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Resumo

Este trabalho apresenta um estudo sobre problemas parabdlicos logisticos com coeficientes
de colheita regidos pelo operador laplaciano fraciondrio. Sao introduzidos os espacos de
Sobolev-Bochner bem como os espacos de Sobolev fraciondrios com o objetivo de estabelecer
os espacos funcionais mais adequado para o estudo dessas equagdes. Analisamos o problema
de existéncia e unicidade de solu¢des para uma classe desses problemas em dominios limitados
de R, sob condicdo de fronteira de Dirichlet. Para esse fim, empregamos um método de
comparacgdo e o método de iteracdo mondtona de modo a construir um par ordenado de sub e

supersolucdo a partir dos problemas elipticos associados.



Abstract

This work presents a study of a logistic parabolic problem with harvesting term, governed by
a fractional Laplacian operator. The Sobolev-Bochner spaces as well as fractional Sobolev
spaces are introduced with the aim of establishing the most suitable functional framework for
the analysis of such problems. We investigate the existence and uniqueness of solutions for
a class of these problems in bounded domains of R under Dirichlet boundary conditions.
To this end, we employ a comparison method and the monotone iteration technique in order
to construct an ordered pair of sub- and supersolutions, making use of the associated elliptic

problems.
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Introduction

In this dissertation, we present a parabolic mathematical model governed by partial differential
equations arising from population dynamics, based on a logistic perturbation of fractional
diffusion with a harvesting term.

Population dynamics is the field that studies variations in the size of certain populations
over time. It is currently a central pillar of mathematical ecology theory. This area began to
be developed in the mid-eighteenth and nineteenth centuries, with several prominent figures,
among them Thomas Robert Malthus, Pierre Francois Verhulst, Alfred James Lotka, Vito
Volterra, among others. The works of these authors, individually and collectively, represented
a major advance in the mathematical modeling of population dynamics and logistic models.
In 1798, Malthus published his work An Essay on the Principle of Population, which may be
regarded as the starting point for the systematic study of population dynamics. In this work,
Malthus introduced the Malthusian Model to describe population growth. However, this model
did not accurately reflect what was observed experimentally. In 1838, Verhulst introduced
the Logistic Model, the first realistic mathematical model for population dynamics, since
it made it possible to incorporate ecological mechanisms such as interspecific competition,
resource density etc. It is also worth noting that the Lotka—Volterra model, developed between
1925-1926, were of great importance, as this system of equations allowed for the description
of how prey and predator populations oscillate over time.

With respect to diffusion processes, the nineteenth century was the most prominent one, in
which we may highlight the great importance of the work of the French physicist—-mathematician
Jean Baptiste Joseph Fourier, in particular his studies on the behavior of heat in solids and his
heat diffusion equations. Such works consolidated the Laplacian operator as the fundamental
operator in the modeling of diffusion phenomena. However, just as the Malthusian Model
did not accurately describe real ecological models, the Laplacian operator was not suitable for
modeling natural processes of anomalous nature. Much time passed, and only in the twentieth

century, with the advent of Lévy Processes, was it realized that many natural processes
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are governed by a nonlocal dynamics and exhibit irregular behaviors—features that could
not be captured by simpler mathematical models. These processes opened the way for the
introduction of fractional operators in the modeling of diffusion phenomena. Reflections on
these new perspectives led to viewing the Fractional Laplacian Operator as the most natural
generalization of the Classical Laplacian Operator, due to its nonlocal behavior. This allowed
mathematical models of diffusion dynamics to incorporate long-range interactions and nonlocal
effects observed in many anomalous diffusion processes. In this way, fractional diffusion
became the mathematical analogue for processes that depend on global long-range interactions,
interactions that are present in many advanced ecological processes.

The transition between the concepts of classical dispersion and nonlocal dispersion provided
a fertile setting for the refinement of logistic models. It is well known that in real systems,
the behavior of populations is not solely one of growth; there are also effects that directly
induce a decrease in population size. These effects are known as harvesting and are directly
related to external agents that reduce the number of individuals in a given population. Thus,
incorporating such a term into the modeling is essential for studying population dynamics when
these populations are directly affected by external influences.

In this context, we consider Q C R" a bounded domain with boundary 9Q of class C1'!(Q)
if N > 2, or an open bounded interval if N = 1. Fix T > 0 and define Q7 := Q x (0,7). Given

€ (0,1), the following parabolic problem

u+ (—A)’u= f(A,x,t,u), inQr,
u(x,t) =0, in (RV\ Q) x (0,T), (0.0.1)
M(xa O) = MO(X)a in Q,

is the most general model used to describe population dynamics based on a general nonlinear

reaction in fractional diffusion with a harvesting term. The term u; denotes the derivative —

ot
with respect to time, u = u(x,t) is the population density of a given species in the region Q,
k > 0 is a constant, and (—A)® is the fractional Laplacian, in the variable x, of the function

u(x,t), given by
u(x,t) —u(y,t)
d

Y

(—AYu(x,t) == Cys PV / Ix y‘Nm

where Cy > 0 is a normalization constant, and P.V. denotes the Cauchy principal value of the

possibly singular integral.
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Following [7], we study a particular case of (0.0.2) given by the following parabolic problem

U + (—A)u = Ala(x)u—bu* —h(x)], in QOr,
u(x,t) =0, in (RV\ Q) x (0,7), (0.0.2)
u(x,0) = up(x), in Q,
where A > 0 is the dispersal rate (or the inverse of density), a is the resource term, b is the

interaction coefficient, and 4 is the harvesting rate, assumed to have constant yield. Moreover,

we assume that the following hypotheses hold:

0<aecL”(Q),witha>lonS,:={xeQ|a(x) >0},
b > 0 a constant, (H)
0<heL”(Q).

where S, is the compact support of a.
In order to obtain results concerning existence and uniqueness of solutions to (0.0.2), we
introduce some auxiliary elliptic problems. Following [6], given a as in (H), it can be shown

that for the weighted eigenvalue problem

(A9 =2Aa(x)p, inQ,

o (0.0.3)
¢ =0, in (R™\ Q),

there exists a principal eigenpair (A1 4, @1 4) With A1 , > 0and 0 < ¢; , € Hj() in , satisfying

|@1.4]|ls= 1. Moreover, there exist positive constants C;,C such that
G168 <01, <G8,

a.e. in Q, where 8(x) = d(x,dQ) is the distance from x € Q to the boundary JQ. See [6],
Proposition 3.1.

The second auxiliary elliptic problem we introduce is defined as

(—AYu=1, inQ,

(0.0.4)
u=0, in (RV\Q).
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It is known that (0.0.4) has a unique positive solution e € Hj(Q2), and there exist positive
constants C3,Cy4 such that
C36° <e<(Cyd°,

a.e. in Q. See [17], Theorem 1.2, and [16], Lemma 7.3.

We aim to establish the following main result:

Theorem 0.0.1. Let a, b and h satisfy hypothesis (H) above. For every A > Ay 4, there exists a
positive function h* € L™ (Q) and uy € L™ (Q) such that for all h satisfying

ess supﬁ <1
xeQ

and for all ug € L™(Q) satisfying
uy < ug < Ke

for some constant K > 0, the problem (0.0.2) has a positive solution u € L™ (Q). Moreover, it is

unique in the class of essentially bounded solutions of (0.0.2).

The proof of this result will be presented in Chapter 5, Section 5.2. Our interest is to obtain exis-
tence and uniqueness results for finite-energy solutions to the parabolic problem with harvesting
term (0.0.2). The definition of a finite-energy solution appears in Chapter 4, Definition 4.1.2.
To obtain such results of existence and uniqueness for problem (0.0.2), we employ the
method of sub- and supersolutions together with the method of monotone iterations. In this
regard, we investigate the existence and uniqueness of a solution to the following parabolic
problem:
u+ (—A)’u+ku = g(x,t,u), in Qr,
u(x,t) =0, in (RM\ Q) x (0,7T), (P)
u(x,0) = up(x), in Q,

where k£ > 0 is a real parameter, and g : Q7 — R is a Carathéodory function, that is
(i) u > g(x,t,u) is continuous for a.e. (x,7) € Qr, and
(i) (x,7) > g(x,,u) is measurable for each u € R.

Moreover, we assume the existence of a function kK € Lz(Q) and a continuous increasing

function @ : R — R such that:

(Hy) |g(x,t,u)|< k(x,t) (1+ a(|u|)) forall u € R and a.e. (x,t) € Or;
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(H,) g is monotone increasing in the third variable; that is, for every v,w € R,

v<w = g(x,t,v) < g(x,t,w).

The analysis of this problem will be carried out in Chapter 4, where we prove, following

[7], the following theorem:

Theorem 0.0.2. Let ug € L™(Qr) and suppose that hypotheses (H,) and (H») hold. Addition-
ally, suppose the existence of u, u € L™ (Qr), ordered sub- and supersolutions, respectively, a.e.

in Qr of the problem

ur+ (—A)’u+ku = g(x,t,u), inQr,
u(x,1) =0, in (RM\ Q) x (0,T), (0.0.5)
u(x,0) = up(x), in Q.

Then, there exists a solution u of (0.0.5) such that u < u <u a.e. in Q7. Moreover, if g is locally

Lipschitz in the third variable, then (0.0.5) possesses a unique solution in L™ (Qr).

We prove Theorem 0.0.1 by means of Theorem 0.0.2. To this end, we construct a pair of
sub- and supersolutions for the logistic parabolic problem (0.0.2) by using the elliptic problem
associated with (0.0.2):

(—A)*u(x) = A [a(x)u — bu® — h(x)], inQ,

B N (0.0.6)
u=20, in RV \ Q.

The construction of a pair of sub- and supersolutions for problem (0.0.6) will be obtained

by analyzing the associated problem

(—AYv(x) = B(x) + @Pa(x) xs;, n <,

(0.0.7)
¢ =0, in (RV\ Q),

where f is any function satisfying the following condition:

() B € L”(Q), B >0, and there exists ¢ > 0, such that

inf {B(x) + ¢ra(x)} > >0, (0.0.8)
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We denote by v :=v(a, 8) € Hy(Q) the unique positive solution of (0.0.7). Similarly to
problems (0.0.3) and (0.0.4), and following [17], Theorem 1.2, and [16], Lemma 7.3, there

exist positive constants Cs,Cg such that
Cs6°(x) <v(x) < Ce6°(x), (0.0.9)

for almost every x € Q, where §(x) = dist(x,dQ). The presentation of the associated elliptic
problems discussed above will be given in Chapter 5, Section 5.1.
Based on the results obtained for problem (0.0.6), we prove—following [7]—the following

theorem, which is of crucial importance for establishing Theorem 0.0.1:

Theorem 0.0.3. Consider problem (0.0.7). For every A > A 4 and every B satisfying condition

(), there exists a positive function
h* =h(A,a,b,B,Q) € L”(Q)

such that, for all h € L™ (Q) satisfying 0 < h < h* almost everywhere in Q, problem (0.0.7)
admits a positive solution.
Moreover, if h satisfies

h
p=esssup—— < I,
x€Q h

then there exists m* > 0 such that for all m satisfying
um* <m<m",

the function

Uy = mA <(pl,a - 8Vﬁ)

is a subsolution of (0.0.7), and it satisfies 0 < u,, < m@y 4.

Furthermore, there exists k* > 0 such that iy = ke is a supersolution of (0.0.7) for every
k> k"

The proof of this theorem will be presented in Chapter 5, Section 5.2.

With respect to the remaining chapters of this dissertation, we have the following orga-
nization: In Chapter 1 we present the Bochner spaces, generalized derivatives in the context
of Bochner spaces, and Evolution Triples; in Chapter 2 we briefly introduce the fractional

Sobolev spaces, the fractional Laplace operator, and the Sobolev—Bochner spaces; in Chapter 3
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we present a Comparison Method that is essential in the study of existence and uniqueness of

solutions for the parabolic problem (P;).



Chapter 1
The Bochner spaces

In this section we introduce the Bochner spaces L”(0,T'; X ). Such spaces are generalizations of
the usual Lebesgue spaces on classical measure theory. Instead of function u : @ ¢ RY — R,
the Bochner spaces considers a more general class of function u: Q@ € RY — X, where X
is a given Banach space. This spaces play a fundamental role in constructing the functional

framework that is most appropriate for the problem under consideration.

1.1 Preliminary Results

In this section we present some preliminary results concerning integration of real valued

functions or functions taking values on Banach spaces.

Definition 1.1.1. Let X be a Banach space, and f : Q C RN — X be a function. We say that f

is measurable if:

1. Q is measurable, i.e, 0 < W(Q) < oo, where U is the Lebesgue Measure;

2. there exists a sequence (fy),_, of step functions f, : Q& — X such that

lim £, (x) = f(x)

n—oo
a.e. x € Q.

Theorem 1.1.1. (Theorem of Pettis) . Let X be a separable real Banach space and f : Q C

RN — R a function. The following are equivalent:

1. fis measurable;
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2. the real functions @ : Q@ = R, ¢@(x) = (g, f(x))x’ x are measurable on Q, for any linear
functional g € X'.

Remark 1.1.1. The importance of Pettis’ Theorem lies in the fact that the measurability of

functions taking values in Banach spaces reduces to the measurability of real-valued functions.

Theorem 1.1.2. (Theorem of Luzin and the caracterization of measurable funtions). Let
Q C RN be measurable, 1(Q) < oo, and f: Q@ C RY — R a function. The following are

equivalent:
1. f is measurable;

2. f is continuous up to small sets, i.e, given 0 > 0 there exists an open set Qg C Q such

that f is continuous in the closed set Q — Qg and 1(Qg) < 0.

Definition 1.1.2. (Measurable functions via substitution). Let U and X be real and separable

Banach spaces. Let u: Q C RN — U and F : Q — X be functions. Set

and suppose that
1. Q is measurable, and

2. f:QxU — X is a Carathéodory function, that is
x+— f(x,u) is measurable on Q for all u € U,

u— f(x,u) is continuous on U a.e x € Q.

If the function u: Q@ C RN — R is measurable, then the function f: Q x U — X is

measurable.
Theorem 1.1.3. Let X be a real Banach space, and f,g: Q@ C RN — X. Supose that
1. f:QC RN — X is measurable;

2. | f)]x < g(x), aex € Q, and

3. / gdx exists.
Q
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/Q Fdx

and / | f |lx dx exist, and we have
Q

‘/Qfdx

Theorem 1.1.4. (Norm Criterium). If f : @ C RY is a measurable function, then / fdx exist
Q

if, and only if, / | f|lx dx exists.
Q

Then the integrals

< [ Il (1.1.1)

Theorem 1.1.5. (Lebesgue Dominated Convergence Theorem). Let f,fn,g: Q C RN — X
where n € N and X is a Banach space. Suppose that:

L i) |x< gx) aexeQforallneN and/ gdx exist;
Q

2. lim f,(x) exist a.e and f, is measurable for every n € N.
n—yoo

Then / fndx exists for every n € N and
Q

lim/fndx:/ lim f,dx. (1.1.2)
Q Qn—ee

n—soo

1.2 The Bochner Spaces

In this section, we introduce the space of Lebesgue functions taking values in some Banach
space X. More precisely, we will define the spaces L”(0,7;Q), for 1 < p < oo, and introduce
properties and results that will be extremely important later. Following [20], we consider the

following definition:

Definition 1.2.1. Let (X, || -||x) be a Banach space over a field K, where K =R or C, and
0<T <oo,

1. Form=0,1,2..., we define the space C"([0,T];X) as the set of all continuous functions
u:[0,T] — X that have continuous derivatives up to order m on the interval [0,T], with

a norm given by

I llem,rxy: €*(10, T X) — R

u = ulleno,rx)

where
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m Y= Y (l) . L.
Ilemorny= 1 ma, 1) a2

Here, only the right-hand and the left-hand derivatives need to exists at the boundary
pointst =0 andt =T, respectively.

2. For 1 < p < oo, we define the space LP(0,T;X) as the set of all measurable functions
u:(0,T) — X for which

T
| o) e <

endowed with the norm

T I/p
[l 2o (0,7:)= (/0 Hu(t)l!xdt> : (1.2.2)

3. For p = oo, we define the space L™(0,T;X) as the set of all measurable functions u :
(0,T) — X such that there exists a number ¢ > 0 with ||u(t)||[x< ¢, for almost all
t € (0,T), endowed with the norm

[tl| = (0,7:x)=inf{c > O lu(t)|x< ¢, a.et € (0,T)}. (1.2.3)
Remark 1.2.1. Ir is worthwhile to notice that:

« In the case where m = 0, we write C°([0,T];X) as C([0,T]; X);

* In the above definition for the spaces L7 (0,T;X), 1 < p < oo, it is understood that we

identify functions that are equal almost everywhere on (0,T).

* The expression “almost everywhere” (or “a.e.”) means that the stated property holds for

allt € (0,T) except possibly on a set of Lebesgue measure zero.

Proposition 1.2.1. (Properties of Lebesgue Spaces). Let X,Y be Banach spaces over the same
field K, m=0,1,2,---and 1 < p < oo, Then:

(i) (C™([0,T};X), |- llem(jo,r):x)) is @ Banach space over K;

(ii) (LP(0,T;X),-|lzr(0,r:x)) is @ Banach space over K. Moreover, the set of all step
functions u: [0,T] — X is dense in LP(0,T;X);
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(iii) C([0,T);X) is dense in LP(0,T;X). In addition, the embedding

C([0,T];X) < L”(0,T;X) (1.2.4)

1S continuous,

(iv) the set of all polynomials w: [0,T] — X, w(t) = ap+ait + - --ant", with a; € X, for all i
andn=0,1,--- is dense in LP(0,T;X) and C([0,T]; X);

(v) if X is a Hilbert space with inner product (-,-)x, then L2(O, T;X) is a Hilbert space with

inner product

T
(v = /0 (), v(0))y dr: (1.2.5)
(vi) if X is separable space and 1 < p < oo, then LP(0,T;X) is separable;
(vii) if X is a uniformly convex space and 1 < p < oo, then L”(0,T;X) is uniformly convex;

(viii) if the embedding X — Y is continuous, then, for every 1 < g < r < oo, the embedding

L'(0,T;X) < L9(0,T;Y) (1.2.6)

is continuous. In particular, for every 1 < p < oo, the embedding

LP(0,T:X) < L'(0,T:X) (1.2.7)
s continuous.

Proof. For a proof of this result, see [20]. L]

I view of Holder’s Inequality for the L presented in equation (A.0.3), we now state an

analogous result for the spaces L”(0,7T;X).

Proposition 1.2.2. (Holder’s Inequality for the LP(0,T;X) spaces). Let (X, || .||x) be a Banach

space. Then

/OT [ (v(e),u(t))x x| dr < (/OTHv@)H;;,dz) v (/OTHu(t)H?(dt) W, (12.8)
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I 1

holds for every u € LP(0,T;X), v € L1(0,T;X"), with 1 < p < oo, — + — = 1. The integrals in
P q

(1.2.8) are well defined since u € LP(0,T;X) and v € L1(0,T;X").

Proof. Let T > 0 and define I := (0,T). Since u € L?(0,T : X) and v € L4(0,T;X), both

functions are measurable. It follows that there exists step functions u,;/ — X and v, : I — X’
such that
up(t) — u(t) and v, (1) — v(t)

almost everywhere t € I as n — o. Hence,

(n(2),un(1))x7x = (v(1),u(t))xr x

almost everywhere ¢ € [ as n — co. It follows that the function  — (v(¢),u(t))ys y is measurable

on /. Moreover, since

[ (v(0), w0 x| < v(O) 1 [lee) 1x (1.2.9)

it follows by the classical Holder inequality, (A.0.3), for N = 2, that

T T
| 1@t de < [ 1v00) o o)

< ([ wonga)” ([ wonga)”

O

Remark 1.2.2. Note that inequality (1.2.9) follows from the definition of the norm in the dual
space X'. Indeed, for a.e. t € (0,T) such that u(t) # 0, we have

<v(l)7 ﬁhy,x

[(v(e),u(0)) x| = (o) 1x
u(t) - an v /= Ssu % X)xr
’HM(I)HX =1 and Ol sup (605

One of the main goals of this section is to identify, as it is done in the classical case, the
space (LP(0,T;X))’, the topological dual of L?(0,T;X), with the space LY(0,T;X’), where

< Ju@)llx lIv(e) L,

since

I < p <o and —+ — = 1. This is done in the following proposition.
2
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Proposition 1.2.3. Let V be a separable and reflexive Banach space and suppose, additionally,

1 1
that 1 < p < o and — 4+ — = 1. Under these assumptions, the following holds:
2

(i) for each function v € L1(0,T;V') there corresponds a unique linear functional v €
(LP(0,T;V))" such that

T
(7, uyrx = / (1), u(t))yry dt (1.2.10)
0
forallu e LP(0,T;V);

(ii) conversely, for each linear functional v € (LP(0,T;V))’ there corresponds a unique

v € L1(0,T;V') such that

T

e = [ o)y ds (12.11)

forallu € X. Moreover,

Vllxr= Ivllzoo,r:) (1.2.12)

(iii) the space LP(0,T;V) is reflexive and separable.
Proof. For a proof of this result, see [20]. ]
Remark 1.2.3. According to Proposition 1.2.3, the spaces (LP(0,T;V))" and L1(0,T;V') are

isometrically isomorphic, i.e, there exists a bijective isometric mapping
S L0, TV — (LP(0,T;V))
v =  _Z(v):LP(0,T;V) =R
ur (7 (v),u)x x

where

T
(S Ot = [ 001y
for all u € X. Since isometrically isomorphic spaces can be identified, we have (LP(0,T;V))’ =
L1(0,T;V"). Thus, identifying J (v) with v, the equations (1.2.11) and (1.2.12) can be written,

respectively, as
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T

(v, Uy x = /0 ((e),v(t))yry dt (12.13)

and

1/q
e =l = [ O, at) (12.14)
forallu € LP(0,T;V) and for all v € (L?(0,T;V))’.

Let us now consider a open and bounded subset @ C RY and let T > 0. Define Q7 :=
Qx (0,7T) and let V be a Banach space. We want to do an identification of a function u € LY(Q7)
with a function u € L4(0,T;V’). This identification will be of critical importance when, further
in this study, we address problems related to temporal evolution. In the sequence, we will
introduce the concept of an evolution triple, also referred to as a Gel’fand triple.

Such identification is provided by the following lemma:
Lemma 1.2.1. Let Q C RY be open and bounded, N > 1, and 0 < T < o. Define Q; :=
Qx (0,T). Set
Y =L"(Q),V=W""(Q)

and suppose that a function

f:0r =R, (x,1) = f(x,1)

is such that f € L1(Qr). Then the following hold:

(a) forallt € [0,T] there exists a linear functional b(t) € Y' = L1(Q) such that
V)yly = / fe)v(x)dx, Vwey (1.2.15)
Q

for a.e. t €[0,T]. Moreover, the mapping b : (0,T) — Y t s b(t) is an element of
LI(0,T;Y") = L9(0,T;LY(Q)). More precisely, for almost all t € [0,T] the function
f(,1): Q— R, x> f(x,1) is such that f(-,t) € LY(Q) and we can identify it with the
functional b(t) € Y' in such a way that (1.2.15) holds,

l|b(t) IILq /If x,1)|9dx (1.2.16)
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and

||f||Lq0TY, / (/ | f(x,1) |qu> dt = / |f(x,0)|? dxdt; (1.2.17)

(b) there exists a functional b (t) € V' such that
(b1()V)yry = / Flrv(x)dy, Wev, (1.2.18)
Q

for almost everyt € [0,T] and by : (0,T) — V't~ by(t), is such that by € L1(0,T;V").
Thus, the linear continuous functional by(t) : V — R is the restriction of the linear
operator b(t) : Y — R to the space V, by the embedding Wy " (Q) < LP(Q), m=1,2,---

Moreover,

1/q
16 2o < (/ \fxt|qudt) . (1.2.19)

Proof.  (a) Since f € L(Qr) it follows that f is integrable. By Fubini’s Theorem A.0.2 we

have .
/ £ e, 0)[9dxdt — / ( / |f(x,t)]qu> di (1.2.20)
Or 0 Q

where the integral on the right exists for every ¢ € [0, 7]\ N, where N is a set of measure
zero. Fort € N, we set f(x,t) =0, for every x € Q. By the Duality Theorem A.0.5, every
function in L7(€) can be identified with a continuous linear functional in Y’ = (L7 (Q))’.
Hence, the functional b(¢) € Y’ corresponding to f is precised given by equation (1.2.15).
Moreover, equation (1.2.16) holds and equation (1.2.17) follows immediately from
equations (1.2.17) and (1.2.20). Let us now show that the function b : [0,T] — Y is
measurable. Since Y’ is a reflexive Banach space, it follows from the Theorem of Pettis,
Theorem 1.1.1, that is sufficient to prove the mensurability, for eachv € Y and r € [0, 7],
of the real functions # — (b(t),v)y y. Letv € Y = LP(Q) be fixed. Since v € L(Q) and
f € L1(Qr), from Holder’s inequality,(1.2.8), it follows that

/ [f vl dxdt <||fllzaor) IVIleri@) <

Oor

Hence fv e L' (Qr) and by the Theorem of Fubini, Theorem A.0.2,

/QTf( t)v(x)dxdt = /(/fxt )dt
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and the measurability of the integral / f(x,t)v(x)dx, as a function of ¢, follows. The
measurability of the function z — (b(t),v)y: y, t € [0,T], for all v € Y, is a consequence
of equation (1.2.15).

(b) by Holder’s inequality, Proposition 1.2.2,

< (froras) " (fpeorar) "

1/q
é(/g!f(x,t)\qu) V@) Wvev, (1.2.21)

’/Qf(x, t)v(x)dx

thus ensuring the existence of a linear functional b (t) € V' such that
B1O Wy = [ ferip@ds, eV,
Q

Indeed, for each r € [0, T], we consider the function

bl(l‘)ZV — R

v o= <b1 (t)7V>V’.,V

where (b1 (t), v)yr v is given by equation (1.2.18). Let us show that, indeed, b;(¢) is a

continuous linear functional.

e D (t) is linear in v. Indeed, let vi, v, € V and o € R. Then,

(b (£),v1 + av)yry = /Q F(6,1) (01 + ava) (x) dx
_ / Floe,t)v1 () dx+ @ / £, 1)va(x) dx
Q Q
= (b1(t),vi)yry +a(bi(t),v2)vy

for all vi, vy € V and for all o € R. Hence, by (¢) is linear in v.

e bi(t) is continuous. In fact, since it is linear, it is sufficient to show that it is

bounded. But this follows immediately from equation (1.2.21)
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Moreover, if we take v € V with v # 0, then ||v|[z»(q)7 0 and from equation (1.2.21)

|(b1(2),v va‘ | Jo f(x,1)v(x dx] (/ ) ‘qu)l/q‘

IVl @) VllLr ()

follows

Hence,

010y < [ L)

Thus, by equation (1.2.14)

T T
ol = |, 11Oy < [ ( [ runieax ) ar <

and by € L1(0,T;V’).

Remark 1.2.4. The mapping
b:[0,T] — (L7 (Q))'

is defined for every t € [0,T). Indeed, for almost everyt € (0,T) the section f(-,t) belongs to
L(Q) and, via the identification

(LP(Q)) ~ L9(Q),

it naturally defines a continuous linear functional. For the exceptional values of t, belonging
to a set of measure zero, the functional b(t) may be defined arbitrarily, for instance by setting
b(t)=0.

On the other hand, the integral representation

Vpiy = /Q Fnvdy,  veLl(Q),

is valid only for almost everyt € (0,T), since the membership of f(-,t) in LY(Q) is guaranteed
by Fubini’s Theorem only outside a null set with respect to t. Thus, there is no contradiction
between the existence of the functional b(t) for every t and the almost everywhere validity of

the integral representation, as these statements refer to distinct levels of the construction.
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1.3 Generalized derivatives

Just as in the case of real valued functions, we can also talk about Generalized Derivatives
in the Bochner spaces L”(0,7;X). Such derivatives will play a central role when we study
time-evolution problems using the Sobolev-Bochner spaces W'P4(0,T;V;H), to be introduced

later on, where V an H are the spaces involved in the evolution triple V C H C V',

We began by recalling that, given an open and bounded subset Q C RV, Cy () denotes
the space of all functions u : & — R that are infinitely continuously differentiable and have
compact support in Q. For our purpose, we will assume N = 1 an take Q = (0,7), for T > 0.
In what follows, unless explicitly stated otherwise, X and Y will always denote Banach spaces
over the field K =R or C.

Definition 1.3.1. (Generalized Derivative). Let u € L'(0,T;X) and w € L'(0,T;Y). We say
that the function w is the n-th generalized derivative of the function u on the interval (0,T),
T>0if

T T
| o wutnyar= (-1 [ pmie)ar (130
0 0
forall @ € C3(0,T). In such a case, we write w = u".

It is worthwhile to note that, for every continuous function having continuous derivatives
up to order m > 1, the concepts of generalized derivative and (classical) derivative coincide, as

can be seen in the following porposition.

Proposition 1.3.1. Suppose that X =Y and let u € C"([0,T],X), with, m > 1. The m-th
continuous derivative
u™ 1 [0,T] — X,

is also the m-th generalized derivative of u on the interval (0,T).

Proof. The proof is almost straightforward. Consider u € C"'([0,T];X) and let ¢ € C;(0,T).
Note that

(ou) = @'u+ ou'. (1.3.2)

Integrating equation (1.3.2) over ¢,

T T T
(ou) |§:/ (gou)’dt:/ (p’udt—l—/ ou' dt. (1.3.3)
0 0 0
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Since ¢ € Cy (0,T), the leftmost term on (1.3.3) is identically zero. Hence,

T T
/(p’udt:—/ oul dt. (1.3.4)
0 0

Note that (1.3.4) is none other than the classical integration by parts formula. Since ¢ was
arbitrary, (1.3.4) holds for all ¢ € C;(0,T), and the first (classical) derivative of u coincides

with its first generalized derivative. Now, we consider integral

T
/ o"udt.
0

From (1.3.4), and the fact that ¢’ € C5’(0,T), we obtain

T T
/ ou' dt = —/ o'v.dt. (1.3.5)
0 0

Applying (1.3.4) to the right hand side of (1.3.5):

T T
/ o'u dt = (ou') |g_/ ou dt. (1.3.6)
0 0

Since ¢ € Cy(0,T) the first term on the rigth hand side of (1.3.6) is zero. Hence,

T T
/(p'u'dt:—/ ou’ dt. (1.3.7)
0 0

Combining (1.3.7) and (1.3.5) we get that

T T
/(p”udt:(—l)z/ ou' dr. (1.3.8)
0 0

Consequently, the second order (classical) derivative of u is also the second order generalized
derivative of u. The result now follows by applying formula (1.3.4) n times successively.
[]

Remark 1.3.1. In the proof of Proposition 1.3.1, we use the fact that if ¢ € Cy(0,T), then
o™ e Cy(0,T). Infact,letm>1, meN, and K :={t € (0,T) | ¢(t) # 0} be the support of
¢. Since K C (0,T), K is clearly compact. Lett € (0,T)\ K. Since K is closed, there exists
€ > 0 such that the €-neighborhood Ug (t) =: (t — €,t + &) of t is such that Us(t) NK = 0. In

particular, for every 0 < h < € he have that t +h € Ug(t), and

o(x+1)=0 and ¢(t) =0. (1.3.9)
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It follows from (1.3.9) that the limit

401) _ i,
dt h—0

d
supp (d—f) CK,

d
from witch follows that d—(f € Cy(0,T). Assume that we have shown that

‘P(Hh})l_"’(t) —0. (1.3.10)

Hence,

oD @ ... o™ cCy(0,T).
Lett € (0,T)\ K. As above, there exists € > 0 and a €-neighborhood Uy (t) such that
Us(t)NK = 0.
For every 0 < h < € it follows that t +h € Ug(t) and
o™t +n) =0, 0" () =0. (1.3.11)
From (1.3.11) it follows that the limit

(m)(0) (m) _ o
o) — A9y @) — o) (13.12)
dt h—0 h

(m)
supp (dggt ) CK,

and "V ¢ Cy (0,7). It follows form the Principle of Finite Induction that

¢

hence,

¢(])7¢(2)”¢(m) ECBO(O’T)’ (1313)
for every m € N.

Notice that, not all functions u € LP(0,7;X) posses generalized derivatives that can be
represented by a function w € LP(0,7,Y) as (1.3.1) requires. An simple example let us consider

the so called Heaviside Function

Example 1.3.1. By a Heaviside Function we mean a function
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H:R —- R
(1.3.14)
t — H(t)
where,
0, set<O,
H(t) = (1.3.15)
I, set>0.
Let T > 0and 0 < ty < T and consider de the Heaviside Function H = H |(0’T)
H:(0,T) - R
(1.3.16)
t — H(t—1)
where,
0, set<ty,
H(t—1t9) = (1.3.17)
I, set>ty.
Clearly H € L'(0,T;R); in fact,
- T T
HHHLI(O T;R) :/0 |H (1 —10)| dt = / H(t—to)dt =T — 1ty < oo. (1.3.18)
b > [0

In the sense of distributions, the Heaviside function possess generalized derivative named
"Dirac’s delta", denoted by &), and named after the famous British physicist Paul A.M Dirac,
who made important contributions to the theory of Quantum Mechanics end Quantum Field

Theory. Let us prove that, in fact,

dH(r)
=2 =8, (1.3.19)

is the generalized derivative of the function H. Given any test function ¢ € Cy (0,T),

T to T
/ H(t)p'(t)dt :/ H(t—10)@'(t)dt+ | H(t—10)¢'(t)dt
0 0 Io
T

= | ¢'(O)dt=9(T)—¢(to) = —¢(to) (1.3.20)

Io

T
—— [ o8, (0)dr.
0
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From (1.3.20) it follows that (1.3.19) holds, and the Heaviside function posses generalized

derivative as we have claimed. Let us now show that
& ¢ L'(0,T:R).

Suppose, by contradiction, that there exists a function f € L' (0,T;R) such that

/OTf(t)(p(t)dt — (1), (13.21)

forall ¢ € Cy(0,T). We choose a sequence of functions @, € Cy (0,T) with the following

properties:

1 1
(i) for everyn € N, supp(@,) = (1‘0 — ol ;) C(0,7);

T
(ii) / Ou(t)dt > 1, 0a(t) > 0, forall n € N.
0

By the hypothesis (1.3.21),
T
| 1000 dr = 9u(00).

Since the support of @, has length 2/n and / 0, > 1, we have

On > 2, (1.3.22)
2
hence
©n(tg) — 0 as n — oo, (1.3.23)
On the other hand, because f € L! (0,T;R), we have
T T
[ e < [ ole0a < ifluerslel. 0329
Thus the sequence
T
/ F(O)@u(t)dt (1.3.25)
0

is bounded. But simultaneously

(ATf@NMOMﬁ==%Am)—+w,
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a contradiction.

Following the development of the theory of generalized derivatives on Bocnher spaces
L! (0,T;X), as we have seen, every function u € L! (0,T;X) possesses generalized derivatives w
but, in general, it is not true that w € L! (0,T;Y). The question of existence of such derivatives
are now well established due the previous results. Now we will establish the uniqueness of such
derivatives. For this we will suppose not only the existence of, for now, a generalized derivative
wof u € L'(0,T;X) but also that w € L' (0, T:Y). To obtain such result about uniqueness we

will need the following variational lemma:

Lemma 1.3.1. Ifu € L'(0,T:X) and

/OT(p(t)u(t)dt —0 (1.3.26)

forall ¢ € C5(0,T), then u(t) =0 a.e on (0,7).
Proof. For a proof of this result, see [20]. [

Proposition 1.3.2. (Uniqueness of Generalized Derivatives). Suppose that u € L' (0,T;X)
and that v, w € L'(0,T;Y) are such that v = u" and w = u" in the sense of generalized
derivatives. Then v(t) = w(t) a.e on (0,T). In other words, v=w in L' (0,T;Y).

Proof. By the definition of generalized derivative, (1.3.1) we have that

/T(p(t)v(t)a’t = (—1)"/T 0" (1)u(r)dt, (1.3.27)
0 0

and

T T
/go(t)w(t)dt:(—l)"/ 0" (1)u(r)d (1.3.28)
0 0

for all n € N and for all ¢ € C;(0,7). Subtracting (1.3.28) from (1.3.27) we obtain

T
| en-wiod=o (13.29)
0
for all ¢ € C5(0,7). By Lemma 1.3.1 it follows that v(t) = w(t) a.e on (0,T), that is,
v=winL'(0,T;X).
[]
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To end this section, we present two more results. One concern the generalized derivative
and its relation with weak convergence, while the other stablishes the existence of generalized

derivative.

Proposition 1.3.3. Let X, Y be Banach spaces over a over the field K = R or C, with the
continuous embedding X — Y. If

W™ = v, on (0,T) for all k and fixed n > 1
up —u, in LP(0,T;X) as k — oo, (1.3.30)

vi = v, in L4Y(0,T;Y) ask — o0, 1 < p, g < oo,

then
u™ =von (0,T). (1.3.31)
Proof. For a proof of this result, see [20]. [
Proposition 1.3.4. Let
VCHCV

be an evolution triple and 1 < p,q < o, 0 < T < oo. The following holds:

(i) given u € LP(0,T;V), the generalized derivative u™ € L9(0,T;V') is unique in the
following sense: the mapping
t—u (1) (1.3.32)

can be modified only on subsets of (0,T) having measure zero;

(i) given u € LP(0,T;V), there exists the n-th generalized derivative u"™ € L9(0,T:V') if.
and only if, there exists a function w €€ L1(0,T; V') such that

T T
/ (w(t), V) 6™ (1) dt = (—1)" / (w(t) )y 0(1) d, (1.333)
0 0 ’
d}’l
forallv €V and for all ¢ € Cy(0,T). Moreover, lfﬁ stands for the n-th generilezed

derivative of real functions on (0,T), then u™ = w and

di’l

o w(t) )y = (u0),v) (1.3.34)

vy’

holds for all v € V an d almost all t € (0,T).
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Proof. For a proof of this result, see [20]. L]

Remark 1.3.2. Equation (1.3.34) will be of extreme importance when working with the weak,
or general, formulation of evolution equations, as will be seen later on this work, as well as the

following example.

Example 1.3.2. Let V C H C V' be an evolution triple, and let u : [0,T] — V be a continuous

function such that its derivative

' (t) = }lii%w’ (1.3.35)

exists for all t € [0,T) as a limiting value in the space H, with the function u’ : [0,T] — H been

continuous. Then the generalized derivative of u exists on (0,T) and is equal to u'. Moreover,
ucL?(0,T;V),u' € L1(0,T;V’), (1.3.36)

forall 1 < p,q <o Indeed, since u:|[0,T] — V is a continuous map and the embedding
V < H is continuous and dense, the mapping u : [0,T] — H is also continuous. Hence,
u € C([0,T);H). The result now follows from Proposition 1.3.1 withX =Y = H.

1.4 Gelf’fand Triple

One of the most important and fundamental concepts in the development of the subsequent
theory is what is know as the evolution triple, or Gel’fend triple — a concept we are about to

introduce.

Definition 1.4.1. (Evolution triple, or Gel fand triple). We say that the chain of inclusions
VCHCV

is an evolution triple, or a Gel fand triple, if :

(i) Vis a reflexive separable real Banach space;
(ii) H is a separable real Hilbert space;

(iii) V is dense in H and the embedding V — H is contunuous, i.e, there exists a constant
¢ > 0 such that

VlE<clvly,
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forallveV.

Example 1.4.1. Let N > 1 and consider a bounded subset @ C RY. Let V. =W™P(Q), with
m>1land?2 <p <oo, and H = LZ(Q). It is well known that V is a real, separable, reflexive
Banach space; H is a real, separable Hilbert space. Moreover, the embbeding V — H is

continuous and 'V is dense in H. Hence, the chain of inclusions
) 2 I
Wy (Q) C L7 (Q) c W, "7 (Q)

defines a evolution triple. For completeness we explain the last inclusion. Let V := W(;” P(Q).

By definition, the space Wofm’p (Q) is the topological dual of V, that i,
W, " (Q)=V".
Leth € LZ(Q). To each such h we associate the linear functional
V=R, ly(v) = / h(x)v(x)dx.
Q

This functional is well defined, since the embedding V — LZ(Q) is continuous. Indeed, by
Holder’s inequality and the continuity of this embedding, there exists a constant C > 0 such
that

1)< [hllz2@) [VIlr2@) < CliAl 2 (@) VlIwmr @), WV eV

It follows that {, is a continuous linear functional on 'V, that is, £;, € V'. Consequently, every
element of L*(Q) can be identified with an element of W, "™ (Q), which yields the continuous

embedding
L*(Q) — W, ™P(Q).

Proposition 1.4.1. Let
VCHCV

be an evolution triple. Then,

(i) To each h € H there corresponds a unique continuos linear functional h € V' such that

(hv)yry = (h,v)H, (1.4.1)

forallv €V, where (-,-)g stands for the inner product of the Hilbert space H.
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(ii) The mapping

o:H—V', oh)=h (14.2)
is continuous, injective and linear.

Proof. Let us consider & € H and define a function

where (h,v)yry = (h,v)p, for all v € V. Let us show that A is a continuous linear functional.

We begin by showing that / is a linear functional. Let u, v € V and & € R. Then

h(u+av) = (h,u+av)y y
= (h, uyyry + (h, av)yry
= (h, Uy y + o (h, V)yry
= h(u) + Od_l(v)

thus showing that /4 is a linear function. Since 4 is linear, to show that it is continuous is
sufficient to show that it is bounded. Remembering that V C H C V' is an evolution triple,
we have that the embedding V — H is continuous, i.e, there exists a positive constant ¢

such that ||[v||y; < c||v|

v» for all v € V. Taking the absolute value of (1.4.1) and using the
Cauchy-Bunyakovsky-Schwarz inequality

[ (Bv)vry | = 1(hv)al < Allg vIla< cllallg vy (1.4.3)

If we assume that v € V' \ {0} then ||v||,, # 0, and

E,V ’ —
Wsbvwl gy = < il (1.4.4)

Proving that / is a continuous linear function, and hence & € V' and proving (i).
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Let us now prove (if). Notice that from (1.4.1) and (1.4.2), we have that given i, f € H and
o,BeR

(p(ah+Bf)v)viy = (af+Bhv)yy = (of +Bhv)u
=o(f,v)u+B(hv)u = alf, V)viy +B(n, V)viy
= a(@(f),v)vy +B{@(h),v)vy = (ao(f)+Beh),v)yvy

for all v € V. Thus,
@(of+Bh) = o(f)+Be(h)

for all f,h € H and a, B € R. Hence, the mapping (1.4.2) is linear. The continuity of ¢
follows directly from (1.4.4) taking into account that, by (1.4.2), ¢(h) = h, for all h € H.
Lastly, it remains to show that ¢ is injective. Suppose that # = ¢@(h) = 0. Then, since ¢ is

linear, it follows that
(h,v)i = (h,v)yry = (@(h),v)yry = 0.

Since V is dense in H, for any v € H, there exists a sequence (v,),._; C V such that v, — v

strongly in V, Moreover, for every n € N,
<E7 Vn>V’,V = (ha Vn)H =0.

From the continuity of both the mapping ¢ and the inner product (-, )y it follows that

(h,v)yry = (h, hm vn>vx y = lim (h,v,)yry
n—soo

= lim h( YWn(x)dx = 1im 0

n—oo n—oo

—/ h(x) lim v, (x dx—/h(x)v(x)dx.
n—soo Q

forallveV=H. Asa consequence of Hahn-Banach Theorem, second geometric form, it
follows that & = 0. Therefore, ¢ is injective.
O

Remark 1.4.1. By Proposition 1.4.1 it follows that we can identify ¢(h) = h with h, in the

sense that H CV'. Hence, the following relations are valid:

(hyv)yvry = (h,v)H (1.4.5)



1.4 Gelf’fand Triple 30

forallveV and h € H; and

[1Allv:< ||, (1.4.6)

where ¢ > 0 is the constant obtained in the continuous embedding V — H. Hereafter, we shall

understand the evolution triple V. C H C V' as described above. Therefore:

(i) sinceV is dense in H and the embedding V < H is continuous, we have that H' < V' is

a continuous embedding,

(ii) by the Riez-Fréchet Theorem, we can identify the real Hilbert space H with its dual H',

and hence H — V' is a continuous embedding;

(iii) since V is a reflexive Banach space, it follows that H' is dense in'V', and hence H is

. /!
dense inV'.

To ensure the completeness of this work, let us prove the claims above.

(i) Since
VCHCV

is a evolution triple, V is dense in H and the embedding V — H is continuous, then there

exists a positive constant ¢ such that

luller< cllully (1.4.7)

forallu V. Let ¢ €Y' be given. Then @ is a continuous linear functional; in particular,

@ is bounded. Moreover, he have that

‘<‘Pah>H/,H’
||(P||H/: sup < oo,
heH HhHH
x#£0

hence

(@, 1) | < ||| @]

forall h € H. Due to (1.4.7), it follows that
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(@, ) 1| < cll@llmlx]lv- (1.4.8)

Let ¢ € H' be the restriction of the functional ¢ € H' toV C H. We claim that ¢ € V'.
In fact, from (1.4.8) it follows that

(@, h)yr v | < cll@llar|hllv (1.4.9)

forall ¢ € H', once @ly we have ||@|| = |||y, and (@,x) g =0, for every h e H\ V.

Moreover,

(@M g = (P, My v, (1.4.10)

forall h €V, and, from (1.4.9)

[@lly < cllollm (1.4.11)

forall € H'.

It remains to prove that if ¢ = 0 then ¢ =0, i.e., the restriction mapping

F:-H — V
B (1.4.12)

¢ — Flo)=9
is injective. Notice that, since V is dense in H, given h € H there exists a sequence
(hn)j—y C V such that h, — h and (@,h,)y1y = 0. From the continuity of ¢ € H' we
have that (@, h,)yy =0, for alln € N, and

0= ,}1_I>T<}O<‘Pahn>H/,H = <§07 lim hn>H,7H = (@, My

n—oo

forall h € H. Hence, ¢ =0, which implies that the mapping (1.4.12) is injective, and
from (1.4.11) follows its continuity. As a consequence, every ¢ € H' can be identified
with some @ € V', and in this manner we have that H C V' and the embedding H ey y!
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(ii)

(iii)

is continuous. Moreover, by identifying ® = F (@) with @, it follows from (1.4.10) and
(1.4.11) that

(0,1 g = (@, 1)y y s (1.4.13)

orall x €V and for all o € H', and
fe ¢

lollv< cllolla, (1.4.14)

forall o € H'.

Recall that the Riez-Fréchet Theorem states that for every ¢ € H' there exists a unique
f € H such that

<(p7f>H/7H = (f?v)H7

forallv € H. In particular, the mapping

T:-H — H
u — T,:H—>R (1.4.15)
Vi (Tu,v>H/7H,

where (Ty, V) y = (u,v)n, for all v € H is an isometric isomorphism. Thus, identifying
H with its dual H', it follows from (i) that

H=H <V,

and the embedding is continuous,

Let us suppose that H' is not dense in V'. Thus, PTH'”V/ is a closed proper linear subspace
of V'. By a consequence of the Hahn-Banach Theorem, first geometric form, there exist a
continuous linear functional f € V" such that {f, (P>V”,V’ =0, forall ¢ € H', with f % 0.
On the other hand, since V.C H C V' is an evolution triple, V is a reflexive space, and

there exists X € V such that

(fs@)ynyr = (D)1 y
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forall @ € V'. It follows from (1.4.13) and the definition of f € V" that

(£ @)y = (@, %)yy =0,

forall ¢ € V'. Since V.C H, we have that ¥ € H and <(p,)Z>H/,H =0, forall ¢ € H' ie,

X=0, and hence f =0, a contradiction. []

We end this chapter with the following definition and the subsequent proposition will play

a central role in the treatment of evolution equations.

1 1
Definition 1.4.2. Consider a Gel’fand triple V< H — V', 1 < p < oo with —+—-=1. We
P g

define the Sobolev-Bochner space W'"P4(0,T;V,V') as the set
d
whra(0,T,v, V') = {u € L?(0, T;V)’d—? € Lff(o,T;v’)} (1.4.16)

endowed with the norm

du

— 1.4.17
T ( )

il o= lllorioravy + ' |
L9(0,T:V")

d
Remark 1.4.2. In Definition 1.4.2 the derivative d—l: is to be undertood as a weak derivative.

Proposition 1.4.2. LetV < H < V' be a Gel’fand triple, 1 < p < oo, ll7+é =1and 0 < T <oo.
(i) Wl’p’q(O, T;V,V'")) is a Banach space with norm given by (1.4.17);
(ii) the embedding W'P4(0,T;V,V') < C([0,T];H) is continuous;
(iii) the set of all polynomials w: [0,T] — V, w(t) = Zaiti, with a; € V is dense on
LP(0,T;V), LY(0,T;H) and W'P4(0,T;V,V'); |

(iv) given 0 <s <t < T the following integration by parts

((t),9(1)) y — (u(5),v(5))y = /st <<%,v(’c)>wv+ <%,u(r)>w> dr, (1.4.18)

holds for every u,v € WHP4(0,T;V,V").

Proof. For a proof of this result, see [18] or [20] O]



Chapter 2
Fractional Sobolev Spaces

In this chapter we introduce the concept of Fractional Sobolev Spaces, the fractional Laplacian

operator and the associated eigenvalue associated with such operator.

2.1 A Brief introduction to Fractional Sobolev Spaces

We now present one of the most fundamental and important function spaces for this work.
Together with the Sobolev-Bochner and Bochner spaces, it will form the foundation for the
developments that follow.

Let Q Cc RY ,N>1,1< p <. We already seen that, for m € N, the classical Sobolev
space is defined by the set

WmP(Q) ={uelP(Q)| D%u € LP(Q),Va : 1< |a|<m}, (2.1.1)
endowed with the norm

lullwmry=Y, D%, Yu € W"P(Q). (2.1.2)

0<|al<m

We are now led to the following question: given s > 0, s ¢ N, it is possible to define a space
W?¥P(Q) in the same fashion as W"”(Q)? The answer is affirmative, and the construction
of such a space - known as the fractional Sobolev Space - will now be presented. However,
as we shall see later, these spaces will not be sufficiently suitable for the development of the

subsequent theory. Therefore, this presentation will not be carried out in depth.
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Definition 2.1.1. Lers € (0,1),1 < p <ooand Q C RN | N > 1, be an open set. We define the
fractional Sobolev Space W*P(Q) as the set

WP (Q) = {ueLP(Q) : w ELP(QXQ)}, (2.1.3)
xX—y|r

endowed with the norm

1/p
||M||WS,P(Q):: (Hu”ip(g)—}_[u]l‘))vvp(g)) 9 (21.4)
e () — u(y)P?
. u(x) —u(y
[Wlwsr() = ( A o dxdy), (2.15)

is Gagliardo seminorm of u.

Suppose now that s > 1, s ¢ N. Notice that s can be written as a sum of integer part m € N
and a fractional part ¢ € (0, 1), in the following form: given s > 1, s ¢ N, set m := |s], i.e., m
is the greatest positive integer such that m < s. Next we set 0 = s —m. Hence, s = m+ o, with
meN, m>1and o € (0,1). Using this decomposition, we can define the fractional Sobolev
space WP (Q) as follows:

Definition 2.1.2. Let @ C RY be an open subset, s > 1, s ¢ Nand 1 < p < oo. We define the
fractional Sobolev space W*" (Q) as the set

WHP(Q) = {u € W™P(Q) | D% € WOP(Q), Vo : 1 < |a|< m}, (2.1.6)

endowed with the norm

1/p
Jullysoey= (\|uué’vm,p(g>+ y HD“qumJ Suew(Q), QL)

la|=m
where s =m—+ o, withm>1,m € Nand o € (0,1).

As in the case of classical Sobolev space, we have the following theorem
Theorem 2.1.1. Lets > 0,5 ¢ N, 1 < p < oo and Q C R open. Them:

(@) (WP(Q),||llwsr(q)) is a Banach space;
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(b) Cg"(RN)H.”W‘Y’pmN) = WSP(RN), i.e, every function in WP (RY) can be approximated by

a sequence of smooth, compactly supported functions in RY.
Proof. A proof of this result can be found in[14] L]

In contrast with item (b) of Theorem 2.1.1, and similarly to the case of classical Sobolev
spaces, given an open set Q C RY | in general C7°(Q) is not dense in W*”(Q). Such fact

motivates the following definition

Definition 2.1.3. Let s > 0,5 ¢ Nand 1 < p < oo. Given an open set Q C RY, we define the
space Wy''' (Q) as the clousure of C(Q) in WP (Q), i.e,

Wr() = Co@) e, @18)

It is also worth noting that, although we require s > O in the definition of fractional Sobolev
spaces, we can also define spaces of the form W*?(Q) with s < 0. To that end, let us consider

the following

Definition 2.1.4. Given s <0,s ¢ 7Z, 1 < p < o0 and an open set Q C RN, we have
/
WSP(Q) = (WJ”’(Q)) , (2.1.9)

I 1
i.e, WP (Q), for s <0, is the topological dual of W™>P(Q), where —+ — = 1.
P 4q

Remark 2.1.1. Note that in Definition 2.1.4 the space W, **(Q) is defined as the dual of
W, P (Q), where 6 = —s > 0. In particular, we do not introduce W, *"(Q) as a new space, but

merely as a notational convention for the dual of a Sobolev space of positive order.
Proposition 2.1.1. Let Q C RY be open, and let 1 < p < oo. The following holds:

(i) if 0 <5 <s<1, then W"P(Q) — Wsl’p(Q), that is, there exists a positive constant
c1 =ci1(N,s, p) > 1 such that

HMHWSW(Q)Scl””“ws’,p(g) (2110)

forall u € W*'» (Q).
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(i) if 0 < s < 1 and Q is a Lipschitz domain with bounded boundary, then W1 (Q) —

W*P(Q). Hence, there exists a positive constant ¢y = c3(N,s,p) > 1 such that

||”||Wf«ﬁ(g)§ C2||M||w1,p(g), (2.1.11)

forall u € WP (Q);
(iii) if s > s > 1 and Q is a Lipschitz domain , then W* 7 (Q) = WHP(Q).
Proof. For a proof, see [14] ]

As state at the beginning of this section, the treatment of the spaces W*”(Q) presented here
will not be extensive or in-depth, since these spaces are not sufficiently suitable for the problem
we will study. For the interested reader, we recommend the book [14] which provides a more
thorough treatment of these spaces.

Let us now proceed with the presentation of the definitions, properties, and results concern-
ing the fractional Sobolev space that will be more suitable for our work. Before that, however,

the following auxiliary definition is necessary:

Definition 2.1.5. Let s € (0,1). We define the Sobolev space H*(RY), N > 1, as the set

1 (RY) 1= {u € 2RY) | [u]y gy <} (2.1.12)

1/2
with the norm |[ul| s gny:= <||u"i2(g)+[u]%{2(9)> , where
1/2
Ju(x) —u(y)?
[M]HS(RN) = (/RNXRN mdxdy (2113)
is the Gagliardo seminorm of u.

For the development of the subsequent theory, we are interested in a subspace of H S(RN ).
Namely, we are interested in the space of all functions in H* (RN ) whose support is contained

in the open subset Q C RV,

Definition 2.1.6. Given an open set @ C RN and s € (0,1), we define
H)(Q) ={uc H*(R") |u=0, ae. inR¥\ Q}, (2.1.14)

and we denote (Hj(Q))" .= H5(Q).
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Proposition 2.1.2. Let Hj(Q) be as in the Definition 2.1.6. Then,

(a)
_ Cns (u(x) —u(y)) (v(x) —v(»))
E(u,v) = 2 Jevopn o y Vs dxdy, (2.1.15)
where
S22s1—*(NJ£2s)
g=—2 (2.1.16)
" 2B )

is a inner product in Hy(Q).

(D) the expression

CNv 1/2
||M|IH5(g)r=( 2"> [1] s vy (2.1.17)

defines a norm in Hy(Q) which is induced by the inner product (3.2.1).
(c) (Hy(Q),E(-,-)) is a Hilbert space. In particular, <H5(Q) : H~HH5(Q)> is a Banach space.
Proof. For a proof see [14] O]

We are interested in constructing a Evolution triplet of the form
H3(Q) C L*(Q) Cc H*(Q). (2.1.18)

Remembering the definition of a Evolution Triplet, we must show that
(i) <H(§(Q) -l Hg(Q)) is a real, reflexive and separable Banach space;
(i) (LZ(Q) () Lz(9)> is a separable Hilbert space, and
(iii) the embedding Hj(Q) — L*(Q) is continuous and dense.

Notice that, the condition (ii) is immediate, since for every p € [1, o), L”(Q) is separable, and

LZ(Q) is a Hilbert space endowed with an inner product given by
(,v)12(0) ::/ u(x)v(x)dx. (2.1.19)
Q

The fact that (H()v ), Il HS(Q)) is a reflexive Banach space follows directly of the fact that
(H§(Q), £(-,-)) is a Hilbert space. It remains to show that the embedding H3(Q) — L*(Q)

is continuous and dense in L?(Q), and that Hj(Q) is separable. Let us prove that, in fact,
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the embedding H(Q) — L*(Q) is continuous, For this purpose, we consider the following

lemmas:

Lemma 2.1.1. Let s € (0,1), N > 25 an Q C RY be an open and limited subset with dQ € C°.
Let {u,}_; C H3(Q) be a bounded sequence. There exists u. € L (RY) such that, up to
subsequences,

U] = Ueo, in L*(Q)

as j — oo, forany v € [1,27).
Lemma 2.1.2. Ifs € (0,1) and N > 2s, then

(a) if Q is such that 9Q € C°, then
HS(Q) < LY (Q), (2.1.20)

that is, the embedding of Hy(Q) into LY (Q) is compact for every v € [1,2});
(b) the embedding
H(Q) — L% (Q)
LS continuous.
The results presented in Lemma 2.1.1 and Lemma 2.1.2 show us that the embedding Hj(Q) —
L*(Q) is, indeed, continuous since 2F > 2. To see that Hj(Q) is dense in L*(Q) we proceed as

follows: first, notice that C:°(Q) is dense in L?(€). On the other hand, C°(Q) is a subspace of

Hy(Q2). Hence, we have the following chain os inclusions

2 2 2
e =c@ “cm@ cr@" Y =12 2.121)

The result concerning the separability of Hy(Q) is show in section Section 2.3 since we

need the definition of the Fractional Laplacian Operator.

2.2 The Fractional Laplacian Operator

Last but not least, we present the definition of the Fractional Laplacian operator, denoted by

(—A)*’. We began by recalling the definition and some properties of the so-called Schwarts
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space. Let o € NV be a multi-index, that is,

o= (o, -,0n), 0 €N, VieN. (2.2.1)
Givenx € RN, x = (x1,---,xy), we define x* as
x® = x g (2.2.2)

Given a function f : RY — R, we say that f decays rapidly if, for all multi-index o € NV, we
have that

x*f(x) =0, as ||x||gy— o. (2.2.3)

Definition 2.2.1. Given N > 1, define

p
S (RN = {g €eCr(Q) | Va, B € NN,x“aa—ﬁ — 0, as ||x||gv— oo} . (2.2.4)
x
with a norm
P (x
o= 50 v ) 025
al |BI<

we call this pair <5”(RN) e ||y(RN)> a Schwartz space.

Notice that if a function u belongs to .#(RY), then the function itself, as well as all its
partial derivatives of any order, decay rapidly at infinity. A classical example of such a function

is the Gaussian

). (2.2.6)
Indeed, for every k > 0,
xf(x) =xe ™ = o(]x| ) as x| oo. (2.2.7)

With the aid of Definition 2.2.1 we can introduce a topology on .7 (RN ) as follows:

Definition 2.2.2. Given a sequence (§)7_, C .7 (RY), we say that (¢) converges to ¢ €
S (RN), if and only if, for all multi-indexes o, € NV,
a0 0Py

dxB X axB

(2.2.8)
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uniformly for all x € RY, that is, if and only if
[0k — @l vy — 0, as k — oo. (2.2.9)

Proposition 2.2.1. Let o, B € NV, and 1 < p < oo. The following holds true:

B
(a) ifp € S(RY) = xaaaq)éx) c.ZRY),Va, B eNV;
x

(b) . (RY) c LY(Q) and there exists a constant Cy > 0 such that 10111 ¥y < Cn (|9 |v1
(c) S (RN) = LP(RY), Vp € 1, 0);
(d) C2(RN) = .7 (R").

Once the Schwartz spaces have been established, the fractional Laplacian operator can be

rigorously defined:

Definition 2.2.3. Let s € (0,1) and N > 1. We define the Fractional Laplacian Operator (—A)*

as follows

(-A)*: SRYY — LXRV)

(2.2.10)

u —  (—A)’u

e (u(e) — u(y)

A . u(x) —u(y N
—A)’u:= lim C ———==dy, x e R", 22.11
(=AY en0r " Jampge) eyt T ( )
and Cy s is a positive normalization constant given by
. 1—005(771) - / / N—1

Cns = (/RNWWI ;n=(m,n"),n eR""". (2.2.12)

Remark 2.2.1. It is worthwhile mention that the definition of the Principal Value is the
following:

(u(x) —u(y)) : (u(x) —u(y)) N
py [ WO ZHY) 4oy WO =) gy x e RV,
RV |x—y|Nt2s YT o RM\B(x,e) |x—y|Vt2s o

In this dissertation the previous identification is used without mention.
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2.3 Spectral Theory of the Fractional Laplacian Operator

For the result concerning separability, we consider the following eigenvalue problem for the

fractional Laplacian Operator

(—A)’u=Au, inQ,

o 23.1)
u=0, inR"\Q.

where s € (0,1), N > 25 and Q C R" is a open and bounded subset. It is possible to show

that there exists a sequence (A;)ren Of eigenvalues of problem (2.3.1), with corresponding

eigenfunctions (& )xen, which forms an orthonormal basis of L?(Q) and of H3().
Concerning the principal eigenvalue, namely the smallest eigenvalue of problem (2.3.1),

and the corresponding eigenfunction, we have the following result:

Proposition 2.3.1. Let @ C RY be an open and bounded subset, s € (0,1), and N > 2s. The
following holds:

(i) the problem (2.3.1) admits a positive eigenvalue Ay which is characterized by

2
A= i / Md d 232
! ug%é?ﬂ) RVxRN  |x — y|V+2s xey ( )

HMHL2(Q):1
_ 2
/N N’L](xz yzb\tfiyz)s’ dxdy
‘= min RTRT Y ; (2.3.3)
ueHs (Q)\{0} /|u(x)|2dx
Q

(ii) there exist a strictly positive eigenfunction & € Hy(Q) corresponding to the eigenvalue

A1, which attains the minimum in (2.3.2), i.e., ||& HLz(Q): 1, and

_ E1(x) — & (n)? ,
)Ll_/RNXRN oy (2.3.4)

(iii) if u € Hy(Q) is a solution of

(u(x) —u(y))(@(x) — 9(y)) _
/RNX]RN |x — y|N+2s dxdy =X /QM(X)(D(X) dx, (2.3.5)

for every ¢ € Hy(Q), then u = 6&, with 6 € R. In other words, A is simple.
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Proof. See [14] for a proof. L]

In fact, we have a more general result concerning not only the principals eigenvalue and

eigenfunction, but all the eigenvalues and eigenfunctions for the fractional Laplacian Operator:
Proposition 2.3.2. Under the hypothesis of Proposition 2.3.1 the following assertions holds:

(i) for the problem (2.3.1), the set of eigenvalues is given by (A)ren with

0<Ah <<l <A<y < (2.3.6)
im Ay — oo 23.7)
k—>oo

and, for every k € N, they are characterized by

2
Ay = i / Md d 238
k uglIF’lkIL RVxRN  |x— y[NT2s xdy ( )
”uHLZ(Q):l
_ 2
/N N |u|(X) |1L\t’S-);2)s| dXdy
= min B XY , (2.3.9)
u€P1\{0} /|u(x)|2dx
Q
where Py 1 is a subspace of Hy(Q2) given by
Prr1 ={u € Hy(Q) | (u,ﬁi)Hg(Q) =0,Vi=1, -k} (2.3.10)

(ii) given any k € N there exists an eigenfunction & | € P | corresponding to A1, and

it ||L2(Q): 1 and

which attains the minimum in (2.3.8), i.e,

_ [Sir1 () = &1 )
M= [ oy 23.11)

(iii) the set of eigenfunctions {&; }ren C Hy(Q) corresponding to the sequence of eigenvalues
{ M }xen is a orthonormal basis both for L*(Q) and for H3(SQ).

(iv) the multiplicity of each eigenvalue Ay is finite. In other words, if Ay is such that

Mot <M== A < Mo, (2.3.12)
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for some r € N, then the set of all eigenfunctions corresponding to A is given by
span{&y, -+, Skir}- (2.3.13)

Proof. See [14] for a proof of this result. ]

From Proposition 2.3.2 (iii), we have that
span{&; |€ N}”'”Hé(“) = H3(Q), (2.3.14)

hence, in fact Hj(Q2) is a separable space. Since Hy(€2) is a separable, reflexive Banach space,
its dual (Hj(Q))' = H*(Q) is also a reflexive, separable Banach space, Thus, from what was

presented above, the chain of inclusions
HY(Q) C L*(Q) Cc H*(Q) (2.3.15)

is a Gelf’and Triplet.
Having defined all the necessary tools for the study of our problem, we now establish
our working framework. We will consider the Bochner space L*(0,T;H(Q)), which, by

Proposition 1.2.1 is a separable Hilbert space with inner product given by
(V) 12(0,7:115(0)) = /fo’ (u(-,1)),v(-1))) dt. (2.3.16)

By Proposition 1.2.3 and Remark 1.2.3 its dual space is identified with L?(0,T;H*(Q)) and
the duality paring is given by

T
<g*7u>L2(0,T;H—S),L2(0,T;H(§) :/0 <g*<t)7”(t)>H*S,Hg dt, (2.3.17)
for all u € L*(0,T : H{(Q)). Assuming  C R" open and
Y = 12(Q),V = Hy(Q)

an adaptation of Lemma 1.2.1 tell us that for every g € L2(Qr), Or = Q x (0, T), there exists
a linear functional g* € L*(0,T;H *(Q)) such that

(8" (1), )+ gy = /Q &(x,)ux, 1) dx, (2.3.18)
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a.et € [0,T], and the embedding L*(0,T;Hj(Q)) < L*(Qr) is continuous. As a Gel’fand
triple we use
HY(Q) — L*(Q) — H%(Q)

and we consider the Sobolev-Bochner space
d
w220, T; Hy(Q),H *(Q)) := {u € L2(O,T;H5(Q))‘d—? € L*(0, T;HS(Q))} (2.3.19)

endowed with the norm

du

— 2.3.20
7 ( )

wllwr220. 715 1-5y= lull 200 728 +’
(OTHGH™) (O.T:H) [2(0,T:H5(Q))



Chapter 3

Existence and Uniqueness of Solution for a

Linear Parabolic Problem

3.1 A Comparison principle for a Linear Parabolic Problem

Let us define the following auxiliary linear parabolic problem

u+ (—A)’u+ku= f(x,t),in Qr :=Q x (0,T)
u(x,t) =0, on (RV\ Q) x (0,T), (L.P.B)
u(x,t) =up, inQ,
where s € (0,1) and Q C RV is open and bounded, N > 1 and k > 0 is a real parameter. Our
focus lies on establishing results regarding the existence and uniqueness of solutions to this
problem. To this end, we shall make use of a Comparison Principle, as the underlying strategy

is based on the Method of Sub- and Supersolutions. Prior to this, however, it is necessary to

introduce certain definitions and preliminary results.

Definition 3.1.1. Let us consider uy € L*(Q) and k > 0. We say that a function
weWh2(0,T;Hy(Q),H*(Q))

is a subsolution of finite energy of the linear parabolic problem (L.P.B) if and only if

1. feL*(0,T;H*(Q)),
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2. the inequality
T T T T
/ <”taV>H—SH3 dt+/ & (u,v) dt+k/ (u,v);2 dtg/ <f(x,t),v>H_sH8 dt
0 ' 0 0 0 ’

holds for all nonnegative function v € L*(0,T;H}(Q)), and

3. u(x,0) < ug a.e in Q, where u(-,0) = lim u(x,r) in L*(Q).

t—0*

Analogously, one can define a supersolution of finite energy for the linear parabolic problem

(L.P.B) by replacing the conditions (2) and (3) in Definition 3.1.1 with the following conditions

2’. the inequality

T

T T T
/O (e V) s gyl + /O £ (u,v) dr +k /O (u,v) 2 dt > /O (FGet).V) s s

holds for all nonnegative function v € L>(0,T; H3(Q)), and
3" u(x,0) > ug a.e in Q, where u(-,0) = lim u(x,t) in L*(Q).

t—0*

Definition 3.1.2. Ler uy € WH*2(0,T:HJ(Q),H *(Q)) and k > 0. We say that a function
u e WhH2(0,T; H3(Q),H *(Q)) is a solution of finite energy (or simply a solution) of the
parabolic problem (L.P.B) if and only if

(i) uis a subsolution of the lineear parabolic problem (L.P.B);
(ii) u is a supersolution of the linear parabolic problem (L.P.B), and
(iii) lim [[u(-,1) = uol[2(0)= 0.
Proposition 3.1.1. Ler w € W'22(0,T; H{(Q),H *(Q)). Then

(I~ () B2y 1w~ Oy )
(3.1.1)

| =

' B dr = [ L di =
_/0 <Wt7w >H_S,H(‘§ l_E/O EHW ||L2(Q) =

Proof. Refer to [19], Lemma 3.3, adapting it to the case V = Hy(Q2). O

Remark 3.1.1. The importance of Proposition 3.1.1 relays on the fact that, in general, if u and

i are sub- and supersolutions, respectively, of (P}), it is not true that w~ := —min{ii —u, 0}
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is an element of W>2(0,T;H}(Q),H *(Q)). Hence, it will not be possible to apply the
Integration by Parts

2 d d
(u(12),v(12)) 12 () — (u(t1),v(11)) 12(0) :/t <<d_?’V>Hs HX+ <d_?’v>Hs HS) dt.
- 7 312)

Proposition 3.1.2 (Comparison Principle). Suppose that fi, f> € LZ(O, T;H *(Q)), where
T

/0 (f> —f1,¢)>Hﬂ’H6 dt >0, for all nonnegative ¢ € L*(0,T; Hy(Q)), and let ug, , ug, € L*(Q)

be such that ug, < ug, a.e. in Q. Ifu, @€ W">2(0,T; HJ(Q),H *(Q)) satisfies

[ gt [ £ o) etk [ o)y de < [0yt 313)
0 Uy H~S Hj§ 0 u, 0 Y /L2(Q) = Jo ’ H‘,HO

with li%l+ [u(t) — uo, || 2(q)= 0, for all nonnegative test function ¢ € L*(0,T;H3(Q)), and
t—

/T@ 0 sdt+/T8<ﬁ¢)dt+k/T<ﬁ¢>z dr>/T<fz O gt (31.4)
0 'Y /H=S Hj 0 ) 0 VL2 (Q) 4 = 0 » Y /H™* Hj

with lirg}rHﬁ(t) — ug, || 12(@)= 0, for all nonnegative test function ¢ € L*(0,T;Hy(Q)), then
-

u<ua.einQr.

Proof. As a test function, we consider w™ := —min{# — u, 0}. As mentioned in Remark 3.1.1,
in general w~ ¢ W'22(0,T;H§,H °(Q)), and therefore (3.1.2) cannot be applied. We shall
overcome this difficulty by employing the integration by parts formula provided in Proposi-

tion 3.1.1. Let us take ¢ = w™ as a test function and let us define
wi=u—u,y:=fr—f1,w = up, — U, - (3.1.5)

Subtracting (3.1.3) from (3.1.4) and using (3.1.5), we obtain

T

T T T
/0 <W“W7>H*S,H5‘ dt+/0 5(W,W7) dt+k/0 (w,w*)y(g) dtz/o <W’W7>H*S7H5 drt.
(3.1.6)

Using (3.1.1) on the first integral on the left, and noticing that

w(0) =u(-,0) —u(-,0) = up —up =0
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we obtain

T - 1 B 5 PR 1 . 2
/0 (0w e gy = = <||w ()2~ Iw (o)HLz(Q)) =— (||w (T)HLZ(Q)) <0.

Let 0, v be a given functions, and define 6~ := —min{6,0} and Yy~ := —min{y, 0}. Then
O-7)(O" —y)<—(6"—-7v) (3.1.7)
0-6-=—(67)% (3.1.8)

Applying (3.1.7) to the integral involving the energy term in (3.1.6) follows that

Cn,s (W) =w) (W™ () =w™(y))

g ) = = dxd
(W’W ) 2 JRN RN ‘x_y|N+2s ray
Cn s (W™ (x) —w~ ()
: dxd 3.1.9
ST ey oy xdy (3.1.9)
and hence
T B oo,

/0 E (w,w )dtg—/o |w ||H02(Q)dt§0. (3.1.10)

As for the integral involving the inner product in L?(€2), observe that, from (3.1.8)

T T T
k/ / ww™ dt = —k/ / (w™)?dt = —k/ W™ 720 @2 <0, (3.1.11)
0 JQ 0 JQ 0

from which follows that ;
k/o 1w 172 dt = 0. (3.1.12)

Combining (3.1.6), (3.1), (3.1.10), (3.1.12) and the hypothesis that

T
/0 <W7¢>H—s’1-1(§ dt >0
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for all nonnegative ¢ € L>(0,T; Hj(Q)), we obtain

T T
T T T
S/O <WI>W7>H<Y JHS dt"’/ S W>W7) dt—/o <W’W7>H7S Hy di

1 _
< gy [ gy = [ (0w
<0. (3.1.13)

T
It follows that / lw™ ||i2(9) dt =0 and hence w~ =0a.e Qr, i.e, u(x,t) —u(x,t) > 0 for a.e
0
()C,l) S QT O

3.2 The Associated Cauchy Problem

In order to establish a result concerning the existence and uniqueness of solutions to the
linear parabolic problem (L.P.B), we shall rely fundamentally on its generalized formulation.
Let v € Hy(Q) be a test function. Multiplying the differential equation in (L.P.B) by v and

integrating over ), we obtain

du s B
/ngdxjt/ﬂ((—A) u)vdx—l—/guvdx—/gf(x,t)vdx. (3.2.1)

Observe that, by definition of the distributional derivative, if follows that

d du du
E (M,V)LZ(Q) 81‘ d < dl’ 7V>H_S7H6 . (32.2)

Moreover, the integral involving the fractional Laplacian operator can be rewritten in terms of

the Energy inner product as

/ (=AY u)vdx = & (u,). (32.3)
Q

Since f € L*(0,T;H*(Q)), by Remark 1.2.3, there exists a function f € L?>(Qr) which, by
abuse of notation, will be denoted by f, such that

SOV s gy = /Q Fe,) v(x) dx. (3.2.4)
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From (3.2.2), (3.2.3) and (3.2.4), equality (3.2.1) can be rewritten as
du ;
Rk +(Au(t)),v) s gs = (FE);V) s s, Vv € Hy(Q), (3.2.5)
t H7S7H6 00 00

where A is an operator defined by

AHY(Q) — H(Q)
ult) — A(u(r)):Hy(Q) - R (3.2.6)
v (AO)), Va5 e
with
() V) i g :=S(u(t),v)+k/Q(u(t),v)L2(Q) dx. (3.2.7)

Hence, from (3.2.5) we obtain the generalized problem, also know as Cauchy Problem, associ-

ated to the auxiliary linear parabolic problem (L.P.B), given by

L A) = 1(0), ae 1€ 0.7), (3.2.8)
u(0) = uo,

where the operator A is as defined in (3.2.6) and (3.2.7).
Let us now study the Cauchy problem (3.2.8).

Definition 3.2.1. A function u € W'22(0,T;H§(Q),H *(Q)) is called a strong solution of
(3.2.8) if the first equation in (3.2.8) holds in H*(Q) and the initial condition u(0) = ug holds
in L*(Q).

The next result concerns the existence of a strong solution for the Cauchy Problem (3.2.8)

and through it we will prove the existence of a finite energy solution for the problem (L.P.B).

Theorem 3.2.1. Let A : V — V' be a pseudomonotone and coercive operator;, f € L1(0,T;V’)

and u € H. Suppose the existence of a continuous increasing function 4 : R — R such that
AW [lv< G (Ivla)(1+[vlv), Vv e V. (3.2.9)

Then, the Cauchy Problem (3.2.8) has a strong solution u € W1’2’2(O, T;V,V').

Proof. See [18], Chapter 8, Theorem 8.9, page 209. [l
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An important fact related to the subject is that every strong solution of (3.2.8) is also a

solution of finite energy of the parabolic problem (L.P.B).

Lemma 3.2.1. Let f € L*(0,T;H*(Q)). If u € Wh>2(0,T; H}(Q),H *(Q)) is a strong
solution of the Cauchy problem (3.2.8), then u is a solution of finite energy of (L.P.B).

Proof. Suppose u € W'22(0,T;H3(Q),H *(Q)) is a strong solution for (3.2.8). Let v €
L*(0,T;H*(Q)) be an arbitrary test function. From (3.2.5) we obtain

<Z—l:,v> H{AW)) V) g gy = OV gy s ae 1€[0,T), (3.2.10)
H=S H}

Integrating over ¢ and using the relation ((3.2.2)), it follows that
' au dt + ! A dt = ' d 3.2.11
,V t / ut)),v)g-s gs t—/ 1),V)g-s ys ar, 2.
/0 <dt >HS,H5 0 (A(u(?)) >H JH 0 (f(t) >H JHj ( )

which is equivalent to

T /du T T T
/O <E,V>Hw8 dt+/0 € (u,v) dt +k/0 (1,9) 2y i = /O (0¥ g .
(3.2.12)
for all v € L*(0,T; H3(Q)). In particular, (3.2.12) holds for every nonnegative test function
¢ € L*(0,T;H3(L)). Moreover, since the initial condition in (3.2.8) is fulfilled in L>(Q) and
the embedding
wh22(0,T; H3(Q),H*(Q)) — C(0,T;L*(Q))

is continuous, it follows that

Jim (1) = uoll 2 ()= [14(0) — uo|| 2 ()= 0, (3.2.13)
and u is a finite energy solution of (L.P.B). [

Notice that Lemma 3.2.1 only establishes the existence of a finite energy solution of (L.P.B),
but does not provide any information about the uniqueness of such a solution. To obtain such a

result, we need some definitions and auxiliary results.

Definition 3.2.2. Let V be a separable and reflexive Banach space, and let V' denote its dual.

Given an operator
AV =V,
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we say that:

(a) the operator A is pseudomonotone if A is bounded, and whenever u, — u in'V with

limsup (A (ug), ur — u}V,y <0, (3.2.14)

k—roo

then, for all v € V, it holds that

(A(u),u—v)yry <liminf (A(ug), ue — )y y s (3.2.15)

k—yo0

(D) the operator A is monotone if for all u,v €V,
(A(u) —A(v),u—v)vly >0; (3.2.16)
(c) the operator A is radially continuous if the mapping

Vu,ve Vet (A(u+vt), vy (3.2.17)

s continuous.

Following [18], let us consider a Banach space V endowed with a seminorm |. |y, and a
Evolution Triplet
Vs H<=V

in such way that there exists a positive constant C,, € R such that
vilv< Cp(vlv+|v||a), Vv e V. (3.2.18)

Taking into account this seminorm, we have the following definition:

Definition 3.2.3. An operator
A:V =V

is semi-coercive if there exists constants co > 0 and cy,cy > 0 such that
(AG))yry > colulf—er ullh—ca. (3:2.19)

forallu eV, for some 1 < g < p < oo



3.2 The Associated Cauchy Problem 54

Considering the definitions above, the next two results will be essential for establishing the

existence and uniqueness of a strong solution problem (3.2.8).

Lemma 3.2.2. Every operator
AV =V

which is monotone and radially continuous satisfies the following condition: if up — u weakly

inV, and limsup (A (ug),ugx — u)yr y <0, then (A(u),u—v)y , < lilgninf (A(ug), ug —v)yr y. In
k—>°° ’ ’ —>00 ?

particular, every monotone bounded radially continuous operator is pseudomonotone.

Proof. Consider a sequence (u);—; € V,u € V such that uy — u weakly in V. Suppose

additionally that

limsup (A (ug),ux — u)y, <O0.
k—so0 ’

Since A is monotone, we have

(Aug),ux —u)yry > (Au),ug —u)yry — 0 = liminf (A(u),ux —u)yry > 0. (3.2.20)

k—soo
Since
0< li]gii}ﬂA(u),uk —u)yy < liiris:p (Au),ux —u)yry <0,
it follows that
kh_)rrolo (A(u),uy — u>V,’V =0. (3.2.21)
Fix € > 0 and take
ue =(1—€ut+ev,u,veV. (3.2.22)

It follows that

= € (Au),u—v)yry + (Aug),ux — uyr y — € (Aue),u—v)yry — (Alue), ux — u)yr y -

E(A(ug),u—v)yry + (Au), ue — u)yr y — €(A(ue),u—v)yry — (Aue), ug — )y y > 0.
(3.2.24)
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From which follows that

€ (A(ug),u— V>v/,v > € (A(ug),u— V>v',v + (A(ug ), ux — ”>V/,v — (A(ue), ux — ”>v’.,v :
(3.2.25)
Taking the limit as k — oo on (3.2.25) and using (3.2.21) we obtain

i - 1y 2 - iy — i - /
%gl}oe(A(uk),u Viyry 2 E(A(ue) u—v)yry ,}g?o<A(“k)auk Viyry

+ lim (A(ug ), ux — u)yry = €(A(ue),u—v)yry, (3.2.26)

k—>o0

where we use (3.2.21) and the fact that u; — u weakly in V. It follows that

lilfninfs (Aug), u—v)yry > €(A(ug),u—v)yry
—yo0 ’ ’

and with € > 0, we have

lilfninf<A(uk),u —V)yry = (Aue), u—v)yy
—yo0 ’ '

= (A((1—€&)utev),u—v)yy (3.2.27)
= (Au+e(v—u),u—v)

Using the fact that A is radially continuous and taking € — 0 in (3.2.27)

liminf (A —V)yry > lim (A —)),u—v)y,
iminf (A(ug),u—v)yy = im (A(u+e(u—v)),u=vjyy

= <A(u+lim6(u—v)),u—v> (3.2.28)
V'V

e—0

= (A(u).u—V)yry -
Hence,

liminf (A —V)y y = liminf (A U — —V)y
llzggl( (i), k. — )y y 1,?_1>{}.}< (u), ux —u+u—vyyy

= liminf((A(ug), e — )y y + (A(u) 1 = v)yr )

k—boo

= lim (A(ug),ux — )y y + klim (Au),u—v)yry (3.2.29)

k—boo —roo

> (A(u),u—v>v/7v ,Yvev.
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Consequently, if A : V — V' is bounded then A is pseudomonotone. [

3.3 Solution to the linear parabolic problem via the Cauchy

problem

We now state and prove, following [7], the main theorem of this Chapter concerning the

existence and uniqueness of a solution of the linear parabolic problem (L.P.B).
Theorem 3.3.1. If f € L*(0,T : H{(Q),H *(Q)) and uy € L*(Q) then the problem
ur + (_A>Su+ku = f<x7t)7 in Or = QX (O7T)7
u(x,t) =0, on (RM\ Q) x (0,T), (L.P.B)
u(x,t) = uy, inQ,
has a unique solution of finite energy u € W1’2’2(O, T;Hy(Q),H *(Q)).
Proof. In virtue of Lemma 3.2.1 is sufficient to show that the Cauchy Problem

du

o TAW) = f(t), ae t€[0,T),

u(0) = uo,

where the operator A is as defined in (3.2.6) and (3.2.7), has a strong solution.
Recall that the operator A is defined by

A HY(Q) — H(Q), (AW(1))v) g s = € (ult)v) + /Q u(t) v, (3.3.1)

The proof will be carried out in steps.
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Step 1: Let us show that A is monotone. Clearly A is a linear operator. In fact, given u, v € Hj(Q)
and a € R, we have:

(A(u+ OCv),w)Hg g =& (u+av,w) +k/ (u+av)wdx
’ Q

:€(u,w)+k/ uwdx-l—(xé'(v,w)-i-ak/ vwdx
Q Q

:€(u,w)+k/ uwdx-l—(x(é'(v,w)-l-k/ vwdx)
Q Q

= (A(u), W>H3,H“Y +a(A(v), W>H3,H—“'
= <A(u)>W>H6,H*S + <aA(V)7W>H(§,H*S
= (A(u) + OtA(v),w>H87Hfs ,Yw € Hy(Q).
Hence,
A(u+ov) =A(u) +aA(v), Vu,v € Hy(Q).

Using now the linearity of A we obtain

(A(u) —A(v),u— v>H87H_S =(A(u—v),u— v>H57H_s

:€(u—v,u—v)+k/ (u—V)deZ 0, Vu,v € Hy(Q).
Q

Hence, A : Hy(Q2) — H °(Q) is monotone.

Step 2: The operator A : Hj(Q) — H *(Q) is a bounded operator. Indeed, let u, v € Hy(Q) with
v # 0. Then, we have

AG). )y = 1€ () +k [ wvadx
< 1€ (u,v) |+K|(1,v) 2| (3.3.2)
< Il s I g+l 2 1Vl 22

Since the embedding Hi(Q) < L*(Q) is continuous, there exists a constant ¢ > 0 such
that

IVllz200) < clVilmy )
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Step 3:

Step 4 :

for every v € Hy(Q). Therefore, we obtain

(A, ) s s 1< el g0y [V ) e 1l g ) 1V L g - (33.3)
Consequently, for v # 0, it follows from (3.2.28) that

[(A), V) -5(@).H3(@) |

A f-5@)=  sup < (1 4k ullpy)y, — (334)

Mo IVl
for all u € Hy(Q), Thus, A is bounded, as claimed.

Next, we show that the operator A is radially continuous. Let us consider (1), C R

and ¢t € R such that t,, — ¢, as n — o. Notice that:

(A(u+vty), V)H*S,Hg = E(u+vtn,v) +k(u+vin,v)12(q)
=& (u,v) +k(u,v)2q) +t€ (v,v) +ktn (v,V) 20y (3.3.5)

Passing to the limit on (3.3.5) as n — oo, we obtain

lim (A(u —|—vt,,),v)H737H5 =& (u,v) +k(u,v) 20y +1E (v,v) +kt (v,v) 120

n—oo
=& (u,v) +E(tv,v) +k(u,v)1210) Tk (tv,) 120
=& (uttvy) +k(u+1v,v)2q)
= (AWU+1),V) s g » (3.3.6)

for all u, v € Hy(Q), from which follows that the mapping
r— <A(u+tv)7v>H*S,H6

is continuous and, therefore the operator A is radially continuous.

From Step 1-Step 3 and Lemma 3.2.2 it follows that the operator A is pseudomonotone.

Clearly the operator A is semicoercive. Indeed, given v € Hj(Q2) and remembering that

the constant k > 0, we have that

(AW V) =& ) & [ P> ]y +oIVIE > I
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for all v € Hy(Q2). Therefore, the operator A is semicoercive with ¢co = 1 and ¢; = ¢, = 0.

Step 5: Let us now show that there exists a continuous increasing function ¢4 : R — R such that

1AO) () < (V] 22(0)) (1 + [Vl () » Vv € Hp ().

From (3.3.2) it follows that

‘(A(u)7V>H*X,H6’ < HuHHg(Q)HV‘|H5(Q)+kHu||L2(Q)HVHLZ(Q)
< g ¥l gyl 2y V1 2y g g el o2
= Nl g+l 2l 2 (Rl 2l 1
= (Ul 2) (g1 g+ 2
< (1 a2 (el V1 eV g )

= (Ul 2) (Nl ) vl
Therefore, if we suppose that ||v]|z;# 0 we obtain

A1), V) s s
|A(u)||g-s= sup (A, V) i1 |

o IVl

< (1+ ||l 2) <kc+ ||uHH3> . (3.3.7)

If £ > 0, then we choose ¢ > 0 in such a manner that k¢ > 1, and therefore

1 u||gs
(1l 2) (ke + g ) =k2c2< +“”“L2) (H L +1) (3.3.8)

ke kc
< K22 (1+ || 2) (kc+ ||u||H5) (3.3.9)
= (Jul2) (1+ ) (33.10)

with & (x) = k*c?(1 + x). Notice that, since k°c> > 0 the function ¢ is indeed increasing.
If Kk = 0, then

(Ul 2) g < (1l 2) (14 g (3.3.11)

= (|l 2) (1+ el ) (33.12)

with 4 (x) = (1 +x) and clearly ¢ is increasing.
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Therefore, the operator A is semicoercive, pseudomonotone and there exists a increasing

function ¢4;R — R satisfiyng the condition
JAW) 50y < Z (W 200) (1 + ML ) ¥ € HY(€2).
By Theorem 3.2.1, the Cauchy problem (3.2.8) admits a strong solution
i e Wh2(0,T; Hy(Q),H*(Q)),

and by Lemma 3.2.1, it is also a finite energy solution to problem (L.P.B). Hence, we have
established the existence of a solutions. In particular, i is a finite energy subsolution and

supersolution of (L.P.B). Now, suppose that there exists another finite energy solution
n € W20, T; Hy(Q),H *(Q))

to problem (L.P.B). Then i is also a finite energy subsolution and supersolution for this problem.
Therefore, by the Comparison Principle, Proposition 3.1.2, we obtain that &1 < i, i < @ almost

everywhere in Qr; consequently, & = @ almost everywhere in Q7, and uniqueness follows. [



Chapter 4

The Parabolic Logistic Equation with

Harvesting

4.1 The Method of Monotone Iterations

The aim of this chapter is to apply the method of monotone iterations to study the existence

and uniqueness of solution of the parabolic problem

ur+ (—A)’u+ku=g(x,t,u),in Qr == Q x (0,7)
u(,t)=0, o (RM\Q)x(0,T), (P)

u(x,t) = u, in Q,
where k > 0, and g : Q7 — R is a Carathéodory function, that is:
(i) u > g(x,t,u) is continuous a.e (x,¢) € Qr; and
(i) (x,7) — g(x,t,u) is measurable for each u € R.

Moreover, we will suppose the existence of a function x € L>() and a continuous increasing

function o : R — R such that:
(Hy) |g(x,t,u)|< k(x,t)(14+ a(|ul)), for all u € R and a.e (x,t) € Or,

(H>) g is monotone increasing on in the third variable, that is, for every v,w € R

v<w = g(x,t,v) < g(x,t,w).
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Definition 4.1.1. Let us consider uy € L*(Q) and k > 0. We say that a function
ueWh(0,T; Hy(Q),H*(Q))

is a subsolution of finite energy of the parabolic problem (Py) if and only if
1. g(-,-u) € L*(0,T;H(Q)),
2. the inequality
T

T T T
| )i+ [ oy it [ ) de < [ gCtauC0) e

holds for all nonnegative function v € L*(0,T;H}(Q)), and

3. u(x,0) < ug a.e in Q, where u(-,0) = lim u(x,r) in L*(Q).

t—0*

Analogously, one can define a supersolution of finite energy for the parabolic problem (P;) by

replacing the conditions (2) and (3) in Definition 4.1.1 with the following conditions
2’. the inequality
T

T T T
| gt [ E @y dirk [ ) di = [ gt ), ) g i

holds for all nonnegative function v € L*(0,T; H3(Q)), and

3" u(x,0) > up a.e in Q, where u(-,0) = lir(gl+ u(x,t) in L*(Q).
1—
Moreover, any sub- or supersolution of finite energy will be denoted, respectively, by u and u.

Remark 4.1.1. In the Definition 4.1.1, Item 3, the limit in Lz(Q) exists since the embedding
wh22(0,T; H3(Q),H*(Q)) — C(0,T;L*(Q))

is continuous. The same remark applies in the definition of supersolution.

With the aid of Definition 4.1.1 we can now define the meaning of a function u €
wh22(0,T; H3(Q), H*(Q)) being a solution of (P}).

Definition 4.1.2. Ler ug € WH*2(0,T:H3(Q),H *(Q)) and k > 0. We say that a function
u e Wh32(0,T; H3(Q),H *(Q)) is a solution of finite energy (or simply a solution) of the
parabolic problem (Py) if and only if
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(i) u is a subsolution of the parabolic problem (Py);

(ii) u is a supersolution of the parabolic problem (P)),; and

(iii) nh_r}r;”u( 1) —uol|2(0)= 0.
Proposition 4.1.1. Let X and Y be real Banach spaces and X — Y be a continuous embedding.

11,
u,(:l) =wvion (0,T) for all k and fixed n > 1,

up —uin LP(0,T;X),
v = vin LY0,T;Y),

for1<p,q< o, thenu™ =v on (0,7).
Proof. See [20], page 419 for a proof of this result. ]

With the above in mind, we can now state and prove, following [7], the main result of
this section: the existence and uniqueness of a solution to the parabolic problem (P;). The
proof of this result is divided in two parts. The first one is presented bellow and is related
to the constructions of the sequence of solutions thought the application of the method of
monotone interactions. The second part, to be presented in Section 4.2, show that the limit of

the constructed sequence of solutions is in fact a solution of the parabolic problem (P;).

Theorem 4.1.1. Let uy € L™(Qr) and suppose that the hypothesis (Hy) and (H») holds. Addi-
tionally, suppose the existence of u,u € L*(Qr), ordered sub and supersolutions, respectively,

a.e in Qt of the problem

u+ (—A)’u+ku=g(x,t,u), inQr,
u(x,t) =0, in (RV\ Q) x (0,T), (4.1.1)
u(x,0) = up(x), in Q.
Then, there exist a solution u for (4.1.1) in such a way that u < u <u a.e Qr. Moreover, if g is
locally Lipchitz in the third variable, then (4.1.1) posses a unique solution in L™ (Qr).

Proof. Part 1: Constructing the sequence of solutions.
The strategy to prove the existence of solution consists in using the method of monotone

iterations. First we define two measurable functions

E7g:QT_>R
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where

(x,) = esssup{|u(x,t)| , [a(x,1)[},
(xvt) :eSSSUP{‘g(xJH ) ]g(x,t)]},

a.e. in Qr. Since u, u € L”(Qr), it follows immediately that z € L™(Qr). Moreover, by (H}),

IS

(4.1.2)

|09l

we also have that

glx,t) <B(x,t)(1+a(m) <C.B(x,1), (4.1.3)

a.e. in Qr. Hence, g € L*(Qr), since B € L*(Qr).
Let us now proceed to the application of the method of monotone iterations. To this end, let

us consider the following iterated problem:

u,(n) + (—A)su(”) +ku™ = g(x,t,u("*l)), in Or,
ul™ (x,1) =0, in (RV\ Q) x (0,T), (4.1.4)
u™ (x,0) = up(x), in Q.

Note that (4.1.4) is a linear parabolic problem. Let us take u® := u, a subsolution of (4.1.1),

which exists by assumption, and consider the problem:

ut+(_A)su+ku:g(x>t7ﬂ(x7t)>7 in Or,
u(x,t) =0, in (RV\ Q) x (0,7), (4.1.5)
u(x,0) = up(x), in Q.
Let us note that [g(x,#,u(x,t))| < g(x,t) a.e (x,¢) € Or, and since g € L*(Qr), we obtain

that g(x,t,u(x,t)) € L>(Qr). Consequently, we can identify g(x,,u(x,r)) with a function
feL*0,T;H*(Q)), given by

(1), @) 1-(0).13) :/Qg(x,t,g(x,t))(p(t)dx,

for all ¢ € Hy(Q2) and a.e r € (0,T). Consequently, the problem (4.1.5) can be reduced to the

linear problem
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u+ (—A)’u+ku= f(x,t), inQr,
u(x,t) =0, in (R¥\ Q) x (0,T), (4.1.6)
u(x,0) = up(x), inQ.

Taking into account Theorem 3.3.1, problem (4.1.6) admits a unique solution
u e WhE2(0, T HY(Q),H *(Q));

in particular, the solution ul e LZ(O,T;HS(Q)). Moreover, by the Comparison Principle,
it holds that u < u' < u for a.e (x,t) € Qr. Hence, = L”(Qr), since € L”(Qr) and
}u' (x,1)| <u(x,z) fora.e (x,1) € Or.

Let us consider now the problem

ur + (—A)u+ku=g(x,t,u' (x,r)), inQr,
u(x,t) =0, in (R¥\ Q) x (0,T), (4.1.7)
u(x,0) = up(x), in Q.

We have that |g(x,t,u1(x,t))| < g(x,t) for ae. (x,t) € Qr. Therefore glx,t;ul (x,1)) €
L*(Qr) and we can identify it with a function f; € L*(0,T;H*(Q)) defined by

0Oy = [ 801121 () d

for all ¢ € Hy(Q), for a.e. r € [0,T].

Hence, problem (4.1.7) can be reduced to the linear problem

u + (—A)u+ku= f(x,1), inQr,
u(x,t) =0, in (RV\ Q) x (0,T), (4.1.8)
u(x,0) = up(x) in Q.

Again by Theorem 3.3.1, there exists a unique solution u* € L*(0, T; Hj(Q)), and by the
Comparison Principle it holds that u < ul < u? < u a.e Or and u’ e L”(Qr). We proceed
by induction. Suppose that u! , uz, sl W ,n > 2, satisfying w <t <<y , uk e
L*(Qr),k=1,2--- ,n—1 are all defined. Consider the following iterated problem:
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ul—f—(_A)su_{—ku:g(xal‘?unil(xvt))v in QT?
u(x,t) =0, in (RM\ Q) x (0,7T), (4.1.9)
u(x,0) = up(x), in Q.

By the same previous arguments, there exists a unique solution of problem (4.1.9) u" €
LZ(O,T;HS(Q), where u <u' <> <. <" ' <u"<u and u" € L”(Qr). Thus we have
constructed a monotone increasing sequence (u"),_; C L”(Qr) that is bounded. By the

Bolzano - Weistrass, there exists a function u € L”(Q7) such that
u(x,t) = lim u"(x,t) for a.e (x,t) € Qr. (4.1.10)
n—soo
Moreover, note that u is uniquely determined by («");"_; and u < u <u. Hence |u| <u €
L”(Qr) and u € L”(Q7). We obtain with a simple application of the triangle inequality that
" —u| < (Ju"| + |u])* < (20)*. (4.1.11)

and by Theorem 1.1.5 we have that

u" — u, strongly on L*(Qr) as n — oo. (4.1.12)

O

4.2 The solution Via the Monotone Iterations

In this section we present the remaining part of the proof of Theorem 4.1.1. In Section 4.1 we
proved, following [7], that the sequence (1")>>_; C L”(Qr) converges strongly in L>(Qr) to
a function u € L™ (Qr). It remains to show that this limit function is in fact a solution for the
parabolic problem (4.1.1). We state the remain part of Theorem 4.1.1 as a Corollary. For the

sake of consistency, we follow the same enumeration of steps as in the proof of Theorem 4.1.1.

Corollary 4.2.1. Under the hipotesys of theorem 4.1.1, the limit function u € L™ (Qr) satisfying
(4.1.12) is a solution for the parabolic problem (4.1.1). Moreover, if g is locally Lipchitz in the

third variable, then (4.1.1) posseses a unique solution in L™ (Qr).

Proof. Part 2: The limit function as a solution.
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Let us now show that u € L”(Qr) and it is a solution for the problem (4.1.1). For this

purpose, we have to stablish the following four convergences:

T T
Jim | (g (8), @ (1)) -5 (02) 3(@) dt:/o (e (), 9()) -s(0) 13 (2) 41 (4.2.1)
T
lim [ E1),0(t)) di = / £ (w (1), 9(1)) dt, (4.2.2)
n—eo J(
T T
lim k/ /u"(x,t)(p(x,t)dxdt:k/ /u(x,t)(p(x,t)dxdt, (4.2.3)
n=e Jo Jo 0 Ja

and

11_r>n/ / (x,2,u" (o, 1)) @ (x, 1) dxdt = / / (x,t,u(x,1))@(x,1)dxdt, (4.2.4)

for all ¢ € L*(0,T; HJ(Q)).
We begin the verification of these convergences by noting that the convergence in (4.2.3) is

a immediate consequence of the convergence (4.1.12). In fact, note that

i [~ ul]2(g,)= 0 <= lim/ /yu x,1) — n(x,0) | dxdt = 0.

n—oo

Thus, giving any ¢ € L(0,T;H3(Q)) we have,

u"(x,1)@(x,t) — u(x,t)@(x,t) almost everywhere in Qr, (4.2.5)

and

W (x,1) —u(et) o ()| < (20)* @ (x1)], (4.2.6)

a.e all (x,r) € Qr, with (22)* |@(x,1)| integrable over Q7. Moreover, by Theorem 1.1.5, the
convergence in (4.2.3) follows.
Let us now show the others convergences. We begin by showing the convergence (4.2.4).

Note that, by hypothesis, g is monotone increasing in the third variable. From the monotonicity

u<u"l'<u'<u
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n>2,a.e Qr. So, we have that

g(x,t,g(xﬂf)) < g(x,t,un_l(x,l‘)) < g(x,t,ﬁ(x,t)),

and hence
[gx 0,0 (x,)) | < max{[g(x,t,ux, 1)) g (v, 1, 7(x,0)) |} = @2.7)
=g(x,t) € L*(Qr)
From Proposition 1.2.2 we have that,
T
| [ lgeneen] drdr < [glaop) 9]0, < @28)

hence g € L'(Qr) with

|8t~ (x,1))@(x,1)| < glx,1) [@(x,1)]

for all n € N and a.e (x,¢) € Q7. The convergence (4.2.4) follows from Theorem 1.1.5.

Let us now verify the convergence (4.2.2). First we show that the sequence (u"),_; is
bounded on L*(0, T, H}(L)). We already now that the function " € L*(Qr) is the solution of
the iterated problem (4.1.9). In particular, by the definition of solution for such problem, we

know that u" satisfies the relation

T
//g(x,t,u"_l)q)dxdt:

(4.2.9)
= [ Oy @+ [ )itk [ 0)g,
for all ¢ € L*(0,T; HJ(Q)). Taking " as a test function, (4.2.9) becomes
T
/ / glx,t,u™ V) u" dxdr
(4.2.10)

—/ l/ll, )Hs dt+/ l/l l/l dt"’k/ u I/l LZ(QT)d.

It follows from (4.2.10) that
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2
||”nHi2 0,7.Hj(Q) < H“nHiz 0,T;HS(Q +kHu”||L2(QT)

_/ E " u" dt—l—k/ / 2 dxdt (4.2.11)
T
= 7t7 n-l 7t " 7t d dt—/ n’ " —s S dt.
[ [ sttt ot e s = [l

Since u" € W132(0,T; H3(Q),H*(Q)), it follows from the integration by parts in Propo-
sition 1.4.2, item (iv), that

T
(" (7). (7)) ) = (" (0),1(0)) gy =2 | (v ey - (4212)

T
—/0 (', ") s () @) 4t =

%(/( "(x,0))? alx—/g(un(va))2 dx) (4.2.13)
/ dx:/Q(Mo(x))2 dx.

From (4.2.7) and the fact that |u" (x,7)| < u(x,7) € L”(Qr), for all n € N, we have that

T
HunHIZ}(O,T;H // X,t,u 1 W' ldxdt / <ut’un>H—S(Q),H8(Q)dt

/ /_xt (x,1) dxdt—l—/ uo(x))” dx (4.2.14)

< k*(g,u,i,up) = k* < oo,

In particular, the sequence («")>_, is bounded in L*(0,T; Hj(€)). On the other hand, since
L*(0,T;H(Q)) is reflexive, there exists a w € L*(0,T; HJ(Q)) such that " — w weakly on
L*(0,T;H3(Q)), up to subsequences. Since the embedding L*(0,T;Hy(Q)) — L*(Qr) is
continuous, we have that

u" — w, weakly on LZ(QT). (4.2.15)

From (4.1.12) and (4.2.15), we obtain u = w. From the uniqueness of the pointwise limit
(4.1.10) it follows that
u" — u, weakly on L*(0,T;HJ(Q)) (4.2.16)

for the whole sequence (u");_,.
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Given any @ € L*(0,T; H3(Q)), we define the following functional:
T
Ap LX0,T:HY(Q)) = R, urs Ap(u) = /0 £ (u, ). 4.2.17)

Let us show that Ay € L*(0,T;H*(Q)), that is, it is a linear and continuous functional. Given
any u,v € L*(0,T; H}(Q)) and & € R, we have

T
A(p(u+av):/0 E(u+av,)dt
T
=/ € (u, @)+ ak (v, ) di
0

:/OTS(M,(p)dt+/()T5(v,(P)df

=Ag(u) +aAy(v),

(4.2.18)

for all @ € R and for all u,v € L*(0,T; Hj(Q)). Thus, Ay is linear. Since Ay is a linear mapping,
to prove the its continuity it is sufficient to prove that is is bounded in the following sense: there

exists a constant C > 0 such that
|Ap ()< Cllull 2(0,7:1502)) (4.2.19)

for all u € L*(0, T; H3(Q)). Given u € L*(0,T; H3(Q)), we have that

|A¢<u)|:‘/0Tg<u,¢>dt < [NEwoa

T
< [ Wullzo o 9lzo ey d (4220
= <T||(P||L2(O7T;H(§(Q))> el 220,73 (2))
= k(T, @)lull 22(0,7.155(0)):
for all u € L2(0,T;H3(Q)), where k(T, @) > 0 is a real constant. It follows from (4.2.19)
that Ay is bounded, and together with (4.2.18), we have that Ay € L*(0,T;H5(Q)), for all

@ € L*(0,T;H3(Q)). From (4.2.16), the definition of weak convergence and the fact that
Ay € L*(0,T;H™*(Q)), we have that

A@(un) — A(P(u)a
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hence

T T
/ EW", @) dt — / E(u, ) dt, (4.2.21)
0 0

for all ¢ € L*(0,T; HJ(Q)).
To end the proof, it remains to show the convergence (4.2.1). The strategy is similar to that

of the proof of the convergence (4.2.2). Let us first show that the sequence (u}'),”_, is bounded
on L2(0,T;H*(Q)). We note that

T
14 sy = syl

EcH

sup dt,

~5(Q)\{0} IEIH (L)

and that u”" is a strong solution of the Cauchy problem (3.2.8), since the results of existence
and uniqueness of solution is obtained by means of the existence and uniqueness of solution

for the generalized problem associated with the problem (4.1.9). In particular, we have

0 (1).8)1 =
/gx,t,u (x,2))& (x)dx — k/ ul (x,1)&
<IE G021+ k| [ e +] [ st e

< " () g 1€ Nl -5kl () [ 2 1§ |2+l g G, Gt |2 1€ 2

(4.2.23)

Since the embedding H3(Q) — L?(Q) is continuous, there exists a constant ¢ > 0 such that

" () 2(0) < el (Ol g) » 16 lr2) < €l my()- (4.2.24)
0 0

From (4.2.24) and (4.2.23) we have

[ (' (1), 6)| <
< " (1) g 1€ Vg ke | () g IS s +ellg o) 216 g
< (Uke?) | ()l 1 & g +ellg D21 L2 (4.2.25)

< (1K) o g & g+l ) 21
< | (1 ke [u g +ellB ()l 2 | 1E
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Notice that
(a+b)? =2a*+2b* — (a—b)?, (4.2.26)

which implies
(a+b)* < 24> +2b%. (4.2.27)

From (4.2.25) and the estimative (4.2.27) it follows that

2
[ 0),8)] n P
( sup W) < [ 1) g0

EeHy\{0} (4.2.28)
2(1 4 ke " (1) g +2€2 (12 (1)1 72
Substituting (4.2.28) into (4.2.22), it follows immediately that
Hl/l? (t) HL2(O7T;H75)§ 2(1 + kC2>2k* + 2C2 HgHi(QT) < oo, (4229)
where we use (4.2.14) and the fact that
E0r0n= [ [ IEC0F dxdi= [ 1gC0)1Eg (4230)

Therefore, the sequence (1), is bounded in L*(0,T; H*(R)), which is a reflexive space.
Thus, there exists a v € L*(0,T;H *(Q)) such that u" — v weakly in L>(0,T;H *(Q)), up
to subsequences. Since Hy(Q) — H *(Q) is a continuous embedding, due to the fact that
H3(Q) C L*(Q) € H5(Q) is a Gelfand Triplet, from (4.2.16) and Proposition 4.1.1, it follows
that u, = v. Hence,

u — u;, weakly in L*(0, T H*(Q)). (4.2.31)

Given ¢ € L*(0,T;H3(Q)), let us consider the functional
T
Ho:L*(0,T:H(Q)) — R, urs Hy(u) = / (1, @)+ g (4.2.32)
0 >

Let us show that Hy, € (L2 0,T;H* (Q)) " ie, that Hy is a continuous linear functional on
L*(0,T;H(Q)). We begin by showing thar H, is a linear functional. Given any u,v €
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L*(0,T;H*(Q)) and & € R we have that

Ho(u+ ov) = /T(u—l—aV(p)H i = //u+av)(xt)(p(xt)dxdt
—// (x,1) xtdxdt+a// (x,1)@(x,t)dxdt (4.2.33)
= [ B [ 0@ = Holw) + atg(v).

Hence, Hy is a linear functional. We shall now prove that H, is continuous. Since it is a linear
functional, it is sufficient to prove that it is bounded in the following sense: There exists a
constant ¢>0 such that, for all u € L*(0,T;H™*) it holds that:

‘Hq)(“)‘ < C||“||L2(0,T,H—S(Q))-

From (4.2.32) we have

T T
0] = [ 0oy < [ (00

T 1/2 T 1/2
4.2.34
s(/o Hu||12LISdt) (/O pr\@gdt) (4.2.34)

= H‘PHL(O,T;Hg)H”HLZ(O,T;H*W

for all u € L*(0,T; H *(L)), and H,, is continuous. From (4.2.33) and (4.2.34), it follows that
Hy is a continuous linear functional on L*(0,T;H5(Q)), for all ¢ € L*(0,T;H(L)). Since,

u',u; € L2(0,T;H5(Q)), and u — u;, weakly in L*(0,T;H*(Q)),

from the fact that Hy € L*(0,T;H°(Q)) and the definition of weak convergence, it follows
that Hy(n) — Hg(u;) strongly on R , as n — oo, which is equivalent to (4.2.1). The above
proves that, in fact, u is a solution of problem (4.1.1), and satisfies the monotonicity relation
u<u<ua.e Qr.

It remains to prove the uniqueness of the solution in the class of solutions of problem (4.1.1)

that are essentially bounded. Let us suppose the existence of two solutions uy,uy € Lz( Qr) of
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problem (4.1.1). By definition, both of then satisfies the relation

T
/ /g(x7t7ui)(P(x,t>dth:
0 Q

T T T (4.2.35)
:/0 (e i, @) dt+/0 & (ui, ) dH‘k/O (i, @) 12(qy) dI

and u;(x,0) = up(x) ,i =1,2. Define v := uy —u; and let us take ¢ := vy g 1) € L*(0,T;H}(Q)),
T € (0,T) as a test function. From (4.2.35) we then get

/r / [g(x,t,up) — g(x,t,u1)]v(x, ) dxdt
0 JQ

T T T (4236)
:/0 (ve,v) dt+/0 E (ve,v) dH—k/O (vi, V)20 4t

Define

I = [=max{|lull = (o) 1l = (0p) b max{ lull = (or): 1l =(0r) } - (4.2.37)

which is a subset of R. Since g is, by hypothesis, Locally Lipchitz in the third variable, for any
o1, 0, € .# holds the following inequality

|g(x,2,02) — g(x,1,01)| < L|oy — o1, (4.2.38)
from which we get
[g(x,t, 62) —g(x,t, 61](62 — G])) < L(Gz — 61)2, (4.2.39)

for some Lipchitz constant L > 0. Taking into account (4.2.36) and (4.2.39), the following

estimative holds

/OT /Q [g(x,t,uz) _g(x,t,ul)]v(xJ)dxdt

T T T
= / <vl7v> dt +/ g (Vt,V) dt +k/ (Vt7v)L2(Q) dt (4240)
0 0 0

T
SL/ /vzdxdt.
0 JQ
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Applying the following integration by parts to (4.2.40)
t(/du dv
o))z~ )iz = [ ((Grr@) + (0. 5 ) Jar, a2an
where (-, -) == (-, ->HS(Q)’H_‘Y(Q), we readily see that
T
2 [ (isvges gy ds = ((2)9(2)) 2 = (10),(0)) gy
(4.2.42)

= V(D) lIF20)~ IV(0) 72

= (DI g

since v(0) = up(x,0) —u;y(x,0) = up(x) — up(x) = 0. From (4.2.40) and (4.2.42), we obtain the

following inequality

1 2 ’ Flo2 LTI
§||v(f)|yL2(Q)+/o 5(V,v)ds+k/0 /Qv dxdsgL/O T

and since all the terms are nonnegative, we obtain the following estimative

T
VO 2L [ 1) . 10} ()= O

(4.2.43)

(4.2.44)

Applying Lemma A.0.2 to (4.2.44) witha =0,u=0and § = HvHiz(Q), it follows that

V(D)) 2200y < O,

forall T € (0,T). Hence, v(t) =01in (0,7), and u; = uy.



Chapter 5

Sub- and Supersolution for the Parabolic

Problem with Harvesting Term

In view of Theorem 4.1.1 witch ensures the existence and uniqueness of the solution of problem

(4.1.1), we realize that the construction of a pair of sub and supersolution for the problem

wy + (—A) u+ku = Ala(x)u — bu* — h(x)], in Qr,
u(x,t) =0, in (RV\ Q) x (0,7T), (5.0.1)
u(x,0) = up(x), in Q.

is of utmost importance. Only then we can apply Theorem 4.1.1. Thus, this chapter focuses on
the construction of such a pair.

Let us consider problem (5.0.1), where A > 0 is the reciprocal of the density or dispersal
coefficient, a is the resource term, b is the interaction term and / is the harvesting rate.

Furthermore, we will suppose that the following conditions over a, b and & holds:

0<aeL”(Q),witha>lonS,:={xeQ|a(x)>0};
b > 0 constant; (5.0.2)
0<helL”(Q).

Furthermore, some associated elliptic problems will be necessary to establish the existence and

uniqueness of solutions for the problem (5.0.1).
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5.1 Associated Elliptic Problems

The first associated elliptic problem we consider is the weighted eigenvalue problem

(=A) ¢ = Aa(x)p, inQ,

o (5.1.1)
0 =0, in RY\ Q,

where the source term a is as in (5.0.2) . For this problem we have the following (see [6]).
Proposition 5.1.1. Let s € (0, 1) be fixed and Q C RY be open and bounded subset. Then
(i) there exists a principal eigenvalue A1 , > 0 for the problem (5.1.1), which is characterized

by

Ma= inf = £(e.9) (5.12)
oSO [ )l dr
Q

(ii) there exists a nonnegative eigenfunction @y , € Hy(Q) which corresponds to the eigen-

value (5.1.2) in such a way that

M= 5((’)1’“"’)1’3) . (5.13)
[ atollenal dx
Moreover,
E(91.0:9) = A | 40P () dx, (5.14)
for all ¢ € Hy(Q);
(iii) A1 is simple, that is, if y € Hy(Q) is a solution of
£(v.9) = | a@wxo@a (515)

for all ¢ € Hy(Q), then ¥ = k@, 4, for some k € R;

(iv) if dQ is of class Cl’l, for N > 2, or is a bounded interval, for N = 1, them there exists

positive constants C and C,, that depends on the source term a, such that
0<C6°(x) < (plja(x) < (0% (x), (5.1.6)

almost everywhere Q, where §(x) = d(x, dQ), and d is the distance function;
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(v) If dQ is of class Cl’l,forN > 2, or a bounded interval, for N = 1, then

o= inf — 100 (5.1.7)
o) Toalr) 9], d
P>A a.e Q

The second elliptic associated problem we consider is given by

(—AYu=1 inQ,

o (5.1.8)
u=0 inR"\Q.

For problem (5.1.8) we have that there exists a unique solution e € Hy(2) and positive constants
C3, C4 > 0, such that
C30°(x) < e(x) < Cy6°(x), (5.1.9)

almost everywhere in Q, where d(x) = d(x, dQ), and d is the distance function (see [17] and

[16D.

The third associated elliptic problem we consider is the following:

(=A)v(x) = B(x) + 9 o(¥)xsc inQ,

(5.1.10)
Q=0 in RV \ Q,
where [ is any function that satisfy the following condition
(o78) B €L*(Q), B >0, and there exist ¢ > 0 such that
)jggfz{ﬁ(x)'i'q)l,a(x)} >c¢>0. (5.1.11)

By v:=v(a,B) € Hj(Q), we denote the unique positive solution of problem (5.1.10). As in
the problems (5.1.1) and (5.1.8), there exists positive constants Cs, Cg, such that

Cs56°(x) <v(x) < Ced%(x), (5.1.12)

almost everywhere in Q (see [17] and [16]).
We intend to obtain a pair of sub- and supersolutions of the problem (5.0.1). For this

purpose, we utilize the pair of sub- and supersolutions of the elliptic problem corresponding to
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(5.0.1), given by

(=A)u(x) = Ala(x)u—bu? —h(x), inQ,

(5.1.13)
u=0, in (RM\ Q),

For this problem we have the following definition:
Definition 5.1.1. Consider the elliptic problem (5.1.13).

(i) A function u € Hy(Q) NL”(Q) is said to be a subsolution for the problem (5.1.13) if, and
only if,
E(u, ) gx/ la(x)u — bu® — h(x)] @ dx, (5.1.14)
Q

for all nonnegative ¢ € Hy(Q);

(ii) Similarly, a function u € Hy(Q) NL*(Q) is said to be a supersoluiton for the problem
(5.1.13) if, and only if,

€ (u,9) zx/g[a(x)u—buz—h(x)ypdx, (5.1.15)

for all nonnegative @ € Hj(Q);

(iii) If u € Hy(Q) NL™(Q) is both a sub- and a supersolution for the problem (5.1.13), then

we say that u is a solution of the problem.

It is clear that, if we want to consider sub- and supersolutions of problem (5.1.13) also as
sub- and supersolutions of the parabolic problem (5.0.1), we must ensure that problem (5.1.13)
has at least one such pair of ordered sub- and supersolutions. The existence of such pair is

ensured by results presented in [6], as follows: Consider the elliptic problem

(—A)’u(x) = g(x,u), inQ,

(5.1.16)
u=0, in (RV\ Q),

and suppose that the following hypothesis holds:

(H,) given r > 0, there exists a function a, € L™(Q) such that |g(x,#)|< a,(x), for all |t|< r
aex € Q;

(Hp) for all r > 0, there exists a continuous nondecreasing function b, such that b,(0) =0
and |g(x,11) — g(x,12)|< b(|t1 —12]), for all |11], |a|< raex € Q.

Then, the following result holds true:
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Theorem 5.1.1. Suppose that conditions (H,) and (Hy) holds, and let u, @ € H*(RV)NL™(Q)
be , respectively, a subsolution and a supersolution of (5.1.16) satisfying u < u a.e. in Q. Then,

there exists a weak solution u of problem (5.1.16) such that u < u < 1u a.e. in .

Proof. The proof of this result is presented in [6]. ]

5.2 Existence and Uniqueness of the Solution to the Parabolic

Problem with Harvesting Term

Now, we will state and prove, following [7], one of the most crucial theorems of this dissertation.

It will be of extreme importance for obtaining solutions for the problem (5.0.1).

Theorem 5.2.1. Consider the problem (5.1.13). For every A > Ay 4 and B satisfying the

condition szﬁ, (5.1), there exists a positive function
h* =h(A,a,b,B,Q) € L”(Q) (5.2.1)

such that, for all h € L™ (Q) satisfying 0 < h < h*, for almost every x € Q, the problem (5.1.13)
has a positive solution.
Moreover, if h satisfies

h
p=esssup—— < I, (5.2.2)
x€Q h

then there exists m* > 0 such that for all m with
um* <m<m", (5.2.3)
the function
u,, = mA (qol’a — 8v/3) (5.2.4)

is a subsolution of (5.1.13) satisfying 0 < u,, < m@, 4, Furthermore, there exists K* > 0 such
that ig = Ke is a supersolution of (5.1.13) for every K > K*.

Proof. We begin the proof by showing that a multiple of the solution of (5.1.1) cannot be a
subsolution of (5.1.13). Since we are interest on positive solutions, let m > 0 be a constant and

let u,, = m@, 4. By Definition 5.1.1, u,, is a subsolution of (5.1.13) if, and only if,

E (1. 9) <1 [ (), — bt~ h()) o
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for all 0 < ¢ € Hy(Q). In particular, since

E(u.9) = [ (~Ayupds, (525)
Q
we have that u,, is a subsolution of (5.1.13) if, and only if,

a.e in Q. We now consider two cases:
Case 1: x € S,. In this case we have that a(x) > [ > 0. From (5.2.6), (5.1.1) and taking
u,, = m@; 4 it follows that:
(—A)’u,, = maki @1 4 < Ama@; , — bmz(pfa — Ah, (5.2.7)

which is equivalent, after a rearrangement, to

A‘la m2
0< h<ma (1— 7L7 >‘P17a—bT(P12,a

(5.2.8)
2 m? 2
< ma(l—07)Pra b=,
A
where o/ := % € (0,1). It follows from (5.2.8) that u,, is a subsolution if, and only if,
2 1— o)A
ma(l — Oz2) —bn%qoha >0 = % > P1a, (5.2.9)

a.ein Q.
Case 2: x ¢ S,. In this case a(x) = 0 and from (5.2.9) we have that

0< @rq<0, (5.2.10)

a.e in Q, which is impossible since ¢; , > 0. Hence, from (5.2.9) and (5.2.10) it follows that no
multiple of the eigenfunction ¢; , can be a subsolution of problem (5.1.13). In particular, any
solution of problem (5.1.13) must be such that, outside the support of a, it rapidly converges to
zero, so that the quadratic term u? does not dominate in that region. Consequently, if u,, 1s a
subsolution of (5.1.13), it must include a correction that is proportional to v, the only positive

solution of the elliptic problem (5.1.10).
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Letus fix A > Ay, and fB satisfying (</3), (5.1). From the existence of Cy,C3,Cs,Cg > 0,
with
C16°(x) < @1 .4(x) < Cr6°(x)

(5.2.11)

Cs56°(x) <v(x) < Ced%(x),

almost everywhere in Q, it follows that C;6° < @y 4, v < Cd’ a.e Q and
C
0< L yea. (5.2.12)
6 1%
Define o := i’a € (0,1). Since a € (0,1), we have that
01qa _ C1 Ola _ Pla Ci

—>— = ——>—F(1—-a)>—(1—a) >e¢. 5.2.13
v — Cg v Y ( )2 C6( ) ( )

C
Thus, there exists € > 0 such that € € (0, 61(1 - Oc)) and
6

Pra_oPay o Pra— 0P| > €V

Y Y (5.2.14)
= Q1a—Ev>0a0,>0aeQ.

Let us define u,, :==m (¢, , — €v) and, as above, consider two cases:
Case 1: x € S.
In this case, (5.2.6) reduces to

(—=A)'u,, < —AbuZ, — Ah, (5.2.15)

and
(—A)u,, = m(=A) (@ra—ev) = —me (B+07,) - (5.2.16)

From (5.2.15) and (5.2.16) it follows that
0< Ah < me (B+9t,) — Abm* (@1, —ev)°. (5.2.17)

If
me (B + @) — Abm* (@1, — ev)* > 0, (5.2.18)
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then we can define a function /4 > 0 in order to satisfy (5.2.17). In order to (5.2.18) hold, It is

sufficient to choose m in such a way that

e(prot.) _ e(prol)

> >m > 0. (5.2.19)
Ab(pra—ev)” ~ Abl@ra—evlfaiq

Case2: xc S,.
In this case, the function a(x) > [ > 0 and from (5.2.6) we have that u,, is a subsolution if,

and only if,

maki @1, — €mP < Aau,, — lbg,zn —Ah

5 (5.2.20)
< Ama (@) 4 —€v) — Abm* (@1 4 — €v)” — Ah.
From (5.2.20), after a rearrangement, we get that
Ah <meP —maki o@1 4+ Ama (@) 4 —€v) — Abm? (@14 — £v)2 ) (5.2.21)

In particular, using the estimative (5.2.14), we get that, u,, is a sub solution of (5.1.13) if, and

only if,
Ah <méeP —maky 4Q1 4+ Aamagy , — /'meza(plﬂ (14— €V) (5.2.22)
<mlef —aki 4@ a+A0Q 4 (a—bm (@) ,—EV))].
In order to satisfy (5.2.21), we must have
mlef —aki o @14 +AQP; 4 (a—bm (@), —ev))] >0, (5.2.23)
and since a > [ on S, it is sufficient to have
EB 4 (0A — A1.4)L@1 .4 > bmOA Q4 (P14 — €V), (5.2.24)
from which follows that
e+ (OA —A1.0) @14 - EL 4 (OA —A10) Q14 om0, (5.2.25)

rab(@ra—¢ev)  — Aab| o1l )ll01.a — €Vl
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From (5.2.19) and (5.2.25) we define
inf Aa—A e,y Einfe{B+¢f
m* ‘= min m Sa{sﬁ +( (04 l,a) 01, } , Sg{ﬁ (pzl,a} NS 0’ (5.2.26)
Aba || @1l -0y 910 = €V[| =) ABN P10 —EVI7e (o
and with the aid of (5.2.17) and (5.2.21) we define the function
hi(x), x€S;
h(x) = (5.2.27)
h5(x), x€S8,
where,
* m* *
hi(x) = - [e(B+¢1.a) — Abm™ (1.0~ ev)?],
o (5.2.28)
hy(x) = T [€B — A1.0a01 o + AP o(a—bm™ (@) 4, —€V))].
We claim that 2 > 0 a.e Q. Indeed, note that 2] > 0 in S, since, from (5.2.19)
e(B+9o7,) )
O<m < — % 0 — Abm* —ev)2. 5.2.29
s Ab(@rq—€v)? = 0<e(B+oi,) m(@1.q—€v) ( )
On the other hand, since
inf Ao — A1 ,)l
0<m < s dEPFAA=M)lPrat (5.2.30)
Aba ||@1.a| =g | 910 — V]| g
anda > [ a.e Q, b > 0, we have that
m* < {gﬁ‘l’(ka_ll,a)lq’l.ﬂ}
Aba H‘Pl,a”m(g) 014 _£VHL°°(Q) (5.2.31)

= 0< e+ (Aa—A14)lQ1 o —Abam™ @y 4(Q1 4, —€V)

from which follows that 25 > 0 in S,. Let take as a candidate for a subsolution of (5.1.13) the

function

U =m" (@1 4— €V) € Hy(Q),

(5.2.32)
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and verify that, for every h < h”, it is, in fact, a subsolution of (5.1.13). Using the relation

(5.2.5), we see that for every 0 < y € Hj(Q), (5.2.32) satisfies

E (U, ) = /Q (—A) i, W dx

— /Q[m*al] aPla— m*e (B + §0127a)(52)]llldx.

(5.2.33)

From (5.2.6) and (5.2.33), the function u,, is a subsolutions of (4.1.11) if, and only if,

m*all,aq)l,a_m*g (ﬁ + 9012,(1955,3)
< A[m* (@14—€v) (a—bm™ (@1 ,— €v)) —h],

a.e in Q. Again, we consider two cases.
Casel)x e S,.
In this case, a > [ and (5.2.33) reduces to

m*all,a(pl,a - m*Sﬁ < )L[m* ((PLa - 8\/) (a —bm* (gol,a - 8V)) - h]7

from which follows that,

0 < Ah < m*ef —m*ak o@1 o+ Alm* (@' —ev) (a—bm* (@1 . — €v))].

After dividing (5.2.36) by A > 0, and using the relation (5.2.13) we obtain
m*
0<h<h; :T[Sﬁ — M aa®i g+ A0t (a—bm* (@1 ,—€v))],

and (5.2.34) is valid in S, i.e, u,,- is a subsolution in S,,.
Case2) x € S.
In this case, a = 0 and (5.2.33) reduces to

—m*e (B+ @7 ,) < Alm* (" —ev) (—bm" (@14 —€v)) — h]
Al=b(m*)* (@14 —€v)> —h].

IN

Rearranging terms and using and using the definition of A7 in (5.2.28), we obtain

0<h < hi =" (Bora) — Abm (p1a—ev))

(5.2.34)

(5.2.35)

(5.2.36)

(5.2.37)

(5.2.38)

(5.2.39)
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and (5.2.34) is valid in S, i.e, u,, is a subsolution in Sj,.
It follows from (5.2.37) and (5.2.39) that if & < h* and m" satisfies (5.2.26), then u,, is a
subsolution of (5.1.13), for every A > A 4.

We now turn to find a supersolution of problem (5.1.13). For this purpose, we will use
the only positive solution e € Hj(Q) of the problem (5.1.8). We take as a candidate of such
supersolution the function ux = Ke, where K > 0 is to be determined. Let us suppose that ug

is a supersolution of (4.1.11). Them, by (5.1.15) and (5.2.5), we must have

g(ﬁKJ//):/Q(—A)sﬁKl//dx:/QKq/dx
z/l[aKe—szez]l//dx (5.2.40)
Q

> / AlaKe — bK*e* — )y,
Q

for all 0 < y € Hj(Q2). Notice that (5.2.40) holds if, and only if,

K — A[aKe — bK*¢* —h] > 0, (5.2.41)
a.e in Q, if, and only if,
(AKa)? —4AbK?*(K — AH) <0, (5.2.42)
from which follows that
K> Aa? Ah (5.2.43)
> . 2.

Since h > 0, the term —Ah < 0. Hence, if we choose

||a||%m(g)l

K>K" =
- 4b

(5.2.44)

the function 7k is a positive supersolution of (5.1.13), whenever K > K*, and from (5.1.9), we
have that C3K8° < lig. Moreover, from (5.2.11), (5.2.14) and (5.2.26), it follows that

m* (Cl — 8C6) o' <m" (‘Pl,a — EV) =ug <m* (Cz — 8C5) 0’ (5.2.45)
a.e in Q. Hence, for sufficiently large K we have u,,- <ug. On the other hand, the function

g:QXR—R, g(x,u) =A[a(x)u— bu® — h(x)], (5.2.46)
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clearly satisfies the conditions (H,), (Hp), and due to Theorem 5.1.1, there exists a positive
solution u for the problem (5.1.13) such that u,,- < u < uk a.e in £, proving the existence of a
solution.

Let us now fix a function # satisfying (5.2.2) and define u,, := mA (¢ , — €v), where m
satisfies (5.2.3) with m* given by (5.2.26). We want to show that u,,, satisfying such conditions,
is a subsolution for (5.1.13). Notice that we already prove that u,,. is a subsolution. It remains
to prove that u,, is a subsolution for all m € [m*w, m*). First, let us consider the pointwise

inequality (5.2.34) with m* replaced by m, that is

mai @1, —me (B + (piaxgg) < Am(@1qa—ev)(a—bm (@ ,—¢€v))—h], (5.2.47)

a.e in Q. Next, considering (5.2.2), we fix & such that & < uh*. Again, we consider two cases:
Casel. x e S,.

In this case a = 0 and using the definition of A7 in (5.2.28), together with & < uh*, we
obtain

0<h<uhi =5 [e(B+ i)~ Abm* (91— ev)’]

< % [e (B + @1.0) — Abm (1.4 —Sv)z] ,

(5.2.48)

which is equivalent to u,, be a subsoluition of (5.1.13) in Sj,.
Case2.xc S,.
In this case a > 0 and using the definition of /3 in (5.2.28) with A < uh*, we have

0<h < puhs(x) = P [eB — At wapr o+ Ay o(a— bm* (94— €V))]

A (5.2.49)
[8ﬁ - Al,aa(/)l,a + laq)l,a(a - bm(q)l,a - 8V>)]7

<

>3

which is equivalent to u,, be a subsolution of (5.1.13) in S,. Hence u,, is a subsolution of

(5.1.13), completing the proof. [

We can now combine all the previously presented results to prove the following theorem

concerning the existence and uniqueness of positive solutions to the problem (5.0.1).
Theorem 5.2.2. Let a, b and h satisfies (5.0.2). For every A > A 4, there exists a positive

function h* € L™ (Q) and uy € L™ (Q) such that for all h satisfying

esssup — < 1
xeQ h*
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and for all ug € L™ (Q) satisfying
uy <up < Ke

for some K > 0, the problem (5.0.1) has a positive solution u € L*(Q). Moreover, it is unique

in the class of essential bounded solutions of (5.0.1).

Proof. Let us fix A > A; 4, and let the positive constants p,m" and K*, such as the positive

functions A", u Q> and g, K > K, be as in the Theorem 5.2.1. Moreover, let us define
ug = um*(Qy 4 — €v), (5.2.50)

and fix K > K™ in such a way that
ug = Ke > uy. (5.2.51)

Note that, by Theorem 5.2.1, u,,,,,- and uig determines an ordered pair of sub- and supersolution
of the elliptic problem (5.1.13). Hence, we define u,% € L*(0,T; Hj(Q)) by

u(t) i= wy, , u(t) =g, (5.2.52)

for any ¢ € [0, T]. Notice that, since Uy and ug, as sub- and supersolutions of (5.1.13), are

constants over the interval (0, 7'), it follows from Example 1.3.2 that the pointwise derivatives

t)=li t)= 1l 5.2.53
“ A0 At ! A0 At ( )
exists and coincides with the generalized derivatives u,, %, € L*(0,T;Hj(Q)). Hence,
T T
/0 <Zl7 W>H—YH(.)Y dt — /O <ﬁt, W>H—57H8 dt — 0, (5.2.54)

for all 0 < w € L*(0,T; HJ(Q)). Notice that, (., 1) € H3(Q) for a.e. t € (0,T), hence

(1)
& (Za W(? t)) <i <a(')ﬂ_ bﬂz - h()v W(? t)>H*5,H3 )

T T T
/0 (U, W) s g + /0 € (u,y)dr =0+ /O & (u,y) dt (5.2.55)

< [ (hau— b =), )y
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(ii)

5(27 IV(7 t)) > A <a('>z_b22 _h(‘)’ W(’ t)>H*‘V,H6’
T T T
/0 (g W) s gyt + /O E(u, ) dt =0+ /O E(u,y)dt (5.2.56)

> /OT <2‘a(')ﬂ_ bﬂz - h()a W>H*5,H8 dr.

In particular, (5.2.55) and (5.2.56) shows that u and u are, respectively, sub- and supersolutions
of problem (5.1.13).
Let D := max{||u||», |||~} and define

A (—a(x)D—bD* —h(x)), foro < —D,
g(x,1,0) =< Aa(x)o —bo? —h(x)), for —D< o <D, (5.2.57)
A (a(x)D — bD?* — h(x)), forc >D.

Now, the function ¢ is Lipschitz with respect to the third variable with Lipschitz constant

k = ||al|+2bD, (5.2.58)

and the function

g(x,t,0)=8(x,t,0)+ko (5.2.59)

is clearly monotonically increasing in the third variable and satisfies the hypothesis of Theo-
rem 4.1.1. Since uy < up < ug = Ke, by Theorem 4.1.1, the parabolic problem (4.1.1), with k
given by (5.2.58) and g given by (5.2.59), was a unique positive solution u satisfying

—D <0 <u(r) <u(t

~—

<u(t) <D, (5.2.60)

hance,
Ala(x)u— bu® — h(x)] = &(x, ,t, u(x,1)), (5.2.61)

a.e in Qr. Consequently, u is a positive solution of (5.0.1), since u is positive in Q7. This

proves the existence.
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Let us now prove the uniqueness in the class of all essentially bounded solutions of (5.0.1).

Suppose that u;, uy € L”(Q) are both solutions of (5.0.1). Then, both satisfy the equality

T T T
/ <u,~,t,q>>dz+/ S(ui,(p)dt:/ (Aa()u— b —h(-), ) dt
0 0 - (5.2.62)
QL/O /Q[a(x)ui—buiz—h(x)}(pdxdt,

together with u;(., 0) = ug, for i = 1,2. Denote, as in the proof of Theorem 4.1.1, v =up — u;
and define @ = vy 1) € L*(0,T;H3(Q)), T € (0,T). Then, from (5.2.62), we have

/OT<V,,V> dt+/015(v,v) dtz)t/of/g[a(x)—b(ug—ul)] (o —w)Pdxdr.  (5.2.63)

Since
2 [a(x) = b(uz — 1)) < Aallotb (1| =0+ 2l 101 (5.2.64)

from (5.2.63) and (5.2.64) we have that
T T T
/ (VoW gy g i+ / £ (vv)di <K / / Vdxds, (5.2.65)
0 o 0 0 JQ
where K is given by (5.2.64). Following the steps of the proof of Theorem 4.1.1,
2 - 2
Hv(1')||L2(QT)§ 2K/0 ||v||L2(Q) dt, ||v(0)||L2(Q):0. (5.2.66)
Using the Gronwall inequality, Lemma A.0.2, we obtain
(02 < O, (52.67)

for all T € (0,7T), with implies that v(z) = 0 on (0,7'), from which follows the uniqueness. [



Conclusion

In this dissertation, we investigated a class of nonlinear parabolic problems posed on a bounded
domain Q c RY, whose boundary dQ is of class C 11 (Q) when N > 2, or an open bounded
interval when N = 1. For a fixed final time 7" > 0, the analysis was carried out on the cylinder
Or = Q x (0,T). More precisely, for a fractional order s € (0,1), we studied a parabolic

problem driven by the fractional Laplacian of the form

u+ (—A’u= f(A,x,t,u), inQr,
u(x,t) =0, in (RM\ Q) x (0,7T),
u(x,0) = up(x), in Q,

which serves as a general mathematical model for population dynamics with nonlocal fractional
diffusion, nonlinear reaction effects, and harvesting.

The theoretical framework of this work was grounded on classical results in nonlinear
functional analysis and evolution equations, mainly drawn from [20] and [18], together with
more recent developments such as [7] and [14]. In terms of applications, we followed the
approach proposed in [7] to analyze a population dynamics model involving the fractional
Laplacian. Within this setting, the dissertation established existence and uniqueness results
for solutions describing the evolution of a population subject to nonlocal dispersal, resource-
dependent growth, intraspecific interactions, and constant harvesting on a bounded domain
QCRY.

The analysis was carried out within the framework of fractional Sobolev spaces Hy(L2) and
the associated Bochner spaces, in particular L2(0, T; H(Q)) and its dual space L>(0, T; H *(Q)),
as well as the Sobolev—Bochner space W'22(0,T; H(Q),H *(Q)). These functional tools
proved to be fundamental for the formulation of the problem and for obtaining the estimates

required in the analysis.
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A crucial step in the development of this work consisted in the study of a more general
parabolic problem involving a Carathéodory-type nonlinearity. Under suitable growth and
monotonicity assumptions, we proved the existence of solutions by means of the monotone
iteration method. The reflexivity of the functional spaces involved was essential for passing to
the limit in monotone sequences of approximate solutions.

Based on these general results, it was possible to prove the main theorem of this dissertation,
which guarantees the existence and uniqueness of a positive essentially bounded solution to the
original parabolic problem, provided that the parameters satisfy appropriate conditions. The
construction of ordered sub- and supersolutions played a central role in this argument and was
carried out using the associated elliptic problem.

Although the results obtained ensure the well-posedness of the problem with respect to
existence and uniqueness of solutions, questions related to the asymptotic behavior and stability
of solutions remain open. To the best of our knowledge, at the time of writing this dissertation
there are no results in the literature addressing the stability of solutions to the parabolic problem
under study. Thus, the investigation of such properties constitutes a natural direction for future

research and a possible continuation of the topics addressed herein.



Appendix A

We present a collection of results on measure and integration of real-valued functions and
Bochner Integrable functions. These results, as well as their proofs, can be found in full in the
books [2], [3], [9]

First, we will recall some important results about measure and integration of real-valued
functions and, then present similar results for Bochner integrable functions. We will assume
that the reader is familiar with the concepts of continuity and measurability of real-valued
functions.

Theorem A.0.1. (Monotone Convergence [21]). Let f, : Q C RN, n € N, be a sequence of
functions. If f, is integrable for every n € N and the sequence (f,),—, is monotone with

/andx

sup < oo, then

n—soo

lim | f,dx= / lim f,dx. (A.0.1)
Q Qn—ee

Lemma A.0.1. (Fatou’s Lemma [21]). If f, : Q@ C RN — R are non-negative, integrable and
lim | f,dx < oo, for every n € N, then
n—o [0

lim / fodx= [ lim f,dx. (A.0.2)
Q Qn—ee

n—yoo

Theorem A.0.2. (Theorem of Fubini [21]). Let f : M C RNTL — R be an integrable function,
with f(x,y) = 0 outside M. Then the following holds:

1. /Nf(x,y) dx exists for a.e x € RN;
R

2. /Lf(x,y) dy exists for a.e y € RE; and
R

3. The integrals

| rteyasay, [ ( [ 16 dx) ar, [ | ( | sy dx) dy

exists and are equal.

Theorem A.0.3. (Theorem of Tonelli [21]). Let f : @ C RN — R be a measurable function.
Then the following are equivalent:
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1. f is integrable;

2. /RN (/Hq{L\f]dy) dx exists, or /RL (/RNf(x,y)dx) dy exists.

Remark A.0.1. If condition (ii) in Tonelli’s Theorem holds, then Fubini’s Theorem applies.
Theorem A.0.4. (The Holder’s Inequality [21]). Let @ C RN be a limited non-empty subset of
RN, 1< pi,...,pN < oo, with sz =1, and u; € LP/(Q). Then,

- N
'/ Hu,dx <H(/ |u; |p, dx) :HHMI'HLPZ‘(Q). (A.0.3)
i=1

We recall that, given two normed linear spaces, X and Y, not necessarily over the same field, a
linear operator is a function

T:D(T)CX — Y
x = T(x)

where D(T) is a linear subspace of X called the domain of definition of the operator T. If T is
a linear operator as above, then T is said to be continuous on its domain of definition if and
only if it is bounded; that is, there exists a constant C > 0 such that

1T () lly < Clixllx,

for every x € D(X). In such case, we also say that the operator 7 is bounded on D(X). The set
of all bounded linear operators 7 : X — Y is denoted by B(X,Y). If X is a normed linear space
over some field K, then a linear functional on X is a linear operator

T:X—K.
The set of all continuous linear functionals on X is denoted by
X' =B(X,K)
gfnd is called the topological dual of X. A linear operator 7 : X — Y is an isometry if, and only
11,
1T () lly= [lxlx
for every x € X.

Theorem A.0.5. (The dual space of LP(Q) [21]) Let Q C RY be an nonempty limited open
subset of RN, and p,q € R be such that 1 < p,q < oo, with p~' 4+¢~! = 1. Then, we can identify

(LP(Q)) with L1(Q), that is:
I Ifuel(Q)andU(v) = / uvdx, for every v € LY (Q), then U : LP (Q) — R is a contin-
Q

uous linear functional on LF(Q), i.e., U € (LF(Q))". Moreover, we have |[U||(1r(q)y=
[ullzr (@)
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2. Conversely, each U € (LP(Q))" is obtained in the same manner, where u € L7 (Q) is
uniquely determined by U.

Hence, there exists an isometric isomorphism u — U from L1(Q) onto (LP(Q))'. Identifying U
with u, we will write

<M,V>Lq(Q)’Lp(Q) = / uvdx,Yu € Lq(.Q.),VV S LP(Q) (A.0.4)
Q
Lemma A.0.2. (Gronwall’s lemma [1]). LetJ CR to € Jand o, B ,u € C(J;R.). Suppose
that
t
ut) < ofr)+| | Bs)uls), (A.0.5)
To
forallt € J. Then,
t 1
u(t) < alt) + / a(s)B (s)el Bl g (A.0.6)
To

forallt e J.

Proof. For a proof, see [1], Chapter 2, Lemma 6.1, page 89. ]
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