTUN ™ UN?, note that in this chapter we are working vectorly; we have
n
D2 ®(u)(u,u) = Z DﬁhMj(D(u)(ui,uj) and HP(u) = <Diiuj<13(u)> , which represents

e 1<i,j<n

l7.]71 -

the Hessian matrix with second derivatives in the Fréchet sense. Furthermore, each entry of
9°®(u)

8u,-8uj’

the Hessian matrix is represented by Diiufp(”) : that basically means the second

derivative in the u; and u; directions.

Remark 1.4.1. Note that N, N and N0 are disjoint. In other words,
N AN =0.

From this definition, we can identify other sets equivalent to those previously mentioned,
modifying only the definition in terms of the fibering function. This reformulation will
allow us to gain a deeper understanding of the structure of the problem and will become a
fundamental tool for determining more precisely the location of the solutions of a particular

partial differential equation.

Lemma 1.4.1. Definition (1.4.1) is equivalent to

+ o .4 o &
Nt = {u EN: Z@()| =0, ()| > o}, (1.4.1)
d d?
NO = {u EN: @) =0, Zs0(m)| = o}, (1.4.2)
_ d 2
N~ = {u EN: Z()| =0, T5d(t)| < 0}. (1.4.3)

Proof. Let us prove that N is equivalent to (1.4.1). Indeed, as we know, the fibering function
is denoted by ¢(z) = ®(ru), and since ®(tu) = T (tu) — AG(tu), then by differentiating and
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applying the chain rule, we easily obtain that
¢'(t) = D, T (tu)(u) — AD,G(tu)(u).

Moreover, for u € N we have that r,,(1) = A. Replacing the value of A and knowing that we
are working under the condition D, G(tu)(u) # 0, it is clear that ¢’(1) = 0, that is,

d
—P(t =0.
dt ( u) =1

Now, to prove the second condition, we again apply the chain rule, but this time for the second

derivative:
¢"(t) = Dy, T (tu)(u,u) + ADy, G(tu) (u,u).

Since u € N, then for t = 1 we have that ¢” (1) = D2, ®(u)(u,u), which is bigger than 0 by
hypothesis, and the proof is complete. In a completely analogous way, one can prove (1.4.2)
and (1.4.3). [

Lemma 1.4.2. If D, G(tu)(tu) > 0 and ty € R™, then the subsets defined above are equivalent

to

d
+._ .4
NT = {u eN: )| _ > 0}, (1.4.4)
d
NO = {u eN:Zr()| :0}, (14.5)
_ .4
N~ = {u eN:Zr()| < 0}. (1.4.6)

Proof. For the proof, we use the previous lemma, thus by (1.1.2) the proof of (1.4.5) is
immediate and by (1.1.1) items (d) and (e) the proof of (1.4.4) and (1.4.6) is immediate. [

Remark 1.4.2. If r,(t) = A for some t > 0.
1. Ifrl(t) >0, thentu € N'*,
2. Ifrl(t) <0, thentu e N~

3. IfF.(t) =0, then tu € N°.
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Thus, from this point onward and throughout the dissertation, we will assume that
Ji1 = Dy,G(u)(u) > 0. Therefore, we will no longer mention it; if at any moment a negative
value is assumed, we will state it explicitly.

We now show that there exists a relationship between the Nehari manifold and its subsets

and the extremal values of the Rayleigh quotient from the Fréchet derivative.

1.5 Extremals values related to these Nehari subsets

Now, we introduce other extremal values from the derivative of the Rayleigh quotient. The idea
behind working with additional extremals is to gain more detailed information about Nehari
submanifolds and their interrelationships. We will see how the theory that will help us better
understand a partial elliptic differential equation arises.

We define extreme values as:

A—i—ii:uei%f\o inf 7 (1); (1.5.1)
,(t)>0

A—ii:ugilv}/f\o inf 7.,(1); (1.5.2)
,(t)<0

A()ii:uei%f\o inf ru(t); (1.5.3)
r,(t)=0

Aiig= inf (1) 154

vie= Db sup o nll) (1.54)
r,(t)=>0

Aisi= sup in(f) ru(t). (1.5.5)

>

uew\0 £ (1)>0

Remark 1.5.1. Note that the definition of these parameters is strategic, since the plus sign
indicates that r' can be positive, negative, or zero, and the first i is for the first infimum, while

the second i is for the second infimum. Thus, we can define other parameters such as A_gj, A_js,

l+ss, A«fss’ )v()si» )-Ois’ )~0s5~

Remark 1.5.2. We assume that inf() = co and sup@) = —oo.

From now on we call in(f ) r,(t) and their similar a nonlinear generalized Rayleigh’s
t>0:r!,(1)>0

quotient (NGRQ for short)

Theorem 1.5.1. There holds:
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1. If Ay jj > —oo, then for each A < A ;; we have that N = 0;

2. If Aygs < oo, then for each A > Aygs we have that N = 0;

3. If A_j; > —oo, then for each A < A_j; we have that N~ = 0;

4. If A_g < oo, then for each A > A_z we have that N~ = 0;

5. If Agii > —oo, then for each A < Ag;; we have that N° = 0;

6. If Aoss < o, then for each A > Aygs we have that N¥ = 0.
Similar to Az, A—gs, i, Aoss and their corresponding Nehari sets N~ N°.
Proof. Indeed

1. Let us suppose, by contradiction, N’ # 0. Then there exists ug € W \ {0} e tp > 0 such
that r,,(tp) = A < A, and r;o (fo) > 0. On the other hand, we have by definition that
ru(t) > Ay forall t > 0 and u € W\ {0}. This is a contradiction for ug and to above.

2. Let us suppose, by contradiction, N'™ # 0. Then there exists uy € W\ {0} e fo > 0 such
that r,,(fo) = A < Ay and 7, (19) > 0. On the other hand, we have by definition that
ru(t) > Aqg forallz > 0 and u € W\ {0}. This is a contradiction for u and to above.
A similar proof hold to (3)- (6).

]

The purpose of this chapter is to analyse a Rayleigh quotient with a unique critical point, as

such a situation frequently arises in many elliptic equations.

1.6 Fibering maps from the Rayleigh quotient with at most

one critical point

Next, we present conditions under which the fiber has at most one critical value, and we show
that in each case we obtain very important properties that will later allow us to search for the
existence of solutions in some nonempty subset of the Nehari manifold. We develop these
conditions because we frequently encounter problems whose Rayleigh quotients satisfy one of

them.
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1.6.1 Local maximum or minimum
Therefore, we introduce the following condition.

(A1) : Fixu € W\ {0}. Then every critical point of r,(t) is isolated and corresponds to a local

maximum or a local minimum.

y=r(t) Y= Tu(f’)

e

(a)
(b)

Fig. 1.3 Typical graphs that satisfy the condition (Aj).
Theorem 1.6.1. Assume (A1), then:
(1) If Arii < Ayis, then for each A € (Ayii, Ayis) we have that N # 0;
(2) If A—ii < A_js, then for each A € (Aiji, Aiss) we have that N~ # 0;
(3) If Aisi < A, then for each A € (Aygi, Aygs) we have that N # 0;
(1) If A—gi < A_gs, then for each A € (A, Aiss) we have that N~ # 0.

Proof. (1) Fix A € (A4j, A4is) and choose u € W\ {0} such that

Aiii < inf  r,(t) <A.

{t>0:r],()>0}

From the definition of A, ;; we know that ~ sup  r,(¢) > Ay > A, thus the set
{t>0:r}(t)>0}

Ay ={t>0:1=r,)}
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is non-empty.
We claim that there exists r € Ay such that 7/,(t) > 0. Indeed take #y > 0 such that r,,(fp) < A
and set
By ={t>to:r,(t) <A}

Since A # 0 we conclude that #; = supBj < o and r,(t;) = . If 7,(t;) > 0 we are done,
otherwise we have that 7, (¢;) = 0 and from condition (A;) we obtain that #; is an isolated local

maximizer. Therefore by setting
By={t>1t:r,(t) <A}

and arguing as before we conclude that t; = supB, < oo and r,(t2) = A. If 7/, (t2) > 0 we are

done, otherwise we can continue this process. Since sup  ry(t) > Ay > A this process
{t>0:r},(t)>0}
has to stop in finite time and then the proof is complete. A similar proof hold to (2), (3) and

4. O

Corollary 1.6.1. Suppose (Ay). If A5 < Ayis, then N # 0 for each A € (Ayii, Ay gs). Similar
to N .

Remark 1.6.1. Note that Theorem (1.6.1) and Corollary (1.6.1) still valid if we assume, instead

of (A1), whenever there exists t > 0 such that r},(t) = 1., (t) = 0, then r,, is constant.

Remark 1.6.2. It is clear that if A, = —o0 or Ayjs = o, then A.g < Aijs. In fact, this is the

case in many applications. A similar result holds to the other extremal parameters.

Next, we focus on the case N # (). The idea of studying this set is similar to the previous
cases; however, this case constitutes the main difference between this chapter and the previous

one. To study it, let us denote the following
D={ueW\{0}:3¢>0,7,()=0}
and

Ri(u) = inf u(t) YueD
(1) {r>0: Hr}l(z):o}r (1) “e

the NGRQ. Similarly define
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Rs(u) = sup  r,(t) YueD.
{t>0: r},(r)=0}

Theorem 1.6.2. Suppose that D is conected and R; is continuos. If ;i < Aosi, then for each
A € (Aoii, Aosi) we have that N 0.

Proof. In fact, fix A € (Ag;i, Adoss) and choose uy,u; € D such that R;(u;) < A < R;(up) . Since
‘R is continouos and D is connected, by the intermediate Value theorem, we obtain that there

exists u € D such that R;(u) = A and the proof is complete. O

Remark 1.6.3. It is clear that if Ay;; is attained, that is, if there exits u € W\ 0 and t > 0 with
7l () = 0 such that Ay;; = r,(t), then NO L0 for A = Ayii. Similar to Aois, Agsi and Aoss.

1.6.2 Global maximum for an unbounded fiber map

Consider a functional @ such that each fibering map ¢ has at most two critical points.

We introduce the following condition
(A¢e) : Foreach u € W\ {0} the fibering r, satisfies one of the following:

1) r, has no critical points, it is increasing with r,(0) := lim ru(t) =0and r,(t) — oo
t—0

ast — oo;
2) r,(t) has a unique non-degenerate critical point at 7, > 0, which corresponds to a
global maximum with positive energy and moreover r,(0) := lim ru(t) =0 and
t—0

ry(t) — —oo. ast — oo,

ru(t) ru(t)

lu

Fig. 1.4 Typical functions that fulfill the condition (A.).
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Furthermore, there exists u € W such that 2) is satisfied.
Let D = {u € W\ {0} : 1, is well defined} and define r(u) = r,(t,) for u € D.
Lemma 1.6.1. Suppose (Ac). Then :

i) Avii =0 = A4,
o= a0

Aygs = min{supr(u),eo}.
ueD

ii) A_jj=—o0=A_g,

A_gs = supr(u).
ueD

iii) Aoii = Aois = iglf)r(u),
AOsi = AOss = Sup r(“)

ueD

Proof. The proof is straightforward. We just point out that the minimum appearing in item )

comes from the fact that 1) of (A..) may not be satisfied. O
Let us denote 1™ := A5 = A_is = Apii = Aois-
Corollary 1.6.2. Suppose (Aq) and A* > 0, then
i) NT#£0, ifand only if 0 < A < Ay,
i) NT#0, ifonly if, —o0o < A < A_g;,
i) NO=0if L < A*.
Since A" < min{A, 4, A_g} it follows from Corollary (1.6.2) that

Theorem 1.6.3. Suppose (A.c) and A* > 0, then N is a manifold for all L < A*. Moreover, if
A <0,then N =N"andif A € (0,A%), then N = N~UNT,

Proof. The idea of the proof is precisely an application of the Implicit Function Theorem,
which shows= that A is C! manifold, known as Nehari manifolds. The second part consists in

understanding the geometry of the fibering map r,(¢) and using the corollary (1.6.2). [
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Proposition 1.6.1. Suppose (Aqc) and A* > 0, then for each u € W\ {0} and A € R the

equation r,(t) = A,t > 0 has at most two solutions. Moreover:

1) If A <0, then r,(t) = A has only one solution at t~ (u) which corresponds to a non-

degenerate global maximum of @.
2) If A > 0, then there are four possibilities:

a) The equation r,(t) = A has two solutions at t*(u) <t, <t (u) . Moreovert (u)
corresponds to a non-degenerate local maximum of ¢ while t* (1) corresponds to a

non-degenerate local minimum of @;

b) The equation r,(t) = A has only one solutions at t,, which corresponds to a degen-

erate critical point . Moreover @ is increasing;

c) The equation r,(t) = A has no solution and @ is increasing and has no critical

points.

d) The equation r,(t) = A has only one solution at t* (u), which corresponds to a

non-degenerate global minimum of @.

Proof. The fact that r,,(r) = A, > 0 has at most two solutions follows from (A..). If A <0, by
(Acc), the equation r,(t) = A has only one solution at ¢~ () and since 7/,(¢~ (u)) < 0, it follows
by Lemma(1.4.2) that ¢” (¢~ (u)) < 0 which prove 1). The proof of 2) is similar. O

Corollary 1.6.3. Suppose (Acc) and A* > 0 and fixu € W\ {0}.

1) If ¢'(t) > 0, then A <0 or item 2) — a) or item 2) — (d) of Proposition (1.6.1) are
satisfied.

2) If A < A%, then A <0, oritem 2) — (b) and 2) — (c) does not happen.

Proof. Ttem (1) is straightforward. To prove item (2) note that if items 2) — (b) or 2) — (¢)
holds true, then A < r(u) which implies that A > A*. O

1.6.3 Global maximum for bounded fiber map

By adding certain hypotheses on the function r, we can derive properties of the Nehari subman-

ifolds through the defined parameters.
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r, has a unique non-degenerate critical point at #, > 0, which corresponds to a global

maximun with r,(z) > 0. Moreover r,(t) — 0 as t — co.

We denote r,(0) := lim r,(¢) and observe from (A“) that or r,(0) € R or r,(0) = —e. We

t—07t

also write r(u) := r,(t,) for each u € W\ 0.

Lemma 1.6.2. Suppose (A°), then

i) )*-Hi: inf ry 0),
uew\0
Aysi= sup ru(0),

uew\0
A‘ﬂLl's = MEI%f\O Iy (tu)’
Aigs = sup ry(ty).
ueWw\0
i) A_iij=0=2A_g,
A«fis — inf ru (tu),
uew\0
A_gs= sup r(ty)
uew\o

iii) Aoii = Aois = inf r,(t,)
uew\0
AOsi = AOss = Ssup ru(tu)

uew\0

Proof. The proof is straightforward.
Let us denote 1™ := A, o = A = Agsi = Agss. It is clear that A* > 0.
Corollary 1.6.4. Suppose (A“) and Ay < A js then
i) NT#£0, ifand only if 0 < A < A%
ii) N~ #0forall Ao <A <A™

i) NO=0is A < Agjj or A > A"

There are cases where NV £ 0 for all A € (Aoii, A*] which, in turn, makes it more difficult

to minimize over the Nehari N~ , /7.

Let us introduce the following condition, which will allow us to understand the behaviour of

the fiber.
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(AS°): For each u € W\ 0 the fibering map r, satisfies r,(0) = —oo.

Proposition 1.6.2. Suppose (A“) and (AS°), then for each u € W\ 0 and A € R the equation

ru(t) = A,t > 0 has at a most two solutions. Morever

1) If A <0, then r,(t) = A has only one solution at t~ (u), which corresponds to a non-

degenerate global maximum of ¢(t).
2) If A > 0, then there are three possibilities :

a) The equation r,(t) = A has two solutions at t~(u) <t (u). Morever t~ (u) corre-
sponds to a non-degenerate local maximum of @(t), while t ™ (u) corresponds to a

non-degenerate local minimum of ¢(t);

b) The equation r,(t) = A has only one solution at t(u) which corresponds to a

degenerate critical point @(t). Morever @(t) is increasing ;

c¢) The equations r,(t) has no critical points.
Moreover, fixed u € W \ O there holds:

Proof. That r,(t) = A,t > 0 has at most two solutions follows from (A“). Now observe that

o)
t D (tu)’

(1) t>0. (1.6.1)

If L <0, by (A“), the equation r,,(t) = A has only one solution at ¢~ (u) and since 7/, (¢t~ (u)) > 0,
it follows from (1.6.1) that ¢”(+~ (1)) < 0 which prove 1). The proof of 2) is similar and we

leave it to the reader. L]

Corollary 1.6.5. Suppose (A“) and (AS°). If ¢'(t) <0, then A <0 or A > 0 and ¢ satisfies
item 2 — b) of Proposition (1.6.2)
1.7 Rayleigh quotient from the energy functional

Now, another important concept is the Rayleigh quotient from the energy functional, since it

will allow us to understand in which cases the minimum of the energy functional on a given
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energy subset is positive or negative. Moreover, we will show that it inherits the properties of

the Rayleigh quotient. For each u € W \ 0 define

Called the Rayleigh quotient from the energy functional.
Lemma 1.7.1. If 7>(u) > 0 for all u € W\ {0}, then G(u) > 0, for allu € W\ {0} .
Proposition 1.7.1. Fix u € W\ 0, then ®(u) = 0 if, and only if, A = R(u).

For each u € W \ O define
R(tu) = A(tu), t>0. (1.7.1)

Proposition 1.7.2. For each u € W \ 0 there holds

%Re(m) = —;Z;((t:;)) [ru(t) = R(tu)], >0
and
2 u u
R (1) = tg(’m)) 74 0) — RG]+ ( tgé((tm))) rt) — ROGw)], 1> 0
Proof. Indeed
%Re(tu) _ G(IM)DMT<IM> (Gl/tz)(t_u?(l‘u)DuG(l‘M)u _ tugz(gtb;)) [Vu(t) —Re(tu)], > 0.
The other equality is clear [

(A2) Fix u € W\ 0, then r, has at most one critical point.

Proposition 1.7.3. Suppose (A1) and (Ay), then R(tu) also satisfies (A1) and (Az).

Proof. The proof will be divided in four cases:

Case 1: r, 1s increasing.

First we claim that R¢(ru) < r,(¢) for all # > 0. Otherwise, if there exists 7o > 0 such that
R¢(tu) > r,(to), then since r,, is increasing, we must conclude that r,,(¢) < r,(to) for all r € (0,1y),
which imply that ¢ has no critical points on the interval (0,7), howeber ¢ (0) = ¢(7p) = 0,
which imply that ¢ has a critical point on the interval (0, 7), a contradiction. Thus R®(tu) < r,(t)
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forall r > 0.

Now we clain that %Re(tu) T 0, then by Proposition (1.7.2) we obtain that r, (o) = R (fou),
however, since #,(f) > 0, we can find #; > 0 in a neighborhood of #y such that R®(t;u) < r,(t1),
a contradiction, thus R®(fu) has no critical points and therefore it must be increasin or decreasing

over (0,e). Moreover it is clear that R°(fu) has to be increasing.

ru(t) R (tu)

t

Fig. 1.5 Typical graph of Case 1

Case 2: r, is decreasing. This case is similar to Case 1.

Case 3: r, is has a global maximum at ¢,,.
d2
=0, then WRE (tu) # 0. In fact, on the contrary, we
t=t, t=ty
infer by Proposition (1.7.2) that ¢ = 1, and consequently @ l;)as a unique critical point at ¢, with

d
Firs we claim that if ERe (tu)

zero energy and this is clearly a contradiction, therefore, each critical point of R(ru) (if any )
degenerate.

Now observe that a similar argument, as the one used in Case 1, inplies that there exists 6 > 0
such that R®(tu) < r,(t) for all € (0,68). Thus, by Proposition (1.7.2) we conclude that R®(zu)
is increasing near the origin. If R®(u) does not have any critical point, then it is increasing
in (0,0) and we are done. Therefore, let us assume that f is the first critical point of R¢(zu),
that is, if r € (0,1p), then %Re(tu) > 0 and %Re(tu) o 0. By Proposition (1.7.2) is clear
that o > 1, and since 1y is non-degenerate, it has to be a local maximum. We clain that R®(ru)
has no other critical points. If fact, suppose on the contrary, that #; > 7y is another critical
point and the second one, that is, if t € (g,?1), then %Re(tu) < 0and %Re(tu) T 0. Since
t, > tg > t, we know that r; (t1) < 0. Moreover, since #; is no-degenerate, then ¢; is a local

minimum to R(fu) and thus there exists 7y < t; < f; such that R°(t,u) < r,(t2), however this is
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a contradiction, since close to the local maximum 7 there exists #3 > 0 such that 7y <13 <t <1
and R®(t3u) > r,(13) and hence we can find t4 € (9,12) such that R (t4u) = r,,(t4), which implies
by Proposition (1.7.2) that 7/,(t4) = 0, and absurd, thus R°(fu) has only one non-degenerate

critical point.

ru(t)
R°(tu)

AN

Fig. 1.6 Typical graph of Case 3

]

Let us denote r,(c0) = tlim ru(t) and similarly to R¢(fu). The next theorem is clear from the
—>00

proof of Proposition (1.7.3).

Theorem 1.7.1. Suppose (A1) and (Ay), then r,(0) = R°(0) and ry(co) = R¢(e) . Moreover
1. ry is increasing if, and only if, R¢(tu) is increasing.
2. ry is decreasing if, and only if, R®(tu) is decreasing.
3. ry has a global maximum at t,, if, and only if, R°(tu) has a global maximum at to , > t,.

4. ry has a global minimum at t,, if, and only if, R°(tu) has a global minimum at to , > t,.

Let
d
Dy ={uecW\{0}: 3t >0, such that ERe(tu) =0},
and define
Ro,i(u) := inf R(tu), u € Dy.
{1>0: LRe(tu)=0}
And similarly define Ry s

Ros(u) := sup R°(tu), u € Dy.
{r>0: $.Re(tu)=0}
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Also define

AiiO = inf R()’,-(u), )LsiO = Sup '72()7,'(Lt)7 )LisO = inf R(m(bt), )LssO = Sup R()7s(u).
ueDb ueDy ueDy ueDb

Theorem 1.7.2. Suppose (A)¢c, then Ay = Aois := Ws, Aosi = Aoss := U, Aiig = Aiso 1= o
and Agg = Agg0 1= “0*_ Moreover 0 < Up+ < Wy and 0 < /.LO* <u*

Proof. Since r, has at most one critical point, then the equalities Ag; = Ag;; and Ao = Aoy
are obvious. By Theorem (1.7.1) we know that R¢(ru) also satisfies (A]) (A)q and then,
Aiio = Aiso and A0 = A0 are also clear. Once r,(2,,),R®(tu)(fo,,) > 0 we also have that 0 < 1o+
and 0 < u°. To conclude, note by Theorem (1.7.1) that R®(tu) (to.u) > ru(ty), whenever
u € Dy. O

From now on we use the notation established in Theorem (1.7.2), so whenever (A}), (A¢)
are satisfied, we write W, := Agii = Apis, U 1= Aosi = Aosss Mo+ 1= Aijo = Aiso and ,uo* = Agio =
;LSSO-

Theorem 1.7.3. Suppose (Acc). There holds:

i) suppose 0 < Uy« and fix A < Ho=. If u € Dy, then @ satisfies item (a) of Proposition
(1.6.1) and @(t(u)”) > 0;

ii) suppose that A > Ly and there exists u € N, then & < 0.

Proof. i) By definition of infimum we know taht A < R*(fo ,u) and thus the equations R®(fu) =
A has two solutions at #; < t;. By theorem (1.7.2) we have that uy- < u, and therefore the
equation r,(¢) = A has two solutions at t (1) <t~ (u). Itis clear that ¢+ (u) < t; <t (u) <ty
and thus i) is proved.

ii) Indeed, suppose on the contrary that ®; > 0, then it follows that for all u € Dy we have
A =R(t" (u)u) < R°(to,u), which implies the contradiction A < pig:. O

Concerning L+ we have the following.

Theorem 1.7.4. Suppose (Acc) and po- > 0. If there exists u € W\ {0} such that py- = Ro i(u),
then @y, (t,u) = 0 and CIDL()* (tyu) =0

Proof. The proof is similar to the proof of Proposition (1.7.2) [

Remark 1.7.1. Theorem (1.7.4) says that, whenever Uy is archived, we have a critical point to

q)ﬂé with zero energy. Compare with Proposition (1.7.2).
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For a better understanding of what follows, we denote Aj := o+

Proposition 1.7.4. Suppose (A“) and (AY°), then A also satisfies (A°“) and AS¢ for all u €

W {0}.
Proof. The proof is similar to the proof of Proposition (1.7.3). ]

From Proposition (1.7.4), for each u € W\ {0}, there exists fy, > O that corresponds to the

unique global maximizer of the fibering map R°. Define ro(u) = R*(to ,u) and

A = sup ro(u)>0.
uew\ {0}

Proposition 1.7.5. Suppose (A“) and (A°), then

1) for allu € W\ {0} we have that R*(tu) < r,(t) for all t € (0,t0,), R (tou) = ru(to )
and R¢(tu) > r,(t) for all t > 1.

2) ty <toyforallueWw\{0}.
3) ro(u) < r(u) forallu € W\ {0} and A; < A*.
Proof. The proof is similar to the proof of Theorem (1.7.1). O]
By the definition of R¢(fu), the next theorem is clear:
Theorem 1.7.5. There holds:
1. if A > A, then for each u € W\ 0 we have that ¢(t) > 0 fort > 0;

2. if A < Ay, then for each u € W\ 0 we have that inggo(t) <0;
>

3. if A = Ag, then for each u € W\ {0} we have that ¢(t) > 0 for all t > 0. Morever
®25.u(t) =0 for some t > 0 and some u € W\ {0} if, and only if, u is a maximizer of Aq

andt =tg .



Chapter 2

Multiplicity of Solutions for Elliptic

Problems

2.1 Multiplicity of global minimun solutions

In this chapter, we focus on the existence and multiplicity of solutions through the analysis of
the fibering function. For this purpose, we shall employ the minimisation method. Next, we
introduce several important assumptions that will allow us to show that certain elliptic partial
differential equations admit solutions.

We will study (1.0.1) using the scalar SM-method (see [19]). In what follows, we always assume
that DG (u)(u) > 0 for all u € W\ {0} so that (A1) is satisfied. Denote S = {v e W : ||v||lw=1}.

We will suppose r,(¢) satisfied the following conditions:

(Hy) for all u € W\ {0}, r,(¢) has a unique critical point . (#) € RT which is a global

maximun point;
(Hy) there exists 8 > 0, such that 7,4 (v) > Oy, for any v € S;

(H3) if (vy) C S is weakly separated from 0 € W, then the set of functions (ry,, (s))m—; is
bounded in C![c, T] for any 6,T € (0,00);

(Hg) forany A € R,0< 0 < T < oo, the set N N{0 < ||u|lw< T} is weakly separated from
0Oecw.

Typical graph of the function r, () satisfying (H;) is presented in Figure (1.1). The condition

of type (H,) is common in study of variatonial problems, where fibering functions are used.

46
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Roughly speaking, this condition, as well as condition (H3) and (Hy), ensures that the solutions
of problem (1.0.3) are separated from zero and from each other. In the example below, we will
see that conditions (H3) and (Hy) will be verified by standard methods as a consequence of
Sobolev’s and Holder’s inequalities and the Rellich-Kondrachov theorem.

Evidently, (H;) yields (R), (S) defined in Chapter one and that it satisfies dr, (fmax (1)) /dt = 0,
thus, by using basic calculus, we can obtain information about where the fiber of the function

r,(t) increases and decreases, this is

d d
Eru(t) >0 <= 0<t<tmx(u) and Eru(t) <0 <= 1t > tymax(u). (2.1.1)

Furthermore, it follows that for all u € W \ {0} there exist limits: r,(¢) — r,(0) as t — 0 and
ru(t) — ry(e0) ast — oo, where —oo < 1,,(0), r,(e0) < +oo. Introduce

Ay = sup max{r,(0),r,()}.
uew\ {0}
Consider

Aic = inf t).
" uevgl\{oﬁggr”()

Observe that (H}) entails

Asi= sup infr,(r) < Ay. (2.1.2)
uew\{0}7>0

The proof is immediate by Lemma (1.4.2).
Remark 2.1.1. In view of Lemma (1.2.1), N~ # 0, NT # 0 if A € (A, Ais).

Thus, for A € (A, Ajs), one may split the minimization problem (1.0.3) into the study of
the subsets on which the energy functional can be minimized. To understand how to apply the
theory developed so far, we first define the minima on each subset of the Nehari manifold as

follows:
@) =min{®(u) :uc N}, (2.1.3)

®, = min{®P(u): u e N}. (2.1.4)

We now establish the existence of solutions in a general setting through the following theorem.
When applying this theorem to a specific problem, it will be straightforward to verify whether
its hypotheses are satisfied and, consequently, to conclude directly the existence of solutions.

Moreover, the proof of this theorem will rely on the results previously established.
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Theorem 2.1.1. Suppose W is a reflexive Banach space, ® € C'(W\ 0,,,R), dT (tu)/dt,dG(tu) /dt
are maps of class C' on RT x (W\ 0,.), D,G(u)(u) > 0, for all u € W\ 0,,, (H,) — (Hy) hold
and the following conditions are fulfilled:

(a) forall A € R, ®(u) — = as ||ullw— o, u € N;

(b) ®(u), for all A € R and R(u) are sequentially weakly lower semicontinous functionals
onW.

Assume Ay < Ais. Then for every A € (A, Ais) system of equations (1.0.1) has two distinct
solutions u}l,ui € W\ 0, such that

d*®(tu)) /di*|,_, <0, d*®(tu3)/dt?|,_; >0, ®u3)=®* < P(0).

Furthermore, for A € (A, Ais), u3, is a ground state of (1.0.1) and N~ , N are C' —manifolds

of codimension 1.

Proof. Since N"NNT =0 and N~ UNT =N for A € (A, Ais), any solution of (2.1.3) or
(2.1.4) is a critical point (minimizer) of ® in V. Thus, in view of Theorem (1.3.1), to prove the
existence of two distinct solutions of (1.0.1), it is sufficient to show that (2.1.3) and (2.1.4) for
A € (A, Ais) possess minimizers u; € N~ and u3 € N'T, respectively.

Let A € (A, Ais) and (u;,),i = 1,2, be minimizing sequences of (2.1.3) and (2.1.4), respec-
tively.

Proposition 2.1.1. For i = 1,2, the minimizing sequence (uin) has a non-zero limit point

upeWw.

Proof. Firstly, note that ® is coercive and continuos; therefore, it is bounded from below.

Consequently, there exists a sequence ui,, such that

D (u] inf ®(u) = c < .
(um)—>ulgw () =c<

Afirmation 1. For i = 1,2 then (uin) is bounded in W. Indeed suppose by contradiction

|u! |- oo, then by hypothesis (a) ®(u',) — oo, this leads to a contradiction with the previous
argument.
Now write u', =1 v/ i=1,2 where' =||u’ ||w. By the Bolzano-Weierstrass theorem, there

m- m>

exists a subsequence such that t,’;l — té > 0. Besides, vfn € Sis bounded in W, and W is reflexive,
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then there exists a subsequence vfn — v6 weakly in W.

Let us show that u} := tjvh # 0, i = 1,2.

Afirmation 2. One has t(% # 0. Indeed, consider the first minimizing problem (2.1.3). Then
(H,) entails £} > fax (v,,), and thus iyrrllft,h > &y > 0 for any m = 1,2,.. then

s&ﬂ@m%>&>o
then s{, # 0.
Afirmation 3. One has ®, < 0 for A € (Ay, Ai5). Indeed, consider now the minimizing problem
(2.1.4). Let u € N'*. Then (H;) entails r,,(t) < A = r,(1) for every 7 € (0, 1). Consequently, by
Proposition (1.1.1),

d
Ecp(m) <0 forallz e (0,1),

and therefore
0=®(0) > D(u) > P,.

Afirmation 4. One has 75 # 0. Indeed, assume 72 — 0. Then ||u2,||w— 0, hence u2, — 0, and
thus CID(u,Zn) — 0. Now, as strong convergence implies weak convergence, we have ui — 0. By
hypothesis (b),

0=®(0) < lim infd(u,,) = ulg&/@(u),

m—sco m
because the sequence is minimizing. Since the minimum exists, it coincides with the infimum,
thus
®, =min{®(u):uc N} >0,

which contradicts Affirmation 3. Therefore, t& = 0, hence tg > 0. In real numbers, no matter
how close two numbers are, there is always a number between them; then tg > 0 > 0. Taking

0 = min{dy, 9 }, and since u,, is bounded, we have
< |l |lw<K<oeo, m=12,...,i=1,2,

for some §,K € (0,c0), and assumption (Hy) entails that u, # 0,, i = 1,2.

Proposition 2.1.2. One has
<0, (2.1.5)
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d

— 2.1.
Sre®] >0, (2.1.6)

Proof. Leti=1,2. Since (/) is weakly separated from 0, € W, assumption (H3) yields that
the set of functions (r,,(s))_; is bounded in C'[c,T] for any &, T € (0,0), that is, the set of
functions is equicontinuous and equilimited. Consequently, by the Arzeld-Ascoli compactness

criterion, we can assume that

ri () = ¥'(s), inC[o,T], asm—oco, forallo,T € (0,e0), (2.1.7)
for some limit function y' € C(0,0). Since ;> 0,
r (s) = R(st! V') — yi(sth) = ¥'(s), asm— oo (2.1.8)

for all s € (0,0). Observe that by the weak lower semi-continuity of R,

(t) = R(tug) < lim R(tu), forall 7 > 0. (2.1.9)

m—yeo

v
)

This and (2.1.8) yield that for r > 0,

T (1) < P (2). (2.1.10)
dr, (1)
Let us show (2.1.5). Suppose, contrary to our claim, that dot |,—; > 0. Then (2.1.1) entails

fmax (1tg) > 0. Since r,1 (1) < A for 1 € [1,00), m =1,2,..., (2.1.8) implies §'(r) < A for
t € [1,0), and consequently, by (2.1.10), ! (t) <A fort € [1,00). Hence

1
maxr, () = 1, (fmax (i9)) < A

However, by the assumption A < A;; < mag( Tl (1), we get a contradiction.
>

dr » (l‘ )
Assertion (2.1.6) can be handled in a similar way. Indeed, if ’:;t ,_; <0, then (2.1.1)

entails fyqx (u3) < 1. Since re(t) <Afort e (0,1, m=1,2,...,(2.1.8) and (2.1.10) yield
"2 (1) < A forany ¢ € (0,1]. Hence

2
A < Ais <maxra(t) = 1,5 (fmax (up)) < 4,
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which is a contradiction. [
Proposition 2.1.3. There exist ui and ui minimizers of (2.1.3) and (2.1.4), respectively.

Proof. By the weak lower semi-continuity of & and R, we have

—oo < ®(uh) < lim infd(u,) =@, i=1,2. (2.1.11)
m-—yoo

—oo < R(ubh) < lim infR(u ) =1, i=1,.2. (2.1.12)
m—yoo

Note that if R(u)) = A,i = 1,2, then (2.1.5), (2.1.6) imply that u} € N'~, u} € N'*. Conse-
quently, in (2.1.11) the only possible equalities are
®(uf) < lim inf®(u},) = inf D' (u) < D(upy), i=1,2
(up) < lim inf®(u), ) = inf &'(u) < P(up), =12,
then ®(uh) = ®',i = 1,2, and we take ui — uj and ui — u3, which yields the proof of the
proposition.
Now let us show that ru(z)(l) = R(u}) = A. Suppose by contradiction that R(u3) < A. Then,

since A < A, we have

R(uf) < A < Aig = Jélva fgg ru(t) < ?gg e (1) = Max;or,2 (1) < r (tmax) = R(tmax (13 )ud).
Note that since the maximum of "2 exists, it coincides with the supremum. By (2.1.6), we
have dR(tu3)/dt|,—1> 0. Hence, assumption (H;) yields that there exists #; € (1,fnax) such
that "2 (t1) = A. This is immediately deduced by the intermediate value theorem, besides
dru(z)(t)/dt|;:z1> 0, i.e., tju} € N* C W. On the other hand, by Proposition (1.1.1), the
inequality (t) < A, t € [1,11), implies d®(ru3)/dt < 0 for t € [1,1;). Consequently, by
(2.1.11) we have
O(ruf) < P(uj) < Py = inf ®(u) < O(11uf),

which is a contradiction, proving our assertion.

Now suppose that r,,i (t) < A, Consider (2.1.5). Then, since A < A;; and (H}) entail that

dr, (1)
dt

<0 <=1 > tmax,
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then fmax < 1, Tl (1)< Tl (fmax )- By the intermediate value theorem, there exists #; < 1 such

that
dR(tu})

dt =t

R(t]u(l)) :ru(l)(tl) =A and <O,

then tyu), € N
Note that R(rju},) > R(t1u), otherwise R(tjul) < R(tu}), then

lim infR(tu)) < R(tyub),

m—soo

but by (2.1.12) this is an absurdity.

Now, as u) € N, then R(u} ) = A form = 1,2, .... Assumption (H;) entails R(ru}) > A
forallm=1,2,... and all t € (¢1, 1]. Then, by Proposition (1.1.1),

dd(tu))

7 >0, m=1,2,..., forallt € (r,1].

Consequently,
D(1114y,) < P(uty,),

and by the weak lower semi-continuity of ® we have

®(ru) < lim infd(rul) < lim infd(u) ) = @;.

m-—yoo m-—yoo

On the other hand, ®; < <I>(t1u(])) since tlu(l) € N~ . Then
‘131 = Cb(l‘lu(l)),

and we take ui = tlu(l). O

Now let us conclude the proof of the theorem. Since (2.1.2), Proposition (2.1.3) and
Theorem (1.3.1) yield ui and ui satisfy (1.0.1). Since (2.1.5), (2.1.6), Proposition (1.1.1)
implies that

d*®(tu}) d*®(1u3 )

0 d 0.
dt? =1 < an dr? =1 -
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Thus, it remains to show that u3 is a ground state of (1.0.1). Assumption (@) and A € (Au, Ais)

yield that the equation
dP(tu})
dt

has precisely two solutions T, < 1 and Tpax = 1, such that

d*®(tu)) “0 and d*®(tu))

> 0.
dt? =1 dt? T=Tmin

This and Proposition (1.1.1) yield that Ty,u) € N, Hence
D(u)) > D(Tmintt) ) > Py = min{®(u) 1 u € N7} = d(u3).
Since N~ UNT = N for A € (A4, Ais), this implies that u% is a minimizer of the problem

® =min{®(u): u e N},

ie., ui is a ground state of (1.0.1). We emphasize that the value Ay, has been used above only

in order to locate the values A in (Ay7, A;s) for which N~ # 0, N'* £ 0. In fact, the above proof
of Theorem (2.1.1) can be easily adapted to other assumptions on the behaviour of r,(z) as

t — 0 and t — oo. In particular, let us assume that for all v € S there holds
r(t)—0 as t—e and r,(t) > —c as t—0. (2.1.13)

Then Ay = 0, Ag; = —o0, and now N~ # 0 for all A < A;,. It is easily seen that the above proof
of the existence of the minimizer ui of (2.1.3) remains valid for all A < A, provided (2.1.13)

is satisfied. Thus we have

Corollary 2.1.1. Suppose the assumptions of Theorem (2.1.1) and (2.1.13) hold. Then for
every A < Ajs there exists a minimizer u/ll of (2.1.3) which satisfies (1.0.1). Furthermore,
d*®, (tui)/dt2|,:1< 0 and u/ll is the ground state of (1.0.1) for A < 0.

Thus, having understood and established this theorem, we are now in a position to apply it
to find solutions to a particular elliptic partial differential equations. In our case, we consider

the following quasilinear elliptic problem and will show that it has at least two solutions.
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2.1.1 Extremals for the p-Laplacian concave-convex problem (0.0.2)

Consider the problem with convex-concave nonlinearity studied in [34], it will be shown that
this problem has at least two solutions, and through Theorem (2.1.1) above we will see that one

solution lies in A/ and the other in N~

—Apu = Au|*2u+ul"u, inQ,

u=20, on dQ,

(2.1.14)

where 1 < o < p <y < p*, A is a real parameter and by a solution of (2.1.14) we mean a weak
solution u € WO1 P (Q) moreover, let us consider that Q is a smooth bounded domain.

We say that u is a weak solution of (2.1.14) if the following holds:
i) uew,”(Q);
i) [Vl 2V = 4 [P+ a2 v € WiP(@)

Let us define the following energy functional ® € C! (WO1 P R), associated with our variational

problem

D W,P(Q) - R

1 A 1
u— d(u)= —/|Vu|pdx— —/]u\adx— —/\u|7dx.
p o Y
Following our notation we identify the working terms
1 1 1 o
() =T()~AGw) — T(u)= —/]Vu|pdx— }/]u\ydx, Glu) = —/|u| dx.
p q

Note that,

D@ () (1) :/]Vu|pdx—ﬂ,/|u|°‘dx—/|u|7’dx.

Therefore, Rayleigh’s quotient is

/\Vu\pa’x—/]u\ydx
R(u) == . ue WP\ {0}. (2.1.15)

/|u|adx
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For u € Wol’p\{O}, t >0, we have

tp_‘x/|Vu]”dx—t7“/]u]7dx

/|u|adx

Thus, in this case we are working in a single Banach space, so derivatives in the vectorial sense

R(tu) :=r,(t) = (2.1.16)

are not relevant.

Lemma 2.1.1. The fibre maps r,(t) of the Rayleigh quotient has a unique global maximum;

moreover, its extremal values are characterized as follows:
i) A = Aij = Agj = —oo;
ii) Ay >0;
iii) Ag > 0;
iv) )vis >0.
Proof. One first

d (p—o)tP= %1 [|VulPdx — (y— o)t"= %1 [|u|Ydx

") = TTul%dx

critical point, dr,(t)/dt = 0 if and only if

(p—a)P o / VulPdx = (y— o)’ / u|7dx

then

_ 1/(y-p)
(p—a) “V”‘pdx) . 2.1.17)

1. =
ot = (G v
Besides this we conclude that assumption () is satisfied. Substituting fmax (#) into r,(z) yields

the following SG-Rayleigh quotient:

tP=% [ |VulPdx — 7% Yd
Ai(u) = inf Jo|Vul"dx Jolul"dx 11>0p = —oco.
Jolu|*dx

From (2.1.16), when t gets too big, the dominant term is the one with the highest exponent,

that is, (y— a) > 0. Then A;(u) = —eo. Moreover, when 7 is close to zero the dominant one is
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the term (p — o) but r,,(¢) — 0, so it would not be the lowest of the r, (7). Thus

Asi= sup Aj(u) = —oo,
uew\{0}

now, following the same idea, let us calculate the other extremal values.

([|Vulp)r-®)/ (=)

As(u) = supr,(t) = ry(tmax) =€

=0 Pl ([ | ) PO/ P)
where
y—p (p—a\ "9/ =P)
C[),(X _ - (_)
p—a\y—o
and
Ass = Cp o SUP (J|Vul) 7/ ) e
o [ |u|%dx ([ |u]dx) P~/ r=p) :
Thus
p\(r=a)/(y=p)
Ais = cp e inf UIvul’) tueW\{0} . (2.1.18)
’ f\u|°‘dx(f|u]?’dx)(l’—0‘)/(?—p)
On the other hand
= ) M) ==
also

Asi = sup A(u) = —oo.
ucW

Affirmation: A;; > 0. Indeed , as WOLP (Q) — L¥*(Q) and WO1 P(Q) — LY(Q), then
lullee< Cillullyrp, fullzr= Colfullyp

and (—)/(r—p)
7“ g
(f|Vu]P)(7_a)/(y_P) ||”H1‘;,3/p e

Cp,a

= >
”’O‘f|u|adx(f|u|7’dx)(p_°‘)/(7_”) Cp.a |u||ga||u||zgp—a)/(’y—p) =K

where K is the constant of the embedding. Thus A;; > 0.
As in Hypothesis—eo = A;; < Ajs, let us return to Chapter 1 and apply Theorem (1.3.1), in
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this way, we are directly approaching the demonstration of the existence of solutions for our

problem. The following steps will allow us to consolidate the results and achieve our goal. [
Proposition 2.1.4. The functional ® is coercive on the Nehari manifold N.

Proof. Foru € N, we have

D(u) = D(u) — %Dufb(u)(u) _ (117 _ ;) [1vulraz-2 (é _ i) JE

Moreover, since A < |A| and using the Sobolev embedding, we obtain

I 1 I 1
> - - = P _ - a
cb(u)_(p y)uuuwol,p w(a y)cnunwg,p

Then, since o < p, as ||uHW1‘,,—> oo the dominant term corresponds to the higher exponent.
0

Therefore, ®(u) — o0, which implies that ® is coercive for every u € N. O
Proposition 2.1.5. The functional ® is weakly lower semicontinuous on Wo1 P(Q).

Proof. Let (u,) be a sequence such that u, — u weakly in Wo1 7 (Q). We shall prove that

liminf®(u,) > ().

n—oo

It is known that the norm in W is weakly semicontinuous
1 |
—/|Vu|pdx < hm1nf—/|Vun|pdx.
p n—ree p

See (Appendix B (B.0.7)).
Since @ < p < y < p*, the Sobolev embedding WO1 P(Q) — L'(Q) is compact for every
r € [1,p"), in particular,

up —u inL*(Q) and LY(Q),

/|un|adx—> /|u|adx,and /|un|7dx—> /|u|ydx.

and therefore,
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Combining these results we obtain that
A o 1
liminf®(u,) = liminf /|Vun|pdx— a/|un\ dx— ?/|un\7dx

N—o0
1
> —/\Vu]pdx——/]u\adx——/]u!ydx
p o Y
= D(u)

Proposition 2.1.6. R is weakly lower semicontinuous in WOl P(Q)\ {0}.

Proof. Let (u,) C Wol’p (Q) be such that u, — u in WO1 P(Q) and u # 0. We will use the same

convergence arguments from the previous proposition. Define

An:/]Vu,,|pdx—/\un|ydx and A:/|Vu|pdx—/|u|ydx,

analogously
Bn:/|unladx, and B:/\u|°‘dx.

From the above, we have B,, — B > 0 (since u # 0) and

liminfA, > (liminf/\Vun\p> (hm /\unly) > /|Vu]”dx—/]u\ydx:A.
n—oo Nn—yoo

We wish to estimate liminfR(u,) = liminf(A, /B,). Since B, — B, it follows that

liminfA,, liminfA,
liminf =2 > == = ==
n—e B, ~ limsupB, B
n—yoo

See (Appendix B (B.0.8)). Therefore we have to

Ay _A
liminf == >~ = R(u).
n—e B, B

Therefore, R is weakly lower semicontinuous in WO1 P(Q)\ {0}. O
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2.1.2 Multiplicity of solutions for the problem (0.0.2)

We will now show that there exist two minimizers of our functional: one corresponding to the

subset of the Nehari manifold A/ and the other to V', as stated in the following theorem.

Theorem 2.1.2. Assume 1 < o < p <y < p*, Q is a smooth bounded domain. Then the
extremal value associated with the Rayleigh quotient of ®, A;; > 0 and for any A < A5, problem
(2.1.14) admits a weak solution u}L # 0 in N~. Furthermore, when A € (0, A;), problem
(2.1.14) has a second weak solution ui £0in N

Moreover:
d2 1 d2 2 2
(a) P@(sul) <0, E@(sul) >0, P(uz)<O0;

s=1 s=1

(b) if A € (—o0,0], then ui is a ground state (1.0.1);
(c) if L € (0, Ass), then ui is a ground state of (1.0.1).

Proof. For the proof of this theorem, we will verify all the hypotheses of Theorem (2.1.1).

Indeed, let us first prove points (H)) -(Hy) mentioned in the theorem.

(Hy) By (2.1.17), we have that r,(¢) has a unique critical point #,,x, which corresponds to a

global maximum. Hence, condition (H;) is satisfied.

(H>) We must prove that there exists 8y > 0 such that #,x(v) > & for some v € S. Indeed,

suppose by contradiction that there exists a sequence (v,,) C S such that ,,, := tax (Vin) —

d
0 as m — oo. Since Erv’” (r) =0, we have

(p— ity " = (r— @yl " [lval’=0.
Now, by the continuous embedding WO] P(Q) < LY(Q), we know that
Y Y
[V 1< CHVmHWOl,p
therefore, we obtain

(p= )y " = (r= )l v}, < 0.
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Since v, belongs to the unit sphere S, it follows that

(p—a)ih = Cly—a)f ' <0,

th*(p—a) = C(y—a)i 7] <O0.

Because o < p < 7, when t,,, — 0", we have t,l’[p — 0. Hence, there exists 7y > 0 such

that, for all 0 < ¢, < 19,
—
tn’)ft_p S p—

20(y—a)
Thus,
—
(p—a)—Cly—a)l P> % > 0.
Since t}fl_a_l > (, we arrive at a contradiction with the previous estimate. Therefore,

condition (H,) is satisfied.

Assume that (v,,) C S is weakly separated from 0, in Wo] P Since (vy,) is bounded in

1
WO

for some v € WO1 P Furthermore, by the Rellich—-Kondrachov theorem,

1.p . . . 1
? and W,,"” is a reflexive Banach space, we may assume that v,, — vo weakly in W, "

|[Vin| e < Cl[vml[ 1.0 < o0, hence [[v|[a< C1, form=1,2,...,1 < d < p* and vy — vo
0

in L4(Q) up to a subsequence for d < p* (compact embedding).

Since (v;,) C S is weakly separated from 0 in W, it follows that vy # 0, and consequently,
there exists 8; > 0 such that

Ivollf= [Ivol%dx > 6.

using the triangle inequality, ||v,,||ze> ||vo||Le— ||V — vo||Le> &1 — €, hence

/|vm]adx25g:3lo‘ forallm=1,2,....

on the other hand, note that since v,, C S, we have ||v,,| |W1.p: 1, and therefore we start
0

from
tp_a/|Vu|pdx—t7_a/|u|7dx

0 /]u|adx
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We have, for any s € [0,T], 0,T € (0,),

1
< 5 /]va\pdx —|—t7a/]vm]7dx}

11, _
< g[tp * 17 “/]vmlydx}

< e,

v (1)

-

where C > 0 comes from the Sobolev embedding. Therefore, since ¢t < T, the sequence

(ry,,(t))m=1 is bounded. Now we show that its derivative is also bounded; indeed, we

have
ir (1) = (p— o)tP= %=L |V, |Pdx — (y— a)tY =% [|v,|Tdx
dit R ’
d
Ervm (t) S 60_1 |:(p - a)tp_a_l —|—C1 (’)/_ a)tY—Ot—l

where ¢; > 0 comes from the Sobolev embedding. Therefore, for s € [0, T, the family

d o
{—rvm (t)} is bounded. Thus, we obtain (H3).
dt m=1

(Hy4) Suppose, by contradiction, that there exists a sequence (t,,v,) C N with (v,,) C S (that

is,

Vm|lw= 1 for all m), 6 < t,, < T for all m, and v,, — 0 weakly in W.

Since (v,,) is bounded in WO1 P and a,y < p*, the Sobolev embeddings
W, P(Q) < L¥(Q) and W,"(Q) — LY(Q)

are compact. Hence, from v,, — 0 in W, we deduce (up to a subsequence) that

vm—0 in L%*(Q) andin LY(Q).in particular
/|vm|°‘dx 0 and /|vm|ydx ~o0.

Since (tnvm) € N, we have ry, () = A. Moreover, we know that [[vy||,,1,= 1, hence
0

I [ / vl Tdx 1P 7@ / [vin|? dx

/]vm|adx /|vm|adx

Fy, (1) =
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Evaluating at t = t,,,, we obtain

th— t,’,/l/|vm|ydx =AY /|vm|adx,
and therefore, after a suitable rearrangement,
i — t,%/|vm|7/dx—|—7tt,ff /|vm|adx.
Since v, — 0 strongly in L” and L%, we have
/|vm|7dx —0 and /|vm|adx — 0.

Because 0 <1, < T and A € R is fixed, the right-hand side of the previous equality
tends to O, thus
th — 0.

However, this contradicts the fact that #,,, > o > 0 for all m. Therefore, we obtain (4).

Finally, let us verify conditions (@) and () of Theorem (2.1.1).
(a) Is satisfied by the proposition (2.1.4)

(b) The functional ® and R are weakly lower semicontinuous by Propositions (2.1.5) and

(2.1.6) respectively.

Besides by Lemma (2.1.1) item iv) we already know that A;; > 0. Thus, all assumptions of
Theorem (2.1.1) and Corollary (2.1.1) are satisfied.
O

2.2 Multiplicity of solutions for functionals with N/° £ 0

In this subsection, we will improve the understanding of the subsets of the Nehari manifold and
show that, by defining the extremal values as (1.5.1), we obtain much more precise information
about potential candidates for solutions. Moreover, under some general hypotheses, we will
obtain results that allow us to minimize the energy functional. We will also analyze the subset
NP (see [7]), which is not necessarily a Nehari manifold, and show that, in some cases, there

exist elements in this set that minimize our functional.
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In this context, W will be studied as a single normed Banach vector space, which will make
the manipulation of derivatives and the presentation of results more convenient. Nevertheless,
it is worth noting that the vectorial treatment would also be valid, provided that the partial
derivatives associated with each component are properly considered.

Recalling the definition of the Nehari manifold and its subsets, introduced in the previous
chapter for the vectorial case, in this chapter we will work in the scalar case, that is, for N = 1.

Thus, by adjusting all definitions to the scalar case, we obtain.

Definition 2.2.1. The Nehari manifold is defined as
d
N ={uewW\{0}:D,®(u)(u) = E@(Zuﬂ,:l: 0} (2.2.1)

where W is a normed vector space and ®(u) =T (u) — AG(u),A € R.
Remembering our notes, we will make heavy use of T, G are C !and denote:
o Ji(u) = T'(u)(u) fréchet derivative in the u direction;
o J>(u) = G'(u)(u) fréchet derivative in the u direction;
« JisJhech
o &' (u)(u) = J1(u) — A J>(u) fréchet derivative in the u direction;

* @(t) := D(tu) called the fiber of the function;

Jo(u) >0 forallu e W\ {0} .

* Since we are working in a single Banach space, when we write D® we will be referring

to the derivative in the Fréchet sense.

When we differentiate ¢, we will be referring to the derivative with respect to the variable 7.

From Chapter one and with these new notations, we already have the Rayleigh quotient.

T (tu)
._72(1‘14)

R(tu) :=r,(t) =
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With our new notations and using the equivalences from the definition of A", /' 0N, as

shown in Chapter 1, we have that

NT = {ue/\/: ¢'(1)=0, ¢"(1) >0}, (2.2.2)
NO = {ue/\/: o'(1) =0, ¢"(1) :o}, (2.2.3)
N~ = {ue/\/: @'(1)=0, ¢"(1) <o}. (2.2.4)

Then, recalling that if J;(tu) > 0, the subsets of the Nehari manifold are obtained in the

following way

d

Nt = {ue/\/: Eru(t)\;:1> 0}, (2.2.5)
d

NO = {ue/\/. Eru(t)|,:1:o}, (2.2.6)
- .4

N~ = {u EN: b1 < 0}. 2.2.7)

Proposition 2.2.1. There holds: u € N if, and only if, r,(1) = A
Proof. In fact, u € N is and only if, J (u) = 71 (u) — A T2 (u) = 0. O

In this section, we focus on the existence and multiplicity of solutions through the analysis
of the fiber function. For this purpose, we shall employ the minimisation method. From now

on we denote

®| =inf{®u):uc N},
@, = inf{®(u):uc N},
®( = inf{P(u) : u € NO}.

Note that each of these terms depends on A; instead of writing each term explicitly as a function
of A, we will understand this dependence implicitly.

We often encounter problems that require certain conditions on the energy functional. Therefore,
in order to facilitate the understanding of a specific problem and to develop a more systematic

analysis, we strategically introduce the following assumptions.

(Ny) @, 71,J(.), are weakly lower semi-continuous and 73, 7, (.) are weakly continuous.
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(N;) There holds:

1. whenever non-empty, there exists C > 0 such that C < ||u/| for all u € N"~. Moreover,

the functional @ is coercive over N _;

2. whenever non-empty, there exists C > 0 such that ||u||< C for all u € N'F;
(N3) ifu, = uinW and J;(u) = lirginfjl (1), then, up to a sub-equence, u,, — u in W.
n—roo

Thus, this allows us to develop an understanding of when an energy functional can be

minimized and what conditions must be satisfied for this to occur.

Theorem 2.2.1. Suppose (Ac), A" > 0,(Ny) and (N2) — (1) and (N3). If A < A", then there
exists u € N~ such that ®(u) = @ .

Proof. Itis clear by (N;) and (Nz) — (1) that @; > —oo. Letu, € N be a minimizing sequence
to ®@;. By (N;) — (1) we can assume that u,, — u in W. We clain that u # 0, otherwise

0=U (O) < lim lgijl (un) = lim lggo(j] (un) — ljz(un)) =0,

which implies by (N3) that, up to a subsequence, u, — 0 in W, which contradicts (N;) — (1),
therefore u # 0. Now we have two cases:

Case 1: u, >uin W.

This is clear, since A < A* implies, by Corollary (1.6.3) that N = @ and hence u € N, thus
D(u) =Py.

Case 2: u, AuinW.

We can assume that u,, has no sub-sequence converging to u. Since, by (N;),7),(1) < limniggo r, (1)<

0 and A < A¥, by Proposition (1.6.1) there exists 7 :=¢ () > 0 such that tu € N~ and hence
0= i (tu) < lim inf Ji (ruy).

Since equality would imply by (N3) a contradiction. Thus for n sufficiently large conclude
that ¢@'(¢) > 0 and by Corollary (1.6.3) and Proposition (1.6.1) it follows that @(z) < ¢(1).
Therefore

D(tu) = @(t) < lim infe(z) < lim infe(1) = Py,

n—yoo n—oo

and thus the proof is complete. [
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Remark 2.2.1. It is clear from Proposition (1.6.2) that if (N2) — (1) holds, then ||u||> C for
allu € N*. Also, if (Ny) — (2) holds, then ||u||< C for allu € N~. Moreover, if A > 0, then
N~ #0if, and only if, N* 0.

Theorem 2.2.2. Suppose (Ac), A* >0, (N1),(N2) — (2) and (N3). If A € (0,A), then there
exists u € N such that ®(u) = &, < 0.

Proof. 1tis clear by (Ny), (N2) — (2) and Proposition (1.6.1) that —oo < &, < 0. Let u, € N'*
be a minimizing sequence to ®;. By (N;) — (2) we can assume that u, — u in W and since
®, < 0 it follows that u # 0.

We clain that, up to a sub-sequence, u, — u in W. Suppose not, then we can assume u, has no
sub-sequence converging to u. Since A < A%, by Corollary (1.6.3) and Proposition (1.6.1) there
exists £ ;=" (u) > 0 such that fu € N'* and hence

0= Ji(tu) <lim igf T (tu,).
Since equality, by (N3), a contradiction. Thus # > 1 and

D(tu) = @(t) < (1) <lim inf @(1) =P,

n—o0
and hence the proof is complete. []

Now, recalling the extreme values defined from the derivative of the Rayleigh quotient fiber
map, A := Ays = A_;; = Aoii = Aois we consider the case A = A*. This case is particularly
interesting and represents something new in this chapter. Although, intuitively, we can already
anticipate the behaviour of our fibre and the parameters associated with the Rayleigh quotient,
in order to simplify the analysis and obtain significant results, we introduce a certain degree of
uniformity in conditions (N;) — (N3). These conditions are essential for proving the existence

of solutions.
(N1)y : Jo(u) = D,G(u)(u) is strongly continuous
(N2), : There holds:

1. Fix [a,b] C (0,c0), then there exists C > 0 such that C < ||u|| for all u € N~
and A € [a,b]. Moreover, if 4, — A > 0 and u € N, satisfies [[uy||— oo, then
CID,ln(un) —> 0o,
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2. Fix [a,b] C (0,e0), then exists C > 0 such that ||u||< C forall u € N and A € [a, b]

(ST): If u, — win W and lim sup 7’ (u,) (u, —u) <0, then u, — uin W.

n—yoo
Theorem 2.2.3. Suppose (Ace), A* >0, (N1),(N3), (N1)u, (N2)u — (1) and (ST). Then, there
exists u € N7, UNY, such that <I>£1*(u) =0.

Proof. Tt is clear that (N), — (1) implies (N;) — (1) for A > 0 thus, combined with the other
hypothesis, we can use Theorem (2.2.1). Take a sequence A4, < A* such that 4, — A* and
a corresponding sequence u, € N, 2, such that &, (u,) = ®; ;, (it’s @1, which depends on
A,) and CIDZIn(un) =0. By (N;) and (N2) — (1) we can assume that u, — uin W and u # 0 .
Therefore
T' (un) (uy — 1) = X,G' () (u, — u),Vn € N.

From (N7), we conclude that lim sup 7’(u,) (4, —u) = 0 and by (ST) it follows that u, — u
and thus the proof is complete. i ]
Theorem 2.2.4. Suppose (Ace), ¥ >0, (N1),(N3), (N1)u, (N2)u — (2) and (ST). Then, there
exists u € N, UN7}. such that &, (u) = 0.

Proof. Tt is clear that (N;), — (2) implies (N;) — (2) for A > 0 thus, combined with the other
hypothesis, we can use Theorem (2.2.2) take a sequence A, < A* such that A, — A" and a
corresponding sequence u, € N. ):; such that &, (u,) = P, ,, (it’s ®,, which depends on A,,)
and <I>£1n (un) = 0. Since @ is decresasing in A, it follows that &, ; — ¢ < 0. By (N;) and
(N2) — (2) we have that ¢ > —co. We may also assume that u, — u in W and since ¢ < 0 it
follows that u # 0.

Therefore

T' () — 1) = 1,G(up) (1, — u),¥n € N,

From (M), we conclude that lim sup T (u,)(u, —u) = 0 and by (S™) it follows that u, — u

n—>o0
and thus the proof is complete. [

Remark 2.2.2. Since N f* may be non-empty, it is not clear whether the solutions provided by
Theorems (2.2.3) and (2.2.4) belong to N, or ;Z respectively.

Proposition 2.2.2. Suppose (A.c) and A* > 0. If there exists u € D such that L™ = r(u), then
@', (t,u) = 0.
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Proof. Ttis clear by (A..) and A* > 0 that D is open and D S u — 1, is C ! Given v € W denote
w = t,v +t,vu, where t,, represents the derivative of the function D > u — t, on the point u.
Since u is a global minimizer, we have that

To (tu) T (tu)w — T (tuu) Ty (L) w @ (tu)w

0=7r(ww=A(t,u)(w) = AL = A

Therefore &' (t,u) = 0. O

Then we can conclude

Theorem 2.2.5. Suppose (Ace) and A* > 0. If NV, # 0, then every u € NY. satisfies
@), (u) =0.

By Theorem (2.2.5), one sufficiently condition to ensure that u, given by Theorem (2.2.4),

belongs to A/ is the following compatibility condition:
(CC) If @.(u) =0 then u = 0.
Theorem 2.2.6. Suppose (CC). If u € Ny is a critical point to ® ., then u € N\, U 1+ -

Proof. In fact, if u € ./\/;?* is a critical point to @, «, then by Theorem (2.2.5) we obtain that
@), (1) = 0 which implies that u = 0, a condration, therefore u € N} UN7.. O

Now we can prove multiplicity of solutions when A = A ™.

Theorem 2.2.7. Suppose (Acc), A* >0, (N1), (N3), (N1)uw (N2)u, ST and (CC). Then, there
exist u € N\ and v € N, such that @', (u) = ®}.(v) = 0.

Proof. By Theorems (2.2.3) and (2.2.4), there exist u € N}, U./\/)?* andv e N, UN)?* such
that @, (u) = ®),.(v) = 0. By Theorem (2.2.6) it follows that u € N\, and v € N.. O

Remark 2.2.3. It is clear that u # v.

Taking into account Observation (2.2.1), let us introduce the following condition. This will
allow us to prove important results concerning the existence of solutions. Moreover, whenever
we encounter a problem satisfying these hypotheses, the existence of a solution will follow

immediately.

(N2)“¢ : We assume that the following conditions hold.
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1. If A <0, then there exists ¢ > 0 such that ¢ < ||u|| for all u € N"~. Moreover @ is

coercive over N .

2. If A € (0,A%), then there exists, ¢,C such that ¢ < ||u||< C forallu € N.

Theorem 2.2.8. Suppose (A),(AS),(N1), (N2)°, (N3). If —e0 < A < A7, then there exists
u € N~“UNY such that ®(u) = @, .

Proof. Tt is clear by Proposition (1.6.2) that ®; > 0. By (N>)“, if u,, € N~ is a minimizing
sequence to @y, then we can assume that u, — u in W. If u = 0, then by (N;) we obtain
0 < liminf J; (u,) = liminf(J; (un) — A J2(u,)) = 0, which implies by N3 that u, — 0 in W,
which contradicts (N;). Therefore u # 0 and we have two cases :
Case 1: u, — u.
This case is clear
Case 2: uy, / u.
By (N3) it follows that

¢'(1) < liminf¢’(1) = 0,

and by Corollary (1.6.5) and Proposition (1.6.2), there exists < 1 such that fu € N~ . Therefore
0= ¢'(t) < liminf ¢’(¢)
and since 7 < 1, it follows that for sufficiently large n, we have that ¢(z) < ¢(1). So
®(tu) < liminf@(t) < liminf (1) = P,

which implies that fu € N~ satisfies ®(tu) = ®; and the proof is complete. O

Theorem 2.2.9. Suppose (A°), (AS),(N1), (N2)“ —(2), (N3). If0 < A < A%, then there exists
ue NTUNC such that ®(u) = @s.

Proof. By (N1), (N2)“ — (2) we have that @) > —oo and if u,, € N'" is a minimizing sequence to
®,, then we can assume that u,, — u in W. If u = 0, then by (N;) we obtain 0 < liminf 7} (u,) =
liminf( 7, (un) — AJ2(un)) = 0, which implies by N3 that u, — 0 in W, which contradicts
(N2)“ — (2). Therefore u # 0 and we claim that u,, — u. Otherwise by (N3) it follows that

¢'(1) < liminf@'(1) =0
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and by Corollary (1.6.5) and Proposition (1.6.2), there exists ¢ < 1 such that tu € N/ * and
@(t) < @(1). Therefore

D(tu) = @(r) < (1) <liminf (1) =P,

which is a contradiction and hence u,, — u and the proof is complete. U

2.3 A sharper range of the parameter for solutions with neg-

ative energy

Now that we have Theorems (2.2.9) and (2.2.8) in hands, we need to be able to say whether the
minimizer belongs to N O or not. The next result follows immediately from Theorems (2.2.9)
and (2.2.8).

Theorem 2.3.1. Suppose (A“), (A{),(N1),(N2)“ and (N3).
1. If0 < A < A* and &, < Oy, then there exists u € N+ such that ®(u) = ;.
2. If —o < A < A" and ®; < Dy, then there exists u € N~ such that ®(u) = ®,

So in order to apply Theorem (2.3.1) we need to understand the inequalities ¥, < ®y and
P < Py. To this end, let us introduce the extremal parameter that controls the energy of the

local minimun of ¢. Given u € W \ {0} recall the definition of

Remark 2.3.1. Since G(0) = 0 and J>(u) < 0 for all u € W\ {0}, it is clear from the mean
value theorem that G(u) < 0 for all u € W\ {0}.

From Proposition (1.7.4), for each u € W \ {0}, there exists fy , > O that corresponds to the
unique global maximizer of the fiber map R°. Define ro(u) = R*(to ,u) and

Ay = sup ro(u) > 0, called the extreme value of zero energy.
uew\ {0}

Theorem 2.3.2. Suppose (A“), (AY) and (Ny),(N2)““ — (2) and N3, then for all A € (0,Ay),
there exists u € N such that ®(u) = ®,. Moreover ®, < 0 for A € (0,1]).
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Proof. Tt is clear from Proposition (1.6.2) that ®(u) > 0 for all u € N and thus Py > 0. By
Theorem (1.7.5) we know that @, < 0 and hence the existence of u € N’ such that D(u) =D,
follows from Theorem (2.3.1). O

Remark 2.3.2. If Aq is attained by some u € W\ {0}, then @+ (to.u) = q)/ftg (tou) = 0. By
Theorem (1.7.5) it follows that ‘I))LO* (to.uu) = Dy, A (were @, P denotes that ®, depends on Ag)
and by Proposition (1.6.2) we also have that ty ,u € N ;

’ 0

Now we show existence in N .

Theorem 2.3.3. Suppose (A), (A{°) and Ny, (N2)“ — (1), (N3), then for all A € (—,0),
there exists v € N~ such that ®(v) = ®; > 0.

Proof. In fact, by Proposition (1.6.2) we have that NO =0 forall A <0, therefore, by Theorem
(2.3.1) the proof is complete. ]

2.4 Application to an elliptic Kirchhoff-type problem

We will apply the theory developed to a Kirchhoff-type problem studied in [7] and [35]. We
will demonstrate the existence of solutions by analyzing the extremal values associated with
the Rayleigh quotient and by precisely identifying the ranges of the parameters for which the
existence of solutions is guaranteed. We now present the Kirchhoff-type problem that will

serve as the main application of the theory developed in this chapter.

—(a+/1/|vu|2)Au — "%, inQ
2.4.1)
u=0, on dQ

where Q C R is a bounded smooth domain, ¢ > 0 and y € (2,4).
We say that u is a weak solution of (2.4.1) if the following holds:

i) ueHNQ);
ii) (a+/1/]Vu|2dx) /Vqua’x: /\u]y_zuvdx, Vv € H} (Q).

Let us define the following energy functional ® € C ! (Hé ,R), associated with our variational

problem
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2
u—®u) = g/|Vu|2dx—|—% (/\Vu]zdx) —%//|u|7dx.

Using our notations we have the following terms

) =T(u)—AG(u) — T(u):g/|Vu|2dx—)l//|u|ydx, G(u):—%(/|Vu|2dx)2.

2
D®(u)u :a/]Vu|2dx—{—7L (/|Vu\2dx> —/\u|ydx.

So, using our notations from this chapter, we have 71 (u) = DT (u)(u) = a/|Vu|2dx - /|u|7’dx

Note that,

and 5 () = DG(u) (u) = — ( / |Vu|2dx)2.

Therefore, we define the Rayleigh quotient and zero-energy Rayleigh quotient as follows

_af]Vu|2dx—f]uP’dx
(/|Vul2dx)?

1
g/|Vu\2a’x——/\u!”dx
_ 2 v

}1 (/Wu|2dx>2

Thus, we have that its associated fiber functions, R(ru) and R®(tu) for u € H} \ {0}, t > 0, are

R(u) := , u€H\{0}

and

R (u) , ueHy\{0}

defined as follows:

. (t)——ﬁ 1 1 [|u|%dx
2 [[VulPdx 7Y ([ |Vul2dx)?

(2.4.2)

1
gﬁf\vu\%— 17 [ul¥dx
Re(1u) = — = 4 . we HA\ {0}
214 (IVul2dx)®

and it is clear that r, satisfies (A).

Proposition 2.4.1. The Rayleigh quotient r,(t) has a unique global maximum.
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Proof. Therefore it has a unique global minimizer. Indeed

dr,(t) 2a 1 1 [lul"dx
dt _ t3 f|Vu|2dx ( ’}/)ts_y (f|Vu|2dx)2 (243)
L
WEN\ e
4=y Jlul”
and )
m
</|u|7dx>
r(u) =ry(t,) = C(v,a) 7
m
(/\Vu|2dx)
where iy
(Y2 [4-7\"?
Note that H} (Q) — L"(Q)
2 2
(flarax= ([1vuPdx)r
_<cC <o
([Ivuan)?= ([ |1VuPan
[

Besides (A{°) is satisfied limr, (1) = —oo.
t—0

2.4.1 Extremals of the Rayleigh quotient from the Fréchet derivative

First, we compute all the parameters associated with our Rayleigh quotient. This step is
essential, since it will allow us to determine whether the Nehari submanifolds are empty or
not, and thus to clearly identify in which of these sets it is possible to find solutions for our

equation.
Proposition 2.4.2. The following extremes comply:
0) Ayii = Aysi = —o0;

ii) Aqis =Aii = A—si = A_js = Aoii = Aois =0 ;



74

iii) A—gs = Moss = Aosi = Apss < oo

Proof. We will calculate all the extremal values using fundamental properties of analysis.

. a 1 1 [u|¥dx
1. A.;; = inf inf - = +
T emi\joy >0, <>>0}{ 2 [|VulPdx 477 ([|Vul2dx)?

t — 07 r,(t) — —oo thus r,(t) is increasing for in (0,7,) besides ¢
faster rate than t¥~* for y € (2,4).

} = —oo since, when

~2 it increases at a

{ a 1 1 [|u|¥dx

- — — —oo by the same
12 [|Vul*dx l4_y(ﬂVu|2dx)2} Y

2. Ao = su inf
A {){0} (150,120}

justiﬁcatlon as for 1.

we fix u; moreover,

3 1 - sup { a 1 N 1 [|ul%dx }
- Atis = -3 -
T keHNO} 00y L 12 [ VulPdx T Y (1|Vu)2dx)?

since r,, is increasing on (0,,), the supremum of r for 7/,(t) > 0 is

sup ru(t) = lim r,(t) = r(t,)
{t>0,r},(t)>0} 1=t

therefore, it is enough to analyse

%
=
(/\u\%lx)
inf  r,(t,) =C(y,a) inf
ueH\ {0} ueH\ {0} 72
(/]Vu|2dx>

now, since we approximate the infimum by €u, then for € — 0

(/suydx)yzz e (/|u|7dx>z »
(/\evu\zdx) T (/\W;%&) T

Therefore A ;5 = 0.
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4. One has

a 1 1 /|”’de
Aigs = sup sup - + o= )

ueW\{0} {r>0:r(1)>0} t2/|Vu|2dx an </\Vu]2dx ’

2

(/yuvdx)H

L
=)

—C(y,a) sup <o

0 eapar)

since Hy (Q) — L"(Q).

1 /|u|ydx

5. A= inf inf Y
ueH{\ {0} {r>0.r,(r) <0} / |VuI2dx K ( / |Vu|*dx

then r,(t) — 0.

>2} =0 besidest — oo

6. A= 5 } =0besidest — oo

sup inf - + =
uerf\ {0} =0 <><°}{ t2/|vu|2dx a y(/WH\%m)
then r, () — 0.
1 /]u\ydx
7. A_jy= inf { i
CEHNO} 10.40)<0) / |Vu|2dx i ( /lwz i

over, since r, is decreasing on (t,,), the supremum of r for 7/,(t) < 0 is

2} we fix u; more-

sup  r,(t) = lim r,(¢t) = r(t,)
{r>0,r (1)<0} 1=t

therefore, it is enough to analyse

%
(/|u|7dx)
inf r,(t,) =C(7, f
ue[—llf)ll\{O}r () = C(y.a) ueég\{()} 72
(/]Vu|2dx>
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now, since we approximate the infimum by €u, then for € — 0

2

(/|8u]7dx)y: s (/\uvdx) 2:
(/|gvu\2dx) "~ (/\W;%) "

Therefore A_;; = 0.

Analogously to item 4, we have

— 0.

2

¢ Clra) </|u’7dx) 7-2

sup

2
u 0 72
ew\{0} (/|Vu\2dx)
1 /|u|ydx
9. Agii= inf = inf r,(t)=

ueH}\{0} {t>0 r’ /|Vu\2dx . (/|Vu|2dx)2

0 by the same argument as in items 3 and 7.

< oo by the same argument as in items 4.

10. One has
, a 1 1 [|ulVdx
A()si — su - 5 +
GHI{){O}{»O ()= 0}{ t2 [|Vul?dx 1477 fyvu|2dx)2}
2
73
(/|u|ydx) ’
=C(v,a) supo s < oo,
ucW
eW\{0} (/|V |2 )
g 1 | /\u!ydx
11. Ay = inf sup - = 0 by the same
ueH\{OH{r>0,r()=0} | ! / \Vu|*dx T ( / Vuf? dx)

justification as for 3.
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12. One has

)LOss = Sup sup
ueH)\{0} {r>0,r)(1)=0}

{_ a 1 1 [|ulYdx }
2 [|VulPdx %77 ([|Vu|2dx)*
2

(/|u|7dx)”

=C(y,a) sup — < oo,

uew\{0} ( /|Vu|2a’x) 72

We denoted™ := A, o, = A5 = Apsi = Aoy, It is clear that A* > 0.
Ay = Aiio = Aiso-

Proposition 2.4.3. Let, u € H} (Q) \ {0} then R¢(tu) possesses a unique critical point tg , > 0,

which is a maximum.

Proof. Differentiate R(tu) with respect to t. Writing the numerator and denominator explicitly

and applying the quotient rule yields, after simplification, the critical equation
4—
a</|Vu|2dx> 173 = Ty(/|u|7dx) 1773,

) )/a/|Vu\2dx
@=7) [luldx

and since the right-hand side is positive for 2 < y < 4, there is exactly one positive solution,

Rearranging gives

7

namely the displayed 7 .

To determine the nature of this critical point, observe that R®(tu) — —oo as t — 07 and
R¢(tu) — 0™ as t — co. Moreover, a sign check of %Re(tu) shows that R® increases for ¢ < fg
and decreases for ¢ > g ,. Hence the unique critical point 7 ,, is a global maximum.

Then we evaluate at the fiber of the null function and obtain the global maximum point

5 1/(r=2)
ya/|Vu| dx

4=7) [ luf7dx

tou = , 2<y<4,a>0
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where

K(r,a) = 2022 35 a7t (2.4.4)

Note that R¢(1g ,u) = ro(u) is a multiple of r(u).

2.4.2 Extremals of the Rayleigh quotient from the energy functional

Recalling what was developed on previous pages, we now require the following set with the

aim of finding the extrema of the Rayleigh quotient associated with the energy functional.
d e
Dy = {u € W\ {0} : 3r > 0 such that ER (tu) = 0}.

As defined in this chapter, the extreme values of the Rayleigh quotient from the energy

functional are

Ro,i(u) := inf R(tu),
{¢>0: L Re(tu)=0}
Ros(u) := sup R¢(tu).

{t>0: $.Re(tu)=0}
Let u € Dy, Clearly, since it has only one critical value, we have to R ;(u) = Ros(u) =

R¢(to ,u).

Proposition 2.4.4. Assume 2 <y <4, a >0, and y < 2" so that the Sobolev embedding is

subcritical on Q. Define

Aiip = inf R ;(u), Asio = sup Ro,i(u),
ueDgy

ueDy

A‘iso = inf RO,S(”)> A‘ssO = sup RO,S(”)-
ueDy

ucDy
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Then

2y

liio = )LisO = 07 AsiO = A‘ssO = K(%a) Cg_zv

where K(¥,a) of (2.4.4) and Cs > 0 denotes the best constant in the embedding H} (Q) — LY(Q),
i.e. ||v||r< Cs||VV|| 2 for all v € H} (Q).

Proof. From Proposition 2.4.3 we have, for every u € Dy,

(f|u]7)2/(7’*2)
(f|vu‘2)7/(7—2)'

Roi(u) =Ros(u) =K(y,a)J(u) and J(u):=

Thus each A equals K(7,a) times the corresponding extremum of J on Dy.
(1)Upper bounds and supremum. By the Sobolev embedding / lu|"< C;’( / |Vu|2)7/ 2 hence

2y

J(u) <CI? forevery u # 0.

Therefore sup J(u) < C;W (r=2), Conversely, by taking a (sub)sequence of functions that
ueDy

approximate the extremal of the Sobolev inequality (or a sequence that attains the Sobolev

constant in the limit), one obtains J(u,) — CEY/ 2 Hence

2y
sup J(u) =C{ ",

ucDg

and consequently
2y

lsiO = lssO = K(%a) CSH-

(2) Infimum equals zero. Completely analogous to point 3, we have A4;;op = A;;0 = 0. O

2.4.3 Multiplicity of solutions for the Kirchhoff-type problem

Note that @, 7, 7/ (.), are weakly lower semi-continuous and J>, .7, (.) are weakly continuous,

therefore condition (M) is satisfied.

Proposition 2.4.5. Let Q C R? be a bounded smooth domain, a > 0 and y € (2,4). Define, for
u€ H)(Q),

T (w) :a/\vuyzdx—/yuvdx.
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Assume that (u,) C Hy (Q) satisfies
u, —u  in H} (Q) and Ji(u) = lirginfjl(un).
n—oo

Then, up to a subsequence,
U, —u  in H}(Q).

Proof. Since y € (2,4) C (2,6) and Q C R? is bounded, the embedding H} (Q) < LY(Q) is
compact. Hence, up to a subsequence, u, — u  strongly in LY(Q), i.e ||uy| |3/y—> ||| |2/y

Moreover, the weak convergence u,, — u yields the lower semicontinuity
/]Vu\zdx < 1iminf/\vun\2dx.
n—oo

By the definition of 7} and the hypothesis J (1) = lirr_l> inf 7) (uy,), we have

a/|Vu|2dx—/|u|7dleirginf (a/|Vun]2dx—/|un|7dx> .
n—>00

Using the strong L¥-convergence, the nonlinear term passes to the limit, and we obtain

/|Vu|2dx: 1iminf/|Vun|2dx.
n—yoo

Since / |Vu|*< liminf / |Vu,|? and the reverse inequality follows from the equality of the 7;

limits, we conclude that
/|Vun|2dx—> /|Vu|2dx.
Hence, |[un| = [lull g -
Lemma 2.4.1. If u, — u in H} (Q) and H”nHH5—> HuHH(%, then u, — u strongly in Hy ().
Proof of the lemma. In H} (Q) the norm is induced by the scalar product (v, w) = / Vv-Vwdx.

Hence

i 22y = g+ 22 ).

The weak convergence implies (u,,u) — (u,u) = HuH}ZLIl then 1i_r>n || un — uHélz 0, and thus
0 n—ro 0

U, — u strongly in Hy (Q). O
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Therefore, we have that (N3) of this chapter is satisfied.

Now we will show that condition (N,)““ is met . Indeed From (2.4.2) we have, for every u € S,
a C
ru(t)g_ﬁ—i_m? t>07

where C > 0 is a constant independent of u. Let f(¢) = _t% + ﬁi_y. Since 2 < y < 4, we have
f(t) = —oast— 0" and f(t) — 0T ast — 40, Hence there exists a unique #y > 0 such that
f(to) =0, and f(r) <0 fort < 1y, f(t) > 0 for r > ty. Because the parameters a,C, ¥ are fixed,
this 7o does not depend on u.

Consequently, for each u € S, the function r, (), which satisfies r,(r) < f(), changes sign

in an interval (¢1,#;) containing #. Therefore, there exists ,, € (¢1,#,) such that r,(r,) =0, i.e.
IS N.

Since ||t,u||= t,||u||= t,, we conclude that every element v € A can be written as v = f,u
with 1, € (t1,1,) and u € S, so that
n<|vlsn.

Hence there exist positive constants ¢ = #; and C = #, such that
c<|lu<C,  VueN.

To prove coerciveness, for A < 0, note that
y—2 2 y—4 2 ?
D(u) = —/\Vu| dx+-——~2~ (/]Vu| dx) , YueN
2y 4y

Theorem 2.4.1. There holds
1) If 0 < A < Ag, then problem (2.4.1) has a solution uj € N, Moreover, if A < Ay s

then uy, is a global minimizer to ® over N'* with negative energy, while Upg is a global

minimizer to q’lg over N with zero energy.

2) If A € (—o0,0], then problem (2.4.1) has a solution v, € N~. Moreover v;_ is a global
minimizer to ® over N~ with posirive energy.
3) Equation (2.4.1) has no non-zero solutions for A > A*.

Proof. Therefore by Corollary (1.6.4), Theorems (2.3.2), (2.3.3) and Remark (2.3.2) the proof

is concluded. OJ



Chapter 3

Fibering maps from the Rayleigh quotient

with at least two critical points

In this section, we investigate an equation depending on two real parameters. Our objective is
to show that the Rayleigh quotients from the Fréchet derivative and from the energy functional
provide a precise framework for establishing the existence of solutions lying in the different
components of the Nehari set. Furthermore, we demonstrate that the fibering maps associated
with these Rayleigh quotients possesses two distinct critical points, revealing a richer structure

than the classical case discussed in Chapter 1.

Let Q be a smooth bounded domain in RY, N > 1. We consider the following boundary
value problem studied in [28]

—Apu = |u|" 20+ | u— w2 = f(A,1,u), inQ
g = P Al = 71, son
u=0, on dQ.

Here l<g<a<p<y<p'p'= if N< p,and p* = 4ooif p>N,and u,A €R.

N—p
We are interesed on the existence of branches of solutions with S-shaped type bificurcation

curve. The S—shaped bifurcation curve arises in the study of many problems such as the the
Lioville-Bratu-Gerlfand equation [17], the Kolmogorov- petrovsky-Piscounov equation [22].
Most of the results on the existence of an-$ shaped bifurcation curve deal with a nonlinearly
f that satisfied f(u) > 0 on (0,r) for some r € (0,4oo], and f € C*[0,+o0)[3]. Note that in
(3.0.1) we are facing the opposite case, namely, for any y > 0, A > 0, there exists r,, 3 >0
such that f(4,u,s) <0,s € (0,r; ;). Morever, the nonlinearity in (3.0.1) is non-Lipschitz at

82
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u=0if p<2and p #0or A # 0. An additional feature of (1), which implies our results is
that the S—shaped bifurcation curve of (3.0.1) exibits the so-called dual cusp catastrophe [18].
Let us state our main results. The problem (3.0.1) has a variational structure with the energy
functional ®(u) € CI(WOI”D(Q)) given by

o) = [Vt [ fle—2 fufra
p q o Y

1/p
Here WO1 P(Q) is the Sobolev space endowed with the norm ||u||:= < / |Vu|pdx> and

®(u) = P, 5 (u). By a weak solution of (3.0.1) we mean a critical point « of ®(u) on Wol’p(Q),
i.e., D®(u) = 0 this is the derivative in the Fréchet sense. and D®(u)(v) denote its the
directional derivate in direction v € Wol . Hereinafter, for F € CI(WO1 P(Q)) we use the
abbreviated notations F’(tu) := %F (tu),t > 0,u € WO1 P(Q). A nonzero weak solution u of
(3.0.1) is said to be ground state if ®(u) < ®(w), for any non-zero weak solution w € WO1 P(Q)

of (3.0.1). We say that weak solution u of (3.0.1) is linearly stable is u is a local minimizer of
@(u) in W, 7 (Q).

3.1 Generalized nonlinear Rayleigh extremal values

From this point onwards, the defined parameters depend on u and; however, to simplify our

notation, we make a change of variable, for example, lﬁ’* = A0,

A= it {R): S R())= 0, @ )1 o}, @1y
uew, P\ {0} dt dt

= Wiolr}”f\{o} {Re(u) : %Re(ru)rt—lz 0, j—;Re(tu)’t—1< 0}, (3.1.2)

At — uevér’l”f\{O} {R(u) : %R(tu)\z—lz 0, j—;R(tu)]t_1> 0}, (3.1.3)

AN = inf {R(u) : szzR(zu)h:l: 0, j—;R(tu)|t:1< 0}. (3.1.4)

ueW, "\ {0}
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Here R,R* : WO1 7\ {0} — R are the Rayleigh quotients given by

/ Vi [lutt= [lul |
wEWy "\ {0}, weR,

[ |
Ly T I
b q Y

R¢(u) := , ueWy "\ {0}, u eR.

We introduce also the so-called NG-Rayleigh i — extremal value:

([ 1vury
= 1nf

uew, "\{o} /’u,q /,up’ Y—p

and define
ue=cu, u'=c'u,
P=q v =
— _ Y= Y=
where ¢ :=¢ = qyy;qp ", =gy = )7 p 2 Y ﬁq)
prr (@a—q)(y—a)rr(y—q)7?

3.2 Fibering maps with at least two critical points

(3.1.5)

(3.1.6)

Recalling what was developed in Chapter 1, the critical values of the energy functional ®(u),

restricted to the Nehari manifold, correspond to the weak solutions of the associated problem.

In this chapter, we will present the specific formulation and the preliminary results that will

serve as a basis for the existence of solutions to the proposed problem

Lemma 3.2.1. Let u € N be an extremal point of ® on the Nehari manifold. Suppose that

@"(u) = DD’ (u)(u) # 0. Then DD(u) = 0.

Proof. Due to the assumption we may apply the Lagrange multipler rule, and thus, we have
D®(u) +vD® (1) = 0, for some v € R. Testing this equality by u we obtain vD®' (u)(u) = 0.

Since D@’ (u)(u) # 0,v = 0, and therefore, D®(u) = 0.

]
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Observe that @ is coercive on N, Vi > 0,4 € R. Indeed, by the Sobolev inequality,

D)~/ (u) = TL P~ AC| ]|, Vue N,
Y pY

for some constant C > 0 independent of u € N. Since o < p, we have ®(u) — +oo for
||u||— +ooand u € N.
It is easily seen that for u € Wol P\ {0}, the fibering function ®(su),s > 0, may have at most

three nonzero critical points
0<s1(u) <s2(u) <s3(u) <eoo

such that @ (s1 (u)u) < 0, ®" (s2(u)u) > 0,®" (s3(u)u) <0 (see Fig. 3.1).
To apply the Nehari manifold method, we need to find values u, A, where the strong inequalities
0 < s1(u) < s2(u) < s3(u) hold. We solve this by the recursively application of the nonlinear

generalized Rayleigh quotient method. In the first step of this recursive procedure, we

(VulP+p [ ful?= [ |u]?
R(u)::/ / / , ueW,P\{0}, u eR, (3.2.1)

[l
Notice that for u € Wol’p \ {0},

Ru) =21 < &' (u) =0,

(3.2.2)
R(u):=1, R(u)>0(<)0<= ®"(u)>0(<)0.
In particular,
N ={ueW,”\{0}:R(u) =2}
Moreover, since for any u > 0,R(tu) — oo att — 0, and R(fu) — —oo ast — oo,
N #0, VA € (—o0,+00), Y € (0,+00). (3.2.3)

Using the Implicit Function Theorem we have

Proposition 3.2.1. If R’ (s;(ug)ug) # 0 for ug € W\ {0}, i = 1,2,3, then there exists a neigh-
bourhood Uy, C Wol’p \ {0} of ug such that s;(-) € C' (Up).
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Simple analysis swhows that for any given u € WO1 7\ {0}, the fibering function R(¢u) may
have at most two-non-zero critical points " (u),"~ (), where ¢ (1) is a local minimum,

""" (u) is a local maximum point of R(ru), and
0 < s1(u) <" (u) <so(u) <™ (u) < s3(u) < oo (3.2.4)

(see Fig.3.2).
To split the points " (u),™ (u), in the second step of the recursive procedure, we apply
the nonlinear generalized Rayleigh quotient method to the functional R with respect to the

parameter U, i.e., we consider

(p—a) [[VulP —(y—a) [|u]" I
M"(u) := . ucew,’\{0}. (3.2.5)
) (g Jlaf oMY
Notice that for any u € Wy \ {0}, R'(tu) = 0 <= M"(tu) = u. The only solution of

d
EM"(tu) = 0 is a global maximum point ¢"*(u) of the function M" (tu) which can be found

1/(r=p)
/ Val?
. YueW, "\ {0} (3.2.6)
/ ul”
where
_(p—a)(p—9q)
= .
(r=o)(r—q)
This allows us to introduce the following NG-Rayleigh L-quotient
/ Vul?) 7
M"(t (3.2.7)

Q

/ ) ([

and the corresponding principal extremal value

([ 1vulry
p'(u):= inf  supM"(tu) =c" inf
ueWy "\{0} >0 e "\ O} / l) / jufty7r

rQ
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where
Y—q pP—q

o (P=)" " (p—q)7i(y—p)
- p=q r=q *
(@—q)(y—0o)77 (y—q)7>
Nothe that this definition of u” coincides with (3.1.6).

It easily follows (cf. [29])

Proposition 3.2.2. Forany u € (0,u") and u € WO1 P\ {0}, the function R(tu) has precisely
two distinct critical points such that 0 < ™" (u) < ™~ (u), with " (.),t"~ € C! (Wol’p \ {0}).

Moreover,
o« R'(t"F (u)u) > 0, R (" (u)u) <0,
* R(tu) <0 <=1 € (0," " (u) U (" (u), ),
* R(tu) > 0= 1€ (" (u),t" (u)).

Observe that this and (3.2.4) imply that 0 < sy (1) < s3(u) < oo for any u € (0,u"),u €
W\ {0}. Thus, for u € (0,u"), we are able to introduce the following NG-Rayleigh A—

quotients
A" (u) =R (w)u), A" :=R("™ (u)u), uc WOI"’7 \ {0}.

By proposition (3.2.2) and regularity of R it follows that A" and A™~ are C! (WO1 P\ {0}),

p € (0,u"). Tt is easily seen that the corresponding principal extremal values.

AT = inf A" (u), (3.2.8)
ueWw, "\ {0}

AT = inf A" (u), (3.2.9)
ueW, "\ {0}

coincide with (3.1.3) and (3.1.4), respectively. We also need the so-called zero-energy level

Rayleigh quotient

1
L f1vur 2 fag— [
Re(u) e P q y
| 3 e
o

which is characterized by the fact that R®(u) = A <= ®(u) = 0. It is easy to see that R°(u)

, ueWyP\{0}, ueR

possesses similar propiertis to that R(u«). In particular, the fibering function R®(fu) may have at
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most two non-zero fibering critical points 0 < " (1) <t~ (u) < oo so that " (u) is a local
minimum while 7™ () is a local maximum point of R(fu). Moreover, the same conclusion as

for M"(u) can be drawn for the Rayleigh quotient

re [1vup = e [l
Me(u) :=q (3.2.10)

(o —q) [ [ul®

which is characterized by the fact that (R¢)' (tu) = 0 <= M®(tu) = 0 for any u € W, ”\ {0}.

d
The unique solution of EM ¢(tu) = 0 is a global maximum point of the function M*(tu) define

by
1

1 (u) == (c ””Hlf) (7_”), Yu e W, P\ {0}, (3.2.11)

e
ol |7

where

Thus we have the following NG-Rayleigh quotient u(u) := M*¢(t“(u)u), uec WO1 P\ {0} with

the corresponding principal extremal value

=
Pyp

e el

ué= inf  supM®(tu) =c® inf

[
ueW, "\{0} r>0 uew, "\ {0} I

Y=
ull o lluell 17

p—

AN

<
<

Y
pyi

where ¢¢ = "¢ . Note that this definition of ©¢ coincides with (3.1.6) we thus have

08}

<

Proposition 3.2.3. Forany u € (0,u¢) and u € WO1 P\ {0}, the function R¢(tu) has precisely
two distinct critical points such that 0 <t (u) <t~ (u) with 1% (.),t4~(.) € C! (Wol’p \ {0}).

Moreover,
o (R)"(t* " (u)u) >0, and (R°)" (t* (u)u) < 0,
o (R (tu) < 0<=1¢€ (0,1 (u)) U (t° (u),o0),

o (R (tu) >0 <=1t € (t°(u),t> (u)).
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Hence, for u € (0,u°), we are able to introduce the following zero-energy level NG-

Rayleigh A-quotients
AT (u) = Rt (w)u), A% (u) :=R(t (u)u), uc Wol’p \ {0}.
It is not difficult to see that the corresponding zero-energy level principal extremal values

AT = inf  A%T(w), A°" = inf A% (u) (3.2.12)
ueWy "\ {0} ueWy "\ {0}

coincide with (3.1.1) and (3.1.2), respectively. The relationships among the above introduced

Rayleigh quotients are given by the following lemma (see Fig. 3.2).
Lemma 3.2.2. Assume that 1 < g < a <p<y, ueW,?\{0},z>0.
(i) M¢(tu) = M"(tu) <=t =1t°(u),
(i) R°(tu) =R(tu) ==t =t""(u)ort =1t (u), € (0,u),
i) 1 (u) <toF(u) < t(u) <t™ (u) <t (u), Vu € (0,u)
(iv) R(tu) < R*(tu) <=1 € (0, (u)) ort € (t° (u),*), Vu € (0,u°).

Proof. (1) M¢(tu) = M"(tu) is equivalent to

- (Y=@) 4 ( g1 — (Y= @)
P |u||P— —" 4 u||t = g | P~ —||u||P =" =~—||ul|7, | .
P—4q p (YY—) —4q(y— a)) (Y= a)(¥—9q)
<:>up—:t7”’( ul [V, =17 Pl L |7
lull (%) SOOI = D,
e P Yp—a)(p—q)
lullf, (v — o) (r—4q)
Therefore t = 1°(u).
(ii) Observe, R®(tu) = R(tu) for t > 0 if and only if
_ _ , o~ pord—“ o’ ¢
e 1P+ g Tl [Fy =17l 7= |Juel [P+ [l fg == Ilul |},

(p—a) ,_ y—a . u(oe—q) .
= 0= —2"u| [P = =17 ¥ u|| -1 |u] |4,

(06—61)||u||§ql"_°‘(

p M®(1u) — ).
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Since (R®)'(tu) = 0 <= M*(tu) = 0, we get (ii). The proof of (iii) and (iv) follow from

items (i), (if) and simple accounts.
O

D(tu)

P Y 7 R—n oY

Fig. 3.1 Fibering function ®(tu),t >0, u € Wol’p

ot ot o &~ \

Fig. 3.2 The functions R*(tu), R" (tu)

‘We need also

Corollary 3.2.1. The functionals p°(u), u" (u) and A= (u) for p < u", 2= (u) for u < u® are
weakly lower semi-continuous on Wol’p . Futhermore, t" (u),t>™ (u) are lower semicontinous,

while " (u),t“~ (u) upper semi-continuous on Wol’p.
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Proof. The weakly lower semi-continuity of u°(u), u" () on WO1 P let (u) be a sequence in

W, such that u, — u in Wy " then ||u||< lim inf ||u,|| an by Theorem (B.0.8) have
n—oo

Y=4q

p
liminf </|Vum|P> '
m—roo
u(u) <

< thn_:Ef ' (u).

analogously for u°(u).
Let us prove as an example that ™ (u) is weakly lower semi-continuous on WO1 P Assume
that u < u". Let (u,) be a sequence in WO1  such that u, — u in WO1 P as m — oo for some
u#0. Then u < u" < pu"(u) and by the weakly lower semi-continuity of p"(u) we have
p<u"<p(u)< ng}rrgu"(um) Hence by Proposition (3.2.2), there exist = (), 1" (u,,) €
(0,400),m = 1,2,... Moreover, since M" (tu) < M"(tu,,), for t > 0 and for sufficiently large
m=1,2,.., we have

" () < () <t (u) < (). (3.2.13)

On the other hand, we have that R(ru) < lim igf R(tuy,), for all # > 0. Hence and using the
m—soo
fact that R(tu) < 0 for ¢ € (0, (u)) and (3.2.13) we infer

A" (u) = R(t™ (w)u) < lim infR(t™ (uy,)u)

M—soo
< lim infR(#"F (tp) ) = lim inf A" (uy,).
n—»o0 M—ro0

The proof of the last part of corollary The proof of '~ (1), (u) are lower semicontinous,

while " (1), (1) upper semi-continuous on W follows from (3.2.13). O

Lemma 3.2.3. Assume 1 <g< o < p<y<p®. Then,

(1) forany p € (0,u°),
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(i) (3.1.1) has a minimizer u®" € Wol’p\{O} such that 0 < AT =157 (u®"), (R®)" (u®") >
0;
(ii) (3.1.2) has a minimizer u®~ € WOI’I7 \ 0 such that 0 < A%~ (u®~), (R®)" (u®~) < 0;
(I) forany pu € (0,u"),

(i) (3.1.3) has a minimizer U™+ € Wol’p \ {0} such that 0 < A" = A"* (™), R" (") >
0;

(ii) (3.1.4) has a minimizer u'"~ € Wol’p\O such that 0 < A~ (u™ ), R" (W) < 0.

Proof. The proofs of these assertions are similar. Let us prove as an example assertion (i), (I).
Let u > 0. Define the set Z := {u € Wol’p \ {0} : (R)'(u) = 0}. Note that

(ry—p) (r—9)
HMH”HLTHMHZI
R(u) =« , Vuce Z,. (3.2.14)
(Y — )| |ul|fa 8
Hence by the Sobolev inequality we derive that R®(u) > ap((};/;—poi) ||u||P~%— oo if u € Z and

||u||— 4-oo. Thus, R® is coercive on Z, Vi > 0.

Let (u,,) be a minimizing sequence of (3.1.1), i.e., A>" (u,,) = R®(u,) — A“™, where by the
homogeneity of A" (u) we may assume that t,, =t (u,,) = 1 for m = 1,2, ... The coerciveness
of R on Z implies that the minimizing sequence (u,,) of (3.1.1) has a weak in WO1 7 and strong
inL",1 <r< p* limit point u¢ € Wol’p.

Let us show that u® # 0. Observe,

a””mHZV

R®(uy) = Ro(um) — ,
Y| ttm| ’ga

—1,... (3.2.15)

where {
Ky
pH | q|| 74

1
aHqua

RO(u) := ., uwe W, "\ {0}.

In can be shown (see, e.g., [10]) that

min minRO(tu) = Ao > 0. (3.2.16)
uew, *\{o0} >0
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a””mHZY

Denote a,, := ———=
" |8

=1,2,... Then

1
=t 174+ E ] 19,

'Ro(um):am’}/ lu ||y
mll|Ly

We may assume that ap := lim a,, > 0. Since A9 > 0, ap # 0. Suppose, conversely to our
m—soo

claim, that ¥ = 0. Then

R(um) > am | ¥ Cy—l — oo
||“m||m

which is a contradiction. Thus, ¢ # 0 and A" > 0. Now by the weakly lower semi-continuity
of A7 (u) it follows that A% (u©") < A%™, which obviously implies A4 = A% (u®T). [

Corollary 3.2.2. The following holds
(i) if u € (0,u), then 0 < AT < A9~ < +oo,
(ii) if L € (0,u"), then 0 <A™t <A™~ < oo,

Proof. By Lemma (3.2.3), we have
0< AT <AST (W) <A (") =A% < oo

Thus, we get (i). The proof of (ii) is similar. O
Corollary 3.2.3. If u € (0,u°), then (i) A>~ <A™, (ii) AT < A7,

Proof. By Lemma (3.2.3), there exists #~ such that A"~ = A" (""" ). Lemma (3.2.2) entails
that R(¢“~ (u™ " )u™") = R(t® (" )u’™") and the function t — R(zu™ ") is decreasing on the

interval (¢~ (u™7),t“" («'"7)). Hence,
AT <RO@ST (Wt T ) T) =R (W)Wt T) <R (W )T ) = AT,

and we get (i). The proof of (ii) is similar. O
Lemma 3.2.4. 3.3.4 Assume that 1 < g < o < p <y < p*. Then

(1) 0 < ¢ < p" < oo,
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(2) 0 < AT < A9 <A™ < oo, VY € (0,u°).
Proof. Follows from Corollaries (3.2.2) and (3.2.3) O
Corollary 3.2.4. The following holds

(i) The minimizer u®™ of (3.1.1) (perhaps, after a scaling) is a non-negative critical point of

@ .+, moreover @y (u®t) =0 and @}, (u®") > 0.

(ii) The minimizer u®~ of (3.1.2) (perhaps, after a scaling) is a non-negative critical point of
D) moreover e (u®") =0 and .- (u®") < 0.

Proof. (i) Let u®" be a minimizer of (3.1.1). Then u®™" is also a minimizer of (3.2.12) with
t°T(u®") = 1. Hence, 0 = DA®" (u®") = DR°(u®™), and consequently, D®j.+ (u®") =
0. Moreover, R*(u") = 2T, (R®)"(u") > 0 yield @+ (") =0 and D). (u>") > 0,
respectively. Since A¢ (|u®"]) = 14T (u®") one may assume that u* > 0. The proof of (ii)

is similar. OJ

3.3 Existence of three solutions for a two-parameter problem

Once the Rayleigh quotient from the Fréchet derivative and the Rayleigh quotient from the
energy functional have been introduced, and following the same strategy developed in Chapters
1 and 2, we shall show in this section the existence of at least three solutions to our problem
with two parameters, t and A.

Two of these solutions will be obtained by minimization on the appropriate subsets of the Nehari

manifold, while the third one will be established by means of the Mountain Pass Theorem.

3.3.1 A linearly stable ground state solution

Theorem 3.3.1. Assume that 1 <g<a <p<y<p*, ue(0,u).
There exists \* € (AT AT such that for any A € [i*,?t"’_], problem (3.0.1) possesses a
positive solution u* € C'*(Q),k € (0,1) such that

(i) u? is ground state;
(ii) u? is linearly stable and " (u*) > 0;

(iii) The function A — ®(u?) is continuos and monotone decreasing on (A*,A"7);



95

(iv) ®(u?) > 0for A € (A*, A7), et (U50+) =0, and ®(u?) < 0 for A € (AT, A"7).

2

Proof. We obtain the solution u~ using the following Nehari minimization problem

®; = min{®(u) : u € RN?}, (3.3.1)

where RN? := {u € N': R'(u) > 0}. Observe, RN # 0, for all u € (0,u¢) and A €
(AT A™7). Indeed, if A € (A"T,A"7), then A < A"~ < A" (u),Vu € Wol’p \ {0}, and
therefore, there exists ii € WO1 P\ {0} such that A" <A™ (i) < A < A (#). Lemma (3.2.2)
implies that there exists s, (i) € (¢ (i), (1)), and thus, s (i1)ii € RN,

Futhermore, the assumption p € (0,1¢),A € (A™*, A7) implies that

AMT(u) <A <AV (u), Yu€ RN (3.3.2)

Indeed, A <A™~ <A™ (u) forany u € Wol’p\{O}, whereas the conditions R(u) = A, R' (1) >0
for u € RN? yield A" (u) <

In the following lemma, our u, depends on A.

Lemma 3.3.1. Ler i € (0,u¢) and A € (A", A™7). There exists a minimizer u* € WOLP \ {0}
of (3.3.1) and
O, =du?) >0 if Ae (AT, A0,
O =D =0 if A=2A%T, (3.3.3)
O, =du?) <0 if AecAeT,Av).

Proof. Note that by Lemma (3.2.3), the minimum of (3.3.1) for A = A% ™ attains (perphas, after
a scaling) at the solution u®™" € WO1 P\ {0} of (3.1.1) and @, _.+= 0. This easily implies
the proof of the lemma in the case A = A%,

Assume that A € (A" 1™ 7). Let u,, be a minimizing sequence of (3.3.1). The coerciveness

of @ implies that the sequence (u,,) is bounded in Wol’p and thus, up to subsequence,
upy — u>  in L, and u, — u® inWOI’p,

for some u® € WO1 P where r € (1,p*). Moreover, ®(u?) < lim%infCID(um) = &,.Moreover
mM—>00
®(u?) < lim infd(u,,) = ;.
m—soo

If A € (A%T,A™7), then there exists & € RA? such that 1 = s,(ii) € (¢ (it),#% (ii)). Hence
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by (iv), Lemma (3.2.2), A = R(sy(@)ii) > R®(s2(é1)ii) = R°(i1), with implies 0 > ®(i7) > P,.
Hence, ®(u?) < 0, and consequently, u> # 0 for A € (A%, A7),

If A e (AT, A9T), then A < A9" < 9" (1) = Ré(¢* ™ (u)u) for any u € RN?, and therefore,
1 =so(u) € (0,4 (u)). Hence by (iv), Lemma (3.2.2), R°(u) = R°(s>(u)u) > A, and conse-
quently, ®(u) >0, VA € (A, 1%T), Vu € RN2. Letus show that u? # 0 for A € (A", 147T),
then ™ (uy) < s2(up) =1, m = 1,2,... Consequently, " (t, )y, — 0 as m — +oo strongly
inL", re€ (1,p") and weakly in WOl P Analysis similar to that in the proof of Lemma (3.2.3)
shows that this implies R(t"" (u,)u,) — +oo. However, this contradicts R(t"" (u,)uy) <
R(up) = A,m=1,2,.... and thus, u* # 0 for A € (A", 1¢7T).

Let A € (A", 1%") and suppose, contrary to our claim, that ®(u,,) — 0 as m — +oc. Then

P (utm) = |[tm||fa (R () — A) = 0. (3.3.4)

Since ®(u,,) > 0,m = 1,2,... and u* # 0, this implies R(u,,) | A as m — +oo. Since
A <A8T <A (u) = RE(tT () ), 1 = 52 () € (0,57 (u)), and therefore, R (uy,) >
RE(t°™ () ) = AT () > A,m = 1,2,... Consequently, nlli_r>rc1>o7te’+(u,n) = A < A%", which
is a contradiction since A* (u,,) > A4, m=1,2,... Thus, ®; > 0if A € (A", 1%T), and we
have proved (3.3.1).

Let us show that u” is a minimizer of (3.3.1), i.e., u> € RA? and CD(uz) = ®&,. By (3.3.2),
AV (u?) < A < A" (u?), and therefore s, (u?) € (s1(u?),s3(u?)) such that

A = R(s2(u*)u?) < lim infR(s2(u*) ),

m—soo

0 < R'(s2(u?)u?) < lim inf R’ (s3(u?)uty,).

m—oo

This means that 1 = s, (u,) < sz(uz) < s3(up), m=1,.... Hence by

R(u?) < lim infR(u,) = A,

m—oo

we obtain 51 (%) < 1 < s5(u?). Since &' (su?) < 0, for any s € (s51(u?),s2(u?)), we derive

D (s52(u?) i) < D(u?) < lim inf(uy,) = Do,

T m—oo

which yields that sz(uz)u2 = u” is a minimizer of (3.3.1) and thus, u,, — u’ strongly in W. [l
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Consider the following subset of M
My = {u € RN?: @y = d(u)}.

Lemma (3.3.1) yields that M5 # 0 for any u € (0,u¢) and A € (A", 1"7). Note that the
minimizer u” € M, of(3.3.1) does not necessarily provide a solution of (3.0.1). By Lemma
(3.2.1) and (3.2.2), u, € M, corresponds to a solution of (3.0.1), if the strict inequality
R'(u%) > 0 holds. Note that by Proposition (3.2.2),

R(?) > 0= A" (u?) < A < A" (u?).

By (3.3.2),if u € (0,u) and A € (A", A7), then A < A~ (u?) for any u* € M. Thus, to
obtain that u> € M, is a weak solution of (3.0.1) it is sufficient to show that 7L"’+(u2) <A.

Corollary 3.3.1. Let i € (0,u). If A € [A“T, A7), then u* € Ms is a weak solution of
(3.0.1).

Proof. Indeed, the inequality ®(u?) = @, < 0 implies A" (u?) < A¢F (u?) <R¢(u?) < A, and
thus, A" (u*) < A. O

Lemma 3.3.2. Let y € (0, u°). There exists A* € (A, A7) such that if A € (A*,A¢"), then
u?> € My weakly satisfies (3.0.1), moreover ®(u*) = &, > 0, ®" (u?) > 0.

Proof. By the above, it is sufficient to show that there exists 1* € (A", 1%") such that
A" () < A,Yu e My, YA € (A*,A%"). Suppose this is false. Then there exist sequences
Am € (A"T,2%7) and u,, € My,m = 1,2,... such that A, — A" as m — +o0 and A,, =
A" (uy),¥m = 1,2,... By Proposition (3.3.3) , up to a subsequence, u,, — ug strongly in WO1 P
as m — oo for some ug € M je+. Hence A" (ug) = A", and consequently uy € RNG...
Futhermore, Corollary (3.3.2) implies that @+ (1) = ml_iffrlmq)lm(”m) = @, je+. Hence
uy € M3, and A" (ug) = AT (up) = A%, which contradicts (2°), Lemma (3.3.4). O
Conclusion of the proof of (1°), theorem (3.3.1)
Let 0 < u < p®. Introduce,

A*i=sup{A € (A" T A7) A = A" (u),3u € M>}. (3.3.5)

Corollary (3.3.1) and Lemma (3.3.2) imply that A"»" < A* < A", Hence for any A €
(A*,A™7), there holds A" (u) < A% Vu € M3..., and therefore, each u*> € M, is a weak
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solution of (3.0.1). By the above, ®” (u?) > 0,®(u?) > 0, for A € (A*,1%T),®pe (5.4 ), and
®(u?) < 0 for A € (A", A™7). From the above, u” is a local minimizer of ®(u) in the Nehari
manifold A. This by ®”(4?) > 0 implies that u, is a local minimizer of ®(u) € WOl ?_Thus, u’
is a linearly stable solution. It is obvious that «? is a ground state.

Note that (|u|*) = ®(u?) and |u*|€ RN2. Hence, one may assume that u> > 0. The bootstrap
argument and the Sobolev embedding theorem yield that u? € L. Then C*- regularity results
of DiBenedetto [9] and Tolksdorf [31] (interior regularity) combined with Lieberman [25]
(regularity up to the boundary) yield u> € C'*(Q) for k € (0, 1). Furthermore, since p < 7, the
Harnack inequality due to Trudinger [32] implies that u? > 0in Q.

From Corollary (3.3.2) it follows that the function (1*,A1"7) 3 A i— ®(u?) is continuous

and monotone decreasing. This concludes the proof of Theorem (3.3.1). ]

3.3.2 Linearly unstable local solution

Theorem 3.3.2. Assume that 1 <g<a <p<y<p®, ue0,u’) forany A € (—oo, A7),
problem (3.0.1) possesses a positive solution u> € C'F (Q), k € (0,1) such that

(i) u’ is linearly unstable and ®" (u*) < 0,
(ii) the function (—eo, A7) 3 A — ®(u’) is continuous and monotone decreasing;
(iiil) ®(u’) > 0if A € (—o0,A%7), Ppe(u3.-) =0, and P(u?) <0 if A € (A%, A"7);

(iv) ®(u) = 4oo, [|u’||— 00 as A — —oo,

Moreover, if A € (—eo, A7), then u® is a ground state of (3.0.1).

Proof. Let u € (0,u") and A € (—oo,+o00). Consider
®3 = min{®(u) : u € RN}, (3.3.6)
where
RN3 :={uecN:R(u)<0,(M")(u) <0}
Notice that RNV = {u € N : (R)'(u) < 0,1"(u) < 1}, where 1" (u) is defined by (3.2.6).

Lemma 3.3.3. Let pu € (0,u") and A € (—oo,+00). Then there exists a minimizer u> € RN
of (3.3.6) and ®" (1) < 0.
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Proof. Since sup A™ (u) = oo, 0ne can findu € WO1 P\ 0 for any A € (—oo, +o0) such that
uGWOI "\0
A <A™~ (u), and therefore, there exists s3(u) > " (u). Hence s3(u)(u) € RN and therefore,

RN3 #£0 for any p € (0,u"), A € (—oo,+o0). Let (u,,) be a minimizing sequence of (3.3.6).
Similar to the proof of (1?), Theorem (3.3.1) one can deduce that there exists a subsequence,
which we again denote by (i,,), and a limit point > such that u,, — 1> strongly in L", r € (1, p*)
and weakly in WOI’I7 . Observe that if u°, then by (3.2.6) we obtain a contradiction

i ywrep o ||l 1
1> ("(um))" P =G, >c — —yo0  asm—» oo,

H“mHU ||”m||ZVp

where ¢ € (0,4c0) does not depend on m. Thus u® # 0, and therefore, there exists s3(u°) >
" (u?) so that s3(u®)u® € RN,
By corollary , we have " (u,,) <1 (u®) <™~ (u®) < 1™ (uy,) for sufficiently large m. From
this and since R(tu3) < n%l_lgo infR(tuy,), for any ¢t > 0, it follows that for sufficiently large m
there holds 53 (1) < s3(up) = 1, and if 57 (1) exists, s2(1) < s2(1>) < 53(u). Hence by the
weak lower semi-continuity of ®(u) we have

& (s3(u’)u) < lr}girgd)(S3(u3)um) < lgrljgfé(um) = 3,

which implies that s3 (> )u® is a minimizer, and consequently, s3(x*) = 1 and u,, — 1’ strongly
in Wol’p. Since u < u", we have (M")'(u®) < 0, and therefore, R'(u*) < 0. O

Assume that A € (—o0,A"7). Then A < A~ < A"~ (), and therefore, R (1°) < 0. This
by Lemma (3.2.1) and (3.2.2) implies that u’ is a weak solution of (3.0.1). Moreover, since
R’(u3) < 0, we have dD//(us) < 0, and therefore, u° is a linearly unstable solution. Analysis
similar to that in the proof of (1), Theorem (3.3.1) show that 1> € C'*(Q) for k € (0,1) and
w? > 0. As (3.3.1) it can by shown that ®(u”) > 0if A € (—e0,A%7), @je(u3.-) =0, and
&) <0if A € (AT,A™7). Corollary (3.3.2) implies that the function
(—o0,A™ ") 3 A — ®(u’)is continuous and monotone decreasing.

Let us show (iv). From the monotonicity of ®(*) it follows ®(u) — C as A — —oo for some
C € (0,4-o0]. Suppose, contrary to our claim, that C < +oo. Since weN,
3C

C Y—P.3 3 Yy—a, 3
— <dW’ Py -2 W% < =, (3.3.7)
> () = - — ||’ u va || 17— va Izlys 7
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for sufficiently large |A|. This implies that ||u’||% — 0 as A — —eo, and () is bounded.
Thus there exists a subsequence A; — —co such that uij —uin WO1 P as j — oo for some U € WOl P
Since ||u[|%— 0as A — —oo, | ]uij ||7,— 0. Hence passing to the limit in CIJ’(uij) =0 we obtain
Jlgro10| ]uinp: 0. this and (3.3.7) yield 0 < C/2 < lim CI)(uij) = 0, which is a contradiction.

Aj—roo
Thus @ (1) — oo and |[u?||— +o0 as A — —oo.
Let us show that > is a ground state of (3.0.1) if 1 € (—oo, l"’Jr). By Proposition (3.2.2) and
(3.2.8),if A € (—oo, A™™), then for any u € Wol’p \ 0, the fibering function ®(su) has only critical

point s3(u) > 0. Hence if A € (—o0, A1), then RAV? =N and inf max®(su) = P; and
uEWOI'p\O s>0
we obtain the desired. This concludes the proof of Theorem (3.3.2). [l

3.3.3 A ground state mountain-pass solution

To establish the existence of the third solution, we shall employ the method based on the
Mountain Pass Theorem. We begin by observing that:
A weak solution u € Wol \ 0 of (3.0.1) is said to be mountain pass type if

D(ug) =, := ;2?)51;5@(@ (3.3.8)
u

for the paths set P := {g € C(][0, 1];W01’p) :g(0) =0,g(1) = wy } with some w; € WOI"l7 such
that ®(w;) < 0.

Theorem 3.3.3. Assume that 1 <g< o <p<y<p*,u>0,—00 <A < +oo. Then (3.0.1)
admits a positive mountain pass type solution u € C'*(Q),k € (0,1) such that ®(u) > 0.
Moreover, if i € (0,u¢),A € (—o0,A™T), then:

(i) u is a ground state of (3.0.1), i.e., u € M;

(ii) D(u) — oo, |

ul|—= tooas A — —oo;

(iii) D (u) — 0,

ul|—0as A — oo.

The proof of this theorem begins by establishing several auxiliary results that will be

essential for achieving an optimal argument.

Lemma 3.3.4. Let £ > 0,—c0 < A < +oo. Then (3.0.1) has a mountain pass type solution
ue CHM(Q), k€ (0,1) such that u> 0 in Q and ®(u) > 0.
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Proof. The functional @ satisfies the Palais-Smale condition. Indeed, suppose that (u,) C
W, \ 0 is a Palais-Smale sequence, i.e., ®(u,) — ¢, D®(u,) — 0. By the Sobolev embedding

theorem, we have

Y—Dp Y—q y—o
c+o(D)||lupll = —||ul|”+ un ||t — A —=1|u,||%
(D)[um]| o [foa [P+t p [[otn] |24 o iz

- -«
> P2 P A =2 1, asn— o
pY (04

This implies that ||u,|| is bounded, and hence, after choosing a subsequence if necessary, we
have u,, — weakly in Wol’p, and u, — u strongly in L"(Q),1 < r < p* to some u € WOLP. Hence

the convergence D®(u,)(u,) — 0 as n — oo implies

limsup(—A,u,,u, —u) =0.
n—soo
Thus by S™ property of the p—Laplacian operator (see [13]) it follows that u, — u strongly in
WO1 P which means that ® satisfies the Palis-Smale condition.
The functional ® possesses a mountain pass type geometry for gt > 0, —oo < A < o0, Indeed,
for each g > 0,—o0 < A < +oo, there exists c(u,A) > 0 such that (u/q)s? — (A /ot)s* —
(1/7)s” > —c(u,A)s”,Vs > 0. Therefore, by the Sobolev embedding theorem we have

1 1 _
D(u) > I;IIMH”—C(NJ)HMHZYZ - — (e, A |ael Pl |7 (3.3.9)

where ¢(u,A) > 0 does not depend on u € WO1 7 'We thus can find a sufficiently small p > 0
such that ®(u) > & for some 0 > 0 provided ||u||= p. Evidently, ®(su) — —oo as t — oo for
any u € Wol’p\O, and thus, there is w| € Wol’p, wi||> p such that @(w;) < 0. Since $(0) =0,

& posses a mountain pass type geometry. It easily seen that the same conclusion holds if we

replace the function f(A,u,u) := |u|" 2u+ A|u|* 2u — p|u|9">u by the truncation function:
FrA,p,u) := f(A,u,u) if u>0, £ (u) :=0, if u < 0. Thus, the mountain pass Theorem [2]

provides us the critical point u of ®(u) such that

®(u) = ®,, := inf supP(u) > 0.
YeP yey

And u > 0. As in the proof of Theorem (3.3.1), it follows that u € C'*(Q) for k € (0,1) and
u>0in Q. ]
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Proposition 3.3.1. Ifp € (0,1°),A € (—oo,A™"), then u is a ground state of (3.0.1). Moreover,
D(u) — oo,

u||— +ooas A — —oo.

Proof. Let u € (0,1°),A € (—o0,A™") and u by a mountain pass solution. Then u € A/, and

in view of Theorem (3.3.2),

®(u) = inf max P(g(s)) < inf maxP(su) = P3 < D(u)
8€Psel0,1] ueWOI’p\O >0

where P := {g € C([0,1],W,") : g(0),g(1) = w1} with wy € W, such that ||w;||> p and
®(w1) < 0. Hence ®(us) = ®3 = ®(u). Thus, for p € (0,u¢),A € (—o0,A™"), any mountain
pass type solution u is a ground state of (3.0.1), i.e., u € M. Futhermore, by (iv), (2°), Theorem

(3.3.1), it follows that @3 = ®(u) — +oo, ||u||— +o0as L — —co. O

Lemma 3.3.5. Ler € (0,u"). Then ®(u) — 0 and ||u||— 0 as A — oo

Proof. The proof is based on the use of the following auxiliary variational problem

®; = min{®(u) : u € RN}, (3.3.10)
where
RNV :={ue N: A" (u) <A},
and p € (0,u"),A € (A", 4-o0). O

Lemma 3.3.6. Ler p € (0,u") and A € (A", +o0). There exists a minimizer u' € RN of
(3.3.10) such that &, = ®(u') > 0.

Proof. Since u € (0,u"), the functional A"~ (u) is well defined on WO1 P\ 0. This implies that
RN £ 0 for € (0,u"),A € (A", 4o0). By the proof of Lemma (3.3.4), there exists p > 0
such that  inf ®(u) > 0, and therefore ®; > 0 for u € (0,u"),A € (A", +o0).

{u[|ul|=p}
Let (uy);r—; by a minimizing sequence of (3.3.10). The coerciveness of ® on N implies that

the sequence (uy,) is bounded in WO1 ¥ and thus, up to a subsequence,
Um — u' strongly in L” for r € (1, p*) and weakly in Wol’p,

for some u' € WO1 P Tt is easily seen that if u,, — u! strongly in WO1 P then u; is a nonzero
minimizer of (3.3.10).

. .. . 1 .
To obtain a contradiction, suppose that the convergence u,, — u' in W, P is not strong.
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Let us show that u! # 0. Observe lim ||u,||’= B > 0, since ®; > 0. Thus, if u' = 0, then
m—oo
0= lim (®)'(u,) = (1/p)B > 0 is a contradiction. By the weak lower-semicontinuity of

m——+
A"~ (u) we have A"~ (u') < liminf A" (u,,) < A, and therefore, there exists s; (') > 0 such
Mm—sco

that
A =R(sy(u")u') < liminfR(s1 (u")uy,).

m—yoo

Hence s1(u') < s1(t4),m=1,2,... In view of that ®' (su,,) > 0 for s € (0,5} (1)), this implies

& (s (u)u') < liminf® (s (u!)u,,) < iminf (s (1)) = Py

m—yoo m—soo

which is a contradiction since s; (u!)u! € RN O
Proposition 3.3.2. Ler u € (0,u"). Then ®(u') — 0 as A — oo,

Proof. Corollary 3.3.2 implies that ®(u') is monotone decreasing on (A™~, +co), and therefore,
®(u') — § as A — +oo for some § € (0,+o0). Assume by contradiction that § > 0. Then,

since ®'(u') = 0, we have

6 N _Y=P1 Y—4, 1 Yo 36
—<®w)="—Z||u||P+u—=||u'||1,—2 u||%< =, (3.3.11)
5 < @)= Pt A T <
for sufficiently large A, whence follows by the embedding Wol’p — L¥(Q)
— —o 36
PP a2 < 22, (33.12)
Yp Yo 2

for some positive constant C. Hence (ul) is bounded in WO1 . Consequently, there exists a

subsequence u}Lj such that lim A; = 4o and ui ; — u weakly in Wo] P and u/llj — u strongly in
Jjreo

L'(Q),1 <r<p*asj— ocoforsomeu e Wol’p. Observe that (3.3.11) implies |[u'||%— 0 as

A — +oo, which implies % = 0. Passing to the limit in Cb(uij) = 0 we obtain lim Hu,llj |P=0,
J—Fe

and consequently, (3.3.11) implies that A;|[u'||%— 0. Hence

o
— <®u')= lim ®u')=0
2 A—+oo
Thus 8 = 0 and we obtain ||u'||— 0 and ®(u') — 0 as A — 4-co. O

Let us now conclude the proof of Lemma (3.3.5). Since A"~ (u!) < A, the function ®(su')

has a unique global maximun point s = s! (ul) = 1. Take a sufficiently large sop > 1 such that
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CIJ(soul) < 0. Then by the above there exists a mountain pass solution u such that

®(u) = P, := inf supd(u) > 0,
YEP ycy
where P := {g € C(][0, 1];W01’p) : g(0) = 0,g(1) = sou'}. Note that § € P, where § = su!,
s € [0,s0]. Hence

®(u') = sup®(su') > inf sup®(u) = ®(u),
5>0 YeP ycy

for any p € (0,u") and A € (A", 4e0). Then by Proposition (3.3.2), ®(u) — 0, and conse-
quently, ||u||— 0 as A — +o0. [

This concludes the proof of Theorem (3.3.3).

Remark 3.3.1. Theorems (3.3.1) and (3.3.3) yield the following result on the existence of three

distinct branches of weak positive solutions of (3.0.1).

Theorem 3.3.4. Asume p € (0,u¢) and A € [A©,A""7). Then (3.0.1) admits at least three
distinct positive solutions: u',u? ,u® such that ®(u') > 0, ®(u?) < 0, ®(u*) < 0 and
CID//(uz) >0, CID"(u3) < 0. Futhermore, u* is linearly stable while u' ,u® are linearly unstable

solutions.

Proof. The existence of three solutions u', i = 1,2,3, for u € (0,u¢) and A € [A4~,A"7)
follows from Theorems (3.3.1), (3.3.2) and (3.3.3), where we set u' := u, for u € 0,u), A €
[A¢~,A™7). They are distinct since ®(u') > 0 by Theorem (3.3.3), while ®(u?) < 0,®(1*) < 0
and ®"(u?) > 0, ®"(u) < 0 by Theorems (3.3.1), (3.3.2). By (3.3.1), (3.3.2), u? is linearly

stable while u> is linearly unstable solutions. Consider
Ko, = {uc W, : ®(u) = @, DD(u)=0}

where @ is replaced by the truncation functional as in the proof of Lemma (3.3.4). Let us show
that for p € (0,u¢) and A € [A“~,A™7), Ko, contains a point u' which is a linearly unstable
solutions. Indeed, by (3.3.9) it is easily seen that 0 € WO1 ' is a local minimizer of ®(u) and
0= ®(0) > ®(u?). Hence, by the result of Holfer [36], Pucci, Serrin [37] it follows that the set
Ko, contains a critical point u' which is not local minimum of ®, and therefore it is a linearly

unstable solutions. OJ
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Corollary 3.3.2. The functions A — ®(i') on (A", +eo) for p € (0,A"); A — ®(u?) on
(AW AT for e (0,u6), A — () on (—eo,00) for u € (0,u€) are continuous and

monotone decreasing.

Proposition 3.3.3. Let A, A, € (A", A7) (Ao, A € (—o0,+0))), m = 1,2... such that A, —
Ao as m — +oo. Then there exist a subsequence, which we again denote by (A,,), and a sequence

uim € Mim ( uim € Mim ) such that uim — ui) strongly in WO1 P

Proof. As an example we prove the proposition in the case i = 2. By the above it follows that
D, (vim) — @, 3, as m — +oo, which easily implies that (s%o(vim)vim);zl is a minimizing
sequence of (3.3.1) for A = Ay. Then from the proof of Lemma (3.3.1) it follows that up to a
subsequence, uim — uﬁo strongly in WOI, for some u%o € Mﬁo [



Conclusion

As shown throughout this thesis, we worked with the Rayleigh quotient both in its form arising
from the Fréchet derivative and in the form derived from the energy functional. From this
approach, we obtained valuable information that contributes to a better understanding of the

structure and behavior of various elliptic problems.

In the first place, it was established that, under certain hypotheses, the critical values of
the energy functional restricted to the Nehari manifold satisfy the variational formulation of
the problem. Secondly, the extremal values associated with the Rayleigh quotients mentioned

above were identified, which allowed for a meaningful subdivision of the Nehari manifold.

Furthermore, we analyzed the cases in which the fiber map associated with the Rayleigh
quotient derived from the Fréchet derivative exhibits a maximum, a minimum, or no critical
point at all. In each situation, a key conclusion was obtained that ensures when the correspond-
ing subsets of the Nehari manifold are empty or nonempty. In addition, through a general
theorem (2.1.1), it was shown that two distinct solutions belonging to different subsets of the
Nehari manifold N, N~ respectively can be found for a quasilinear problem depending on

one real parameter.

We also showed that, by means of the extremal values defined from the derivative of the
fibering map of the Rayleigh quotient, classical hypotheses for obtaining solutions to certain
PDEs can be improved or weakened, illustrating even that solutions may exist in the subset
NP In the last chapter, we considered the case in which the fiber map of the Rayleigh quotient

derived from the Fréchet derivative has two critical points, making the problem more intricate.

Moreover, we related this behavior with that of the fiber map associated with the Rayleigh

quotient derived from the energy functional, showing that their properties are closely connected.

106
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This analysis allowed us to obtain at least three positive solutions: two obtained by minimiza-
tion methods and a third one obtained via the mountain pass theorem, for a problem depending

on two real parameters.

Among the research directions opened by this work are, for instance, the study of the case in
which the corresponding fiber map possesses more than two critical points, the introduction of
three real parameters into the problem analyzed in Chapter 3, and the investigation of vectorial

systems in which multiple critical points of the associated fiber map may arise.



Appendix A
Rayleigh quotient for vectorial quotients

From this point onward, with the aim of working in the vectorial setting, we introduce the
following notation, which will help us to clearly understand the subsequent developments. We
denote by W = W; x W,... x W,, Banach Spaces product W; and ||.||w;,i = 1,2,...,n is the norm

I-I1I= 11wy + |- ws - 4+ |]-||w, - To simplify the notation, let’s write

W= W1\ {0}) x W2\ {0}) x--- x (W, \{0}), RT=R"\{0}

o t:=(t1,12,.s1n) ER"and RT =R\ 0;

n
o tu:= (tyur, ..., tatn), (t,u) = Y fujprau € W,t € R";
i=1

e 1,=(1,1,..,1D)T 60, =(0,0,...,0)" denotes the vector 1 x n en R";
* V,F(u):= (Dy,F(u),...,Dy,F(u));

o« VuF (u)v:= Dy, F(u)(v1), ..., Dy F () (va))7

n

o« D,F(u)(v):= ;DM,F (1) (vi):
o V,F(tu) := (0, F(tu),..., 0, F(tu)";
« VF(tu)t := (0, F (tu)ty,. .., 0 F(tu)t,) "

* dF (tu)/dt = (V,F(tu),t) = i o, F (tu)t;.
i=1

108
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Where D, F(u) denotes the derivative in the Frechet sense with respect to u; € W; é
Dy, F (u)(v;) denotes D, F (u) applied in v; € W; fori = 1,2,...,n for Q a bounded domain with
Q c R" with border 0Q bounded and W := WO] P(Q),1 < p < +o0 sovoleb space with norm

1/p
|u|lw= ( / |VulPdx ) , p* denotes the critical exponent of sobolev space.

In this section, we shall study the following equation.
D(u) =T (u)—AG(u)

where A € R, T,G € C'(W \ {0},R) Taking into account that weak solutions are defined by

differentiating & in the Fréchet sense and setting it equal to zero, we have

Vu®(u) ==V, T(u) — AV, G(u) =0, ucWw (A.0.1)

n
where W = HWi the product of Banach spaces W;, A € R, T,G € C'(W,R) é ®(u) = T (u) —
i=1
AG(u) in this case n = 1 (A.0.1) note that this case was already studied in Chapter 1.
Thus, we consider the case ¢ € R", which is the framework we shall work with throughout this
section.

Let us define the Nehari vector manifold associated with (A.0.1):
N={ueW:V,®u)u=V,®(tu)|,—1,= 0} (A.0.2)

where W = H(W, \ 0).The problem of Nehari set is:
i=1

®(u) — critical,

uecN.

(A.0.3)

Theorem A.0.1. Let A € R. Assume ® € C1(W,R), F(t,u) = V,®(tu) is a map of class C' on
(RT)" x W. Suppose that N' # 0 for all u € N

detH (®(u)) # 0. (A.0.4)

Then N is a C' -manifold of codimension n, W = T,(N") ® R"u for every u € N and any
solutions of (A.0.3) satisfies (A.0.1)
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Proof. Let u € W and define the following function
(1) := V, @(u) () = (D @(ut) (u1), .. ., Duyy @ (1) ()" .

Now, for each (r,u) € R x W, the function F(,u) is of class C'. Now, fixing the point (1,,u),
we have that in a neighborhood of this point the function F' is continuous and has continuous
derivative; hence, since F(1,,u) = W(u), it follows that W¥(u) is of class C. Since the point is
arbitrary, we conclude that ¥ is of class C' on W. On the other hand, let us prove the following
affirmations.

Affirmation 1. For u € W

Ju(¥(u))au = J;(¥Y(ut))al;=1,, VaeR" (A.0.5)

indeed, note that ¥ : W — R” is defined by:

Dy @ (u)(u1)
Y(u):=V,®(u)(u) = :
Dy, ®(u) (u4n)
where u = (uy,...,u,) € W. The Jacobian matrix of W¥(u) respect to u is:
Dy ¥i(u) Dy,¥1(u) -+ Dy,¥i(u)
D, ¥Y>(u) D,,¥>(u) --- D, ¥r(u
Ju(® ) = |2 '2( ) Du, .2( ) o P '2( )
_Dulan(”) Dy, ¥p(u) - Dunlpn(”)_

each entry Duj‘I‘i(u) is the directional derivative of ¥; in the direction u; € W;, where

W;(u) = Dy, P (u) (us),
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the product of this matrix by a vector ua = (uyay,u2az, ..., uya,)"

n
Z Dujlpl (u)ajuj
=1

Ju(¥(u))au = jzle“ijZ(u)ajuj

n
Z u)aju,

in a similar way, the Jacobian matrix W(ru) respect to ¢ is:

[ d d d ]
@T] (tu) §T](H/{) @T](f”)
—Wo(tu) =—P)(r =) (r
BBy — |an ) G g )
d d d
_a—tllpn(l'u) 8—12?”(“/[) 8—tnqln(lu)_
d . .
note that P ¥ ;(tu) = Dy, ¥ (tu)(u;) and the product with a = (ay,as,...,a,) is:
h
Z Duj‘Pl(tu)ajuj
j=1
Z Dy Wa(tu)aju;

Ji(¥(tu))a= |j=1

n
ZD W, (tu ajuj

evaluating t = 1,, let us get, therefore, we conclude that:
Ju(¥(u))au = J,(¥(tu))al,_,,

note that for ugp € N we have F(1,up) =0

Then, for a neighborhood of the arbitrary point (1,ug), we have the following statement.
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Affirmation 3. For ug € N

Ji(P(tuo))|i=1,= H(P(u0)) + VuyP(uo)uo = H(P(uo))

Ji (P (tu

[ d J
a_[qul (tu)

il}’z (tu)

)= o

d

where ‘Pi(tu) = Duid)(tu) (tiu,-) = l‘,'DuiCI)Ou) (u,)

for example

ilPn(tu)

J
a_[nqll (tu)

J
a—tnlpz (tu)

ot,

d¥(tu)
EPa tlDilulfIJ(tu)(ulul) + D, D(tu)(uy)
in general, it is feared
D2 . . P—
ai‘l’i(tu) _ 1Dy P(tu)ujuj+ Dy P(tuu;  sei=j
lj tjDijuiCID(tu)ujui sei £ j

then

J(P(tu))|,=y, =

then for ug € N/

Dilulcb(u)u]u] Diluzcb(u)uluz Diluncb(u)ulun
Dizulcb(u)uzul Dizuzcb(u)uzuz Dizuncb(u)uzun
_Dinulcb(u)unul Dﬁnuzcb(u)unuz Dinuncb(u)unun_
Dy, ®(u)u; 0
0 Du2d>(u)u2
0 0 Dy, P (u)uy

Jr (¥ (tuo))|i=1,= H(P(uo)) + Vuy P (o) o = H(P(u0)).
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On the other hand This last equality is (A.0.4), it implies that the function
Ji (¥ (tup)) :R" — R"
=1,
is bijective.
Affirmation 4. J,,,(¥(uo)) : W — R" is surjective.
Indeed, by (A.0.5) Ju, (¥ (uo))auo = J; (¥ (uot) )ali=1, as J;(¥(tup)) is bijective in particu-

=1, 3
lar is surjective, then given b € R" then Ja € R" such that J; (¥ (uot) )al;=1,= b

thereforedaug € W such that
JMO (‘P(uo))auo =J; (‘P(uot))a|t:1n: b.
Then N is a C' -manifold of codimension n, W = T;,(N') @ R"u for every u € N.

Now let us show that solutions of (A.0.3) satisfy (A.0.1). Let u € N be a critical point by
(A.0.3). Indeed, since W = T,(N') ® R"u then w = v+ pu for every v € T,(N) and u € R".

Using the linearity of the Fréchet derivative we have
Vu@(u)(w) = Vi@ (u) (v) + 1"V, @ (u) (u).
Now, using the hypothesis that u belongs to the Nehari set we have u € T,(N'), hence both

terms vanish. Therefore V,®(u)(w) = 0 for all w € W. O

Definition A.0.1. We say that the vetor NM-method is applicable in general (applicable for
short) to problem (A.0.3) for a given A € R if condition (A.0.4) is satisfied for each u € N.

Proposition A.0.1. Ler 6 : (RT)" — (R")" be C'—map such that

0(1,), det(Jz(8(T)))ley, #0

where Jz(0(T)) is the Jacobian matrix of 0 (T). Then
(@ Va0, = 0 if and only if V,D(1u)],_, = 0;
(b) detH(P(6(T)u))lz—;, # 0 if only if det H(P(u)) # 0.

Proof. Indeed, we have Vz®(0(T)u)|z_; = Jz(0(T))lz=1, Vi P(tu)|,—,
and detH (P, ,(0(7)))|z=;, = detJz(6(1,)) det H (D (u)). O
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A.1 Nonlinear generalized Rayleigh quotient

In the sequel, we always assume:
(A1) D,G(u)(u) #0 forallu e W

Analogously to the definition of the Rayleigh quotient from the Fréchet derivative given
in Chapter 1, in this section we also introduce the corresponding definition, now taking into

account that r € (R™)". We define it as follows

Falt) = R(tu) = T%Z;EZ; wew
where b T( )( )
R0 = B, Gl )

It is the original Rayleigh quotient from the Fréchet derivative. Analogously to Chapter 1,
let us now present some conditions that will allow us to carry out an appropriate study of the

Rayleigh quotient in the vector case:

Ay): V,T(tu), V,G(tu) are maps of class C'on (RM)"x W
P

(A3) : for every fixed u € W and a,, € (RT)"\(R™), there exists

tlir}lln ru(t) = #,(a,) where #(u) € [—oo,00].
Note, since (A1), r,(t) in (RT)" x W are well defined. Clearly, T,G € C'(W,R) implies
R(.) € C(W,R) and r,,(.) € C((RT)",R) for every u € W.
Observe, that (A1) and (A,) imply that r,(r) and V,®(ru) are maps of class C! on (R)" x W.
Note that (A3) entails the existence of a continuation of the fibering Rayleigh quotient
ru(t) := r,(t) to (RT) x W such that r,(a,) := #(a,) for each u € W and a,, € (RT)"\(RT)".
Notice that in the scalar case of NM-method, (A3) is represented as follows: for every fixed

u € W, there exists lim ru(s) = #,(0), where |#,(0)|< oo.
s—

Letuc W, tg € (RM)". If V,r,(ty) = Op, then £y is said to be a critical point of r,(t) and
A = r,(to) is said to be a critical value. We call 7y € (R™)" the extreme point of r,(¢) if the
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function r,(t) attains at ¢ its local maximum or minimum on (R™)".

Proposition A.1.1. Let tu € N, then

H(D(tu))1,

Virdt) = 5 Gle) ()

(A.1.1)

Proof. Applying the coefficient rule and using our notations strongly, we have to

V(DT (tu)(tu)).D,G(tu)(tu) — D, T (tu)(tu).V,(D,G(tu(tu)))

Vira(t) = (DG eu) (1u))?

where ®(tu) = T (tu) — AG(tu) — D, ®(tu)(tu) = D, T (tu)(tu) — AD,G(tu)(tu) then

V(D@ (1) (tu) = V(DT (tu) (1u0)) — AV, (DuG(tu) (tu)).

Since tu is in the Nehari manifold D,T (tu)(tu) = AD,G(tu)(tu) and V,(D,T (tu)(tu)) =
AV, (D,G(tu)(tu))

Vor(t) = D, G(tu)(tu) (V,D,T (tu)(tu) — AV,G(tu)(tu))
ullt) = (DuG(1u)(1u) 2
Vi ®(tu)(tu)

~ D,G(tu)(tu)’

On the other hand, if W (tu) = V,®(tu)(tu) = (Dy, P(tu)(tit;), ..., Dy, P(tu) (tyuy))

-9 P P :
@Tl (tu) @Tl (tu) -+ @Tl (tu)

S Zwm) - Lwi
J(W(tw)) = | on 2tu) 5, Faltu) 3y L)
gy L) - 2w ()
| d1y ntH ot i dt, 8 I/l_

where ‘Pi(tu) = DuiCID(tu) (tiui) = l‘iDuiq)(tu) (u,)

In general, it is feared

i 2 1q - . ..
ai‘l’i(lu) _ tJDujujCD(tu)ujuj+Duj<l>(tu)uj, sei=j,
J tngjuiCD(tu)ujui, se i+ J.
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as well as tu € N

2 P .
i‘{’i(tu) _ 170y, P(uujuj  ifi=j
8tj tjD%juiCI)(tu)ujui ifi#j
tlDululdD( u)uyug tzDMMCI)( u)upuy - Di L P(tu)unuy
l‘]D D(tu)ujuy tzD D(tu)uruy - D2 D(tu)u,uy
Jt(‘P(tu)): uiup ( ) usup ( ) Uplp ( ) n :H(CID(tu)),
_tlDilundD(tu)ulun tZDuzu DO(tu)upu, - tnDinun(I)(tu)unun_

Z t] uj ulcb(tu)ujul

e t:D u u tu l/t 175
H(D(tu)) - T, = Z e ’

ZIJ tu ujun

analogously for tu € N, V,®(tu)(tu) = H(CID(tu)) 1y O

Notice that A = r,(¢) for rzu € . Thus, if 7 is a critical point of r,(¢) and tu € N, then
detH(P(tu)) = 0 with A = r,(¢). However, the converse assertion is not always satisfied.
Proceeding from (A.1.1), we just may conclude that to have equality V,r,(t) = 0, for tu € N,

the condition 1, € KerH(®(u)) is required. Our basic assumption is the following:
(R) Foru e N, if detH(®(u)) = 0 then 1, € KerH (D(u))

Lemma (A.0.1) implies the following

Corollary A.1.1. Assume (A}), (Ay) and (R) are satisfied. Let A € R. Suppose that N # 0
and r,,(t) does not have critical points in (R") such that tu € N. Then N is a C' — manifold of
codimension n, W = T,(N') ®R"u for every u € N and any solution of (A.0.3) satisfies (A.0.1).

Proof. Let A € R and u € N To obtain a contradiction, suppose that detH (®(u)) = 0. Then
(A.1.1) and (R) imply that the point 7 = 1, is a critical point for r,(¢). But 1,u € A" and we get
a contradiction. Thus detH (P(u)) # 0 and the proof follows from Lemma (A.0.1). O

Proposition A.1.2. For anyu € W and t € (R™)" there hold:
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(a) ry(t) = A if and only d0®(tu)\dt = 0;

(b) iftu € N, then A = r,(t).
Futhermore, if dG(tu)\dt > 0 (dG(tu)\dt < 0) foru € W andt € (R™)", then:

(c) ru(t) > A ifonly if 9®(tu)\dt >0 (dP(tu)\dr < 0);
(d) ry(t) <Aifonlyif 0®(tu)\dt <0 (dD(tu)\dt > 0).
Proof. Observe that

T (tu)\ot . .
t)=s—5, ucW,re (R
W)= SGtnar MW Y
Thus, to obtain the proof it is sufficient to note that r,(¢) := A is nothing else but the root of the

equation

dP(tu) _ IT(tu) _ABG(M)

ot o o Y

for (b) note that

0P(r L _
8(t u) = Z Dy, ®(tu)tiu; = 0 well, for being in the Nehari V,,®(tu)tu = 0
i=1

that is to say

V. ®(tu)tu := Dy, D(tu)(tyuy), . . ., Dy, P(tut) (tgun))T =0

for (¢) and (d) it is only greater or less than zero and find the desired O

Remark A.1.1. In view of Proposition (A.0.1), all of the above statements still hold after
making a change of variable t = 6(T), where 0 : (RT)" — (R™)" is a C'—map such that
the detJz(0(T)) # 0 for all T € (R+)". Furthermore, (R) is satisfied if and only if the same
assumption (R) holds after making a change of variable t = 0(7)

A.2 Extreme values
Ai(u) == tegg)nru(t), uew,

As(u) :=supry(t), uew,
1eEW

and we restrict our main attention to the extremal values:

Aii = inf A(u), Ags = sup A(u), (A.2.1)
uew ueWw
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Asi = sup A(u), Ais = inf A(u). (A2.2)
uew uew

Once again, by analogy with the analysis carried out in the previous chapter, we examine the
fiber map and establish the conditions it must satisfy. We will also show how to extract valuable

information from it, now taking into account that r € R".

(S) Forall u € W, r,(t) does not have critical points in (R™)" such that #u € A/ except points

of global minimum or maximum of r,(¢) on (R*)".

Theorem A.2.1. Assume (A1), (A2) and (A3) hold. Suppose r,(t) satisfies (R), (S) and Asi < Ajs.
Then for each A € (Asj, Ais) the vector Nehari manifold method is applicable to (A.0.1) so that if
N #0, then Nisa C ! —manifold of codimension n and any solution of (A.0.3) satisfies (A.0.1).

Proof. Let A € (Ay,Ais) and u € N. Suppose by contradiction that det H (P (u)) = 0. Then for

(A.1.1) and (R)
_ H@uw) 1y _ H@wW) 1y _
D,G(1u)(1u) — DyG(u) ()

Vtru(1n>

then ¢ = 1,, is a critical for r,(¢), and by (§) the function r,(¢) attains its global minimum
or \ and maximum at r = 1,,. Assume, for instance, that this is a global minimum point. Since
A > Agand A = r,(1,) foru € N, (A.2.2) implies

e 1 e .= 1 > 1 =
ru(ln) ter(r%RlE)” ru(t) A > A 5;}[; (teggf)” ru(t)> = tezﬂgg)” ru(t) ru(ln)'

Thus we get a contradiction and the proof follows from Theorem (A.0.1). [l

In the case of enhancing condition (S) by introducing additional restrictions, one should
except to recesive more precise estimations of the extreme values of NM-method. Let us

consider the following special case of S.

(So) For any u € W one of the following holds:

(a) r,(t) has no critical point € (R*)" such that tu € N;

(b) V,ru(t) =0, forallt € (RT)".

Theorem A.2.2. Assume (A}),(A2) and (A3) hold. Suppose r,(t) satisfies (R),(So) and
Aii < Ais (Asi < Ass). Then for each A € (Ajj, Ais) (A € (Agi, Ass)) the vector Nehari manifold
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method is applicable to (A.0.1) so that if N # 0, then N is a Cl—manifold of (A.0.3) satisfies
(A.0.1).

Proof. We prove the statement for the case A; < A;s. The proof in the case Az < Ay is similar,
given u € . Suppose by contradiction that detH (®(u)) = 0. Then (A.1.1) and (R)

V,}’u(ln) — — :0

D,G(1,u)(1,u)  D,G(u)(u)

H(@(Lu)). 1, H(D(u)).1,
au)(1

then ¢ = 1,, is a critical point of the function r,(z). Hence, (Sp) entails that the function r,(r)
identically equals to the constant A in (R™)" and attains its global minimum and maximum at

any point ¢ € (R1)". However, the assumption A < A;, yields that

A<As=inf | sup r,(t) | < sup r,(t)= max r,(t)=r,(1,) =R(u)=A.
ueEW \ re(R+)n te(R+) te(R*)"

Thus we get a contradiction and proof follows from (A.0.1).

A.3 Extremal values for a one-parameter elliptic system

In what follows, we analyze a system in the case n = 2, considering two Banach spaces and a
fiber map defined on the positive quadrant of RR?. Our aim is to characterize the extremal values
of the fiber maps associated with the previously introduced Rayleigh quotient and to establish
the conditions under which the Nehari manifold is empty or nonempty. Thus, consider the
following system:

—Apu = AlulP2u+ o ful*2ulv|P, enQ,

—Ay =AW 24 Bflu/* P2y, enQ, (A3.1)

ulga=0,v|50=0,

where A € R, 1 < p < 400,1 < g < 0.

B_ . a. B

(04
aB>0,~+=>1,—+ <1 (A.3.2)
p g 'p g

We suppose
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(f1) fELd(Q),wheredZp*q*/(p*q*—aq*—ﬁp*) ifp<Nor/andg<N,o/p*+B/q" <
l;d=+wifp<N,g<Nanda/p*+B/q"=1,d>1if p>N,q>N.

Furthermore, the function f may change the sign in Q, i.e . problem (A.3.1) has the nonlinearity
indefinite in sign. By a solutions of (A.3.1) we shall mean a weak solution
(u,v) €W := WOl P(Q) x Wo] P(Q). Let us study (A.3.1) using the vector NM-method. Consider

the corresponding Nehari manifold problem:

®(u,v) — Critico,

(A.3.3)
(u,v) e N.
Where . .
D(u,v) = E/(|Vu|p—7t|u|p)dx+5/(|Vv|q—l|v|q)dx—F(u,v)

then

P s

¢Omn0:——/ﬂVuV—lWWﬁM+~—/ﬂVWQ—MWde—F@uJW

P q

note that

N = {(uvv) cW: V(u,v)q)(u,v) (u,v) = V(l,s)q)(tuvsv)|(t,s):(1,1)}

ulP—Alul?)dx — u,v
N:=_ (uy)eW: /OV oAl Y= o a,7) = H . (A.3.4)
[(wvir=apix - BF@y) | [0

Here F (u,v) = /f]u|°‘|v|ﬁ EW := (Wol’p(Q) \ {0} x (Wol’p(Q) \ {0}) The corresponding vec-

tor fibering Rayleigh quotient is given as follows:

Dy, T (tu,sv)(tu,sv)
Dy, G(tu,sv)(tu,sv)’

r(u,v)(t7s) I:R(ZM,SV)Z t,S>O,MEW,

(t.5) 1P [|VulPdx+ 57 [|Vv]|9dx —t%sP (o + B)F (u,v)
r s) =
(u)\® tP [|u|Pdx+ s [|v]|9dx

fort,s € R™ and (u,v) € W. Evidently conditions (A;) — (A3) are satisfied.

Consider the Hessian matrix

| Dau®(,v) (k) D @(u,v)(hsk)
HP)wv) = D2 ®(v,u)(h,k) D2D(u,v)(h,k)
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, D, ®(u,v)(h) :/(|Vu\p_2Vth—7L|u|p_2uh)dx—a/f\u|a_2uh|v|ﬁdx,

D2, ®(u,v)(h,k) = / [VEVu(p —2)|VulP~*VuVk+ |Vu|?2VhVK]dx
—l/[uh|u|p_4uk+ |u|P~2hk)dx

—/fa[uh|v|ﬁ(a—2)|u|“—4uk+|v|ﬁh|u|a—2k]dx.
Thus,
D2 ®(u,v) (h,k) = — Bot / Flu|® 2uhv|P~2vkdx
for (h,k) = (u,u)
Dy, ®(u,v)(u,v) Z/(p—1)[|Vulp—l|u|p]dx—/a(a—1)f|V|ﬁ|M|adx
for (h,k) = (u,v)

D3 (1) (k) =~ Bt [ FlullviPdx = B F (u,)
Dy®(u,v)(h) = / (V7 2VoVh — A|v]42vh)dx— B / 1| v|B~2vhdx

D2, ®(u,v)(h,k) = / [VAVY(q — 2)| V| *VvVk + |Vv|92VhVk]dx
) / [VA[V]~4vk + V|72 hk]dx

- /ﬁ[vh\u|“(ﬁ —2) WPk + hv|P2k)dx

D2 ®(u,v)(h,k) = — Bot / Flul® 2uh|v]P~2vkdx
for (h,k) = (v,v)

D2, D)) = [ (g = DIVV=21vldx— [ BB~ 1)flulv/Pd
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for (h,k) = (v,u)

DE (1) (1K) = ot [ flul®|v/Pdx = aBF (u,)
then

(p—1)P(u) —o(a—1)F(u,v) —aPBF(u,v)

H(DP)(u,v) = '
(®)(u,v) [ _aBF () (g—1)O() = B(B — 1)F (u,v)

Here we denote
P /|Vu]”dx—7t/\u]pdx, Q(v):/|w|qu—/1/|v\qczx.

Then, for (u,v) € N' we /|Vu|pdx—/l/|u\pdx = aF(u,v) and /|Vv|qu—l/|v|qu =
BF(u,v) then

H(D) (u,v) = F(u,v) [“(i’;ﬁ“) ﬁ(:loiﬁﬁ)] .

Proposition A.3.1. r,,(t,s) satisfies (R) and Sy.

Proof. Observe that det H(®)(u,v) = aB(pg— pB — qo)F?(u,v) for (u,v) € N'. By (A.3.2),
pq—pPB —qa #0. Hence det H(®) (u,v) = 0 for (u,v) € N if and only if F (u,v) = 0. However,
H(®)(u,v)15 = 0y if F(u,v) = 0. Thus, condition (R) holds.

Observe, for (u,v) € W,t > 0,5 > 0 we have

2 ) (t:5) = 1 (
o1 WS = TTulpdx + 4 [ |v]7dx)

pP(tu) — a(a+ B)F (tu,sv)),

%r(w)(t,s) = s(tPf]u|de:—sqf]v|‘1dx) (qQ(sv) — B(a+ B)F(tu,sv)).

Thus, if (1ou,50v) € Ny, 1o
0,s0 > 0, then P(tou) = 0,Q(sov) = 0 and F (tou, sov) = 0. Hence we have successively P(u) =
0, Q(v) = 0,F (u,v) = 0 and dr(y,)(t,5)/dt =0, dr(,,(t,s)/ds =0 for all t > 0,5 > 0. Thus,

condition (Sp) holds. O

) and 8r(u7v) (l‘(),S())/&t =0, 8r(u7v) (Z‘(),S())/as = 0 for some g >

Now, let us prove
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Lemma A.3.1. The extreme value A;s of Nehari manifold (A.3.4) is expressed by :

- [IVulPdx [|Vv|9dx
. - : > * . .
e <ufv‘>1£w{ma"{ Tl Thfedz 2 F7) 20 (A3.5)

Proof. We claim that

{f|Vu|pa’x J|Vv|9dx
max ,
As= sup r(,)(t,s) = [lulPdx " [|v]dx

1,s€R* +-o0, if F(u,v) <0,

}, if F(u,v) >0,

and

—o0, if F(u,v) >0,
[\ VulPdx [|Vv|idx
Jlulpdx " [|v]9dx

Ai(u,v) = inf r(, ) (t,5) =
r,seRT min{

}, if F(u,v)<0.

Let us show, as an example, the first equality. Assume F(u,v) < 0. Then setting r = 67,5 = 6”

we obtain
[|VulPdx+ [|Vv|[9dx — aPa(@/P+Bla=D F(y, v)

JlulPdx+ [|v]?dx

—> o0

as 0 — oo, since a/p+ B/q > 1. Consider now the case F(u,v) > 0. Without loss of

generality, we can suppose that

/|Vu|pdx /|Vv|qu
> .

/|u]pdx /qux

/|Vu\pdx+ ’L’/\Vv]qu /|Vu]pdx
<

/|u|de+ ‘L'/|v|qu /|M|de

for any 7 > 0. Since F (u,v) > 0,

This implies that

/ VulPdx+ 5977 / Vv|dx — 19 PP (a4 B)F () / VulPdx
r(u,v)(tas) = <
/|u|pdx+sqt_p/|v|qu /|u|”dx
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for any s > 0 and ¢ > 0. Taking into account that this inequality becomes equality if s = 0, we
get the proof of the assertion and the lemma. O]
Observe, that A; = sup A;(u,v) = +oo if the set {x € Q: f(x) < 0} contais an open

(u,v)eW
domain uo to asubset of Lebesgue measure zero. Consider A; = inf A;(u,v). Simple analisis

(u,v)eW
shows that V" £ @ as A € (A5, Ai) .

Lemma A.3.2. Assume (A.3.2), (f1) are satisfied. Then A; < Aiz and for A € (Aij,Ais), the
vector NM — method (A.3.3) is applicable to (A.3.1) so that (A.3.4) is a cl— manifold of
codimension 2 and solution of (A.3.3) satisfies (A.3.1).

Proof. Consider A] :=min{A ,, 41 4}, A{" := max{A , 41 ;}. Clearly,

/\Vuv’dx /]Vv|‘1dx
lf: inf min

(y)eW /|u|pdx /|v|qu

/|Vu|pdx /|Vv|qu
7LI”— inf max

(up)eW /\uv’dx /qux

. Hence A;s > A{' > ),f . Observe that

—oo, if there exists (u,v) € W such that F (u,v) > 0,
Aii =
Al ifforall (u,v) € W, F(u,v) <O0.

Now taking into account that A;; = +oo if F(u,v) < 0, for all (u,v) € W, we get A; < Aj5. By
Proposition (A.3.1) condition (R), (Sp) are satisfied. Thus, the proof of the Lemma follows
from Theorem (A.2.2). ]

Remark A.3.1. Note that if f > 0 almost everywhere in Q, then —o = Ag; < Agy = +o0. Thus,
in this case, we can apply Theorem (A.2.2) with the extreme values Ag;, Ass that is (A.3.3) is
applicable to (A.3.1) for any A € R.



125

A.3.1 Multiplicity of nonnegative solutions for a convex-concave elliptic

p-Laplacian system.

In this, subsection, using the Theorem (2.1.1) proved in Chapter 2 we obtain a result on the
existence of multiple sign-constant solutions for problems with a general convex-concave type
nonlinearity and p—Laplacian, where we shall work with a vectorial system.

Consider the following of the equations:

(—Apul = A|ul?2uy + fi(x,u) inQ

(A.3.6)
—Aptty = AT Uy + fr(x,u)  inQ

| 4i[dQ =0 i=1,2,..n

where 1 < g < p < +oo, fi : QxR" — R",i=1,...,n are Carathéodory functions such that
fi(x,0,) =0, fi(x,.) € C}(R",R) for almost all x € Q, with primitive F(x,u) so that f;(x,u) =
JF (x,u)/du; foralmostallx €« Que R"i=1,...,n

We will suppose that f = (f1,..., f,) satisfies the following conditions:

(F1) there exist 1,7 € (p,p*) with 1 < 9, and there exist g; € LB/(Q), gi>0,j=1.2,
such that: fori=1,...,n, forall u € R"\ {0,}, and for all s € R\ {0},

0
0< Sa_ﬁ(xvsu) < g1(x)[su|" T 4go(x)|su/27!  ae. inQ
s

where B; > p*/(p* —7v;),if N>pand B; > 1,if N<p, j=1,2

(F2) there exist 8 > p,K; > 0 such that

n
0 < OF(x,u) < Z (x,u)u;, a.e.inQ,|u|>Kj;

(F3) forall u € R"\ 0, and for almost all x € Q

2 st i

n
= ; sp—q—1

is a monotone functions such that p(s) — o0 as s — H-oo.



126

By solutions of (A.3.6) we shall mean a weak u € W := (W()l’p(Q))”.
Construction of the energy functional of the system (A.3.6).

Consider the system for the i-th component

put—;\"u‘q ul+ﬁ(x>u)> inQ,

u; =0, in dQ,

where u = (uy,...,u,) and |u|= (Z 2)1/2 then we say that u; € Wy 1P (Q) is a weak solution of
J
this component if

/Q Vius|P 2V ;- Veprdx = A /Q 920 @y dx+ /Q filvu) grdx, Yo € WP (Q),

The energy functional associated to u; If there exists a potential F;(x,u) such that dF;/du; =

fi(x,u), then the energy functional for this component is

1 A
:—/|Vu,'|pa’x——/|u|qu—/F,-(x,u)dx
pJjQ qJjQ Q

Its Fréchet derivative in the direction ¢; is

D, ®(1)(@) = ({1,900 = [ Vil V- Voudx =2 [ [uft 2 pd— [ filw,u) grd,

for @; = u;

D, ®(u /|Vu,]pdx l/ lu|?dx — /f, X, u) ujdx.
Then problem (A.3.6) has a variational form with the Euler- Lagrange functional
1 1
= —/|Vu|pdx—l—/\u|qu—/F(x,u)dx. (A3.7)
p q

n
Here Vu := (Vuy,...,Vu,) and |[Vul|P= Z|Vu,-|p. ie
i=1

1 & A
:—Z/|Vu,-|pdx - —/ lu|?dx — /F(x,u)dx
=Ja qJe Q

As ®(u) = T (1) — AG(u) then T (u / IVulPdx— / (x,u)dx and G(u / lul4dx
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of that Dy T (1) (1) = / VulPdx—Y / Fe, ) ugdx and DuG(u) (u) = / lu|dx then the NG—Rayleigh
i=1

quotient

/|Vu|pdx—izn}/ﬁ(x,u)u,~dx

/|u|qu

R(u) =

and the corresponding fibering map

n
sp_q/|Vu\pdx—s1qZ/fi(x,su)uidx

ru(s) — i=1

/\u|qu

foru e W\0,,s>0.

Proposition A.3.2. (Fy) implies, for all u € R"\ 0y,

0< filx,u) < g'l(x)|u|7/171—|—g/2(x)]u|7/r1 foraa. xeQi=1,...n

Here gy =g;/(v;—1),j=1,2.

Proof. By (F),s > 0 and and for each i
0
0< sgfi(x,su) < g1(x)|su|" " -go (x) |su| 2!

then

)
0 < o filx,su) < g1 ()| M2 4 go () [u| P s 2,

Since it holds for all s > 0 then we can integrate for [0, 1] then

(A.3.8)

(A.3.9)

(A.3.10)

19 1 1
0 </ afi(x,su)ds ggl(x)\u\y'l/ sylzds+g2(x)]u|7’21ds/ s 2ds
0 0 0

SO
g1(x) g2(x)

n—1

0 < filx,u) <
i) o

|u|71*1+_‘u|7’2*1 foraa.xeQ,i=1,... n.
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Lemma A.3.3. Forue W,j=1,2, then have

(r*=v)/p*
[l )

< Cllulliy ( [1gi1 /v ax < Clluliyl[g(x) 1,5, (A3.11)

Where C < .

* *
Proof. We apply Holder’s inequality to r = p? and ¥ = *p v
J P -

vi/p* (p*=7)/p*
< </yu|7’j.(p*/7/j)dx) ' (/|g/j(x)|p*/(p*%)dx) '

v / e (P*—v)/p*
e [l ax) ©

1 1
note thet — + - = 1
ror

[esolmas

on the other hand W = (W7 (Q)" < (L”" (Q))" then ||ul|zr< C||u||w so we have

(P*=vj)/p*
[l )

<clulff( [gier v nas
besides LPi (Q) < LP"/P"~%(Q) then

N Vi
< Cllullypl185 ()] 5, < oo

[l

for j=1,2. 0

This implies that ® and r are well defined on W and W \ 0, respectively.

Here and in what follws we denote (LY)" = (LY(Q))",1 < d < co. Consider the extreme

value
n
sp_q/|Vu|pdx—sl_qZ/fi(x,su)uidx
Ais = inf sup il

ueW\0, s>0 /|M|qu

(A.3.12)

We prove

Theorem A.3.1. Assume 1 < g < p < 4o, fiiR" = R, i =1,...,n, are Carathéodory
functions such that f;(x,0,) =0, fi(x,-) € C}(R",R) for almost all x, and that conditions
(F1)—(F3) hold. Then 0 < Ais and for any A < A, problem (A.3.6) admits a weak solution
u}b # 0. Furthermore, when A € (0, As), problem (A.3.6) has a second weak solution ui £ 0.
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Moreover:

d? d?
(@) ——P(suy)| <0, 13 —®(suz)| >0, P(uj) <0

s=1
(b) if A € (—o0,0], then ui is a ground state of (A.3.6);
(c) if AL € (0, Ass), then ui is a ground state of (A.3.6).

Proff. We will obtain the proof by applying Theorem (2.1.1) and Corollary (2.1.1). First,

we verify conditions (1)—(4) of Theorem (2.1.1).
Hypothesis 1. Note that

(p—q)s”q1/|Vu|pdx—/%(sl_qifi(x,su)ui) dx
= : (A3.13)

d
d_ru(s) =
§ /|u|qu
Affirmation. 3
/as( 1= qul X, Su ul)dx
P —0

ass — 0 forany u e W.

Proof. Note that

/i (sl_qizn}ﬁ(xsu)ui) dx / {(1 —q)s_qi{fi(x, su)ui+s1_qlzn} %fi(x, su)u; | dx

ds

sP—q—1 B sP—q—1

By Proposition (A.3.2) and u; < |u;| then

0 < fi(ce, su) uei] < [ (x) [sua| "~ -5 (o) sue| >~

f(x ste) i < [ (x) s~ g (x) su 271 Y Ju
i=1

H'M:

n n 1/2 / n
as Z|u,~|.1 < <Z|u,|2) ( ) = v/n|u| (for Cauchy Schwarz)
i=1

=

f(x sue) g | < [s7 g (o)l " 52 g ()| ] /.

uM:
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Then

'/(I_Q)s_qi{fi(xasu)uidx

< vt =qls7( 15 g5 o

*

p PP—n
< (=g [ ([l —Ha) ¥

*

p ="
Fo el (flar Rax) P

n

where ||u||w= Z||u,| |w: C is the maximum of the constants, besides ¥1,% € (p, p*) and
i=1

g<p<n<7 <p"then whens— 0

/ {(1 - Q)Slqizzn;fi(X, su)u,} dx

a1 —0

on the other hand by (F}) and u; < |u;| then

0
0.< 52 i, )| < [g1 ()~ +- )2 s

then for s > 0

n

d _
Y 5 i su) i < [ (o) sul ™~ g (x) s Zluz|

i=1

n n 1/2 / n
as Z|u,~|.1 < <Z|ui|2> (Z 1) = v/n|u| (for Cauchy Schwarz)
i=1 i=1 '

then

L d
Y s filorsu)ua < 711 () M +57 " g () ]/

=1



besides u; < |u;| then

1-qg n
[ K gt < ( / [s”—lgl<x>|u|ﬂ+sﬁ—1gz<x>|urﬁ]dx)
s /= ds
P PN
< ¢ [s_q”l_l||u||€)’[1,</|g1(x)|p* —N dx> p*

*

P rr—nr
+S_q+72_1||u‘|3)/[%(/ng(x)|p*_y2 dx> p* :|

n

where where ||ul|lw=Y_||ui||w; C is the maximum of the constants, besides 71,7 € (p,
i=1

and

g<p<t <7 <p*thenwhens—0

/,:Z{ %fi(x, su)uidx

sP—q—1

— 0.

Therefore 3 .
Z | d-a ; .
/ 355 (s ,-Z{fl(x’ su)ul)dx

sP—q—1

— 0.

Affirmation. For (F3) the equation

/% (sl_q if,-(x,su)u,-) dx
i=1

/\Vu|pdx - : =0.
sP—4q9—

Proof. As / |Vu|Pdx > 0 besides

lim p(s) = o0 > p(s) > limp(s) =0.
s—0

§—00

Since p is continuous then by the intermediate value theorem there exists an s’ > 0 tal que
/ |Vu|Pdx = / p(s')dx and since p is monotonically increasing, that s’ is unique.

then 5’ = spax is a global maximum point of 7,(s).
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Hypothesis 2. Suppose, by contradiction, that there exists a sequence (v,,) C S such that

Sm := Smax(Vm) — 0 as m — co. In view of (A.3.13), we have

. d [ | &
0= s = [ 3 (st L s
i=1

Now, using (F}) and (A.3.10)—(A.3.11), we obtain

[ (0% s ) ey s~ [t o g e
i=1
o7t [ g1 57 (o).
Then

(p—q)st ™t —cisha7l _gpsti—a71 <

o (p— ) —ersh 7 - easlh 7 <0

where cy,c; do not depend on s > 0 and m € N. However, since g < p < 71 < 7, where
Sm— 07 s27P 5 0and s ~9— 0.
Therefore, there exists sg > 0 such that for all 0 < s, < 59,

(p—q)—cysk7P— czs?,'%_p] P4 0,
and since s” 97! > 0, the whole left-hand side is strictly positive for small s. This contradicts
the assumed < O for all s > 0. Thus, we get (2).
Hypothesis 3. Assume that (v,,) C S is weakly separated from 0, in W.
Since (vy,) is bounded in W and W is a reflexive Banach space, we may assume that v,, — vg
weakly in W for some vy € W. Furthermore, by the Rellich—-Kondrachov theorem, ||v,|| TS
Cllullw < oo then [[vy[(zan< C1, for m =1,2,...1 <d < p* and v, — vg in (L (Q))" for
d<p*.
Since (v,;) C S is weakly separated from 0, in W, vg # 0, and consequently, there exists

01 > 0 such that ||VOHC(]L‘1)”: /]vo|qu > 8/ , using the triangular inequality ||v|(za)n>
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HV()H(Lq)n—HVm—V0||(Lq)n> 51 — € then /|Vm|qu > 5() = 6{1 forall m = 1,2.... As

n
s”q/|Vu|pdx—sl_qZ/f,-(x,su)uidx
i=1

/|u|qu

Hence, by (F}), (A.3.10) and (A.3.11), we have for any s € [0,T],0,T € (0,00),

/]Vv |Pdx

R(su) =

IR(svp)| < sp q

+sl= qZ/|fl X, 8V vm,]dx]

1
< %[ Pl 'Y [ i vl
i=1
but
[0S s i < 50 ( [ 14057 s ()5 )
i=1
then

IR(svm)|< 18779+ cos" ™9 4 ¢35 71

when s < T then {R(svy,) },,_, is bounded, and

SR

& d
1 1—
<6 ((P q)s"" 1 +(g—1)s qZ/|fl X, $Vim) le|dx+s q;/‘%ﬁ(X,svm>Vm,idx

)

<eqsP T s =01 o egs 0!

d
where cy,c¢3,...,c6 do not depend on s > 0 and m and s € [0,7T] then {d—R(svm)}Zzl is
s
bounded Thus, we get (3).
Hypothesis 4. Observe that (A.3.10) and (A.3.11) imply

sP 4 fullgy —CisP a0 —Cos" =Nl

ru(s) > (A.3.24)

[lull zayn
for s > 0, u € W\ {0}, where C;,C5 do not depend on s > 0. Suppose, by contradiction,
that there exists (s;;vm) C N,A € R such that (v,,) CS, 6 <s, <T ,m=1,..., for some
o,T € (0,+), and v,, — 0 weakly in W. Then, we may assume that v,, — 0 in (L9)", (L")"
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and (L%)".
Afirmattion. By (A.3.24), we have
&P~ — AVl [y

sh=4 > v —>o00 asm —> oo,
7" %va” (LR2)n +C2||VM|| (Ln)n

Proof. As vy, CS — ||vm||lw= 1 then by (A.3.24)

—Cisit vmll {7y —=Cosin ™ l[vmll{zn

v, (Sm) >

[Vl Ly
note that as 0 < s, < T => 0/ 1 <sb ™9 and 5279 =N~ < sH=4T2"N then

P~ —CI TN v |1, =Chsit vl i
er(sm)Z

[Vinll gy

besides sy v € N <=1y, (sm) = A then

prq_C/IT}Q*Yl qumH LY2 _Cé q”vm” L7’1

A>
Vil £y
then
C T YleI q||Vm| (L) Czsy1 q||Vm| (LN > ol _AHVmH(Lq)"
therefore
P4 = 2| [vml[{ra)n
s> — ’ —o0 asm—»>
C\T7~ 7/1||Vm|’ (L7 G HVmH (LN
]
but this last affirmation contradicts the assumption s,, < T,m = 1,2,.... Thus, (4) also
holds.

It is readily seen that (F}), (A.3.10) and (A.3.11) imply that (A.3.8) satisfies condition (2.1.13)
of Corollary (2.1.1). Finally, let us show that conditions (a)-(b) of Theorem (2.1.1) are satisfied.
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For u € N, we have
D(u) = D(u) — éDuCID(u)(u) - (113 - é) [1vulrax—2 G] - é) [1ulva
- [ [ Flwax- % / ; i u)u,-dx}

D(u) = (99—_;’) /\Vu|”dx—/1<99—_qq) /\u|qu—%{/GF(u)dx—i:zn;ﬁ(x,u)uidxl.

Hence, (F>) and Sobolev inequalities yield

(6—p) A(0—q)
||uH€’V—Ce—qHuH3v

D(u) > o)

for ||u||lw> K. Since g < p, this implies ®(u) — +oo as ||u||w— +oo, and thus condition (a)

of Theorem (2.1.1) is satisfied. .

Afirmattion. The functional ®(u) = — / |VulPdx — A / |u|dx — / F(u)dx is sequentially
p

weakly lower semicontinuous on W.

Proof. Indeed, we will prove that each terminal is sequentially weakly lower semicontinuous
onW.

Given u,, — u then | |uy|%dx — [ |u|%dxthen [ |u|?dx <liminf [ |u,,|?dx. Note that

U — u € (LM)" (L™)" this is by the immersion W (Q) < (L"(Q))", (L"())" besides
/f,-(x, U ) U idX — /f,(x, u)u;dx, indeed

‘/[ﬁ('xaum)um,i_fi(xvu)ui]dx S/|fi(x7uI11)um,i_ﬁ(xau>um,i+ﬁ(x7u)um,i_fi(xuu)ul'”dx

< [1Aiwmn) = fie il [ 10l il

1/ 1/n
f1i0tm) = sl = ( 155 = par) - ( flunlras )

1/n
besides ( / |t i |1 dx) < Cl|um,i|[ 1., < o It is uniformly limited, for being a Caratheodory
0

function f;(x,u,) — fi(x,u) by the dominated convergence theorem / | fi(x, um) — f(x, )| [t i|dx —
0 and
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/7 1/n
Jiisallons —ulax < ( 1) ( flums-wiras)

/|f,~(x, u)||tm,i — ui|dx — 0.

then

/ F(x, ) dx — / F(x,u)dx. Indeed , by (F3)

‘/ X, Up) — F(x,u)d
/F(x,u)dx, /f,'(x,u)u,-dx, /|u|qu

are weakly continuous on W, and

— 0.

/fz X, U ) Um,i — fi(x, u)uidx

Therefore

||lu|lw< lim inf||up,||lw
Mm—yoo

is a weakly lower semi-continuous functional on W. The functional ® ans R are sequentially

weakly lower semicontinuous on W. ]

This last result and (A.3.7) and (A.3.8) satisfy condition (b) of Theorem (2.1.1).
Note that (A.3.24), (F}) and Sobolev’s inequalities yield

sP~ 9|yl —ers” vl —éas" 4 vl

Ais > inf sup

Ivlw=1 >0 &slvlly
=max{s" 1 — ;5271 — "1} /e3> 0
s>0

for some constants ¢1,¢,¢3 > 0. Note that when s is close to zero, the dominant term is the
one with the lowest exponent. Hence A;; > 0. Thus, all assumptions of Theorem (2.1.1) and

Corollary (2.1.1) are satisfied.
Denote |u|= (|u1],...,|un|). The next corollary on the existence of sign-constant solutions
follows in the standard way.

Corollary A.3.1. Suppose the assumptions of Theorem (A.3.1) are satisfied and
F(x,u) = F(x,|u|) almost everywhere in Q, for any u € R". Then, for A < A, the system
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of equations (A.3.6) admits a pair of non-trivial weak solutions u;ﬁ >0, > ui’_ and for
A € (0, Ais), the system of equations (A.3.6) has a second pair of non-trivial weak solutions
u%ﬁ >0, > ui’i Furthermore, assertions (a)—(c) of Theorem (A.3.1) are satisfied for ui’i and

2+
ul .

In the case n = 1 of problem (A.3.6), this result can be strengthened. Let us consider.

—Apu = A|ul??u+ f(x,u), inQ,

(A.3.25)
u=0, on dQ.
Consider the extreme value
sp_q/|Vu|pdx—slq/f(x,su)udx
Ais = inf sup . (A.3.26)
veW\0 50 /|u|qu

Theorem A.3.2. Assume 1 < g < p < +oo, f: QxR — R isa Carathéodory function such that
f(x,.) € CHR,R), f(x,0) = 0,9 f(x,5)/ds|s—o= 0 for almost all x € Q and (F) — (F3) (whit
n=1) hold. Then 0 < Aj5; and for any A < A, problem (A.3.25) admits a pair of non-trivial
weak solutions ui’Jr >0> ui’f. Futheromre, when A € (0, A;5) equations (A.3.25) has a second
pair of non-trivial weak solutions

ui’+ >0> ui’_. Moreover:
(a) d*®(suy™)/ds?|s=1< 0, d>D(suy ™) [ds?|s=1> 0, D(u; ™) < O;

(b) if A € (—o0,0], then one of the solutions ui’Jr or u}l’f is a ground state of (A.3.25);

J’_

(c) if A € (0, Ass), then one of the solutions ui’ or ui’_ is a ground state of (A.3.25).

Proof. In order to obtain sign-constant solutions u}f >0> u}l’_ and ui’Jr >0> ui’_, we

truncate and reflect f(x,u) as follows:

) flx,u), if £u>0,
X,u) = (A.3.27)
— flx,—u), if fu<O.

Let F~ (x,u) denote the primitive of £~ (x,u) and consider

O (1) = Il) / |vu|de—/1; / 9 — / F* (x,u)dx. (A3.28)
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Clearly, ®*(u) € C'(W\ 0,R). Futhermore, since f(x,0) = 0,3 f(x,s)/ds|s—o= 0, for almost

d .
all x € Q, 3% /Fi(x, su)dx is a map of class C! on RT x (W \0). As above in the proof
s

of Theorem (A.3.1), it can be shown that all the other assumptions of Theorem (2.1.1) and

Corollary (2.1.1) are also satisfied. Thus there exist weak solutions ui’i, ui’i € WO1 P(Q) of
Apu = Al 2w+ f* (xu)

for A < Ajs and A € (0,Aj), respectively. Since CI>f(|u|) = ®*(u) we may assume that the
minimizers u /117+, ui’Jr of ®; . :=min{®" (u):ueN £1, j = 1,2, respectively, are non-negative,
whereas the minimizers u/ll’f,uiﬁ of ®; _:=min{® (u):uecN jE}, Jj = 1,2, respectively, are
non-positive. Now taking into account (A.3.27) we get that the functions ui’i,ui’i in fact
are weak solutions of the original problem (A.3.25). Finally, assertions (a), (¢) of Theorem

(A.3.25) follow from Theorem (2.1.1) and Corollary (2.1.1). O



Appendix B
Classical results

In this appendix, we present several results that have been used throughout this dissertation
and that have made it possible to understand and develop each of the problems addressed.
Results from functional analysis, partial differential equations, and manifold theory, among

other relevant topics, will be included.

B.0.1 Smooth Manifolds

Definition B.0.1. Let f: U(ug) CW —Y byaC '_map on an open neighborhood of uo, where

X and Y are Banach spaces over K. Then:

(i) f is called a submersion at ug if and only if f'(ug) : W — Y is surjective and the null
space N(f'(uo)) splits W;

(ii) f is called an inmersion at ug if and only if f'(ug) : W — Y is injective and the range
R(f'(up)) splits Y;

(iii) f is called a subimmersion at ug if and only if either- W and Y have finite dimensions (1)
and rank f'(ug) is constant on some open neighborhood of ug or condition (1) is not
satisfied and N(f' (uo)) splits W, R(f'(uo)) splits Y, as well as

£ (o) (Ne) = f' (o) (W)

for all u on some open neighborhood of uy, where N, is given in such a way that
W = N(f'(up)) ® N, is fixed topological sum.
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Definition B.0.2. Suppose X andY are manifolds and f : X — Y is of class C', withr > 1. A
point y € Y is called a regular value of f if. for each x € £~ ({y}), the differential
If : TX — Tp(o)Y is surjective with split kernel. Let Ry denote the set of regular values of
f:X =Y notethatY \ f(X) CRyCY.

If, for each x in a set S C X, the map T.f is surjective with split kernel, we say that f is
a submersion on S. Thus, y € Ry if and only if f is a submersion on YY), If Tof is not

surjective, the point x € X is called a critical point, and y = f(x) € Y is called a critical value

of f.

Theorem B.0.1. Let f: X — Y be a C™ map and let'y € Ry. Then the level set

o) ={xeM| f(x)=y}

is a closed submanifold of X, with tangent space at each point x € f -1 (v) given by

Tf 7 (y) = ker Tof.

Proof. See [1] Submersion Theorem, Theorem 3.5.4. [l

Remark B.0.1. If ¢ : X* — Y” is an immersion, then x <y, the difference y — x is called the

codimension of the immersion Q.

B.0.2 Fréchet Differentiability

Definition B.0.3. Let W and Y be normed spaces over R, let U C W be an open set, and let
J:U —Y be a map. We say that J is Fréchet differentiable at uy € U if there exists a bounded
linear operator Ay, € £ (W.,Y) such that:

| (o +h) — J(uo) — Ay (h)|y _0
(= 17llw

Definition B.0.4. Let W and Y be normed spaces over R, let U C W be an open set, and let
J:U — Y be amap. We say that J is Gateaux differentiable at uy € U if there exists a bounded
linear operator Ay, € £ (W.,Y ) such that:

lim J(up+Av) —J(up)
A—0 A

=A,(v), forallveW.
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Proposition B.0.1. Let J: U CW — R be a map that is Gdteaux differentiable on U, and
suppose that the Gdteaux derivative J/G U — Z(W,R) is continuous. Then J is Fréchet

differentiable on U, and the Fréchet derivative coincides with the Gateaux derivative, i.e.,
Jp=Jg.

Proposition B.0.2. If f possesses the partial derivate with respect to u and v in a neighbourhood
N of (u,v) and the maps u :— 9,,f and v :— 9, f are continuous in N, them f is differentiable
at (u,v) and

Df(u,v)[h k| = 0uf (u,v)[h] + 0, f (u, ) K].
Proof. See [2] proposition 1.2. [

Remark B.0.2. Let f: W XY — Z, and consider the map f, : u — f(u,v), respectively
fu:v—> f(u,v). The partial derivate of f with respect to u, rerspectively v, at (u,v) € W x Y
is defined by 9, f(u,v) = Df,(u), respectively d,f(u,v) = Df,(v). In particular particular,
ouf(u,v) € L(W,Z) and o, f (u,v) € L(Y,Z). It is easy to see that if f : W xY — Z ¢é differen-
tiable at (u,v), them f is partially differentiable and 0, f (u,v)[h] = Df,(u)[h] = Df (u,v)[h,0],
respectively o, f (u,v)[k] = D f,(v)|k] = Df(u,v)[0,k|. Furthermore, the following result holds.

The Implicit Function Theorem
We want to solve the Operator equation
F(u,v)=0 (B.0.1)
in a neighborhood of the point (ug,vy), where we assume that
F(ug,vp) = 0. (B.0.2)

In particular, we are interested in a locally unique solution. Condition (B.0.3) is decisive. Set

U:={ueX:|lu—ull<p}

Theorem B.0.2. Let W.Y, and Z de Banach space over K, and let

F:U(up,vo) CWXY —>Z
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be a C"—map on an open neighborhood of the point (uy,vy) such that (B.0.1) holds and
1 < n < oo Suppose that the operator

F,(ug,vo) :Y — Z s bijective. (B.0.3)

Then the following statements hold true:

(i) There exists numbers r > 0 and p > 0 such that, for each given u € U, the original

equation (B.0.1) has a unique solution v € Y with ||v —vq||< r. Denote this solution by

v(u);

(ii) The function u — v(u) is C" on U. In particular,

V() = —F,(u,v(u)) " Fy(u,v(u))  forall ueU. (B.0.4)
Proof. See Theorem 4.E. [33]. L]

Applications to the Lagrange Multiplier Rule

Let us consider the minimum problem
f(up) = min! (B.0.5)
along with the side condition
G(up) = 0. (B.0.6)
Our goal is to justify the necessary solvability condition
f(up) + AG (up) =0 (B.0.7)

where A is called a Lagrange multiplier

Proposition B.0.3. Ler f: U(ug) CW — R and G : U(ug) CW — R be C! on an open
neighborhood of u, where W is Banach space. Suppose that u is asolution of (B.0.5), (B.0.6),
where

G'(u):W — R is surjective.
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Then there exists a functional A € R such that (B.0.7) hold true.
Proof. See Proposition 4.1 [33]. O]

A smooth map
f:X—=Y

between Banach spaces is called Freholm (see [26]) if the differential Df(x) : X — Y is
a Fredholm operator for every x € X. Since the Fredholm index is invariant under small
perturbations the index of D f(x) is independent of the choice of x. It will by denoted by index(f).
For any smooth map f : X — Y, Fredholm or not, a vector y € Y is called a regular value of f
if Df(x) : X — Y is onto and has a right inverse for every x € f~!(y). The implicit function
theorem asserts that f - (y) is a smooth manifold for every regular value of f. Moreover, if f

is a Fredholm map then the dimension of f~!(y) is finite and agrees with the Fredholm index

of f.
Theorem B.0.3. Let W and Y be Banach spaces, U C W be an open set, and { be a positive
integer. If f : U — Y is of class C’ and v is a regular value of f then

M:=f"'y)cw

is a C* Banach manifold and

T.M =ker Df(x)

for every x € M. Hence, if f is a Fredholm map, M is finite dimensional and

dim M = index(f).
Proof. See Theorem A.3.3 [26]. [l

Theorem B.0.4 (Characterization of codimension—one subspaces in Banach spaces). Let W be
a real Banach space and let M C W be a C' submanifold. For a point u € M, the following

statements are equivalent:

1.
dim(W /T,(M)) = 1.
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2. There exists a nonzero continuous linear functional
Lew*\{0}

such that
T,(M) =kerL.

In particular, a closed linear subspace Y C W has codimension 1 if and only if there exists

a nonzero functional L € W* such that
Y =kerL.

(See [38], Chapter I, Section 2)

Theorem B.0.5 (Rellich-Kondrachov Theorem). Let Q C R" be a bounded open set of class
C!, andlet 1 < p < oo, Then the following embeddings are compact:

1. WhP(Q) = LU(Q) for | <q < p* if p<n;
2. Wh(Q) = Q) if p > n,

where
np

, ifp<n,
oo, ifp=n.
Proof. [15] O]

Theorem B.0.6 (Lebesgue’s Dominated Convergence Theorem). Let (f,) be a sequence of

functions in L' that satisfy:

(a) fo(x)— f(x) ae onQy

(b) there is a function g € L' such that for all n,
Then f € L' and || f, — f||1— 0.

fu(x)|< g(x) a.e on Q.

Proof. See [6] L]

Theorem B.0.7. Ler Q@ C RY be an open domain, 1 < p < oo, and let (u,) C WP (Q) such that

Uy, —u  weakly in WP (Q).
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Then, the following lower semicontinuity property holds:

/ |VulP dx < liminf/ |Vuy,|P dx.
Q n—e Jq
Proof. [6] Teorema 8.4. L]

Theorem B.0.8. Let {ay, }men and {by, }men be two sequences such that
a, >0, by >0 forallme N.

Then the following inequality holds:

liminfa,,
m—yoo .. o0m
———— <liminf —.
limsup by, m—eo b,
m—oo

Proof. For every m we have
am S inszm ay

b — SUPs, bi

Taking the liminf on both sides gives

. liminfa
.. am .. lnkam ag m—soo
liminf — > liminf = - ,
m—eo by, m— SUp;~,, by~ limsupb,,
o m—oo
which proves the claim. [

Theorem B.0.9. Ler Q@ C R" with u(Q) < oo. Suppose {f,} € L'Y(Q) and f € L' (Q). Then:

(a) If f, — f almost everywhere in Q, and if for every € > 0 there exists 0 > 0 such that for
every measurable set E C Q with W(E) < & one has

/Ifnldu <eg, VneN,
E

then f, — f in L'(Q).

(b) If fy— finL! (Q), then for every € > 0 there exists 6 > 0 such that for every measurable
set E C Q with u(E) < & one has

[Ifau<e, vnen,
E
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and, up to subsequences, f, — f almost everywhere in Q.

Proof. See [5].
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