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Resumo

Metaestruturas Giroscópicas Não-lineares para Atenuação de Vibração em
Rotores

Autor: André Albuquerque Thomas e Brandão

Orientadora: Aline Souza de Paula, Dr. (ENM / UnB)

Coorientador: Adriano Fabro, Dr. (ENM/UnB)

Programa de Pós Graduação em Ciências Mecânicas

Brasília, 8 de dezembro de 2025

O potencial de aplicação das metaestruturas para de atenuação de vibrações me-
cânicas tem se mostrado promissor para aplicação em diversos campos recentemente.
Esta tese apresenta resultados e análises que estabelecem os fundamentos técnicos que
viabilizam a exploração de dois aspectos principais de tais estruturas: (1) a investigação
da aplicação das metaestruturas para atenuação de vibrações em rotores e (2) os efeitos
da não linearidades em seu desempenho geral de atenuação de vibrações, bem como a
fenomenologia associada. Uma abordagem em três etapas foi adotada para permitir uma
compreensão progressiva dos fenômenos com nível crescente de complexidade. Em uma
primeira etapa, um rotor bi-apoiado com ressonadores lineares foi analisado, levando a
uma descrição detalhada do impacto dos efeitos giroscópicos nos mecanismos tradicionais
de formação de bandgaps. Os resultados mostraram atenuação consistente de vibrações
para arranjos de ressonadores tanto translacionais quanto rotacionais, bem como com-
portamentos únicos como o fenômeno de polarização e coexistência de modos ópticos e
acústicos. Em uma segunda etapa, o conceito de osciladores não lineares foi introduzido
usando um modelo base de cadeia unidimensional simples com acoplamentos biestáveis.
Os resultados revelaram os efeitos do comportamento caótico no desempenho geral de
atenuação de vibrações, especialmente na ampliação da largura de banda de atenuação.
Análises adicionais também revelaram que os mecanismos envolvidos na atenuação de
vibrações são fundamentalmente diferentes daqueles observados em sua contraparte linear.
Finalmente, o mesmo conceito de ressonador não linear foi aplicado a uma estrutura
rotativa, o que levou ao surgimento de padrões de resposta dinâmica singulares com
degradação do desempenho de atenuação em algumas faixas de frequência. Estas aparentes
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desvantagens da aplicação impulsionaram o desenvolvimento e a proposta de estratégias
inovadoras de disposição e sintonia dos osciladores que melhoram o desempenho geral do
sistema, fornecendo recursos práticos valiosos para o projeto de tais metaestruturas.

Palavras-chaves: Metaestruturas; Rotodinâmica Não-linear; Atenuação de vibração;
Caos.
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Abstract

Nonlinear Gyroscopic Metastructures for Vibration Attenuation in Rotors

Author: André Albuquerque Thomas e Brandão

Supervisor: Aline Souza de Paula, Dr. (ENM / UnB)

Co-supervisor: Adriano Fabro, Dr. (ENM/UnB)

PhD in Mechanical Sciences

Brasília, 2025

The vibration attenuation capabilities of metastructures have demonstrated promising
potential for application in several fields. This thesis presents results and analyses that lay
the foundations of understanding for the ultimate goal of exploring two main aspects of
such structures: (1) the investigation of its application for vibration attenuation in rotors
and (2) the effects of nonlinearities on its overall vibration attenuation performance as
well as the associated phenomenology. A three-step approach was adopted to allow for
a progressive understanding of the phenomena with increasing level complexity. In the
first place, a linear rotor system with disk resonator attachments is analyzed, leading
to a detailed description of the impact of gyroscopic effects on the traditional bandgap
formation mechanisms. The results showed consistent vibration attenuation for both
translational and rotational resonator arrangements, as well as unique behaviors such as
polarization phenomenon and coexistence of optical and acoustic modes. In a second step,
the concept of non-linear oscillators is introduced using a simpler 1-D chain base model
with bistable attachments. The results revealed the effects of chaotic behavior on the
overall vibration attenuation performance, especially in attenuation bandwidth widening.
Further analyses also revealed that the mechanisms involved in the vibration attenuation
are fundamentally different from those observed in its linear counterpart. Finally, the same
nonlinear resonator concept was applied to a rotating structure, which led to the emergence
of unique dynamic response patterns with degradation of attenuation performance in some
frequency ranges. These apparent disadvantages have driven the development and proposal
of innovative layout and tuning strategies that improve the system’s general performance,
providing valuable insight for the practical design of such metastructures.

Key-words: Metastructures; Nonlinear Rotordynamics; Vibration Attenuation; Chaos.

viii



Table of Contents

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 BIBLIOGRAPHIC REVIEW . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1 Mechanical Metamaterials . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Metastructure fundamentals . . . . . . . . . . . . . . . . . . . . 8
2.1.2 Bandgap performance improvement . . . . . . . . . . . . . . . . 9
2.1.3 Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.4 Non-reciprocity . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.5 Nonlinear metastructures . . . . . . . . . . . . . . . . . . . . . . 11
2.1.6 Tunability and control . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Rotordynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3 THEORETICAL BACKGROUND . . . . . . . . . . . . . . . . . . . . . 18
3.1 Metastructures for Vibration Attenuation . . . . . . . . . . . . . 18
3.2 Rotordynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 Numerical solution of nonlinear differential equations . . . . . . 33

3.3.1 The Harmonic Balance Method . . . . . . . . . . . . . . . . . . 33
3.3.2 Stability of periodic solutions in nonlinear systems . . . . . . . . 37

3.3.2.1 Floquet multipliers . . . . . . . . . . . . . . . . . . . . . . 37

4 RAINBOW GYROSCOPIC DISK METASTRUCTURES FOR BROAD-
BAND VIBRATION ATTENUATION IN ROTORS . . . . . . . . . . . 39
4.1 Rotor model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1.1 Translational resonators . . . . . . . . . . . . . . . . . . . . . . 44
4.1.1.1 Forced response . . . . . . . . . . . . . . . . . . . . . . . 46

4.1.2 Rotational resonators . . . . . . . . . . . . . . . . . . . . . . . . 52
4.1.2.1 Forced response . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Turboexpander Application . . . . . . . . . . . . . . . . . . . . . 60

ix



4.3 Final Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5 BANDGAP FORMATION AND CHAOS IN PERIODIC LATTICES
WITH GRADED BI-STABLE RESONATORS . . . . . . . . . . . . . . 70
5.1 System Description . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.3 Final Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6 NONLINEAR GYROSCOPIC METASTRUCTURES . . . . . . . . . . 84
6.1 System Description . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.1.1 System parameters . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . 90

6.2.1 Standard Oscillator Distribution . . . . . . . . . . . . . . . . . . 90
6.2.2 Modally Matched Distribution of the Oscillators . . . . . . . . . . 96
6.2.3 Attenuation bandwidth comparison . . . . . . . . . . . . . . . . 104

6.3 Final Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7 CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
7.1 Linear gyroscopic resonators . . . . . . . . . . . . . . . . . . . . 106
7.2 Nonlinear 1-D oscillators . . . . . . . . . . . . . . . . . . . . . . . 107
7.3 Nonlinear gyroscopic oscillators . . . . . . . . . . . . . . . . . . . 107
7.4 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

x



List of Figures

Figure 2.1 – Organization of the following chapters. . . . . . . . . . . . . . . . . . . 17
Figure 3.1 – Basic 1 DoF arrangement (a) and simple DVA system (b). . . . . . . . 20
Figure 3.2 – Frequency Response Functions and phase of a base 1DoF system with

and without DVA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
Figure 3.3 – Phase relationships between elastic link force and base mass velocity. . 21
Figure 3.4 – Simplified periodic chain with 2-cell periodicity and resonators attach-

ments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
Figure 3.5 – Frequency response function showing Bragg Scattering and Locally

Resonant bandgaps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
Figure 3.6 – Bandgap widening with rainbow resonators. . . . . . . . . . . . . . . . 24
Figure 3.7 – Two degrees of freedom rotor model. . . . . . . . . . . . . . . . . . . . 26
Figure 3.8 – Orbit representation as the composition of two orthogonal coordinates. 27
Figure 3.9 – Bode plots of an unbalanced Jeffcott Rotor for different values of damp-

ing factor 𝜁. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
Figure 3.10–Four degrees of freedom Jeffcott rotor. . . . . . . . . . . . . . . . . . . 30
Figure 3.11–Typical Campbell Diagram and mode shapes for a 4 DoF Jeffcott rotor.

(a) Backward conical mode, (b) Forward conical mode, (c) Forward
cylindrical mode and (d) Backward cylindrical mode. . . . . . . . . . . 32

Figure 3.12–Frequency Response obtained with both HBM and direct integration. . 38
Figure 4.1 – Rotor FEM model of the shaft (grey), rigid axisymmetric disks (red),

isotropic bearings (dark blue) and resonators (light blue), the bearings
at the ends. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Figure 4.2 – Stiffness matrix arrangement in sparse representation. . . . . . . . . . . 41
Figure 4.3 – Campbell Diagram and the mode shapes of the corresponding syn-

chronous natural frequencies of the bare the rotor. . . . . . . . . . . . . 43
Figure 4.4 – Campbell diagrams with translational resonators tuned to 377 rad/s.

(a) Periodic resonators and 𝐴avg colorscale. (b) Periodic resonators and
𝜑avg colorscale. (c) Rainbow resonators and 𝐴avg colorscale. (d) Rainbow
resonators and 𝜑avg colorscale. . . . . . . . . . . . . . . . . . . . . . . . 45

xi



Figure 4.5 – Major axis response with translational resonators tuned to 377 rad/s.
(a) Forward excitation. (b) Backward excitation. . . . . . . . . . . . . . 47

Figure 4.6 – Response amplitudes as a function of the frequency and rotation speed
of the shaft due to backward excitation. (a) Bare rotor. (b) Translational
rainbow resonators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

Figure 4.7 – Deflected shapes for periodic translational resonators tuned to 377 rad/s
with forward excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Figure 4.8 – Deflected shapes for translational rainbow resonators tuned to 377 rad/s
with forward excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Figure 4.9 – Campbell diagrams with rotational resonators tuned to 634.4 rad/s. (a)
Periodic resonators and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg

colorscale. (c) Rainbow resonators and 𝐴avg colorscale. (d) Rainbow
resonators and 𝜑avg colorscale. . . . . . . . . . . . . . . . . . . . . . . . 54

Figure 4.10–Amplitude of the frequency response with rotational resonators tuned
to 634.4 rad/s. (a) Forward excitation. (b) Backward excitation. . . . . 54

Figure 4.11–Campbell diagram (a) and the amplitude of the frequency response to
backward excitation (b) with rotational resonators tuned to 634.4𝑟𝑎𝑑/𝑠

and 𝑚 = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
Figure 4.12–Response amplitudes as a function of the frequency and rotation speed

of the shaft due to backward excitation. . . . . . . . . . . . . . . . . . 56
Figure 4.13–Deflected shapes for rotational rainbow resonators tuned to 634.4𝑟𝑎𝑑/𝑠

with forward excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . 57
Figure 4.14–Deflected shapes for rotational rainbow resonators tuned to 634.4 rad/s

with backward excitation. . . . . . . . . . . . . . . . . . . . . . . . . . 58
Figure 4.15–Spatially averaged amplification and phase angle with rotational res-

onators tuned to 634.4 rad/s subject to backward excitation. (a) Peri-
odic resonators and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg

colorscale. (c) Rainbow resonators and 𝐴avg colorscale. (d) Rainbow
resonators and 𝜑avg colorscale. . . . . . . . . . . . . . . . . . . . . . . . 59

Figure 4.16–Spatially averaged amplification and phase angle with rotational res-
onators tuned to 634.4 rad/s subject to forward excitation. (a) Peri-
odic resonators and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg

colorscale. (c) Rainbow resonators and 𝐴avg colorscale. (d) Rainbow
resonators and 𝜑avg colorscale. . . . . . . . . . . . . . . . . . . . . . . . 60

Figure 4.17–Typical turboexpander-compressor showing key parts (API Std 617,
2022). Reproduced courtesy of the American Petroleum Institute. . . . 61

Figure 4.18–Turboexpander compressor rotor model. . . . . . . . . . . . . . . . . . 62
Figure 4.19–Campbell diagram of the turboexpander-compressor before application

of resonators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
Figure 4.20–Campbell diagram of the turboexpander-compressor before application

of resonators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

xii



Figure 4.21–Unbalance responses plots for turboexpander compressor with midspan
unbalance. (a) Left side bearing and (b) right side bearing. . . . . . . . 64

Figure 4.22–Unbalance responses plots for turboexpander compressor with left side
impeller unbalance. (a) Left side bearing and (b) right side bearing. . . 65

Figure 4.23–Mode shape of the target natural frequency. Red dashed lines indicate
the position of the resonators. . . . . . . . . . . . . . . . . . . . . . . . 66

Figure 4.24–Response heatmap for unitary forward excitation. (a) Bare rotor, (b)
rotor with identical resonators and (c) rainbow resonators. . . . . . . . 67

Figure 4.25–Response heatmap for unitary backward excitation. (a) Bare rotor and
(b) rotor with identical resonators. . . . . . . . . . . . . . . . . . . . . 67

Figure 4.26–Averaged amplification and phase angle maps for identical (a-b) and
rainbow resonators (c-d). . . . . . . . . . . . . . . . . . . . . . . . . . . 68

Figure 5.1 – 1-D chain arrangement used for the simulations in this chapter. . . . . 70
Figure 5.2 – Frequency Response plots comparing the system’s response for different

excitation amplitudes: (a) 1000 N, (b) 3000 N, (c) 6000 N and (d) 9000 N. 73
Figure 5.3 – Bifurcation Diagrams for different excitation amplitudes: (a) 1000 N,

(b) 3000 N, (c) 6000 N, (d) 9000 N. . . . . . . . . . . . . . . . . . . . . 74
Figure 5.4 – Frequency Response heatmap of the system for different excitation

amplitudes: (a) 1000 N, (b) 3000 N, (c) 6000 N and (d) 9000 N. . . . . 75
Figure 5.5 – Spatially averaged amplification (a) and relative phase (b) between base

chain and resonators for excitation amplitude of 1000 N. . . . . . . . . 76
Figure 5.6 – Spatially averaged amplification (a) and relative phase (b) between base

chain and resonators for excitation amplitude of 6000 N. . . . . . . . . 76
Figure 5.7 – Spatially averaged amplification (a) and relative phase (b) between base

chain and resonators for excitation amplitude of 9000 N. . . . . . . . . 77
Figure 5.8 – Spatial distribution of vibration for the linear system (a) and for the

non linear system with different excitation amplitudes: (b) 1000 N, (c)
6000 N and (d) 9000 N. . . . . . . . . . . . . . . . . . . . . . . . . . . 77

Figure 5.9 – Frequency Response plots comparing the system’s response with graded
resonators and with different excitation amplitudes: (a) 1000 N, (b)
3000 N, (c) 6000 N and (d) 9000 N. . . . . . . . . . . . . . . . . . . . . 79

Figure 5.10–Bifurcation Diagrams for different excitation amplitudes with graded
resonators: (a) 1000 N, (b) 3000 N, (c) 6000 N, (d) 9000 N. . . . . . . . 79

Figure 5.11–Frequency Response heatmap of the system with graded resonators for
different excitation amplitudes: (a) 1000 N, (b) 3000 N, (c) 6000 N and
(d) 9000 N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

Figure 5.12–Spatially averaged amplification (a) and relative phase (b) between base
chain and graded resonators for excitation amplitude of 1000 N. . . . . 81

Figure 5.13–Spatially averaged amplification (a) and relative phase (b) between base
chain and graded resonators for excitation amplitude of 6000 N. . . . . 81

xiii



Figure 5.14–Spatially averaged amplification (a) and relative phase (b) between base
chain and graded resonators for excitation amplitude of 9000 N. . . . . 81

Figure 5.15–Spatial distribution of vibration with graded resonators for the linear
system (a) and for the non linear system with different excitation
amplitudes: (b) 1000 N, (c) 6000 N and (d) 9000 N. . . . . . . . . . . . 82

Figure 6.1 – Rotor FEM model of the shaft (grey), rigid axisymmetric disks (red),
isotropic bearings (green) and oscillators (blue) and the bearings at the
shaft ends. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Figure 6.2 – Nonlinear oscillator and rotor attachment on X-Y plane projection. . . 86
Figure 6.3 – Matrix composition of the linear stiffness components. . . . . . . . . . 87
Figure 6.4 – Mode shape at the targeted natural frequency for attenuation. . . . . . 90
Figure 6.5 – Frequency Response Functions for (a) forward and (b) backward excita-

tions with identical oscillators. . . . . . . . . . . . . . . . . . . . . . . . 91
Figure 6.6 – Frequency Response Functions for (a) forward and (b) backward excita-

tions with graded oscillators. . . . . . . . . . . . . . . . . . . . . . . . . 92
Figure 6.7 – Frequency Response Functions for unbalance excitation. (a) Identical

oscillators and (b) graded oscillators. . . . . . . . . . . . . . . . . . . . 93
Figure 6.8 – Orbit plots of oscillator 1 (left) and shaft end (right) for linear and

nonlinear oscillators. All cases correspond to identical resonators under
a 10𝑈 unbalance excitation. Excitation frequencies are 360 rad/s for (a)
and (b) and 700 rad/s for (c) and (d). . . . . . . . . . . . . . . . . . . 94

Figure 6.9 – Orbit plots of the oscillator and corresponding shaft node under 6𝑈

unbalance excitation condition, with identical oscillators and Ω = 503
rad/s. (a) First leftmost oscillator. (b) Second leftmost oscillator. . . . 95

Figure 6.10–Averaged amplification and phase angle plots for high excitation ampli-
tude. (a) Averaged amplification heatmap and (b) phase angle map for
forward excitation of 500 N. (c) Averaged amplification heatmap and
(d) phase angle map for unbalance excitation of 4𝑈 . . . . . . . . . . . . 96

Figure 6.11–Full spectrum waterfall heatmaps for the right-most element response.
(a) Forward excitation of 400 N. (b) Unbalance excitation of 4𝑈 . (c)
Forward excitation of 500 N. (d) Unbalance excitation of 6𝑈 . . . . . . . 97

Figure 6.12–Oscillators positioning with Modally Matched Distribution (MMD). (a)
Shows the mode shape of the target natural frequency and (b) shows
the adjusted distribution of oscillators. . . . . . . . . . . . . . . . . . . 98

Figure 6.13–Unbalance response comparison for different values of 𝜔0. The unbalance
is set at 4𝑈 and the linear case uses 𝜔0 = 300 rad/s. . . . . . . . . . . . 99

Figure 6.14–Frequency Response Functions for (a) forward and (b) backward excita-
tions and identical oscillators with MMD. . . . . . . . . . . . . . . . . 99

Figure 6.15–Frequency Response Functions for (a) forward and (b) backward excita-
tions and graded oscillators with MMD. . . . . . . . . . . . . . . . . . 99

xiv



Figure 6.16–Frequency Response Functions for unbalance excitation. (a) Identical
oscillators and (b) graded oscillators, both with MMD. . . . . . . . . . 100

Figure 6.17–Orbit plots of oscillator 1 (left) and shaft end (right) for linear and
nonlinear oscillators with MMD. All cases are for identical resonators
under 10𝑈 unbalance excitation. Excitation frequencies are 250 rad/s
for (a) and (b) and 730 rad/s for (c) and (d). . . . . . . . . . . . . . . 100

Figure 6.18–Averaged amplification and phase angle plots for high excitation am-
plitude and oscillator with MMD. (a) Averaged amplification heatmap
and (b) phase angle map for forward excitation of 500 N. (c) Averaged
amplification heatmap and (d) phase angle map for unbalance excitation
of 4𝑈 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Figure 6.19–Amplification and phase angle averaged of the first three oscillators
at high excitation amplitude and oscillator with MMD. (a) Averaged
amplification heatmap and (b) phase angle map for unbalance excitation
of 4𝑈 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Figure 6.20–Full spectrum waterfall heatmaps for the right-most element response
in the system with MMD. (a) Forward excitation of 400 N. (b) Unbal-
ance excitation of 4𝑈 . (c) Forward excitation of 500 N. (d) Unbalance
excitation of 6𝑈 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Figure 6.21–Poincaré map for the X-direction motion of the first oscillator with
forward excitation at 400 N amplitude and 600 rad/s frequency. . . . . 103

Figure 6.22–Bar chart showing a comparison of attenuation bandwith for the different
configurations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

xv



List of Tables

Table 1 – FEM parameters, geometrical and material properties of the rotor model. 43
Table 2 – Radial bearing input data for calculation of dynamic force coefficients. . 61
Table 3 – Resonator parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

xvi



List of abbreviations and acronyms

𝐴𝐹𝑇 Alternating Frequency/Time-Domain

𝐴𝑃𝐼 American Petroleum Institute

𝐷𝐹𝑇 Direct Fourier Transform

𝐷𝑜𝐹 Degrees of Freedom

𝐷𝑉 𝐴 Dynamic Vibration Absorber

𝐹𝐸𝑀 Finite Element Method

𝐹𝐹𝑇 Fast Fourier Transform

𝐹𝑅𝐹 Frequency Response Function

𝐻𝐵𝑀 Harmonic Balance Method

𝐼𝑆𝑂 International Organization for Standardization

𝑀𝑀𝐷 Modally Matched Distribution

𝑁𝐸𝑆 Nonlinear Energy Sink

𝑅𝐾4 Runge-Kutta 4th Order

𝑆𝑀𝐴 Shape Memory Alloys

𝑆𝑆 Stainless Steel

𝑉 𝐺 Viscosity Grade

xvii



List of symbols

𝛼 Nonlinear coefficient of the Duffing oscillator [𝑁/𝑚3]

𝛽 Linear coefficient of the Duffing oscillator [𝑁/𝑚]

𝛿 Dissipative coefficient of the Duffing oscillator [𝑁 · 𝑠/𝑚]

𝜀𝑛 Mass gradation factor for the nth resonator [dimensionless]

𝜆 Floquet multiplier [dimensionless]

𝜇 Mass ratio between resonators and base structure [dimensionless]

𝜈 Frequency scaling factor for the harmonic balance method [dimension-
less]

𝜑 Phase angle [rad]

𝜑avg Spatial average of phase angle [rad]

𝜑𝑖 Phase angle of the 𝑖-th resonator [rad]

𝜃𝑥 Rotation around x-axis [rad]

𝜃𝑦 Rotation around y-axis [rad]

𝜁 Damping factor [dimensionless]

𝐴avg Spatial average of amplification factor [dimensionless]

𝐴𝑖 Amplification factor of the ith resonator [dimensionless]

𝑐 Damping coefficient [𝑁 · 𝑠/𝑚]

𝑐0 Viscous damping between adjecent chain elements [𝑁 · 𝑠/𝑚]

𝑐𝑝 Proportional damping coefficient [s]

𝑐𝑟 Resonator damping coefficient [𝑁 · 𝑠/𝑚]

𝑐𝑥𝑥 Direct damping coefficient in x-direction [𝑁 · 𝑠/𝑚]

𝑐𝑦𝑦 Direct damping coefficient in y-direction [𝑁 · 𝑠/𝑚]

xviii



𝑑 Distance between chain elements [m]

𝑑𝑖 Inner diameter [m]

𝑑𝑜 Outer diameter [m]

𝐹 , 𝑓 Excitation force amplitude [N]

𝑓𝑛𝑙 Nonlinear force [N]

𝐹𝑟 Restoring force [N]

𝐼𝑝 Polar moment of inertia [𝑘𝑔 · 𝑚2]

𝐼𝑝res Polar moment of inertia of the resonator [𝑘𝑔 · 𝑚2]

𝐼𝑡 Transverse moment of inertia [𝑘𝑔 · 𝑚2]

𝐼𝑡res Transverse moment of inertia of the resonator [𝑘𝑔 · 𝑚2]

𝐼𝑡osc Transverse moment of inertia of the oscillator [𝑘𝑔 · 𝑚2]

𝑘 Stiffness [𝑁/𝑚]

𝑘0 Stiffness between chain elements [𝑁/𝑚]

𝑘1 Rotational stiffness [𝑁 · 𝑚/𝑟𝑎𝑑]

𝑘𝜃 Rotational coupling stiffness [𝑁 · 𝑚/𝑟𝑎𝑑]

𝑘𝑙𝑖𝑛 Linearized oscillator stiffness [𝑁/𝑚]

𝑘𝑛𝑙 Nonlinear stiffness [𝑁/𝑚]

𝑘𝑟 Resonator stiffness [𝑁/𝑚]

𝑘𝑦 Coupling stiffness in y-direction [𝑁/𝑚]

𝑘𝑥𝑥 Direct stiffness coefficient in x-direction [𝑁/𝑚]

𝑘𝑥𝑦, 𝑘𝑦𝑥 Cross-coupling stiffness coefficients [𝑁/𝑚]

𝑘𝑦𝑦 Direct stiffness coefficient in y-direction [𝑁/𝑚]

𝐿 Length [m]

𝑚 Mass [kg]

𝑚0 Reference mass [kg]

𝑚𝑛 Mass of the nth resonator/oscillator [kg]

𝑚𝑜 Oscillator mass [kg]

xix



𝑚𝑟 Resonator mass [kg]

𝑁 Total number of shaft nodes [dimensionless]

𝑁0 Number of degrees of freedom of the chain [dimensionless]

𝑁1 Number of resonators [dimensionless]

𝑁𝐻 Number of harmonics considered in the harmonic balance method
[dimensionless]

𝑁𝑜 Number of oscillators [dimensionless]

𝑁𝑟 Number of resonators [dimensionless]

𝑟 Distance between rotor center of mass and rotation axis [m]

𝑡 Time [s]

𝑇 Period [s]

𝑈 Unbalance magnitude [𝑘𝑔 · 𝑚]

𝑈𝑝 Potential energy [J]

𝑊 Total rotor weight [kg]

𝑥 Displacement in x-direction [m]

𝑥0 Stable equilibrium position of the Duffing oscillator [m]

𝑦 Displacement in y-direction [m]

𝜔 Excitation frequency [rad/s]

𝜔0 Reference natural frequency [rad/s]

𝜔1 Rotational natural frequency [rad/s]

𝜔𝑐 Critical speed [rad/s]

𝜔𝑛 Natural frequency [rad/s]

𝜔𝑟 Resonator natural frequency [rad/s]

𝜔𝑡 Target frequency [rad/s]

Ω Shaft rotation speed [rad/s]

Ω𝑐 Critical speed [rad/s]

Ω𝑡 Target synchronous frequency [rad/s]

xx



A Harmonic balance method matrix

b Vector of Fourier coefficients of forces in the harmonic balance method

C Damping matrix [𝑁 · 𝑠/𝑚]

f Force vector [𝑁 ]

f𝑛𝑙 Nonlinear force vector [𝑁 ]

G Gyroscopic matrix [𝑘𝑔 · 𝑚2]

h Vector of harmonic balance method equations

H𝜔 Transfer matrix [variable]

Jz Jacobian matrix

K Stiffness matrix [𝑁/𝑚]

M Mass matrix [𝑘𝑔]

M0 Monodromy matrix

x Displacement vector [𝑚]

z Vector of Fourier coefficients of displacements [𝑚]

Γ Linear operator for inverse Fourier transform

xxi



1



1 Introduction

The investigation of dynamical behavior emerging from periodic structures has
been gaining increasing attention from the scientific community over the last 20 years.
These types of structures were first investigated by Isaac Newton in the Seventeenth
Century as a way to describe the velocity of sound in air (NEWTON, 1686) and continued
to get a steady flow of contributions in the following centuries that built an initial basic
understanding of their unique dynamic characteristics.

The first comprehensive work that structured and deepened the available knowledge
about the dynamics and wave propagation in periodic structures was the book "Wave
Propagation in Periodic Structures", by Léon Brillouin first published in 1946 (BRILLOUIN,
1946). The main motivation for the formulations described by Brillouin at the time was
the studies of the dynamics of atoms and ended up forming the mathematical basis for
the formulations of modern Quantum Mechanics.

However, more recently, the study of periodic structures has found increasingly
expanding grounds for the application of large-scale structural systems. In the last 20
years, the number of papers published each year with investigations on large-scale periodic
structures, or mechanical metastructures, increased more than 5 times. This recent trend is
in part motivated and enabled by previously developments that formed a solid theoretical
foundation for the understanding of periodic structures, such as the work of Mead (1975)
where some of the most fundamental aspects of periodic systems’ dynamic behavior were
first described.

A practical motivation that has become central in recent work on metastructures
is structural vibration attenuation. The unique properties of bandgap formation and
other wave propagation restriction mechanisms make this type of structure an important
tool for vibration control. Special topological configurations enable extremely flexible
control of wave propagation, especially in the field of optics and waveguides, but also
for mechanical systems. Broadband, low-frequency bandgap formation mechanisms in
large-scale mechanical systems can enable vibration control of a myriad of structures, from
industrial piping systems to building earthquake protection. Related works often focus on
ways to improve the performance of these bandgaps, using topological variations, periodicity
breaks (BELI et al., 2019; MENG et al., 2020a; HODGES, 1982; CAI; LIN, 1991), and
nonlinear elements (XIA; RUZZENE; ERTURK, 2019; XIA; RUZZENE; ERTURK, 2020;
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SHENG et al., 2021; NARISETTI; LEAMY; RUZZENE, 2010; MOSQUERA-SÁNCHEZ;
De Marqui, 2024) to achieve broadband, easily tunable, and robust vibration control.

Research works that have focused on investigating the effects of nonlinear peri-
odic structures on vibration attenuation indicate significant advantages on attenuation
performance, both in bandwidth and in amplitude (MATLACK et al., 2016; LIU et al.,
2011; PAI; PENG; JIANG, 2014). In many cases, as shown in Xia, Ruzzene & Erturk
(2020), Brandão, de Paula & Fabro (2024), the attenuation is greatly improved by the
chaotic behavior that emerges at higher input excitation amplitudes. However, these works
focus on attenuating vibrations on simple beam structures using local resonators that
couple only to the translation degrees of freedom of the main beam. Few works, such as
Sheng et al. (2021), explore the angular component of beam vibration by attaching flexural
resonators to the structure. These works, especially those developing analytical solutions,
also usually consider the formulation of plane waves, since the orthogonal directions are
independent (XIAO; WEN; WEN, 2012).

Exploring the behaviors that arise from the rotation of the main structures and
resonators, coupling the orthogonal directions through the gyroscopic effect, is still rare
(XU et al., 2023; LAMAS; NICOLETTI, 2024) and does not always focus on the vibration
attenuation potential. Gyroscopic effects have fundamental implications on the system’s
dynamics, creating new forms of interaction between the base structure and attached
resonating structures. Furthermore, the combination of these gyroscopic-related effects
with the nonlinear effects reported in the literature may provide a promising way to efficient
and robust vibration attenuation in rotating structures. The current challenges in the
design of rotating machinery in industry are still numerous (DELLACORTE; BRUCKNER,
2011). The search for innovative ways to produce machines with lower vibration levels and
better reliability in increasingly challenging applications is a prolific field that needs to be
continuously pushed. This thesis contributes with a possible solution, or additional design
tool, that can be used to overcome some of these challenges.

The central proposal of this thesis is to apply the vibration attenuation capabilities
of metastructures to rotating systems, presenting a new alternative for vibration control
in rotating machinery rotordynamic design. The goal is pursued by applying the concept
of locally resonant metastructures to rotor systems and subsequently exploring the limits
and opportunities that arise from this combination, which is done by characterizing the
phenomenology of the system’s behavior and exploring alternative setups such as rainbow
arrangements and nonlinear oscillators. This innovative concept opens up a new research
area for Gyroscopic Metastructures.

The general objectives of this thesis are to (1) explore the vibration attenuation
capabilities of linear and nonlinear metastructures in rotating systems and (2) develop
and present a set of tools and methods to model and analyze this type of system. The
specific objectives of the thesis are (1) to investigate and discuss how gyroscopic effects
can impact the dynamics of rotating metastructures, (2) to develop a case study applying
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the concepts developed to the model of a real industrial machine, (3) explore and propose
design optimization practices that can improve vibration attenuation performance, and
(4) enable a deeper understanding of the underlying phenomena that generate chaotic
vibration attenuation in nonlinear metastructures.

The thesis follows a specific progressive investigation path that allowed the under-
standing of key physical phenomena separately and in a systematic way. This strategy
consisted of 3 steps: (1) linear metastructure on a rotating shaft as base structure in
Chapter 4, (2) nonlinear bi-stable metastructure on a non-rotating 1D lattice as base
structure in Chapter 5 and (3) nonlinear bi-stable metastructure on a rotating shaft as
base structure in Chapter 6.

1.1 Contributions

The main contribution of this work is to explore the dynamic behavior and vibration
attenuation performance of periodic structures considering the gyroscopic effect and
nonlinearities. As the main, high-level results of this investigation we highlight: (1) the
clear definition of the main aspects of these periodic systems’ behaviors, including the
influence of the gyroscopic effect and functional gradation in linear and nonlinear systems;
(2) the definition and understanding of the underlying mechanisms that create such
behaviors, especially vibration attenuation; and ultimately (3) to provide the foundations
of applicability and design aspects to pave the way for future practical applications.

The list of main publications associated with this thesis is presented below.

• Brandão, de Paula & Fabro (2022) - In this work, the concept of periodic locally
resonant metastructures has been extended to rotors in two different configurations:
identical and rainbow resonators. The results show consistent vibration attenuation
and unique behaviors such as the coexistence of acoustic and optical modes. The
content of this work is presented in Chapter 4.

• Brandão, de Paula & Fabro (2024) - This work explores the vibration attenuation
mechanisms in a 1-D chain with an array of bi-stable attachments, both in periodic
and graded arrangements. The results show amplitude-dependent, broadband vibra-
tion amplitude effects, especially when chaotic behavior emerges. The mechanisms
of vibration attenuation are also discussed and have been shown to be significantly
different than those in linear systems.The content of this work is presented in Chapter
5.

• Brandão, de Paula & Fabro (2025) - The work combines the fundamental concepts of
the previously mentioned papers to investigate the behavior and vibration attenuation
capabilities of nonlinear oscillators on a rotating system. In this case, particular
phenomena, previously not clearly present, were observed. Novel strategies for tuning
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and positioning the oscillators have been proposed and have been shown to overcome
some of the weaknesses in attenuation performance.The content of this work is
presented in Chapter 6.
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2 Bibliographic Review

In the last decade, there has been a fast and substantial increase in interest
in investigating periodic structures, which in some contexts have become known as
metamaterials (WALSER, 2000) or metastructures. This fast evolution was accompanied
by a significant increase in richness of the academic research environment during the
period, with the basic initial concepts branching out to several different knowledge domains,
applications and with different levels of complexity.

The exploration of the basic phenomena of periodic structures was initially largely
focused on electromagnetism and the manipulation of electromagnetic waves, in works
such as Joannopoulos, Villeneuve & Fan (1997), Walser (2001), Biswas, Li & Ho (2004),
Baba et al. (2004), which often applied the term photonic crystals to refer to these new
materials. However, some works were already building the foundations that allowed the
expansion of these same concepts to mechanical systems (MEAD, 1996; VASSEUR et al.,
1994; KUSHWAHA et al., 1994).

At a certain point, research interest shifted to become predominantly focused on
the study of mechanical wave propagation, in a prolific exploration of several different and
creative configurations of phononic crystals or sonic crystals. This shift may be attributed
to the unique frequency response characteristics of these systems, which opened a new
realm of possible applications for acoustics and structural dynamics, especially in vibration
attenuation and control (CREMER; HECKL; PETERSSON, 2005; SÁNCHEZ-DEHESA
et al., 2011; VASILEIADIS et al., 2021).

The effects of periodicity and local resonance can be explored for enhancing the
structural dynamics and improve broadband vibration attenuation (WU et al., 2021).
Additionally, it has been shown that the rainbow distribution can further increase the
attenuation bandwidth with no added mass by a suitable choice of spatial distribution of
the resonance frequency (ZHU et al., 2013; BELI et al., 2019; MENG et al., 2020d; MENG
et al., 2020a). Typically, gradient spatial profiles are used, but other types of spatial
profiles have also been shown to be effective (CELLI et al., 2019; FABRO et al., 2021;
FABRO; MENG; CHRONOPOULOS, 2021). This approach is also known as rainbow
metamaterial, originally proposed in the context of optics (TSAKMAKIDIS; BOARDMAN;
HESS, 2007), and it uses spatial gradient changes in the metastructure for the creation of
wider bandgaps (BELI et al., 2019; MENG et al., 2020d) and can be extended to 2D and
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3D metastructures (MENG et al., 2020b; MENG et al., 2020a). Similar effects of bandgap
widening can also be achieved using random disorder (CELLI et al., 2019) and correlated
disorder (FABRO; MENG; CHRONOPOULOS, 2021).

At this stage, the focus was still on relatively small-scale structures. The term
crystal itself implies an interest in the average properties of a macroscopic body composed
of a large number of smaller unit cells. Or, as described by Walser (2001), "(...) achieving
performance beyond that of conventional macroscopic composites (...) by first disassembling,
then recombining macroscopic constituents".

The concepts were then gradually diffused to larger-scale structures. These new
investigations explored systems that no longer relied on a large size difference between
unit cells and the whole structure, but still manifested some of the unique and potentially
useful dynamic characteristics of conventional metamaterials. Sugino et al. (2017) provides
an important foundation for this new trend when it demonstrates that an elastic beam
with as few as seven locally resonant unit cells can already achieve vibration attenuation
performance similar to that of the same beam with an infinite number of unit cells. This
new approach paved the way for practical engineering applications, where systems have to
be finite and spatially constrained by manufacturing processes, economic restrictions, and
other application-specific restrictions (RICHARDS; PINES, 2003; POLICARPO; NEVES;
RIBEIRO, 2010; LAMAS; NICOLETTI, 2024).

The work published by Hussein, Leamy & Ruzzene (2014) presents a comprehensive
review of the main contributions and motivations behind the developments in periodic
structures and phononic materials dating back to the first investigations by Issac Newton.
The review paper finally highlights that the next frontier for the research of mechanical
metamaterials would be in enabling the ultrahigh- and ultralow-frequency application.

Soon after, Mace (2014) complemented the discussions of Hussein, Leamy & Ruzzene
(2014) by adding a more objective perspective on some of the most fundamental aspects of
the developments in metamaterials. More recent reviews like Dalela, Balaji & Jena (2021)
and Wu et al. (2025) provide an update on the latest developments in the field, placing
Artificial Intelligence (AI) as a central tool in the development and optimization of future
metamaterials.

However, the integration of these concepts with rotating systems, where gyroscopic
effects introduce additional complexity and opportunities, remains largely unexplored.

2.1 Mechanical Metamaterials

This section reviews the current state of metamaterial research, identifying three
main research trends and highlighting the promising but underdeveloped intersection with
rotordynamics, which forms the foundation for the novel contributions presented in this
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thesis.

Recent contributions in the field focused on the following main categories: metas-
tructure fundamentals (Section 2.1.1), bandgap performance improvement (Section 2.1.2),
scale (Section 2.1.3), non-reciprocity (Section 2.1.4), nonlinear metastructures (Section
2.1.5) and tunability and control (Section 2.1.6). Some of the relevant contributions in
each of these categories will be briefly explored in the following sections.

2.1.1 Metastructure fundamentals

Several articles focus on the theoretical description and characterization of fun-
damental dynamic phenomena emerging from periodic structures. A topic that attracts
significant attention is the mechanisms of bandgap formation, its definition, and the
transition between different mechanisms.

There are two mechanisms for bandgap formation:

• The Bragg scattering mechanism is associated with small wavelengths, on the
order of magnitude of the lattice unit cell. Because of that, it is usually linked to
high frequency stopband regions, in which wave propagation is totally absent;

• The Local Resonance mechanism is associated with the resonance of local structures
that guide and concentrate all the vibration energy, stopping wave propagation in
the main structure. This mechanism tends to function on lower frequencies and is
more easily tunable.

Liu et al. (2000) were probably the first to present an experimental study showing
the concept of a locally resonant mechanism of bandgap formation. This paper focuses on
showing the band structure and transmission coefficients for different frequency ranges,
confirming the possibility of creating low-frequency bandgaps in real, large-scale periodic
structures.

Liu & Hussein (2012) showed a detailed work in which wave propagation in an
elastic beam with different kinds of periodicity is evaluated using Bloch’s Theorem and
the Transfer Matrix Method. The authors not only describe the influence of different types
of periodicity in the system’s bandgap structure, but also develop a detailed, rigorous
mathematical description of the transition between Bragg-scattering and Local Resonance
as bandgap formation mechanisms.

Sun and coauthors in 2010 contributed with a comprehensive evaluation of meta-
material beams and the mechanisms involved in bandgap formation in these systems
(SUN; DU; PAI, 2010). This work shows formulations for both infinite beams, using the
Bloch-Floquet Theorem approach, and finite structures, by using the Finite Element
Method (FEM).

8



A significant contribution was presented in Sugino et al. (2017), when a general
theory was developed to describe the bandgap formation mechanism in an elastic beam
with local resonators. The theory is able to predict bandgap performance as a function of
the mass ratio between beam and resonators, base frequency, and number of resonators.
An especially interesting result is that for a given mass ratio, there is an optimal number
of resonators that maximizes the bandgap width.

Xiao et al. (2021) extended the work of Sugino et al. (2017), developing more
complete closed-form expressions for bandgap design in beam-type metastructures. The
results are compared with good agreement and are able to predict bandgaps also for a
small number of resonators. The expressions are therefore able to predict the optimal
number of resonators for maximum bandgap width.

2.1.2 Bandgap performance improvement

Matlack et al. (2016) presented an interesting 3-D printed configuration of a
cubic lattice with lumped mass inclusions that was able to achieve broadband vibration
attenuation. The authors explore numerical results for high and low stiffness of the main
base lattice and compare the first case with experimental results. As the authors show,
the bandgap formation mechanism of these structures uses local resonances to control the
occurrence of Bragg scattering.

The combination of the unique elastic properties of metamaterials with the inter-
esting dynamic behavior of large-scale periodic structures is being explored as a way to
improve bandgap performance. Liu et al. (2011) showed numerical results for the first time
for a chiral metamaterial beam with local resonator inclusions that should create good
bandgap performance with lightweight and high load capacity characteristics. Zhu et al.
(2014) showed experimental and numerical (FEM) results for the dynamic behavior of
the same design. The combination resulted in broadband vibration attenuation with no
compromise on the beam’s load bearing capacity, since the resonators are fitted in the
structure’s natural spaces.

Pai, Peng & Jiang (2014) developed a concept of acoustic metamaterial beam with
local 2-dof resonators that, by creating two separate bandgaps, significantly increases the
attenuation intensity and frequency range. The wave propagation along the elastic beam
within the bandgaps are, of course, strongly attenuated. However, the most interesting
result is that the frequency range between the two bandgaps is also significantly attenuated,
creating an extended attenuation zone.

Meng et al. (2020a) and Meng et al. (2020d) applied the increasingly popular
concept of rainbow metamaterials to create structures with different levels of spatial
variability of their properties to achieve significant extension in the bandgap frequency
range. It is shown that even variability from the manufacturing processes of such structures
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can generate improved vibration attenuation performance. Similar concepts have also been
used by Xiao, Wen & Wen (2012), and several other works have investigated the influence
of breaks in periodicity on bandgap performance enhancement as a well-know phenomenon
called Localization (HODGES, 1982; CAI; LIN, 1991; HODGES; WOODHOUSE, 1983).
This effect was experimentally demonstrated for the first time by Beli et al. (2019).

Recently, an interesting setup was explored by Dong, Chronopoulos & Yang (2021)
using inerter-based periodic structures to obtain vibration attenuation on a beam structure.
The inerter was first proposed by Smith (2002) as a mechanical analogous to the capacitor
in electrical systems. The component adds an inertial coupling between two nodes of the
system and can have the effect of isolating vibrations between two points of the system at
specific frequencies. The paper presents results for 3 different arrangements of beams with
oscillators that combine inerters and negative stiffness elements. In a second approach,
the work explores the arrangement of a periodically supported beam element in which the
supports include inerters. The arrangements showed the formation of bandgaps and good
attenuation and damping effects on the evaluated systems.

2.1.3 Scale

Significant attention has been given to ultralarge-scale periodic structures, especially
on seismic wave attenuation for earthquake proofing.

Krödel, Thomé & Daraio (2015) presented a study that used the concept of rainbow
traps to design a seismic metastructure for wide bandgap at very low frequency range.
The propagation of longitudinal and transverse waves was evaluated for different numbers
of subsoil resonators. A bandgap with significant attenuation between 4-7 Hz could be
achieved with 15 resonators. The simulation results were compared with data from the
1994 Northrige earthquake, and the hipothetical soil response attenuation was discussed.

Similar works developed by Colombi et al. (2016b) and Muhammad, Wu & Lim
(2020) explored the natural distribution of trees in a forest as resonators for Rayleigh
surface waves generated by earthquakes. The work presented by Colombi et al. shows a
comparison between numerical and experimental results for an actual forest that conclude
that two ultra-wide bandgaps are caused by the trees acting as local resonators for the
vertical components of the Rayleigh waves. Based on that conclusion, the authors propose
a concept for man-made structures for earthquake attenuation.

2.1.4 Non-reciprocity

Many of the current research works on mechanical metamaterials find motivation
in the early work developed on electromagnetic and optical systems. In these systems, the
waveguide concept is quite popular as a way to manipulate the direction of propagation of a
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wave. For mechanical systems, the development of topologies that generate non-reciprocal
wave propagation can be seen as the mechanical version of a waveguide concept. In such
non-reciprocal systems, wave propagation is allowed in one or more particular directions,
but not in others.

Trainiti & Ruzzene (2016) presented a concept of spatiotemporal periodic elastic
beam. In this example, the material properties of the structure vary in space and in time.
The authors develop analytical solutions for the system in which the conventional bandgaps
are identified for a simple spatial periodicity and nonreciprocal bandgaps are formed when
time periodic variation is introduced. The analytical results are compared with numerical
Finite Element simulations with good agreement. A similar system is investigated by Matos
et al. (2022), where a pipe with two-phase flow is analytically modeled as a spatio-temporal
unit cell and the results are experimentally verified.

Ruzzene, Scarpa & Soranna (2003) have shown the specific directional characteristic
of wave propagation in periodic two-dimensional structures. Hexagonal and re-entrant
grids with negative Poisson coefficient were simulated and the patterns of wave propagation
determined for different topology parameters defining the extend of the no-propagation
zones for each case. The authors’ work can enable the design of structures with specific
wave guidance properties.

Colombi et al. (2016a) analyzed a concept of seismic metamaterial with interesting
properties. Exploring a system similar to those previously discussed here (COLOMBI et
al., 2016b; MUHAMMAD; WU; LIM, 2020), the authors simulated the incidence of seismic
Rayleigh waves in a series of tree-like structures of linearly varying length, what they
called a metawedge. Different effects result from waves coming from one side of the array
or the other. If coming from the tall side of the metawedge, the surface Rayleigh waves
would be reflected downward and converted to bulk elastic shear waves. When propagating
from the other end of the array, the waves would be diverted upward and attenuated one
frequency at a time, generating a seismic rainbow effect, as the authors call it.

2.1.5 Nonlinear metastructures

In recent years, there has been a significant increase in the number of studies
focusing on nonlinear periodic structures (DENG et al., 2021). A significant portion of
these works often focuses on the enhanced bandgap performance of such structures or the
characterization of nonlinear phenomena and the transition between periodic and chaotic
behavior.

Two works of Xia and coauthors (XIA; RUZZENE; ERTURK, 2019; XIA; RUZZENE;
ERTURK, 2020) describe a system consisting of an elastic beam with bi-stable local res-
onators and investigate the effects of such nonlinearity in the system’s frequency response
for different excitation levels. The system exhibits rich dynamic behavior with linear
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intrawell, nonlinear intrawell and nonlinear interwell behavior. For higher excitation levels,
the system reaches chaotic behavior, which greatly improves the vibration attenuation
performance outside the bandgaps. In the work, the authors applied both the harmonic
balance method and the time-domain integration to obtain the results.

Sheng et al. (2021) presented numerical and experimental results of a beam with
nonlinear resonator attachments. The nonlinear resonator unit cell consists of a complex
arrangement of a Duffing oscillator, a flexural resonator, and a vibro-impact resonator. The
results show significant vibration attenuation enhancement, especially under conditions
resulting in chaotic behavior. Different variations in the system’s parameters are studied
to assess the impact on the final attenuation performance. Another interesting conclusion
is the increasing attenuation rate with increased excitation amplitude, which is a direct
consequence of the introduced nonlinearities.

Boechler, Theocharis & Daraio (2011) presented an experimentally verified concept
of acoustic rectifiers that use bifurcation to quasiperiodic and chaotic behavior to achieve
the desired performance. The sudden nature of bifurcation phenomena allows the system
to provide a sharp transition between states, which is a desirable aspect of these devices
and otherwise unachievable with other mechanical setups.

Narisetti, Leamy & Ruzzene (2010) developed a perturbation approach for predicting
wave propagation in weakly nonlinear periodic chains, and the article has become one of
the most cited in the field of nonlinear periodic structures. The simplified perturbation
approach enables the authors to develop dispersion relations for the nonlinear systems
and estimate the amplitude dependent dispersion properties. The results are validated
by numerical simulations and can be used to obtain useful estimations of the amplitude
dependent properties of other weakly nonlinear systems. Manktelow et al. (2013) applied
this perturbation approach to a nonlinear two-dimensional periodic structure.

Nadkarni, Daraio & Kochmann (2014) developed an analytical study of a periodic
one-dimensional chain of bi-stable elements and evaluated its dynamics. Three main regions
of behavior were identified and described. The first region, with small response amplitudes,
has linear-like wave propagation behavior. At moderate and large amplitudes, the dynamic
response becomes richer and solitary waves arise along the system. The analytical solutions
are compared with the numerical results in good agreement.

Fang et al. (FANG et al., 2017) have shown numerically and experimentally the
existence of ultra-broad-band nonlinear metamaterials in beams and plates induced by
chaotic response. Evenly attached nonlinear Duffing oscillators were based on nonlinear
force between permanent magnets and internal collisions, constructed columniform magnets
and strut and a bolt. The elastic energy is shown to be distributed from a harmonic input
to a broadband chaotic response, which is known as energy dispersion (FANG et al., 2016).

Hwang & Arrieta (2021) assess a bistable structure capable of achieving extreme
broadband frequency conversion. Their research includes an examination of the frequency
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characteristics associated with chaotic behavior.

The concept of Nonlinear Energy Sinks (NES) (SAEED; NASAR; AL-SHUDEIFAT,
2023; DING; CHEN, 2020) has been frequently applied as unit cells of nonlinear peri-
odic structures, with extreme attenuation bandwidth widening results (MOSQUERA-
SÁNCHEZ; De Marqui, 2024; XIA; RUZZENE; ERTURK, 2019; XIA; RUZZENE; ER-
TURK, 2020).

2.1.6 Tunability and control

Most of the works exploring the control and tunability of periodic structures use
piezoelectric systems to profit from their easily tunable properties. Purely mechanical
systems usually have more predefined characteristics of mass and stiffness. However, a
few works have used shape memory alloys (SMAs) to obtain some level of control over a
purely mechanical periodic structure.

One of the first and most influential works on the active control of periodic structures
was developed by Baz (2001). In the author’s study, they describe the governing theory and
numerical simulations of systems with active piezoelectric actuators that induce periodicity
breaks in the system’s properties to obtain the Localization effect when and where needed
to obtain the desired wave propagation effects.

Sousa et al. (2018) presents the simulations and experimental validation of a beam
with SMA resonators. They reported an increase of up to 15% in vibration attenuation
bandwidth and estimated a potential shift of 70% in the bandgap frequency for other SMA
reported in the literature.

Anigbogu & Bardaweel (2020) developed numerical and experimental investigations
of a magnetomechanical metamaterial for simultaneous vibration attenuation and energy
harvesting. The developed structures had two separate bandgaps, one of them with
significantly higher levels of vibration attenuation. The results for electric power generation
showed that the vibration attenuation level and the power generation level were coupled,
with the deepest bandgap region generating up to 5.2𝜇𝑊 . According to the authors, these
results represent a significant improvement compared to other systems available in the
literature.

2.2 Rotordynamics

The dynamics of rotating structures is a widely explored problem in the research
literature. The historical and foundational work that defines this type of system is described
in more detail in Section 3.2. However, the exploration of periodic rotating structures is
not so common, with relatively few works available in the literature.
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The work of Chatelet, Lornage & Jacquet-Richardet (2002) presents the analysis
of a composite shaft with a rotationally periodic flexible disk mounted on one of its ends.
The authors propose a finite element method to build a three-dimensional model of this
system and elaborate on some of the results and its interpretation. The work of Brandão et
al. (2017) presents an analysis of a rotor with periodically spaced flexible blades, exploring
the nonlinear interactions between rotor and stator. The stator is considered as a flexible
two-dimensional shell structure, and the contact interactions between the shell and rotor
blades give rise to modal interaction phenomena. However, both works, as well as the
majority of similar literature, do not delve into vibration attenuation aspects, bandgap
formation, or wave propagation phenomena of these systems.

One of the few available works exploring the wave propagation properties of rotating
structures has been published by Chan, Stephen & Reid (2005), in which they develop
an analytical study showing the polarization of forward and backward whirl waves and
its speed-dependent dispersion properties. Another interesting work presented by Rosso,
Bonisoli & Bruzzone (2019a) proposed an arrangement of resonators attached to a disk
that might be a feasible solution for the implementation of such elements in rotating
machinery.

The works of Lamas and Nicoletti (LAMAS; NICOLETTI, 2022c; LAMAS; NICO-
LETTI, 2022b; LAMAS; NICOLETTI, 2022a; LAMAS; NICOLETTI, 2024) also describe
the mechanisms of bandgap formation in rotors with longitudinal inertia periodicity, with
experimental validation. The concept is especially interesting considering that industrial
multistage turbomachinery often has similar periodic arrangements by design.

Attarzadeh et al. (2019) have shown the mechanism of non-reciprocal waves caused
by the gyroscopic effects of embedded rotating elements, called gyric metamaterial. This
setup allows for the tuning of the inertia properties along the metastructure by spinning the
embedded elements without affecting the local stiffness. Alsafar et al. (ALSAFFAR; SASSI;
BAZ, 2018) have investigated the stop band created by periodic inserts in drill strings
at different rotational speeds. The backward and forward modes and the corresponding
bandgaps are shown to be affected differently. Yang et al. (YANG et al., 2019) investigated
numerical aspects of the modal and spatial discretisation of spinning beams with distributed
rigid gyroscopes. Rosso, Bonisoli & Bruzzone (2019b) proposed the possibility of expanding
the concept of metamaterial-based vibration attenuation to an axisymmetric component
attached to a rotor.

In a recent work, Xu et al. (2023) presented an analytical model of a nonlinear rotor
metastructure. Strong and weak geometrical nonlinearities are explored. The analytical
model is compared with the numerical results and an evaluation of the dispersion curves
is presented.

Even though the above-mentioned research does not directly explore these aspects
from a rotor vibration control perspective, this is certainly one of the most widely explored
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and prolific fields in Rotordynamics, being one of the most critical aspects in industrial
rotating machinery design. Typical methods for controlling vibration in such systems
consist of different ways of manipulating and maximizing the damping acting upon the rotor.
With the increasing industry demand for more compact, efficient, environmentally friendly,
and power intensive systems, the challenges of designing reliable machines that meet these
extreme requirements are pushing the boundaries of current vibration control technology.
Furthermore, most industrial machines rely on fluid-film bearings as the primary damping
source (BENTLY, 2002), especially for high-speed and high-flow centrifugal compressors.

Current industry needs require rotors with higher energy density, smaller diameters,
and higher rotation speeds, which can render current bearing technology insufficient to
provide the appropriate amount of damping to systems. Insufficient damping and stiffness
characteristics in bearings have been listed as one of the main gaps to be surpassed for
the design of oil-free machines for future power generation applications (DELLACORTE;
BRUCKNER, 2011). Although damping enhancement technologies such as squeeze film
dampers have been reliably applied in the industry for decades (MOHAN; HAHN, 1974),
the challenge of vibration control for these recent extreme applications is still an open
issue.

The Texas A&M University Turbomachinery Laboratory proposed a profoundly
innovative concept (DELGADO; ERTAS, 2019; GARY; ERTAS, 2020; ERTAS, 2019;
ERTAS; DELGADO, 2019; ERTAS; GARY, 2021) consisting of a hermetically sealed 3-D
printed squeeze film damper design that could contribute to overcoming such challenges.

Actively-controlled bearings are also largely explored as a possible solution for
improved damping performance, which have shown very promising results. Santos (2018)
provides a comprehensive overview of all the different strategies and types of control
solutions applied to bearings for vibration attenuation. Different concepts of controllable
bearing designs have been proposed, with strategies such as hybrid lubrication bearings,
in which the hydrodynamic component of the lubrication is combined with a controllable
hydrostatic element (JENSEN; SANTOS, 2022; MOROSI; SANTOS, 2011; PIERART;
SANTOS, 2016), and bearings with controllable geometry (CHASALEVRIS; DOHNAL,
2016; KRODKIEWSKI; SUN, 1998).

Naturally, these recent research efforts are concentrated on bearing design solutions.
As mentioned above, these components are the primary source of damping for most rotors.
This thesis proposes an alternative to this path, proposing a gyroscopic metastructure for
vibration attenuation in rotors.

2.3 Final remarks

This chapter presented the main trends of research on mechanical metastructures
and rotordynamics in the last 20 years. Although each field has matured independently,
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their convergence represents an unexplored frontier with significant potential to address
current limitations in rotating machinery vibration control. The review shows increasing
interest in the application of metastructures for vibration attenuation purposes, and more
recently, the investigation of nonlinear systems to achieve enhanced, amplitude-dependent
vibration suppression.

The identified gap is particularly relevant given the industry’s push toward higher-
speed, more compact rotating machinery, where conventional damping solutions are reach-
ing their limits. This thesis addresses this gap by developing the theoretical foundations
for gyroscopic nonlinear metastructures.

Studies on system characterization are extremely important to help all other
research efforts better understand the observed behaviors and even guide the improvement
of current designs. Lately, the use of property variability and periodicity breaks in quasi-
periodic structures has been a strong motivation for bandgap performance enhancement.
Large-scale seismic resonators seem to be a viable option for earthquake protection as
they are receiving increasing attention from the scientific community. Non-reciprocal wave
propagation has been found as a result of several different topological configurations of
metastructures and can be an interesting way to control and guide wave propagation as
desired.

There are significant research gaps in the area of nonlinear metastructures. None
of those particular phenomena mentioned above has been thoroughly investigated for
nonlinear systems, for which the investigations tend to focus only on bandgap performance
and the characterization of amplitude dependent properties. There is significant ground
to be covered on applying the types of nonlinearities known to generate good bandgap
performance to some of the linear configurations described in this article.

On the other side of the spectrum we find rotordynamics. This field has a prolific
research environment, but its intersection with the world of the above-mentioned subjects
of metastructures and vibration attenuation is still barely explored. This shows a clearly
promising new avenue towards the solutions for some of the most pressing challenges in
contemporary aspects of turbomachinery design.

The following chapters of this thesis are organized to progressively deepen the
understanding of gyroscopic nonlinear metastructures as an alternative strategy to address
these challenges. This step-by-step exploration will allow for a gradual understanding of
the novel aspects and characteristics of such systems. Figure 2.1 shows a diagram with a
visual representation of the thesis structure and the subjects it progressively explores in
each chapter.
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3 Theoretical Background

3.1 Metastructures for Vibration Attenuation

A good way to start the study of metastructures and its vibration attenuation
capabilities is to investigate the dynamics of the well-known arrangement known as Dynamic
Vibration Absorbers (DVAs). DVAs, also known as Vibration Neutralizers or Tuned Mass
Dampers, were first introduced by Hermann Frahm in 1909 and had their dynamics
described with mathematical rigor two decades later by Ormondroyd (1928). Since then,
it has been used in numerous engineering applications: from Stockbridge dampers for
vibration control in overhead power transmission lines to earthquake protection in sky-
scrappers and vibration reduction in large bridges. A good description and overview of
this kind of device is also provided by Steffen & Rade (2001).

Some fundamental aspects of DVAs’ attenuation mechanisms are explored here to
provide an intuitive and mathematical base of understanding that will later be helpful for
the description of vibration attenuation phenomena in mechanical metastructures.

Starting from the classic spring-mass damper model, as shown in Figure 3.1a,
we can describe its equation of motion and response amplitude to harmonic excitation,
respectively, as

𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘𝑥(𝑡) = 𝐹0𝑒
𝑗𝜔𝑡 and (3.1)

𝑥(𝑡) = 𝐹0

−𝜔2𝑚 + 𝑗𝑐𝜔 + 𝑘
𝑒𝑗𝜔𝑡+𝜑, (3.2)

where 𝜔 is the excitation frequency, 𝐹0 is the excitation amplitude, 𝜑 the response phase
angle, and 𝑗 =

√
−1.

The arrangement proposed in Figure 3.1b, on the other hand, has 2 degrees of
freedom. The attachment - or resonator - with mass 𝑚𝑟 and stiffness and damping 𝑘𝑟

and 𝑐𝑟, respectively, can be regarded as a DVA tuned to the frequency of 𝜔𝑟 =
√︁

𝑘𝑟

𝑚𝑟
. To

understand the dynamic behavior of this system, let us consider that a harmonic excitation
is applied only on the base structure, i.e. on the mass 𝑚, and its own response is of interest.
This assumption is consistent with practical applications, in which we intend to neutralize
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the vibration of a base structure that is subjected to a specific dynamic excitation. The
system’s equation of motion can be described as the system of second-order differential
equations

⎡⎣𝑚 0
0 𝑚𝑟

⎤⎦⎧⎨⎩ 𝑥̈

𝑥𝑟

⎫⎬⎭+
⎡⎣𝑐 + 𝑐𝑟 −𝑐𝑟

−𝑐𝑟 𝑐𝑟

⎤⎦⎧⎨⎩ 𝑥̇

𝑥𝑟

⎫⎬⎭+
⎡⎣𝑘 + 𝑘𝑟 −𝑘𝑟

−𝑘𝑟 𝑘𝑟

⎤⎦⎧⎨⎩ 𝑥

𝑥𝑟

⎫⎬⎭ =
⎧⎨⎩𝐹0𝑒

𝑗𝜔𝑡

0

⎫⎬⎭ . (3.3)

Assuming the a harmonic steady state response in the form

x =
⎧⎨⎩ 𝑥

𝑥𝑟

⎫⎬⎭ =
⎧⎨⎩𝑋0

𝑋𝑟0

⎫⎬⎭ 𝑒𝑗𝜔𝑡, (3.4)

where 𝑋0 and 𝑋𝑟0 are the complex response amplitudes of the base and resonator masses,
respectively, we can rewrite Eq. 3.3 as

Z

⎧⎨⎩𝑋0

𝑋𝑟0

⎫⎬⎭ =
⎧⎨⎩𝐹0

0

⎫⎬⎭ , (3.5)

where Z is the impedance matrix defined as

Z =
⎡⎣𝑍11 𝑍12

𝑍21 𝑍22

⎤⎦ =
⎡⎣−𝜔2𝑚 + 𝑗𝜔(𝑐 + 𝑐𝑟) + 𝑘 + 𝑘𝑟 −𝑗𝜔𝑐𝑟 − 𝑘𝑟

−𝑗𝜔𝑐𝑟 − 𝑘𝑟 −𝜔2𝑚𝑟 + 𝑗𝜔𝑐𝑟 + 𝑘𝑟

⎤⎦ with (3.6)

Z−1 = 1
𝑍11𝑍22 − 𝑍12𝑍21

⎡⎣ 𝑍22 −𝑍12

−𝑍21 𝑍11

⎤⎦ . (3.7)

We can then easily obtain the base mass’ response amplitude 𝑋0 to the harmonic
excitation as

𝑋0 = 𝑍22𝐹0

𝑍11𝑍22 − 𝑍2
12

. (3.8)

The FRF shown in Figure 3.2 presents the fundamental characteristics of the DVA
vibration attenuation phenomenon. The phase plot shows the phase between displacements
of base mass and DVA.

Two fundamental aspects are easily observed in Figure 3.2. First, the base mass
response is greatly neutralized around the frequency to which the DVA is tuned, while two
other amplification peaks, usually referred to as side frequencies or side modes, appear
on both sides. The second aspect is that there is a phase shift 180 ° between the base
structure and the DVA as the excitation frequency crosses the maximum attenuation range.
This phase shift is fundamental for understanding the attenuation mechanism of the DVA.
Let us now investigate the phase relationships between the elastic link force of 𝑘𝑟 over the
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Figure 3.1 – Basic 1 DoF arrangement (a) and simple DVA system (b).
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Figure 3.2 – Frequency Response Functions and phase of a base 1DoF system with and
without DVA.

base mass 𝑚 and the velocity of this mass’. The plots in Figure 3.3 show these relations,
revealing that exactly at the tuned frequency of 1 rad/s, the elastic force and the velocity
of the base mass are perfectly out of phase, with a phase difference of 180 °. This indicates
that the effect of the DVA’s movement is always creating an opposing force for the base
mass vibration, which ultimately creates the attenuation effect. This shows that the phase
shift shown in Figure 3.2 is essentially what causes the DVA attenuation effect.

The same concept explained above has been expanded for application in numerous
systems, greatly varying in scale and overall complexity. An interesting application was
proposed by Ribeiro, Pereira & Alberto Bavastri (2015), where a non linear DVA-like
structure is used as an attachment for the rotor bearings. The DVAs were connected to the
bearing housing with a viscoelastic material, generating significant vibration attenuation.

Expanding the concept even further and drawing inspiration from recent advance-
ments in Quantum Physics, novel explorations into periodic topological arrangements start
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Figure 3.3 – Phase relationships between elastic link force and base mass velocity.

to emerge. The area of wave propagation was the first to take advantage of the particular
characteristics of periodic mechanical structures. In 1946, Brillouin (1946) published what
is still one of the main references for the study of wave propagation in periodic struc-
tures. A vast range of peculiar dynamic behavior emerge from this type of system, such
as negative mass and stiffness effects, wave guide capabilities, and non-reciprocal wave
propagation. However, one specific characteristic is of special interest for the study of
mechanical periodic structures (or mechanical metastructures): the bandgap phenomenon.

As a general definition, bandgap can be understood as a particular frequency in
the range in which wave propagation is a specific structure is impossible, or strongly
attenuated. From a mathematical perspective, we can say that the bandgap occurs at a
particular frequency range in which the resulting wave number has a complex component
that causes its amplitude to decay in the direction of propagation.

To illustrate the bandgap phenomenon and its two main formation mechanisms,
let us consider the simplified system illustrated in Figure 3.4.
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𝐿

Figure 3.4 – Simplified periodic chain with 2-cell periodicity and resonators attachments.

The elements represented in blue are referred to as base structure, and the ones
in red are henceforth called resonators. Note that the base structure has a periodic
configuration, in which it repeats every 2 elements, or two cells. Each set of 2 cells that
repeat along the base structure can be called a unit cell, and this periodic characteristic is
the source of a very particular ind of bandgap.

Each unit cell can be regarded as a scatterer if we consider the standpoint of wave
propagation across the base structure. This means that a mechanical wave incident on
a unit cell will be scattered - or reflected - because of the sudden change in mechanical
impedance of the propagation medium.
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If we assume that a particular condition is possible in which the complete destructive
interference of scattered and incident waves takes place, this would lead to no wave
propagation for this condition. The total destructive interference of superimposing waves
of the same amplitude occurs when their relative phase is of 180°. Two adjacent unit cells
will scatter waves with a spatial offset of Δ𝑥 = 𝐿, where 𝐿 is the length of each unit cell.
Thus, the waves scattered by two adjacent unit cells will interfere destructively if

𝐿 = 𝜆/2, (3.9)

where 𝜆 is the wavelength of a particular propagating wave. Given the direct relation
between wavelength and frequency of a particular wave, given by the medium’s dispersion
curve, we can say that the frequency related to the wavelength 𝜆 cannot generate wave
propagation in this medium.

The condition presented in Eq. 3.9 is known as Bragg condition, and the bandgap
effect that emerges when this condition is satisfied is called Bragg Scattering bandgap.
The Bragg Scattering bandgap phenomenon is caused by the destructive interference of
waves scattered from periodically arranged scatterers (DEYMIER, 2013).

This type of bandgap formation mechanism, however, poses an important obstacle
for many practical vibration attenuation applications: scale. In mechanical systems, the
Bragg Condition is usually satisfied only in very high frequency ranges or very large unit
cells. This might not be a problem for acoustic systems that are often subjected to high
frequencies - 𝑓 > 1000 Hz -, but can be quite impractical for smaller, lighter structures
subjected to lower frequency excitation.

A clever way to overcome this obstacle and enable low frequency bandgaps for
vibration attenuation is the use of locally resonant periodic structures. Several works
can be found exploring this kind of strategy to achieve effective low frequency vibration
attenuation in structures with more feasible scale (LAZAROV; JENSEN, 2007; MATLACK
et al., 2016; ELMADIH et al., 2019; BARAVELLI; RUZZENE, 2013).

The type of bandgap formation mechanism is known as Locally Resonant bandgap,
and its basic phenomenology is quite similar to that of the DVA, which was presented
earlier in this chapter. The opposing force generated by the relative motion between the
resonating cell and the base structure creates an obstacle for the wave propagation, thus
strongly reducing the systems transmissibility across the locally resonant array.

The resonators illustrated in red in Figure 3.4 are a very simple way of generating
this locally resonant effect. The main advantage of this arrangement is that it allows the
bandgap to be tuned to any frequency virtually, arbitrarily low, or high.

The work published by Sugino et al. (2017) presents a general theory for bandgap
estimation in locally resonant metastructures. In this work, the effect of variation of two
fundamental parameters of such structures is explored: (1) the number of resonators 𝑆 and
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(2) total mass ratio 𝜇 between resonators and base structure. This work is fundamental
for understanding how finite resonator arrays affect vibration attenuation performance
and it is instrumental for the design of such structures.

The authors show that for a large number of resonators, a locally resonant bandgap
is formed at frequencies 𝜔 such that

𝜔𝑡 < 𝜔 < 𝜔𝑡

√
1 + 𝜇, (3.10)

where 𝜔𝑡 is the target frequency, which is defined by the natural frequency related to the
locally resonant structures - or resonators. The results of Sugino et al. (2017) show that
a finite number of resonators is capable of producing a bandgap with a frequency span
close to, and even wider than, that of Eq. 3.10. The definition of the optimal number of
resonators to maximize the bandgap width depends on the system’s parameters, especially
the target frequency and the resonator mass ratio.

The frequency response function in Figure 3.5 shows the transmissibility of a
structure like that of Figure 3.4, with and without the attached resonators. It is interesting
to notice that the Bragg Scattering bandgap occurs for both cases, while the locally resonant
bandgap only appears when the resonators are added. It is important to remember that,
although not shown in this example, the periodicity of the attachments can itself also
create a Bragg type bandgap.
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Figure 3.5 – Frequency response function showing Bragg Scattering and Locally Resonant
bandgaps.

From the perspective of the mechanical metastructure design, it is clear that locally
resonant bandgaps have the potential to be much more versatile. It is tunable to virtually
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any desired frequency and can provide strong effective attenuation. However, a downside
is also easily observed from Figure 3.5: its bandwidth tends to be generally narrower than
that of Bragg bandgaps.

There are several strategies that can lead to the broadening of locally resonant
bandgaps. One of them was already mentioned and described by Eq. 3.10, and is achieved
by increasing the mass ratio 𝜇. In practical applications, however, we cannot indefinitely
increase this ratio, since the ideal design will always seek the minimization of the added
mass to resonators. One strategy of increasing the locally resonant bandgap bandwidth
is of particular interest for this works: resonator variability - also known as functionally
graded or rainbow metastructures.

A great number of works have been published exploring the first concept, i.e. the
idea of breaking the periodicity of the attachments or locally resonant structures in order
to obtain wider bandgaps. The concept is a way of spreading the vibration attenuation
effect across the different resonating cells, each tuned to a slightly different frequency.
In this way, the attenuation of different frequencies is spatially distributed across the
structure, hence the reference to the effect of a rainbow, in which a spatial distribution
of slightly different frequencies is also observed. This leads to a superposition of many
smaller slightly offset bandgaps into a single, wider bandgap.

Figure 3.6 shows the same chain system used in the figures above, but now with
the widening effect of resonators mass variability. In both cases, the mass ratio 𝜇 was kept
the same and a 30% mass gradation was imposed on the resonating attachments. The
bandgap is significantly widened, while the vibration attenuation performance - bandgap
depth - is slightly worse.
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Figure 3.6 – Bandgap widening with rainbow resonators.

Several other developments seek to maximize the widening effects created by the
resonator variability. An especially interesting strategy is presented by Fabro, Meng &
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Chronopoulos (2021), in which a correlated disorder in the resonating cells’ properties
provided a significant increase in bandgap formation and overall vibration attenuation
performance. This indicates that the natural variability generated by fabrication processes
of these structures may incur in improved vibration attenuation behavior of the resulting
system.

3.2 Rotordynamics

The interest in the study of rotors has been present since the invention of the
wheel, and with increasing comprehensiveness and depth. With the invention of the steam
engines and other types of high energy rotating machinery on the 18th century, a deeper
understanding of the characteristics of rotors and the underlying phenomena determining
their behavior became an absolute necessity for further technological development. With
such development, the ability of rotor systems to transmit power and store huge amounts
of energy in a reduced volume started to be explored. Higher energy led to higher speeds,
higher masses, higher loads, and, unavoidably, bigger problems.

A rotor is always used as an intermediary. It is designed as an energy path through
which the power will be guided from a source to a desired destination. Like an energy
"pipeline". However, in all practical applications, this pipeline will have "energy leaks".
These leaks transform part of the stored rotational energy into other forms of mechanical
energy that were not originally intended by design. One of the most harmful forms of
mechanical energy fed by this energy leak mechanism is vibration, which can be divided
into lateral, torsional, and axial modes. From these, the lateral modes of the rotor are of
greatest concern (MUSZYNSKA, 2005), since they frequently are the lowest frequency
modes, easily excited and with great damage potential. Torsional modes can often be quite
harmful to rotating machinery. Their dynamics, however, are much simpler in most cases,
yielding simpler, more representative models and with simpler problem-solving resources.

The technological demand has always been for higher energy intensity applications,
i.e. bigger amounts of energy in reduced volumes. From a design perspective, the strength
requirements in rotating machinery are usually related to the maximum torque. And,
since power transmission in these systems happens through rotational motion, the inverse
relationship between speed and torque led to the need for higher and higher rotational
speeds. This trend leads directly to higher energy leaks and to the intensification of the
problems associated with it. For these reasons, the study of rotordynamics has witnessed
continuous research development and scientific production over the centuries.

The first scientific interest in the dynamics of rotating systems was recorded by
Rankine’s paper (RANKINE, 1869), in which an experimental approach was presented. The
conclusions of Rankine’s paper were, however, refuted by the first study that mathematically
described a rotor system with mathematical rigor, which was presented by Jeffcott (1919).
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Filippov (1895) presented a similar, but simpler, system years earlier.

In that work, Jeffcott (1919) presents the simple problem of an unbalanced, isotropic
rotor supported by rigid bearings. From that, the author derives fundamental descriptions
of a rotor system’s behavior, introducing the notions of critical speed, high spot, heavy
spot, and phase angle.

To begin understanding the particularities of rotating systems’ dynamics, let us
investigate a simple 2 DoF system that can be regarded as a rough representation of an
isotropic rotor consisting of a slender, flexible shaft supported by rigid bearings and with
a rigid disk attached at its mid span, as depicted in Figure 3.7. This system is explored by
Muszynska (2005) in what the author calls a modal approach.
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Figure 3.7 – Two degrees of freedom rotor model.

This model bears very little similarity to any real rotating machinery. However,
it can help to describe the fundamental principles of rotordynamics in an easy and clear
way. The system’s formulation uses the 𝑥 and 𝑦 coordinates in a modal sense, as being the
modal components of the first rotor natural mode having a frequency much lower than
all other natural frequencies. Since we consider an isotropic system, these two orthogonal
modal coordinates can be reduced to one complex mode.

If we consider an external excitation force having a rotating character, amplitude
𝐹 and frequency 𝜔, we can describe the system’s motion as the set of non-homogeneous
differential equations:

𝑀𝑥̈ + 𝐶𝑥̇ + 𝐾𝑥 = 𝐹 cos 𝜔𝑡 + 𝛿, (3.11)
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𝑀𝑦 + 𝐶𝑦̇ + 𝐾𝑦 = 𝐹 sin 𝜔𝑡 + 𝛿, (3.12)

where 𝑀 , 𝐶 and 𝐾 represent the mass, damping, and stiffness of the system and 𝛿 is the
excitation phase angle.

In this case, the equations are uncoupled, which means that the system’s response
in each one of the two orthogonal directions will be represented by a sinusoidal waveform.
Note that we can eliminate the time from the system’s response representation by observing
the 𝑥 vs 𝑦 behavior: this is called an orbit plot and it is illustrated in Figure 3.8.
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Figure 3.8 – Orbit representation as the composition of two orthogonal coordinates.

The rotor orbit, also sometimes referred to as rotor whirl, is the representation
of the actual path of the rotor centerline, and the time remains only a parameter with
which the direction of the orbit can be determined. By evaluating the path of the orbit
as time progresses, it can be observed that the path can describe either a clockwise or
a counter-clockwise orbit. Note that this provides no information on the rotor rotation
and its direction. If, however, the rotation direction is previously known, the orbit path
direction can be compared to it to determine if they are in the same direction, which is
called a forward whirl, or in opposite directions, or backward whirl.

The system’s equations of motion (Eqs. 3.11 and 3.12) are uncoupled and can easily
be transformed by combining 𝑥 and 𝑦 coordinates in a new coordinate system defined by
the two complex conjugate variables

𝑧 = 𝑥 + 𝑗𝑦

2 and (3.13)
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𝑧* = 𝑥 − 𝑗𝑦

2 , (3.14)

where the division by two is included to maintain unit consistency between both equations.
Multiplying Eq. 3.12 by 𝑗 =

√
−1 and then adding it to and subtracting it from Eq. 3.11

we easily obtain a new set of motion equations as

𝑀𝑧 + 𝐶𝑧̇ + 𝐾𝑧 = 𝐹

2 𝑒𝑗(𝜔𝑡+𝛿), (3.15)

𝑀𝑧* + 𝐶𝑧̇* + 𝐾𝑧* = 𝐹

2 𝑒−𝑗(𝜔𝑡+𝛿). (3.16)

The new set of equations is not only also decoupled, but it is also almost identical
to the original one. These two can be referred to as forward mode and backward mode
equations (MUSZYNSKA, 2005). This understanding is essential for understanding both
the dynamics and the analyses of more complex rotor systems.

We should note that the expression presented in Equation 3.14 represents the
backward component, not the vector. To obtain the complex representation of the backward
rotating vector that forms the full precession orbit of a rotor, one should use the complex
conjugate of the backward component z𝑏 = 𝑧* to account for its reverse rotation direction.
The forward rotating vector, on the other hand, is numerically identical to the complex
representation of its component z𝑓 = 𝑧

An even simpler case can be considered where 𝜔 = Ω and the only excitation source
is the unbalance 𝐹 = 𝑀𝑟Ω2, where 𝑟 represents the distance between the rotor’s center
of mass and the rotation axis. The quantity 𝑈 = 𝑀𝑟 is often referred to as unbalance
magnitude. In this case, the excitation force will exclusively excite the forward mode and
can be described as

𝑀𝑧 + 𝐶𝑧̇ + 𝐾𝑧 = 𝑈Ω2𝑒𝑗(Ω𝑡). (3.17)

This system, which has become known as Jeffcott Rotor in its most simple repre-
sentation, refers to the work of Jeffcott (1919).

Two definitions are very useful for both practical and theoretical purposes in the
study of rotor systems: the concepts of high spot and heavy spot, both illustrated in Figure
3.7. The high spot is the point on the rotor’s surface that is furthest away from its neutral
axis, or equilibrium position. The heavy spot corresponds to the position of the imbalance
if it is considered as an equivalent mass attached to the rotor’s surface.

We can also describe the unbalance force in the complex representation that restores
the original 𝑥 and 𝑦 coordinate system. From Eqs. 3.13 and 3.14 we can infer that 𝑥 = 𝑧*+𝑧

and 𝑦 = 𝑗(𝑧* − 𝑧). With these relations, we can obtain the 𝐹 𝑥
𝑢𝑛𝑏 and 𝐹 𝑦

𝑢𝑛𝑏 components of a
pure unbalance force excitation in complex notation as
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𝐹 𝑥
𝑢𝑛𝑏 = 𝑈Ω2𝑒𝑗(Ω𝑡) ; 𝐹 𝑦

𝑢𝑛𝑏 = −𝑗𝑈Ω2𝑒𝑗(Ω𝑡) = −𝑗𝐹 𝑥
𝑢𝑛𝑏. (3.18)

The complex representation of the physical entities in 𝑥 and 𝑦 coordinates can be
very useful for two reasons: (1) it can be more straightforward to apply in the commonly
used rotordynamic finite element models, and (2) vibration measurement in real industrial
machinery is often conducted in 2 orthogonal directions and represented in terms of
amplitude and phase of each, which can easily be translated to the complex notation.

However, to understand the overall behavior of the vibration, it is much simpler to
explore the representation of Eq. 3.17, which suggests a solution in the form 𝑧 = 𝐴𝑒Ω𝑡+𝜑,
in which 𝐴 is the vibration amplitude and 𝜑 is the phase angle. The Bode plots in Figure
3.9 show the behavior of the amplitude and phase angle of this system for different values
of the damping factor 𝜁.
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Figure 3.9 – Bode plots of an unbalanced Jeffcott Rotor for different values of damping
factor 𝜁.

This response brings light to the concept of critical speed, which corresponds to
the rotational speed Ω = Ω𝑐 that results in the maximum response amplitude value.

It is also of interest to investigate the amplitude behavior for high frequencies
Ω >> Ω𝑐. The vibration amplitude is 𝐴 = 𝑈Ω2

−𝑀Ω2+𝑗𝐶+𝐾
, from which we can derive that

lim
Ω→∞

𝐴 = 𝑈

𝑀
= 𝑟 (3.19)

where 𝑟 is the unbalance offset, as previously defined. In other words, for frequencies
much higher than the critical speed, the response amplitude tends to a constant value
corresponding to the eccentricity between the rotor’s center of rotation and center of mass.
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Adding further complexity to our analysis and investigating other fundamental
aspects of a rotor system, a simple 4 degrees of freedom system will be explored. The
illustration in Figure 3.10 represents this system, which is a more complete representation
of the Jeffcott Rotor model.
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Figure 3.10 – Four degrees of freedom Jeffcott rotor.

This model considers a rigid, massless shaft supported by two elastic bearings
represented by springs. The bearings are considered isotropic, i.e. they have the exact same
elastic properties in both 𝑦 and 𝑥 directions (𝑘𝑦1 = 𝑘𝑦2 = 𝑘𝑥1 = 𝑘𝑥2). Attached to the rigid
shaft is a rigid disk with mass 𝑚, moment of inertia about 𝑂𝑧 axis 𝐼𝑧 = 𝐼𝑝 - referred to as
polar moment of inertia - and moments of inertia about 𝑂𝑥 axes 𝑂𝑦 identical 𝐼𝑥 = 𝐼𝑦 = 𝐼𝑡

- referred to as transverse moment of inertia. The disk-shaft system is then free to move in
𝑥, 𝑦, 𝜃𝑥 and 𝜃𝑦 directions, which is used as the system coordinates to derive its equations
of motion, while maintaining a fixed angular speed 𝜃𝑧 = Ω which is referred to as rotation
speed.

The lateral displacements of the disk’s center of mass are considered as the system’s
𝑥 and 𝑦 coordinates, since the rest of the shaft has no mass. It would also be possible to
use the lateral displacements of both shaft ends to derive the system’s equations of motion.
However, this would be a more complicated way to reach the exact same description of
the system’s dynamics.

Applying Newton’s second law of motion, one can obtain the system’s equations of
motion as

𝑚𝑥̈ = −𝑓𝑥1 − 𝑓𝑥2, (3.20)
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𝑚𝑥̈ = −𝑓𝑦1 − 𝑓𝑦2, (3.21)

𝐼𝑡𝜃𝑥 + 𝐼𝑝Ω𝜃𝑦 = −𝑎𝑓𝑦1 + 𝑏𝑓𝑦2 and (3.22)

𝐼𝑡𝜃𝑦 − 𝐼𝑝Ω𝜃𝑥 = 𝑎𝑓𝑥1 − 𝑏𝑓𝑥2, (3.23)

where 𝑓𝑥1 denotes the elastic restoring force of the spring 𝑘𝑥1, and the other force variables
follow the same logic. The components 𝐼𝑝Ω𝜃𝑥 and 𝐼𝑝Ω𝜃𝑦 correspond to the gyroscopic
effects in both directions, and are one of the fundamental characteristics of rotor system
dynamics.

The four force components of Eq. 3.23 can be described in terms of the stiffness
coefficient and displacement variables as

𝑓𝑥1 = 𝑘𝑥1(𝑥 − 𝑎 sin(𝜃𝑦)). (3.24)

It is therefore clear that the system is intrinsically nonlinear, although rarely
considered as such. Assuming that only small displacements take place, we can consider
sin(𝜃𝑦) ≈ 𝜃𝑦. Considering this linearized form for all 4 force components and substituting
on the original equations of motion, one can then obtain the final form of the system’s
equation of motion:

𝑚𝑥̈ + (𝑘𝑥1 + 𝑘𝑥2)𝑥 + (−𝑎𝑘𝑥1 + 𝑏𝑘𝑥2)𝜃𝑦 = 0, (3.25)

𝑚𝑦 + (𝑘𝑦1 + 𝑘𝑦2)𝑦 + (𝑎𝑘𝑦1 − 𝑏𝑘𝑦2)𝜃𝑥 = 0, (3.26)

𝐼𝑡𝜃𝑥 + 𝐼𝑝Ω𝜃𝑦 + (𝑎𝑘𝑦1 − 𝑏𝑘𝑦2)𝑦 + (𝑎2𝑘𝑦1 − 𝑏2𝑘𝑦2)𝜃𝑥 = 0 and (3.27)

𝐼𝑡𝜃𝑦 − 𝐼𝑝Ω𝜃𝑥 + (−𝑎𝑘𝑥1 + 𝑏𝑘𝑥2)𝑥 + (𝑎2𝑘𝑥1 − 𝑏2𝑘𝑥2)𝜃𝑦 = 0. (3.28)

Taking a closer look at these equations, we can see that there are elastic components
that couple the first and fourth equations as well as the second and third equations.
Furthermore, the gyroscopic components couple 𝜃𝑥 and 𝜃𝑦 components. Therefore, all
equations are coupled and the complete system equation can be represented by

[M]ẍ + ([C] + Ω[G])ẋ + [K]x = 0, (3.29)
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where [M], [C] and [K] are the mass, damping, and stiffness matrices, respectively. The
matrix [G] is the gyroscopic matrix that appears multiplied by the shaft rotation speed Ω.
Analyzing Eqs. 3.27 and 3.28, one can note that the matrix [G] is anti-symmetric. The
vector x represents the displacements and is constructed as x = {𝑥 𝑦 𝜃𝑥 𝜃𝑦}.

The solution of Eq. 3.29 leads to an eigenvalue problem, the result of which is
dependent on the value of Ω and reveals one of the most singular characteristics of rotor
systems. By obtaining the natural frequencies - eigenvalues - of this system for different
values of the speed Ω we can build what is commonly known as Campbell Diagram
(CAMPBELL, 1924). Figure 3.11 shows an example of a Campbell Diagram for a typical
Jeffcott rotor similar to that shown in Fig. 3.10, but considering a symmetric arrangement
with 𝑎 = 𝑏.
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Figure 3.11 – Typical Campbell Diagram and mode shapes for a 4 DoF Jeffcott rotor. (a)
Backward conical mode, (b) Forward conical mode, (c) Forward cylindrical
mode and (d) Backward cylindrical mode.

Observe that two of the modes seem to be significantly more sensitive to the
rotation speed, one of them increasing with speed and the other decreasing, which can
be explained by the mode shapes’ geometric characteristics. The modes most affected by
the gyroscopic effects have a significant tilt motion to them, hence being called conical
modes. The lower modes are dominated by almost purely lateral motion, with little or
no tilt, hence being called cylindrical modes. Since the gyroscopic effects, present in Eqs.
3.27 and 3.28, are directly related to the 𝜃𝑥 and 𝜃𝑦 components, its effects will only be
significant if the motion exhibits significant tilt displacements.

Focusing on another aspect on the same diagram, the mode shapes represented
in blue correspond to forward whirl modes, while the red ones represent backward whirl
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modes. Then we can conclude that the gyroscopic effects introduced by the matrix [G]
increase the value of the forward natural frequencies, and decrease the backward ones.

3.3 Numerical solution of nonlinear differential equations

This section will introduce some of the numerical methods that were employed to
obtain the results presented in this thesis. Only less conventional methods will be presented
here. The most commonly used methods, such as 4th order Runge-Kutta (RK4), will be
omitted for brevity.

3.3.1 The Harmonic Balance Method

The Harmonic Balance Method (HBM) was first proposed and described in 1968
by Bailey in his PhD thesis (BAILY, 1968) as a technique to find steady-state periodic
solutions for nonlinear circuit networks. The method proposes a periodic solution for
nonlinear differential equations in the form of its Fourier Series. By formulating an error
function, an optimization method is applied to find the Fourier coefficients by minimizing
the error function.

Since then, many variations of the original method have been proposed and imple-
mented, resulting in increasingly faster and more accurate frameworks. Many of them focus
specifically on the application of the methods for nonlinear oscillators, such as Razzak
(2016) and Mickens (2001). Other works focus on determining ways to have more accurate
solutions even for high amplitude responses and describing methods for optimal truncation
of the Fourier Series (HOSEN et al., 2012; ALAM; HAQUE; HOSSAIN, 2007).

A very useful OpenSource tool called Mousai has been developed and made available
by Slater (2017). This Python-based software is capable of providing robust Harmonic
Balance based results for a generic system given that you have a Python function 𝐹

capable of providing 𝐹 (X, 𝑡) = Ẋ, where X is the state space vector that defines the
studied system, Ẋ is the states time derivative and 𝑡 is time.

Detroux et al. (2015) presents in deep detail a Harmonic Balance framework for
Bifurcation Analysis in Nonlinear Mechanical systems, which is quite adequate for the
purposes of this thesis. The proposed procedure uses an Alternating Frequency/Time-
Domain (AFT) technique to compute the nonlinear forces’ harmonic components and
build the Harmonic Balance problem. This procedure is used in this thesis and is described
in further detail in this chapter.

The construction of the Harmonic Balance Method starts with the definition of
the 𝑛-DoF system’s equations of motion in the time-domain as
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[M]ẍ + [C]ẋ + [K]x = f𝑒𝑥𝑡(𝜔, 𝑡) − f𝑛𝑙(x, ẋ) = f(x, ẋ, 𝜔, 𝑡), (3.30)

in which all nonlinear effects are considered as a distinct force component f𝑛𝑙(x, ẋ), the
external excitation forces are represented by f𝑒𝑥𝑡(𝜔, 𝑡), x and ẋ are the state variables
vectors and [M], [C] and [K] stand for the system’s mass, damping and stiffness 𝑛 × 𝑛

matrices.

The time dependent elements in Equation 3.30 can then be approximated by their
Fourier series truncated at 𝑁𝐻 :

x(𝑡) = c𝑥
0 +

𝑁𝐻∑︁
𝑘=1

[︃
s𝑥

𝑘 sin
(︃

𝑘𝜔𝑡

𝜈

)︃
+ c𝑥

𝑘 cos
(︃

𝑘𝜔𝑡

𝜈

)︃]︃
(3.31)

f(𝑡) = c𝑓
0 +

𝑁𝐻∑︁
𝑘=1

[︃
s𝑓

𝑘 sin
(︃

𝑘𝜔𝑡

𝜈

)︃
+ c𝑓

𝑘 cos
(︃

𝑘𝜔𝑡

𝜈

)︃]︃
(3.32)

where the vectors denoted by c𝑘 and s𝑘 contain the Fourier coefficients of the 𝑘-th harmonic
for all 𝑛 DoFs of the system.

Substituting the expressions of Equations 3.32 and 3.31 into Equation 3.30 yields
the fundamental equation that defines the Harmonic Balance Method problem

h(z, 𝜔) ≡ [A](𝜔)z − b(z, 𝜔) = 0, (3.33)

where [A] is the matrix (2𝑁𝐻 + 1)𝑛 × (2𝑁𝐻 + 1)𝑛 containing information on the linear
dynamics of the system, while b is the vector containing the combined Fourier coefficients
of external and nonlinear forces. The matrix [A] and the vectors b and z are expressed as

[A] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K
K −

(︁
𝜔
𝜈

)︁2
M −𝜔

𝜈
C

𝜔
𝜈
C K −

(︁
𝜔
𝜈

)︁2
M

. . .
K −

(︁
𝑁𝐻𝜔

𝜈

)︁2
M −𝑁𝐻𝜔

𝜈
C

𝑁𝐻𝜔
𝜈

C K −
(︁

𝑁𝐻𝜔
𝜈

)︁2
M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.34)

z =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c𝑥
0

s𝑥
1

c𝑥
1
...

s𝑥
𝑁𝐻

c𝑥
𝑁𝐻

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c𝑓
0

s𝑓
1

c𝑓
1
...

s𝑓
𝑁𝐻

c𝑓
𝑁𝐻

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.35)
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The Harmonic Balance Method is then reduced to the optimization problem of
finding the z coefficients that lead to h(z, 𝜔) = 0. It becomes clear that the choice of 𝜔

and 𝜈, which ultimately define the frequency components considered in the search for a
periodic solution, is also highly significant for fully defining the problem.

To find the roots of Equation 3.33, however, since b depends on z, an iterative
process is required, such as Newton-Raphson or Powell’s methods. For this, at each step
of the iteration, the computation of both b and 𝜕h/𝜕z is required.

For strongly nonlinear problems, the computation of b directly from the coefficients
of z, i.e., strictly in the frequency-domain, may prove to be a challenging and often
impractical task. For this reason, most of the literature references suggest the use of
an AFT technique to compute b, which profits from the fast Fourier transform (FFT),
following the sequence

z FFT−1
−−−−→ x(𝑡) → f(ẋ, x, 𝜔, 𝑡) FFT−−→ b(z, 𝜔). (3.36)

Alternatively, instead of using the FFT, it is possible to write the inverse Direct
Fourier Transform (DFT) as a linear operator Γ(𝜔) (NARAYANAN; SEKAR, 1998; KIM;
ROOK; SINGH, 2005). For this, it is necessary first to define an adequate time-domain
discretisation to be used and build the expanded forms of f̃ and x̃ as

f̃ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑓1(𝑡1)
...

𝑓1(𝑡𝑁)
...

𝑓𝑛(𝑡1)
...

𝑓1(𝑡𝑁)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
; x̃ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1(𝑡1)
...

𝑥1(𝑡𝑁)
...

𝑥𝑛(𝑡1)
...

𝑥1(𝑡𝑁)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.37)

The time discretisation must be well-defined based on the frequency parameters 𝜔

and 𝜈. To have optimal performance when applying the DFT, minimizing the calculation
time and adequately presenting the highest frequencies harmonics considered, the time
step 𝑑𝑡 = 𝑡𝑖+1 − 𝑡𝑖 ∀ 𝑖 = 1, .., 𝑁 must be set as

𝑑𝑡 = 𝜋𝜈

𝜔𝑁𝐻

. (3.38)

Similarly, the last time sample 𝑡𝑁 must be set to correctly represent at least a
full period of the lowest frequency harmonic 𝜔

𝜈
, eliminating leakage effects. This can be

achieved by defining

𝑡𝑁 = 2𝜋𝜈

𝜔
− 𝑑𝑡. (3.39)
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Once these parameters have been correctly defined, the inverse Fourier transform
can then be written as

x̃ = Γ(𝜔)z (3.40)

with the sparse linear operator Γ defined as

Γ(𝜔) =

⎡⎢⎢⎢⎢⎢⎢⎣I𝑛
⨂︀
⎡⎢⎢⎢⎢⎢⎢⎣
1
1
...
1

⎤⎥⎥⎥⎥⎥⎥⎦ Γℎ
1 Γℎ

2 . . . Γℎ
𝑁𝐻

⎤⎥⎥⎥⎥⎥⎥⎦ , (3.41)

where

Γℎ
𝑘 =

⎡⎢⎢⎢⎢⎢⎢⎣I𝑛
⨂︀
⎡⎢⎢⎢⎢⎢⎢⎣

sin(𝑘𝜔𝑡1)
sin(𝑘𝜔𝑡2)

...
sin(𝑘𝜔𝑡𝑁)

⎤⎥⎥⎥⎥⎥⎥⎦ I𝑛
⨂︀
⎡⎢⎢⎢⎢⎢⎢⎣

cos(𝑘𝜔𝑡1)
cos(𝑘𝜔𝑡2)

...
cos(𝑘𝜔𝑡𝑁)

⎤⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎦ , (3.42)

and ⨂︀ denotes the Kronecker product and I𝑛 is the 𝑛 × 𝑛 identity matrix.

Once the inverse Fourier transform linear operator Γ is defined, we can then write
the direct Fourier transform as

z = Γ+(𝜔)x̃, (3.43)

where Γ+ = Γ𝑇 (ΓΓ𝑇 )−1 represents the Moore-Penrose pseudoinverse of the Γ operator.

Once we have established these relations, the frequency-domain representation of
the system’s forces b can be easily computed as

b(z, 𝜔) = Γ+(𝜔)̃f. (3.44)

Obtaining the partial derivatives of h(z, 𝜔) in the form of the jacobian matrix Jz is
of the utmost importance for the efficient computation of the roots of equation 3.33 using
iterative optimization procedures. This jacobian matrix can be defined as

Jz = 𝜕h
𝜕z

= A − 𝜕b
𝜕z

. (3.45)

The computation of 𝜕b/𝜕z can also be very challenging to derive analytically. Then
it is possible to profit from the relations previously described to calculate these derivatives
using the time-domain vectors f̃ and f̃, which are significantly easier to calculate.
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𝜕b
𝜕z

= 𝜕b
𝜕 f̃

𝜕 f̃
𝜕x̃

𝜕x̃
𝜕z

= Γ+ 𝜕 f̃
𝜕x̃

Γ (3.46)

The time-domain derivatives 𝜕 f̃/𝜕x̃ can be obtained analytically, which significantly
reduces the computational cost of the calculation Jz.

3.3.2 Stability of periodic solutions in nonlinear systems

3.3.2.1 Floquet multipliers

There are different methods for evaluating the stability of a system’s behavior.
When the interest is to determine if a specific periodic solution is stable, calculating the
Floquet Multipliers associated with this solution’s orbit can be the easiest alternative.
First introduced by G. Floquet in 1883 (FLOQUET, 1883) as a part of the study on
differential equations with periodic coefficients, known as Floquet Theory, the Floquet
Multipliers are a mathematical quantity that can reveal the asymptotic behavior of a
given periodic solution of a known autonomous system.

As thoroughly described by Skubachevskii & Walther (2006) and Lust (2001), if
we assume a certain nonlinear system defined by

𝑥′(𝑡) = 𝑓(𝑥), (3.47)

we can suppose that 𝑦(𝑡) is a periodic solution of Eq. 3.47, and 𝑇 > 0 is the period of 𝑦.
The behavior of solutions of this same equation with initial values close to the periodic
orbit formed by 𝑦(𝑡) is determined by the monodromy matrix M defined as

M(𝑡0) = 𝜕𝜑𝑇 (𝑥0)
𝜕𝑥0

⃒⃒⃒⃒
⃒
𝑥0=𝑦(𝑡0)

, (3.48)

where 𝜑𝑇 (𝑥0) denotes the solution of Eq. 3.47 at time 𝑇 and starting from 𝑥0 at time
𝑡 = 𝑡0.

As can be understood from Eq. 3.48, the monodromy matrix M(𝑡0) is a sort of
gradient matrix that can describe how a small deviation 𝜀(𝑡) imposed on the periodic
solution 𝑦(𝑡) in 𝑡 = 𝑡0 will evolve from 𝜀(𝑡0) to 𝜀(𝑡0 + 𝑇 ) in such a way that

𝜀(𝑡0 + 𝑇 ) = 𝜀(𝑡0)M(𝑡0). (3.49)

It can be shown that, although M(𝑡0) is dependent on the value chosen for 𝑡0,
its eigenvalues are not. For this reason, we shall henceforth refer to M0 = M(0) as the
monodromy matrix, which fully covers the purposes of this work.
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The eigenvalues 𝜆 ̸= 0 of the monodromy matrix M0 are called Floquet Multipliers.
There will always be at least one eigenvalue 𝜆 = 1, called the trivial Floquet Multiplier,
with associated eigenvector u0 = 𝑓 ′(𝑦(0)). If all non trivial Floquet Multipliers are found
to fall within the complex unit circle, the periodic solution 𝑦 is stable, and exponentially
attracts any other orbit close to 𝜑𝑡. If any of the Floquet Multipliers are outside the
complex unit circle, this solution is unstable.

The monodromy matrix can then be computed as the solution at time 𝑇 if the
variational equation

𝑑M0(𝑡)
𝑑𝑡

= 𝜕𝑓(𝑥)
𝜕𝑥

⃒⃒⃒⃒
⃒
𝑥=𝑦(𝑡)

M(𝑡) , M0(0) = I. (3.50)

The computation of Floquet Multipliers for each periodic solution obtained using
the HBM approach enables one to evaluate the solution’s stability and can be used as a
criterion for selecting "acceptable" periodic solutions.

As an example, Figure 3.12 shows the Frequency Response plots of a multi-DoF
nonlinear system obtained by both HBM and direct integration (RK4) procedures. The
points indicated as Flagged (black points) correspond to situations where a periodic
solution could not be found, and the points marked as Unstable (red x) are periodic
solutions with at least one Floquet Multiplier greater than 1, therefore indicating unstable
orbits.
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Figure 3.12 – Frequency Response obtained with both HBM and direct integration.
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4 Rainbow gyroscopic disk
metastructures for broadband

vibration attenuation in rotors

In this chapter, we delve into the first stage of the exploration of rotating metas-
tructures proposed in this thesis. A vibration control approach in rotating machinery is
proposed based on the concept of locally resonant periodic and rainbow disk metastruc-
tures. The effects of periodic resonators are investigated in a first approach, and then
rainbow arrangements are also studied to evaluate the possible improvements on vibration
attenuation performance that have been reported in the literature. Unique effects arise
from the application of this concept to a rotating structure as a result of the gyroscopic
effects of the attached resonators. Section 4.1 presents the finite element model of a simple
rotor, i.e., a spinning shaft supported by isotropic bearings at both ends. Moreover, two
types of resonators are described. The first is based on the resonators’ translational modes,
while the second takes advantage of its rotational modes. The second approach is strongly
influenced by the resonators’ gyroscopic effects, thus its natural frequency depends on the
rotation speed. The model was built using the software Ross, an open source Python based
rotordynamics tool (TIMBÓ et al., 2020). The system’s vibration response to forward
and backward synchronous excitation is calculated and analysed. Section 4.1.1 presents
the effects of translational resonators in the periodic and rainbow cases. The dynamic
of this type of resonators is not influenced by the gyroscopic effect. Consequently, the
metastructure presents a band of resonating modes unaffected by the rotation speed, and
corresponding acoustic modes, i.e. resonators in-phase with the shaft, and optical modes,
i.e. resonators out-of-phase with the shaft, at the same frequency band for both forward
and backward modes. Section 4.1.2 presents a similar analysis for rotational resonators. In
this case, the resonant modes are dependent on the rotation speed and they split in two
frequency branches for backward and forward modes. Finally, section 4.3 presents final
comments and concluding remarks.
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Figure 4.1 – Rotor FEM model of the shaft (grey), rigid axisymmetric disks (red), isotropic
bearings (dark blue) and resonators (light blue), the bearings at the ends.

4.1 Rotor model

In this section, the physical model is presented, as depicted in Figure 4.1. It consists
of a rotor (gray) supported by two isotropic bearings modeled as spring-dampers (dark
blue), three rigid axisymmetric disks (red) representing impellers or other mechanical
components commonly attached to rotors, and evenly distributed local resonators (light
blue). The rotor’s dynamic response is evaluated through Finite Element Method (FEM)
simulations, based on ROSS - Rotordynamic OpenSource Software (TIMBÓ et al., 2020).
Adaptations are introduced in the software to take into account the local resonators.
The FEM model is built using 4 degrees of freedom Timoshenko beam elements. Every
shaft element is identical, with aspect ratio 𝐿/𝐷 = 0.5. The local resonators are modeled
as cylindrical elements with outer diameter 𝑑𝑜 = 140 mm, inner diameter 𝑑𝑖 = 60 mm
and length 𝐿 = 40 mm, as shown in Figure ??. The mass of the resonators, 𝑚𝑟, and
transverse and polar moments of inertia, 𝐼𝑡res and 𝐼𝑝res , respectively, are obtained from
the proposed geometry. The vibration modes of interest of the resonators undergo two
types of oscillation. The first is predominantly translational, i.e., the movement follows
the 𝑥-direction in the local frame of reference, Fig. ??. In the second vibration mode of
interest, named rotational, the oscillations are dominated by the rotations around the 𝜃𝑦

degree of freedom in the local frame of reference.

The equations of motion are given by

[M]ẍ + ([C] + Ω[G])ẋ + [K]x = 0, (4.1)
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where [M], [C] and [K] are the mass, damping, and stiffness matrices, respectively. The ma-
trix [G] is the gyroscopic matrix that appears multiplied by the shaft rotation speed Ω. The
vector x represents the displacements and is constructed as x = {x1 . . . x𝑛 . . . x𝑁+𝑁𝑟}𝑇 ,

where 𝑁 is the total number of shaft nodes, 𝑁𝑟 is the number of resonators and x𝑛 is the
displacement vector of each individual shaft node and is described by x𝑛 = {𝑥 𝑦 𝜃𝑥 𝜃𝑦}.

The [M], [C], [G], and [K] matrices are built by components that represent both
the main shaft and the resonators. Figure 4.2 presents the composition of matrix [K],
showing the coupling between shaft and resonators. In the representation, O𝑀×𝑀 is a
𝑀 × 𝑀 zero matrix and [Kshaft] is the bare rotor stiffness matrix. The arrangement of all
the other matrices of Equation 4.1 follows a similar idea.

𝐊 = +෍

𝑛=1

𝑁𝑟
𝐊shaft 𝑁×𝑁

𝐎𝑁𝑟×𝑁

𝐎𝑁×𝑁𝑟

𝐎𝑁𝑟×𝑁𝑟

𝐊shaft 𝑁×𝑁
𝑛

𝐊res
coup 𝑛

𝑁𝑟×𝑁

𝐊res
coup 𝑛 𝑇

𝐊res 𝑁𝑟×𝑁𝑟
𝑛

𝐊𝑠 𝐊𝑟
𝑛

Figure 4.2 – Stiffness matrix arrangement in sparse representation.

Figure 4.2 shows [K𝑟]𝑛 and [K𝑠] as sparse, (𝑁 + 𝑁𝑟) × (𝑁 + 𝑁𝑟) matrices. In
addition, the 𝑛𝑡ℎ resonator element stiffness and damping matrices can also be represented
by the 8 × 8 matrices as follows

[K𝑟]𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘0 0 0 0 −𝑘0 0 0 0
0 𝑘0 0 0 0 −𝑘0 0 0
0 0 𝑘1 0 0 0 −𝑘1 0
0 0 0 𝑘1 0 0 0 −𝑘1

−𝑘0 0 0 0 𝑘0 0 0 0
0 −𝑘0 0 0 0 𝑘0 0 0
0 0 −𝑘1 0 0 0 𝑘1 0
0 0 0 −𝑘1 0 0 0 𝑘1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and [C𝑟]𝑛 = 𝑐𝑝[K𝑟]𝑛 (4.2)

where 𝑘0 and 𝑘1 are, respectively, the translational and rotational stiffness values that
connect the resonator to the shaft and 𝑐𝑝 is a proportional damping coefficient. The
stiffness coefficients are calculated to tune the resonators in the desired frequency, their
values being a function of natural frequency, 𝜔0, and the rotational natural frequency, 𝜔1,
as
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𝑘0 = 𝑚𝑟𝜔
2
0 , 𝑘1 = 𝐼𝑡res𝜔

2
1. (4.3)

Similar to the stiffness matrix, the mass and gyroscopic element matrices for the
𝑛𝑡ℎ resonators can be written as

[M𝑟]𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 𝑚𝑟 0 0 0
0 0 0 0 0 𝑚𝑟 0 0
0 0 0 0 0 0 𝐼𝑡res 0
0 0 0 0 0 0 0 𝐼𝑡res

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and [G𝑟]𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 𝐼𝑝res

0 0 0 0 0 0 −𝐼𝑝res 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(4.4)

This representation considers the convention of counter-clockwise (𝑋 to 𝑌 ) rotation
for speed Ω. It is important to note that the rotation speed Ω from Equation 4.1 multiplies
the entire [G] matrix, which is composed of [G]𝑠 and [G𝑟]𝑛. Therefore, the same rotation
speed is imposed both on the rotor main structure and on the resonators. In addition,
from Equation 4.4 one observes that when Ω > 0 the [G] matrix has the effect of coupling
the angular velocity 𝜃𝑥 to a moment 𝑀𝑦 in the −𝜃𝑦 direction and the angular velocity 𝜃𝑦

creates a moment 𝑀𝑥 in the 𝜃𝑥 direction.

For the rainbow metastructure, the mass of each resonator along the shaft follows
a specific spatial profile. For this purpose, the [M𝑟]𝑛 matrix of the 𝑛𝑡ℎ resonator element
is multiplied by a factor 𝜀𝑛 given by

𝜀𝑛 = 1 + 0.3
(︂2𝑛

𝑁
− 1

)︂𝑚

, (4.5)

where 𝑁 is the total number of resonators and 𝑚 = 1, 3, 5... is a variable that enables
manipulation of the mass gradient distribution. This distribution imposes a variation of
−30% to +30% on the chosen parameter while maintaining the average value for the
whole array and its central element remains unchanged. Note that for the periodic case,
all masses have identical values such that 𝜀𝑛 = 1.

Numerical simulations were performed with the values of the parameters summarised
in Table 1. The parameters 𝑘𝑥𝑥, 𝑘𝑦𝑦, 𝑘𝑥𝑦 and 𝑘𝑦𝑥 represent the direct and cross-coupled
stiffness coefficients of the rotor supports, 𝑐𝑥𝑥 and 𝑐𝑦𝑦 are the support’s direct damping
coefficients, and 𝐼𝑡 and 𝐼𝑝 are the transverse and polar inertia of the disk elements.
Proportional damping was considered such that 𝑐𝑝 = 10−4 s.
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Figure 4.3 – Campbell Diagram and the mode shapes of the corresponding synchronous
natural frequencies of the bare the rotor.

Diameter 50 mm 𝑁 𝑜 of disks 3
𝑁 𝑜 of Elements 30 Disk mass 32,59 kg

Length 1.5 m 𝐼𝑡 1.78 kg.m2

Mass 120 kg 𝐼𝑝 0.33 kg.m2

Material Steel 𝑘𝑥𝑥 = 𝑘𝑦𝑦 9 × 106 N/m
𝑘𝑥𝑦 = 𝑘𝑦𝑥 0 𝑐𝑥𝑥 = 𝑐𝑦𝑦 500 Ns/m

Table 1 – FEM parameters, geometrical and material properties of the rotor model.

Figure 4.3 presents the Campbell Diagram of the rotor, assuming the resonators
to be rigid lumped mass attachments, i.e., neglecting the dynamics of the resonators but
including the effect of the added mass. The results are shown from 0 rad/s to 800 rad /s,
so that the first 8 natural frequencies are considered, with steps of 4 rad/s. The points
in which the dashed line intersects each of the modes are known as the system’s critical
speeds. They usually represent the occurrence of the maximum vibration amplitudes in a
rotor system, for either forward or backward excitation. The synchronous 1× component is
shown as a dashed black line. The first two modes occur close to 60 rad/s and are dominated
by the rotor supports stiffness, the separation of its forward and backward components do
not become clearly visible on the diagram. The second set of modes, starting at 200 rad/s,
corresponds to the conical rigid body modes, which present significant amplitudes of the
angular degrees of freedom and visible separation of forward and backward components.
The remaining 4 modes are bending modes of the rotor shaft and also clearly show the
separation between forward and backward modes. The separation between forward and
backward modes is caused by the gyroscopic effect, which couples the angular velocity 𝜃𝑥

with a moment 𝑀𝑦 and the angular velocity 𝜃𝑦 with a moment 𝑀𝑥.
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The proposed approach aims to neutralize the first bending backward critical speed
located around 377 rad/s. The bending mode is chosen because it tends to have a greater
energy concentration in the shaft’s bending motion when compared to the rigid body
modes, which makes it a better target for rotational resonators. The backward mode was
chosen because it allows the interactions between the shaft and the rotational resonators
to be simpler and more easily understood. Although forward modes are usually of greater
concern in practical applications, backward ones can also be relevant, especially in highly
anisotropic rotor systems.

The performance of both translational and rotational resonators is evaluated. The
effectiveness of bandgap formation with rotational resonators, which are those in which
stiffness only 𝑘1 is of concern, is limited compared to translational elements (SUN; DU;
PAI, 2010). However, there are specific characteristics of rotational resonators that can be
explored when considering rotor-like structures due to gyroscopic coupling (ATTARZADEH
et al., 2019). In such structures, the system’s equations of motion are a function of the
rotation speed Ω and it contains components that couple the orthogonal angular directions.

4.1.1 Translational resonators

In this case, only the translational modes of the resonators are of concern. In order
to attenuate the third backward critical speed, we consider 𝜔0 = 377 rad/s. The rotational
natural frequency of the resonator is 𝜔1 = 10𝜔0, such that their motion can be considered
as purely translational within the considered frequency band, while maintaining the same
FEM model.

Figure 4.4 shows the Campbell Diagram for the periodic case and the rainbow
resonators. For both cases, new branches appear on the diagram corresponding to the new
vibration modes created with the attachment of the resonators. Note that the branches
corresponding to the first two cylindrical modes and the last two elastic flexural modes
remain unaltered. However, in the targeted region with a tuning frequency of 𝜔0 = 377
rad/s there are more complex interactions. Additionally, the vibration modes corresponding
to resonators natural frequency appear as horizontal branches, independent of the shaft’s
rotation speed. This is because this mode of the resonator is not affected by the gyroscopic
coupling. It can also be seen that it creates side modes at the limits of the bandgap region.
Figure 4.4 also presents a color scale that gives the spatially averaged amplification

𝐴avg = 1
𝑁

𝑁∑︁
𝑛=1

𝐴𝑖, (4.6)

and phase angle

𝜑avg = 1
𝑁

𝑁∑︁
𝑛=1

𝜑𝑖, (4.7)
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between the 𝑁 resonators and main structure, where 𝑋 𝑖
res/𝑋 𝑖

rotor = 𝐴𝑖𝑒
𝑗𝜑𝑖 . In this definition,

𝐴𝑖 and 𝜑𝑖 are scalar values and 𝑋 𝑖
res and 𝑋 𝑖

rotor are the translational eigenvector components
corresponding to the 𝑖𝑡ℎ resonator and the rotor node to which it is attached. The
amplification 𝐴avg is saturated for better visualization of the region of interest. It is clear
that the side modes are dominated by the shaft’s vibration, while the resonator modes are
dominated by the resonators’ vibration.

The rainbow configuration is produced assuming 𝑚 = 1 in Equation 4.5, and
presents a similar behavior for the rigid body modes and the higher order modes. The
modes dominated by the resonators are also constant with respect to the rotation speed, but
they are distributed over a wider frequency range, following the mass spatial distribution.
This has the effect of widening the bandgap region, as expected (FABRO et al., 2021).
Moreover, in both cases the phase angle clearly shows the acoustic modes, where the rotor
and the resonators vibrate in phase, and the optical modes at higher frequencies, where
they vibrate out of phase (SUN; DU; PAI, 2010). Thus, it is clear that the local resonance
effect is created due to the presence of natural modes of the resonators, which absorb
mechanical energy and consequently attenuate vibration.
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Figure 4.4 – Campbell diagrams with translational resonators tuned to 377 rad/s. (a)
Periodic resonators and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg
colorscale. (c) Rainbow resonators and 𝐴avg colorscale. (d) Rainbow resonators
and 𝜑avg colorscale.

However, it is important to note that the performance enhancement effects of
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the rainbow configuration are not unlimited with respect to the gradation profile. The
bandgap is widened by the effect of overlapping the smaller adjacent bandgaps. If individual
bandgaps no longer have, or have very small overlapping regions, the bandgap widening
effect will fade and the attenuation performance will be reduced .

4.1.1.1 Forced response

At this point, harmonic excitation is of concern. The system’s steady-state forced
response is obtained using its Transfer Matrix, [H𝜔], defined in complex form as

[H𝜔] = (j𝜔I − [A])−1 , (4.8)

where j =
√

−1, 𝜔 is the excitation frequency, I is the identity matrix, and [A] is the
system’s state space matrix which satisfies

ẏ = [A]y + B, (4.9)

where y is the state space vector and B is the excitation vector, thus, the steady-state
response of the system to a harmonic excitation B𝜔 can be obtained by

y𝜔 = [H𝜔]B𝜔. (4.10)

Two different load cases are considered, each one consisting of forward and backward
unitary rotating forces applied to the shaft’s first node. The amplitude and phase of the
orthogonal components of these forces can be written, in polar notation, as

𝐹𝑥𝑓
= 1 0∘ and 𝐹𝑦𝑓

= 1 −90∘ (4.11)

for the forward excitation case and as

𝐹𝑥𝑏
= 1 0∘ and 𝐹𝑦𝑏

= 1 90∘ (4.12)

for the backward excitation case.

Figure 4.5 shows the responses of the last node of the shaft, corresponding to the
opposite end of the applied force. The response is shown in terms of the major axis 𝑀𝑎𝑥 of
the node’s translational orbit, which is the orbit’s biggest diameter (MUSZYNSKA, 2005).
These plots compare the response of the bare rotor, i.e. assuming rigid disks attachment,
as a dashed black line, the rotor with periodic resonators as the blue dash-dotted line and
with rainbow resonators assuming 𝑚 = 1, Equation 4.5, as the solid red line. The system
with rigid disk attachments was chosen as baseline for forced response visualization in
order to isolate the attenuation effects only, since the added mass has the side-effect of
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also altering the position of the critical speeds. It can be clearly seen that the periodic
and rainbow configurations can successfully attenuate the targeted vibration mode. The
periodic case results in a shorter bandgap with stronger maximum attenuation, but with
a strong contribution of the side modes. In contrast, the rainbow configuration leads
to a wider bandgap but with smaller maximum attenuation, although with significant
attenuation for practical applications. This effect is due to the distribution of the resonant
modes along the frequency band, as shown in the Campbell diagram of Fig. 4.4. Differences
in the bandgap due to forward and backward excitation are due to the different modes
that are excited.
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Figure 4.5 – Major axis response with translational resonators tuned to 377 rad/s. (a)
Forward excitation. (b) Backward excitation.

From Figure 4.6 we can observe the deflected shapes of the main structure at
one end for the bare rotor case and for the rotor with translational rainbow resonators,
both subjected to backward excitation at the opposite end. The deflected shapes are
highlighted at specific points, depicting the main structure in blue lines, and the resonators
as red stems, and reveal the interaction between resonators and rotor. From the rainbow
resonators it can be seen that the resonators on the edges are excited at the side frequencies
and the resonators on rotor’s the mid span are excited at the center of the attenuation
band, following the resonators mistuning of the gradient profile. The modes at frequencies
lower than the bandgap show the resonators vibrating in phase with structural vibration
modes, i.e. acoustic modes, while the modes at higher frequencies present the resonators
out of phase with the main structure, i.e. optical modes, as discussed in the previous
section.
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Figure 4.6 – Response amplitudes as a function of the frequency and rotation speed of the
shaft due to backward excitation. (a) Bare rotor. (b) Translational rainbow
resonators.

From the obtained results, it is evident that the translational resonator arrangement
produces consistent, broadband vibration attenuation around the chosen tuning frequency.
The spatial rainbow profile produced a significant increase in the attenuated frequency
range, almost eliminating the effect of side modes occurring around the target frequency.

To further explore the mechanisms involved in generating the observed bandgaps,
the deflected shape of the rotor and resonators at each frequency are investigated. Figure 4.7
presents the amplitude response along the rotor with and without the attached resonators
for different rotation speeds. The shaft’s deflected shape (blue line) and the resonators
(red stems) can be compared to the rotor’s deflected shape without the resonators (black
dashed line). It highlights the strong attenuation effect the resonators provide close to

48



the target frequency. Similarly, Figure 4.8 shows the deflected shapes for the case of
rainbow resonators. In this case, different sections of the array of resonators are activated
at each frequency, highlighting the rainbow effect, providing increased bandwidth for the
attenuation effect.
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(e) Ω = 800 rad/s

Figure 4.7 – Deflected shapes for periodic translational resonators tuned to 377 rad/s with
forward excitation.
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(e) Ω = 800 rad/s

Figure 4.8 – Deflected shapes for translational rainbow resonators tuned to 377 rad/s with
forward excitation.
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4.1.2 Rotational resonators

In this section, only the rotational mode of the resonators is of concern. A similar
approach is carried out to tune the resonators’ rotational natural frequency to attenuate the
targeted frequency range. Consequently, the resonators are designed such that 𝜔0 = 10𝜔1

so that the translational mode of the resonator has negligible displacement in the frequency
range of interest. In this case, the natural frequency of the resonators 𝜔𝑛(Ω) is a function
of the rotation speed Ω. However, the tuning parameter 𝜔1, as defined in Equation 4.3, is
the natural frequency of the resonator without gyroscopic effects 𝜔1 = 𝜔𝑛(0). To tune the
resonators’ natural frequency to a target synchronous frequency Ω𝑡, it is necessary to find
𝜔1 such that 𝜔𝑛(Ω) satisfies

𝜔𝑛(Ω𝑡) = Ω𝑡. (4.13)

The equation of motion of a single rotational resonator attached to the ground by
a stiffness 𝜅𝑡 is given by

⎡⎣𝐼𝑡res 0
0 𝐼𝑡res

⎤⎦ ẍ + Ω
⎡⎣ 0 𝐼𝑝res

−𝐼𝑝res 0

⎤⎦Ωẋ +
⎡⎣𝜅𝑡 0

0 𝜅𝑡

⎤⎦x = 0, (4.14)

from which it is possible to derive the characteristic polynomial equation as

𝜅2
𝑡 − 2𝐼𝑡res𝜅𝑡𝜔

2
𝑛 + 𝐼2

𝑡res𝜔
4
𝑛 − 𝐼2

𝑝res𝜔
2
𝑛Ω2 = 0. (4.15)

By solving this equation, an analytical expression for the roots of 𝜔𝑛 is obtained as

𝜔𝑛(Ω) =
2𝐼𝑡res𝜅𝑡 + 𝐼2

𝑝resΩ2 ±
√︁

4𝐼𝑡res𝜅𝑡𝐼2
𝑝resΩ2 + 𝐼4

𝑝resΩ4

2𝐼2
𝑡res

. (4.16)

Thus, it becomes clear that the gyroscopic effects split each pair of eigenvalues
into two separate values, where the plus and minus signs yield the forward and backward
eigenvalues, respectively.

Combining Equations 4.13 and 4.16, and considering
√︁

𝜅𝑡/𝐼𝑡res = 𝜔1, with some
algebraic manipulation, we obtain a polynomial in the variable 𝜔1 that leads to the
synchronous tuning condition as

(︁
𝛼2 − 2

)︁
Ω2

𝑡 ± 𝛼Ω𝑡

√︁
4𝜔2

1 + 𝛼2Ω2
𝑡 + 2𝜔2

1 = 0, (4.17)

where 𝛼 = 𝐼𝑝res/𝐼𝑡res is the inertia ratio. Thus, the tuning parameter, 𝜔1, is only a function
of the target frequency Ω𝑡 and 𝛼. For the target frequency of Ω𝑡 = 377 rad/s we must set
the rotational resonators to 𝜔1 = 634.4 rad/s to satisfy Equation 4.17 using the backward
modes of the resonators.
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Figure 4.9 presents the Campbell diagram for both periodic and rainbow cases. In
this case, some important differences are found in the interaction of the branches related
to the rotational resonators, compared to the previous case, with translational resonators.
In the periodic case, the resonators backward branch starts at 𝜔1 = 634.4 rad/s and
reaches the target at Ω𝑡 = 377 rad/s, as designed. It is clear from the amplification color
scale, defined as in the previous section, that this branch is dominated by the resonators
vibration, yellow, while the other forward and backward branches are dominated by the
vibration in the rotor, similar to the previous case. However, from the phase color scale
it can be noticed that only the backward modes are out of phase at frequencies higher
than the bandgap, i.e. optical modes, while all the forward modes in this frequency region
are in phase with the resonators, i.e. acoustic modes. It reveals that both optical and
acoustic modes coexist in the same frequency band due to the gyroscopic effects in the
resonators, unlike the previous case with translational resonators. This result shows that
only the backward modes will be attenuated by the interaction with this branch. In
addition, the side modes are well defined along the synchronous 1× dashed line, and
they follow the gyroscopic effect for other rotation speeds. Notice that for frequencies
higher than the synchronous frequency, the lower branch of the side modes are dominated
by the resonators vibration. Similarly, the case with rainbow resonators shows the same
coexistence of optical and acoustic modes at higher frequencies. The same rainbow effect
is observed, consequently widening the attenuation band.

4.1.2.1 Forced response

In this section, response due to concentrated harmonic excitation is of concern.
The same loading arrangement described in Section 4.1.1 is considered, and responses to
forward and backward excitation are presented in Figures 4.10a and 4.10b, respectively. In
this case, the rainbow resonator arrangement also considers 𝑚 = 1 in Equation 4.5, for
mass spatial profile. The response is also shown in terms of the major axis 𝑀𝑎𝑥 of the
node’s translational orbit. Figure 4.10a presents the amplitude of the response as a function
of frequency due to forward excitation. Note that both periodic and rainbow metamaterial
configurations do not provide any attenuation effect in this case. This is due to the lack of
interaction of the backward branches of the resonators with the forward branches related
to the rotor forward vibration modes, as shown in Fig. 4.9. Only the forward modes are
excited due to the forward excitation; thus no attenuation is obtained. This complete
independence between forward and backward motion occurs only because of the perfectly
isotropic nature of the model considered. In real systems, in which some anisotropy is
always present, the forward and backward motions would not be fully uncoupled, and the
rotor’s forward motion would also be affected by the backward modes of the resonators.
Since the purpose of this investigation is mostly phenomenological, as the nature of each
separate phenomenon is of greatest concern, no anisotropy was considered.

Figure 4.10b shows the amplitude of the response due to the backward excitation.
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Figure 4.9 – Campbell diagrams with rotational resonators tuned to 634.4 rad/s. (a)
Periodic resonators and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg
colorscale. (c) Rainbow resonators and 𝐴avg colorscale. (d) Rainbow resonators
and 𝜑avg colorscale.
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Figure 4.10 – Amplitude of the frequency response with rotational resonators tuned to
634.4 rad/s. (a) Forward excitation. (b) Backward excitation.
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Figure 4.11 – Campbell diagram (a) and the amplitude of the frequency response to
backward excitation (b) with rotational resonators tuned to 634.4𝑟𝑎𝑑/𝑠 and
𝑚 = 3.

In this case, the backward branches of the resonators interact with the backward flexural
vibration modes of the rotor, which are excited by the imposed forcing. Consequently,
both the periodic and rainbow metastructures yield vibration attenuation. Similarly to the
previous case with translational resonators, the periodic case presents high attenuation
but a narrow bandgap with vibration amplification at the side modes. On the other hand,
the rainbow rotational resonators do not create an effective attenuation around the central
frequency of 377 rad/s with this proposed arrangement although slightly reducing the
amplification due to resonances.

Increasing the mass gradient distribution exponent to 𝑚 = 3, a significantly
improved attenuation performance is observed, as shown in Figure 4.11b, and the resonators
are able to neutralize even the side modes on both sides of the target frequency of 377 rad/s.
Thus, mass gradient distribution plays an important role in the attenuation performance
of the rainbow resonators and optimization strategies can be proposed (MENG et al.,
2020c).

Figure 4.12 shows the frequency response of the main structure subjected to
excitation at the opposite end. The rotor with no resonators and the rotor with rotational
rainbow resonators are considered. Similarly to the case with translational resonators, the
deflected shapes are shown at specific frequencies, highlighting the interaction between
resonators and rotor. For the case with rainbow resonators, it can also be seen that
the resonators at the edge are excited at the side frequencies and the resonators at the
middle span are excited at the center of the attenuation band, following the resonators
mistuning of the gradient profile. The modes at frequencies lower than the bandgap
show the metastructure excited at its acoustic modes, while the the response at higher
frequencies reveals the metastructure’s optical modes.
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(b) rotational rainbow resonators.

Figure 4.12 – Response amplitudes as a function of the frequency and rotation speed of
the shaft due to backward excitation.

Figures 4.13 and 4.14 show the deflected shape of the rotor and the rainbow
resonators at different rotation speeds for forward and backward excitation, respectively.
Figure 4.13 highlights that the resonator modes are not excited for the forward excitation.
Moreover, the deflected shapes are very similar for the bare rotor, with effectively no
attenuation. However, in Figure 4.14, it is clear that the modes of the resonators are
excited at the bandgap region and that they provide a large attenuation effect compared to
the deflected shapes. Moreover, it is evident that the gradient profile is excited differently
at each rotation speed. This is similar to the results found for the translational resonators.
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(a) Ω = 100𝑟𝑎𝑑/𝑠
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(b) Ω = 340𝑟𝑎𝑑/𝑠
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(c) Ω = 375𝑟𝑎𝑑/𝑠
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(d) Ω = 400𝑟𝑎𝑑/𝑠
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Figure 4.13 – Deflected shapes for rotational rainbow resonators tuned to 634.4𝑟𝑎𝑑/𝑠 with
forward excitation.
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(e) Ω = 800𝑟𝑎𝑑/𝑠

Figure 4.14 – Deflected shapes for rotational rainbow resonators tuned to 634.4 rad/s with
backward excitation.
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Figure 4.15 shows the spatially averaged amplification factor 𝐴avg and phase angle
𝜑avg, applying the definition of Equations 4.6 and 4.7 to the deflected shapes obtained from
backward excitation instead of the eigenvectors, as previously presented. It is clear that the
amplification factor follows the branch related to the rotational resonators with a sharp
change for the periodic metastructure configuration. In the case of rainbow resonators
arrangement, a smoother transition is observed given the several branches created by this
configuration for both 𝐴avg and 𝜑avg. Similar behavior can be observed in Figure 4.16 for
the forward excitation case, with the amplification and phase shift regions following the
forward modes in this case.
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Figure 4.15 – Spatially averaged amplification and phase angle with rotational resonators
tuned to 634.4 rad/s subject to backward excitation. (a) Periodic resonators
and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg colorscale. (c) Rainbow
resonators and 𝐴avg colorscale. (d) Rainbow resonators and 𝜑avg colorscale.

Summarizing, the results presented in this section reveal that, on the frequency
range of interest, only the backward vibration is affected by the rotational resonators,
while the forward whirl behavior remains unaffected when the excitation is applied. The
resonators are then unaffected by forward excitation, while they can strongly restrict the
vibration transmissibility with backward excitations. The opposite result can be achieved
by tuning the forward mode of the resonators to a specific desired frequency.
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Figure 4.16 – Spatially averaged amplification and phase angle with rotational resonators
tuned to 634.4 rad/s subject to forward excitation. (a) Periodic resonators
and 𝐴avg colorscale. (b) Periodic resonators and 𝜑avg colorscale. (c) Rainbow
resonators and 𝐴avg colorscale. (d) Rainbow resonators and 𝜑avg colorscale.

4.2 Turboexpander Application

One of the most important challenges for the application of metastructures to
industrial rotating machinery lies in the fact that the free space around the rotor is rarely
available in such equipment. Industrial compressors and pumps are usually designed to
be as compact as possible, leaning towards the most cost-effective and energy efficient
solutions.

However, some exceptions may be good potential candidates for an initial proof
of concept. Turboexpanders and pinion rotors of integrally-geared compressors are some
examples. These types of machines have their flow elements mounted on the shaft ends
instead of on the midspan. This usually leaves some room for additional components to
be mounted on the shaft and allowed to freely move in the radial direction. In the case
of integrally geared machines, this space is still somewhat limited due to the gear, which
usually locates in the shaft center. However, in turboexpanders, the central portion of the
shaft is often free of major functional components.

To explore this concept and provide some insight into how an application of this
concept to a real machine could look like, a typical model of a turboexpander will be
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Figure 4.17 – Typical turboexpander-compressor showing key parts (API Std 617, 2022).
Reproduced courtesy of the American Petroleum Institute.

used. Figure 4.17 presents a cross-sectional schematic drawing of a typical turboexpander-
compressor with its key parts indicated.

Figure 4.18 shows the rotor model built on Ross. The components in red are the
parts that are mounted on the shaft, modeled as lumped inertia elements, and the blue
elements represent the linear resonators located on the free midspan portion of the shaft.
The large spring-damper elements represent the radial bearings. The smaller elements
located at the ends of the shaft are concentrated cross-coupling stiffness elements that
were imposed to represent the impellers’ destabilizing forces. A fixed value of 1.2 × 106

N/m pure cross-coupling was applied, which is a value around 10 times lower than the
radial bearings direct stiffness components, which is typical for this type of high speed
machine.

The bearings were modeled as tilting pad oil-lubricated bearings using MAXBRG
software (HE, 2003) considering the geometry and oil parameters shown in Table 2.
Geometric parameters represent typical values for a lightweight, high speed machine. The
bearing loads for both bearings were considered equal for simplicity, considering that each
would have slightly asymmetric load distributions due to a combination of gravity and
impeller pressure profile.

Journal Diameter 44.45 mm 𝑁 𝑜 of pads 4
Diametral clearance 0.111 mm Pivot arrangement Load between pads

Pad arc length 72 ° Pad axial length 19.1 mm
Pad thickness 10 mm Pivot type Rocker back
Pad preload 0.25 Pad offset 0.5

Oil type ISO VG 32 Oil supply temp. 45 °C
Pad material 316 SS Bearing load 455 N

Table 2 – Radial bearing input data for calculation of dynamic force coefficients.

61



0 510 15 20 25 30 35 40 4550

0 0.2 0.4 0.6 0.8

−0.2

−0.1

0

0.1

0.2

Rotor Model

Axial location (m)

S
ha

ft
 r

ad
iu

s 
(m

)

Figure 4.18 – Turboexpander compressor rotor model.
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Figure 4.19 – Campbell diagram of the turboexpander-compressor before application of
resonators.

The operating speed range of the turboexpander was evaluated between 10,000
and 20,000 rpm, which is typical for this type of machinery. The Campbell diagram for
the rotor’s original design, without resonators, is presented in Figure 4.19. It reveals
three potentially harmful critical speeds at 5,715 rpm, 11,652 rpm, and 17,929 rpm. It
is important to note that these critical speeds correspond to forward whirling natural
frequencies, which can be significantly amplified by any unbalance forces.

The lowest critical speed is outside the operating speed range, with a separation
margin of more than 70%. According to API Std 617, this critical speed would still have
to be subjected to a stability analysis. However, this step will not be explored in this work
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because it would not be directly related to the application of the metastructure concept.

The second and third lowest critical speeds are within the operating speed range,
and thus will have to be evaluated to ensure that their effects would not create harmful
vibrations during the turboexpander operation. In further investigation of the modal
parameters, it was possible to determine that the second critical speed has a damping
ratio of 0.001, while the damping ratio of the third critical speed is 0.51, i.e., it has a
negligible contribution to turboexpander vibration.

The high damping ratio of the third critical speed translates into an Amplification
Factor (AF) of 0.98, significantly lower than the API Std 617 limit of 2.5 for considering it
as a concern for rotor response amplification. Therefore, this critical speed may be ignored
even if it is located within the operating speed range.

However, the second critical speed presents a strong potential for rotordynamic
instability, with strong amplification - 𝐴𝐹 > 300. This means that, in the engineering
design process of this machine, this critical speed would have to be addressed somehow.
The following discussions will explore the concept of using linear periodic and graded
resonators to achieve the neutralization of this specific critical speed. For this example,
only translational resonators are applied. Table 3 shows the design parameters of the
resonators.

Inner diameter 90 mm Outer diameter 150 mm
Thickness 15 mm Mass 1.32 kg

Table 3 – Resonator parameters.

To correctly tune the resonators to attenuate the desired critical speed, it is
necessary to first consider the impact the added inertia to the bare turboexpander rotor.
For this purpose, a new Campbell Diagram is built for the original rotor with incorporated
resonators as added inertia elements. The result is shown in Figure 4.20. The addition of
resonators has slightly shifted the second and third natural frequencies, and now the critical
speed that presents low damping characteristics is located at 12, 094 rpm with a damping
ratio of 0.03. Although a significant increase in damping ratio has been observed after
the addition of the disks, the critical speed is still a concern, since it still has 𝐴𝐹 = 16.6
and is located within the operating speed range. Furthermore, one should note that the
increase in damping ratio cannot be directly attributed to the addition of the disks, but to
the underlying change in mode shape that allows a more efficient activation of the radial
bearings damping properties.

The resonators are then tuned to the frequency of 12, 094 rpm, using only its
translational DoFs. To evaluate the attenuation performance of the final metastructure
configuration, two separate excitation conditions are considered:

1. Midspan unbalance, 4𝑈 unbalance magnitude.
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Figure 4.20 – Campbell diagram of the turboexpander-compressor before application of
resonators.
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Figure 4.21 – Unbalance responses plots for turboexpander compressor with midspan
unbalance. (a) Left side bearing and (b) right side bearing.

2. Rotor impeller unbalance, 4𝑈 unbalance magnitude.

The unbalance magnitude is defined in terms of 𝑈 , which is the maximum allowable
residual rotor unbalance as defined in API Std 617.

Figure 4.21 shows the vibration results at the bearing nodes for 3 cases: without
resonators, with periodic resonators, and with rainbow resonators. The rainbow distribution
was applied following the expression of Eq. 4.5 with 𝑚 = 1. Only the X-direction amplitude
is shown, since the system’s isotropy results in similar amplitude in orthogonal directions.

The vibrations of the bare rotor, while still showing amplitude levels below the
allowable limits of API Std 617, still indicates the clear presence of a lightly damped

64



0 5k 10k 15k 20k 25k
100n

1μ

10μ

100μ
Bare rotor
Iden�cal res.
Rainbow res.
API 617 limit

Forward Excita�on

Frequency [rpm]

Am
pl

itu
de

 [m
 R

M
S]

(a)

0 5k 10k 15k 20k 25k
100n

1μ

10μ

100μ
Bare rotor
Iden�cal res.
Rainbow res.
API 617 limit

Forward Excita�on

Frequency [rpm]

Am
pl

itu
de

 [m
 R

M
S]

(b)

Figure 4.22 – Unbalance responses plots for turboexpander compressor with left side
impeller unbalance. (a) Left side bearing and (b) right side bearing.

critical speed within the operating speed range, which would incur in an unacceptable
rotordynamic design. With the addition of the linear resonators, this critical speed is
neutralized, with a substantial reduction in overall vibration amplitudes. The periodic
resonators show a slightly narrower attenuation range, but provide a more consistent
attenuation performance across the entire operating speed range if compared to the rainbow
arrangement.

Figure 4.22 shows the vibration results at the bearing nodes for the same 3 cases.
In this case, the excitation of the lowest critical speed is clearly visible around 6000 rpm,
but outside the operating range. The second lowest natural frequency also shows a stronger
response, going over the API Std 617 allowable amplitudes. With the addition of the linear
resonators, a dramatic decrease in vibration amplitudes is observed in both responses.
The rainbow resonators arrangement, however, still would not comply with the allowable
vibration requirements.

Therefore, in this case, the periodic arrangement of linear resonators would be a
preferable option to control the effects of the second critical speed within the operating
speed range when compared to the rainbow arrangement. This is mainly due to the fact
that the places available for the addition of resonators are not the optimal locations to
attenuate the second critical speed.

Figure 4.23 shows a 2-D representation of the mode shape of the target natural
frequency, from which it becomes clear that the resonators are placed at nodes with
relatively little modal activation. Therefore, the spatial distribution of the resonators is
not optimized (MENG et al., 2020c), which leads to limited attenuation performance of
the resonator. Consequently, the attenuation magnitude plays a more important role than
the attenuation bandwidth in this specific case, which makes the identical resonators a
more adequate choice.
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Figure 4.23 – Mode shape of the target natural frequency. Red dashed lines indicate the
position of the resonators.

Stepping beyond the standard industry practices for rotodynamic design, we can
assess the system’s behavior from a broader perspective. By evaluating the system’s
nonsynchronous response, the behavior of its natural frequencies in different rotating
speeds is observable. A purely forward excitation with 1 N amplitude was applied to the
left side impeller and the following analyzes were obtained from the response to the right
side impeller.

Figure 4.24 compares the response heatmaps of the bare rotor with the cases with
identical and rainbow resonators. As expected, the vibration attenuation effect goes beyond
the synchronous region shown in Figures 4.22 and 4.21. The high amplification lines in
Figure 4.24a match the natural frequency lines of Figure 4.20. These lines appear strongly
attenuated in a wide frequency range in Figures 4.24b and 4.24c. This indicates that the
resonators have a wide damping-like effect on the rotor natural frequencies, which can be
a useful tool for adding damping to the rotor in this type of machine.

A similar result is presented in Figure 4.25, but with a backward excitation. The
backward modes are clearly strongly damped to begin with, as is usual in rotating machines
with dominant sources of cross-coupling. This type of destabilizing forces are usually related
to aerodynamic phenomena generated by the machine’s rotation and, as such, tend to
destabilize the forward modes while stabilizing the backward modes (MUSZYNSKA, 2005).
Therefore, in this case, the resonators have no significant effect and actually seem to
slightly increase the system’s response for some conditions. However, this is not a concern
since the backward modes are seldom regarded as a concern in engineering applications.

To provide a parallel with the results shown in section 4.1.2, the averaged am-
plification and phase maps are shown for the turboexpander model in Figure 4.26. A
similar behavior is observed, with a visible widening of the frequency range in which the
resonators are more strongly activated. It can be seen that the translational resonators
attenuation band is not affected by the rotation speed. This effect is expected, as discussed
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Figure 4.24 – Response heatmap for unitary forward excitation. (a) Bare rotor, (b) rotor
with identical resonators and (c) rainbow resonators.

5000 10000 15000 20000 25000

5000

10000

15000

20000

25000

Synch. Frequency Op. range

−8

−7.5

−7

−6.5

−6

−5.5

Resp. (log [m])

Response heatmap

Speed [rpm]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
pm

]

(a)

5000 10000 15000 20000 25000

5000

10000

15000

20000

25000

Synch. Frequency Op. range

−8

−7.5

−7

−6.5

−6

−5.5

Resp. (log [m])

Response heatmap

Speed [rpm]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
pm

]

(b)

Figure 4.25 – Response heatmap for unitary backward excitation. (a) Bare rotor and (b)
rotor with identical resonators.
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Figure 4.26 – Averaged amplification and phase angle maps for identical (a-b) and rainbow
resonators (c-d).

and demonstrated in previous sections, because the translational resonators’ dynamics is
unaffected by the gyroscopic effects.

4.3 Final Remarks

This chapter investigated the extension of periodic locally resonant metastructures
to rotors in an effort to explore their potential vibration attenuation capabilities and par-
ticular phenomena associated with rotating motion. Two different resonator configurations
were used for this purpose: translational and rotational resonators.

The highlights and main findings are summarized below.

• Translational resonators provide strong attenuation of both the backward and forward
modes.

• Rotational resonators require tuning to a specific whirl direction, either forward or
backward, providing vibration attenuation for one of them.
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• In both cases, the mass gradation of the resonators provided a significant widening
of the attenuation bandwidth.

• Polarization phenomenon was found for the rotational resonator case, as the res-
onators, tuned to the backward whirl modes, were invisible to forward excitations
close to the tuning frequency range.

• The coexistence of acoustic and optical modes was observed in certain frequency
ranges for rotation resonators.

• Spatially averaged amplification and phase angle maps were proposed and applied
as a useful tool for visual interpretation of the overall behavior of the system.

• The application of translational resonators to a real turbomachinery model demon-
strated that the concept can be a powerful design tool for rotors with low damping.

These initial findings provide an exciting and promising doorway to the potential
applications and particular phenomena that can be unraveled in further exploration of
rotational metastructures. The following chapter will provide further insight by gradually
introducing new aspects with increasing complexity in the evaluations.
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5 Bandgap formation and chaos in
periodic lattices with graded

bi-stable resonators

In this chapter, a second step is taken in building the thesis concept. Here we explore
the nonlinear phenomena and chaotic behavior as a vibration attenuation performance
enhancer for periodic structures. For this purpose, we present an arrangement of a 1-
D periodic lattice with bi-stable Duffing oscillator attachments, showing the effects of
excitation magnitude and mass gradation on the bandgap. An investigation of the bandgap
formation mechanisms considering energy and spectral approaches is also developed. This
simple arrangement allows us to thoroughly investigate and understand the mechanisms
involved in nonlinear bandgap formation.

5.1 System Description

The schematic drawing shown in Figure 5.1 depicts the periodic chain 𝑁0 DOF
1-D with periodically attached nonlinear resonators considered in this study. The mass of
each resonator is represented by 𝑚𝑛 = 𝑚0, 𝑛 = 1..𝑁1, being 𝑚0 a reference mass value.
The linear elastic elements that connect the chain elements are identical, with stiffness 𝑘0,
and are also considered a linear viscous damping 𝑐0 between each element.

𝑀1 𝑀𝑖+1

𝑚1 𝑚𝑁1

𝑀𝑖+𝑁1 𝑀𝑁0⋯ ⋯ ⋯

𝑘0 𝑘0 𝑘0 𝑘0

𝑥𝑐
𝑖+1

𝑥𝑟
1

𝑐0 𝑐0 𝑐0 𝑐0

Figure 5.1 – 1-D chain arrangement used for the simulations in this chapter.

The system’s equation of motion in homogeneous form can be described as
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[M]ẍ + [C]ẋ + [K]x + f𝑛𝑙(x) = 0 ; x =
⎧⎨⎩x𝑐

x𝑟

⎫⎬⎭ , (5.1)

in which [M], [C] and [K] are the system’s linear mass, damping, and stiffness matrices,
respectively, f𝑛𝑙(x) is a vector representing the nonlinear effects, and x𝑐 and x𝑟 are the
displacement vectors for the chain and resonators, respectively.

The behavior of nonlinear resonators, composed of a lumped mass and a nonlinear
elastic element, is described by the Duffing equation (KANAMARU, 2008). This type of
oscillator is one of the most widely used in studies of nonlinear mechanical structures due
to its mathematical simplicity and richness in dynamic behavior. Another advantage of
this oscillator is that it can be reproduced in real experimental setups, as shown in recent
works (XIA; RUZZENE; ERTURK, 2020). Thus, the equation of motion of each resonator
is described by

𝑚𝑛𝑥̈𝑛
𝑟 + 𝛿 ˙̃𝑥𝑛 + 𝛽𝑥̃𝑛 + 𝛼𝑥̃3

𝑛 = 0 (5.2)

where 𝑥̃𝑛 = 𝑥𝑛
𝑟 − 𝑥𝑖+𝑛

𝑐 is the relative displacement between each resonator and the chain
element to which it is attached, 𝑥𝑛

𝑟 and 𝑥𝑖+𝑛
𝑐 being individual components of the vectors

x𝑟 and x𝑐. Note that the terms related to the coefficients 𝑚𝑛, 𝛿 and 𝛽 are linear and can
be included in the linear matrices described in Equation 5.1. The only nonlinear term in
Equation 5.2 is 𝛼𝑥̃3

𝑛, which is included in the nonlinear force vector f𝑛𝑙(x).

The restoring force of the conservative system is given by 𝐹𝑟(𝑥) = −𝛽𝑥 − 𝛼𝑥3.
Considering the special situation where 𝛽 < 0 and 𝛼 > 0, the equation describes a
bi-stable oscillator, which is the case explored in this study. From the non-zero positive
root of the expression of the restoring force, we obtain the value of the stable equilibrium
position 𝑥0 =

√︁
−𝛽
𝛼

. By integrating the restoring force expression it’s possible to obtain
an expression for the oscillator’s potential energy 𝑈𝑝(𝑥) = 1

2𝛽𝑥2 + 1
4𝛼𝑥4. As a result, the

oscillator has 3 equilibrium conditions, two of them stable at 𝑥 = 𝑥0 and 𝑥 = −𝑥0 - also
referred to as potential wells - and the third an unstable equilibrium condition at 𝑥 = 0.

Further exploring the restoring force expression, it is possible to calculate its
derivative to obtain the value of the local linearized stiffness 𝑘𝑙𝑖𝑛(𝑥0) of the Duffing
oscillator around its stable equilibrium position as

𝑘𝑙𝑖𝑛(𝑥0) = −𝑑𝐹𝑟

𝑑𝑥

⃒⃒⃒⃒
⃒
𝑥0=

√
−𝛽
𝛼

= (𝛽 + 3𝛼𝑥2)
⃒⃒⃒
𝑥0=

√
−𝛽
𝛼

= −2𝛽. (5.3)

The linearized natural frequency of the resonators is defined in terms of the reference
mass, 𝑚0, as 𝜔0 =

√︁
𝑘𝑙𝑖𝑛(𝑥0)

𝑚0
, which enables one to obtain the parameters of the Duffing

equation in terms of physical quantities such as 𝛽 = −𝜔2
0𝑚0
2 and 𝛼 = − 𝛽

𝑥2
0
. Thus, it is

possible to evaluate the direct comparison with an analogous purely linear resonator of
stiffness 𝑘 = −2𝛽.
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For the configuration with graded mass distribution, a linear gradation is applied
using 𝑓𝑚(𝑚0) as

𝑚𝑛 = 𝑓𝑚(𝑚0) = 𝑚0

(︂
0.6 𝑛 − 1

𝑁1 − 1 + 0.7
)︂

; 𝑛 = 1..𝑁1. (5.4)

5.2 Results

In this section, numerical results are presented and discussed. First, the case of
identical resonators is considered. Subsequently, the graded configuration is investigated.
In all simulations, a 20 Degree of Freedom (DOF) chain is considered, 𝑁0 = 20, with
identical mass elements, 𝑀𝑛 = 5 kg, and a linear stiffness coefficient of 𝑘0 = 80

𝑑
𝑘𝑁/𝑚,

where 𝑑 is the distance between the chain elements, fixed at 𝑑 = 0.05𝑚. A linear viscous
damping is also considered between each two consecutive elements of the chain, being
𝑐0 = 2 × 10−4𝑘0. Concerning the resonators, the reference natural frequency is fixed at
𝜔0 = 250 rad/s, and the dissipative term of the Duffing Equation is 𝛿 = −8 × 10−4𝛽. For
the analysis, 10 resonators are considered, 𝑁1 = 10, positioned at 𝑖 + 1, being the first
resonator attached at 𝑖 + 1 = 6, each with a mass of 𝑚𝑛 = 𝑚0 = 2.5𝑘𝑔.

The solution to Eq. 3.50 was determined with a direct integration approach using
4th order Runge-Kutta method. The Frequency Response plots shown henceforth were
obtained using HBM as a standard. A direct integration method, Runge-Kutta 4th order,
is only applied when the HBM is not able to find a valid periodic solution or if the solution
found is shown to be unstable.

Identical Resonators

At first, identical resonators are of concern, and a harmonic excitation is applied
to the leftmost element of the chain. The frequency response for different excitation
amplitudes, at 1000 N, 3000 N, 6000 N, and 9000 N, is shown in Figure 5.2 in terms of
the RMS displacement of the rightmost element, opposite the point where the excitation
is applied. The chain with linear resonators presents a great attenuation band between
220 rad/s and 400 rad/s. At frequency 𝜔0 = 250, there is the maximum attenuation of the
linear resonator. However, it is important to highlight that this maximum amplitude value
has no practical physical meaning. As the excitation amplitude increases, the effect of the
resonators’ nonlinearities becomes more pronounced. Notice that for excitation amplitudes
at 1000 N and 3000 N, the nonlinear resonator has the effect of degrading the attenuation
performance. Furthermore, as these nonlinear effects manifest themselves with greater
strength, at 6000 N and 9000 N, the chain response tends to exhibit a flat profile, with
neutralization of all natural frequencies, except for the first one, i.e., there is a significant
widening of the attenuation band at the cost of a great reduction of the total attenuation.
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Figure 5.2 – Frequency Response plots comparing the system’s response for different
excitation amplitudes: (a) 1000 N, (b) 3000 N, (c) 6000 N and (d) 9000 N.

It is possible to notice that, although the excitation applied is purely harmonic, the
nonlinear system may exhibit multi-harmonic or broadband response. This is indicated in
the Bifurcation Diagrams shown in Figure 5.3. These diagrams consider the displacement
of the last chain element. It is clear that the broadening of the attenuation band is caused
by the chaotic response of the resonators. This effect is known as energy dispersion and
has been explored to achieve ultra-low and ultra-broad band attenuation in nonlinear
periodic metamaterials (FANG et al., 2016; FANG et al., 2017).
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Figure 5.3 – Bifurcation Diagrams for different excitation amplitudes: (a) 1000 N, (b) 3000
N, (c) 6000 N, (d) 9000 N.

To better understand the underlying phenomena occurring on the system, especially
at the chaotic behavior, we can analyze the frequency content of the system’s response. For
that, the system’s steady state response was considered, and the Direct Fourier Transform
(DFT) was calculated for each excitation frequency condition. The results are organized in
heatmaps and presented in Figure 5.4. It is possible to visualize the frequency content in
the response (Y axis) as a function of the harmonic excitation frequency (X axis). Hann
windowing was applied to reduce leakage effects, which can play a major role especially in
the inter-harmonic spaces of periodic behavior.

Figure 5.4 shows a richer frequency distribution of the system’s response as the
excitation amplitude increases. For these plots, the response was obtained using the direct
integration method for all cases. The spectral heatmaps make clear that different patterns
of dynamic behavior emerge for different excitation conditions. In some conditions, multi-
harmonic periodic behavior appears to dominate the system’s response. In other frequency
regions, a seemingly chaotic broadband response becomes present, where the first natural
frequencies of the base chain, located between 70 and 140 Hz, seem to be constantly
excited.
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Figure 5.4 – Frequency Response heatmap of the system for different excitation amplitudes:
(a) 1000 N, (b) 3000 N, (c) 6000 N and (d) 9000 N.

To investigate the interaction mechanisms in each of these frequency regions with
different behavior patterns, the amplification and phase difference between the base
structure and the resonators are investigated. As described by Brandão et al. (BRANDÃO;
de Paula; FABRO, 2022), we can evaluate the interaction between resonators and base
structure using the spatial average of the amplification, defined as

𝐴avg = 1
𝑁1

𝑁1∑︁
𝑛=1

𝐴𝑖, (5.5)

and phase difference, defined as

𝜑avg = 1
𝑁1

𝑁1∑︁
𝑛=1

𝜑𝑖, (5.6)

between the 𝑁1 resonators and main structure.

To apply this concept to the system’s response, 𝑋 𝑖
res/𝑋 𝑖

chain = 𝐴𝑖𝑒
𝑗𝜑𝑖 , where 𝑋 𝑖

res

and 𝑋 𝑖
chain are the complex amplitudes of each frequency component corresponding to

the 𝑖𝑡ℎ resonator and the chain node to which it is attached. These spatial averages are
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shown for different excitation amplitudes in Figure 5.5 for 1 kN, Figure 5.6 for 6 kN
and Figure 5.7 for 9 kN. The amplification patterns observed in Figures 5.5 to 5.7 show
that when periodic motion is dominant, the attenuation mechanism is similar to those
observed in linear systems, i.e., the phase difference between resonators and base structure
are responsible for the vibration attenuation. This is very clear in Figure 5.5b with the
phase difference jumping from 0 to 180 degrees at 𝜔0 = 250 Hz. For the non-periodic
response, however, something entirely different takes place, with seemingly randomized
relative phase and broad spread of the frequency content.
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Figure 5.5 – Spatially averaged amplification (a) and relative phase (b) between base chain
and resonators for excitation amplitude of 1000 N.
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Figure 5.6 – Spatially averaged amplification (a) and relative phase (b) between base chain
and resonators for excitation amplitude of 6000 N.
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Figure 5.7 – Spatially averaged amplification (a) and relative phase (b) between base chain
and resonators for excitation amplitude of 9000 N.

For a better understanding of the energy distribution during these different dynamic
patterns, it is useful to investigate the spatial distribution of vibrations throughout the
system. Figure 5.8 shows the RMS vibration of each DOF in the system at both the chain
and the resonators. It shows that when conditions indicate chaotic behavior, significantly
higher vibration energy is directed to the resonators, as expected due to the energy
dispersion (FANG et al., 2016; FANG et al., 2017).
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Figure 5.8 – Spatial distribution of vibration for the linear system (a) and for the non
linear system with different excitation amplitudes: (b) 1000 N, (c) 6000 N
and (d) 9000 N.

Summarizing, these results show that the vibration attenuation mechanism in the
presence of chaos is related to the amount of mechanical energy being directed towards
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the resonators in a much broader spectrum than the harmonic excitation frequency; i.e.
it spreads the injected energy from one time scale towards several different time scales,
thus reducing the maximum amplitudes of response. This is unlike the play of forces
and relative phase angles that generate phase cancelation and, consequently, vibration
attenuation in linear systems. In other words, conversion of a harmonic excitation to a
broadband response has the effect of reducing the mechanical impedance of the resonators,
thus increasing the effective impedance of the base structure.

Graded Resonators

In this section, the configuration with a graded array of resonators is investigated.
The frequency response for different excitation amplitudes is shown in Figure 5.9. Similarly
to the results presented in the previous section, these plots indicate the RMS displacement
of the rightmost element, opposite to the point where the excitation is applied. In the
linear case, the graded configuration of the resonators is responsible for a widening of the
attenuation band compared to the periodic case, with a decrease in maximum attenuation
performance (MENG et al., 2020d). The presence of amplitude peak in the bandgap can
be caused by the localized vibration mode due to the presence of a local critical section
(FABRO et al., 2021). Unlike the periodic case, the effect of the nonlinear resonator
is negligible for the lowest 1000 N excitation amplitude. However, a similar broadband
attenuation is achieved for increasing excitation amplitude, similar to the periodic case.

In general, the behavior of the system is quite similar to that of the periodic system,
as shown in the corresponding bifurcation diagrams in Figure 5.10. However, the onset of
chaotic behavior on frequencies other than the tuned frequency (250 Hz) seems to occur
sooner on the graded resonator system. This difference is highlighted in Figure 5.11, which
presents the frequency response heatmaps obtained from the classification configuration.
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Figure 5.9 – Frequency Response plots comparing the system’s response with graded
resonators and with different excitation amplitudes: (a) 1000 N, (b) 3000 N,
(c) 6000 N and (d) 9000 N.
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Figure 5.10 – Bifurcation Diagrams for different excitation amplitudes with graded res-
onators: (a) 1000 N, (b) 3000 N, (c) 6000 N, (d) 9000 N.

79



0 200 400 600 800 1000 1200 1400

50

100

150

200

250

300

350

400

450

Synchronous line

−18

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(a)

0 200 400 600 800 1000 1200 1400

50

100

150

200

250

300

350

400

450

Synchronous line

−18

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(b)

0 200 400 600 800 1000 1200 1400

50

100

150

200

250

300

350

400

450

Synchronous line

−18

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(c)

0 200 400 600 800 1000 1200 1400

50

100

150

200

250

300

350

400

450

Synchronous line

−18

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(d)

Figure 5.11 – Frequency Response heatmap of the system with graded resonators for
different excitation amplitudes: (a) 1000 N, (b) 3000 N, (c) 6000 N and (d)
9000 N.

By comparing Figures 5.4c and 5.11c, it can be seen that the chaotic band around
250 Hz seems to be narrower, while at other frequency bands, such as 140 Hz, 190 Hz and
above 350 Hz, it seems to have broader manifestation of chaos. This explains the more
consistent flattening of the resonance peaks observed in Figure 5.9d. Consequently, the
graded configuration has the effect of further widening the attenuation band.

Figures 5.12 to 5.14, present the spatially averaged amplification and relative phase
between the base chain and the graded resonators for excitation amplitude of 1000 N,
3000 N and 6000 N, respectively. They provide similar conclusions as those reached for the
periodic system, i.e., the phase is responsible for the attenuation mechanism for periodic
motion while the randomized phase indicates a broadband energy distribution at the
chaotic response.
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Figure 5.12 – Spatially averaged amplification (a) and relative phase (b) between base
chain and graded resonators for excitation amplitude of 1000 N.
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Figure 5.13 – Spatially averaged amplification (a) and relative phase (b) between base
chain and graded resonators for excitation amplitude of 6000 N.
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Figure 5.14 – Spatially averaged amplification (a) and relative phase (b) between base
chain and graded resonators for excitation amplitude of 9000 N.
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The spatial distribution of the vibration amplitudes, shown in Figure 5.15, reveals
the effects observed on the previous result from the activation of different sections of
the resonator array in different frequencies. A similar conclusion is also presented in
(BRANDÃO; de Paula; FABRO, 2022). In the nonlinear case, this effect is also extended
to the mechanisms previously described in the previous section, which explains the chaotic
bandgap widening due to the graded configuration.

The effective impedance of different sections of the array is significantly decreased in
certain frequencies, thus reducing the overall energy circulating within the base structure.
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Figure 5.15 – Spatial distribution of vibration with graded resonators for the linear system
(a) and for the non linear system with different excitation amplitudes: (b)
1000 N, (c) 6000 N and (d) 9000 N.

5.3 Final Remarks

In this second phase of the thesis’ investigation, we provided an introduction to
the exploration of graded nonlinear metastructures. A simple 1-D periodic lattice system
with bi-stable oscillators was used to allow a phenomenological exploration of its behavior.
This approach established a baseline for the phenomena that can be expected to occur
and also provided a set of tools to search for these same patterns in other systems.

The highlights and main findings are summarized below.

• Broadband vibration attenuation is obtained with the proposed arrangement and is
associated with the system’s chaotic response.

• The vibration attenuation behavior is strongly amplitude-dependent.
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• The spatially averaged amplitude and phase angle maps revealed that the vibration
attenuation mechanisms are fundamentally different than those in linear resonators.

• Upon the onset of chaotic behavior, the phase angle maps appear to assume a
randomized distribution, with no clear, well-defined pattern as previously observed
with linear resonators.

• The mechanical energy input is spread from a single harmonic to a broader spectrum,
from one time scale towards several different time scales.

• The wider frequency range activation results in a decrease of the effective impedance
of the oscillator array, while increasing that of the base structure.

• The graded arrangement of oscillators increases the overall vibration attenuation
bandwidth by anticipating the onset of chaotic behavior.

We have now completed the exploration of two separate avenues of understanding
for periodic metastructures in chapters 4 and 5. However, these two lines are yet to meet,
and in this intersection, potentially synergetic effects may still be discovered.
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6 Nonlinear Gyroscopic
Metastructures

The discussions presented in this chapter aim towards the combination of concepts
introduced in the previous sections in a final step to consolidate the complete picture of this
thesis. A numerical setup of rotating mestastructures with nonlinear periodic resonators is
developed to analyze the influence of chaotic behavior on these systems and its effects on
the overall vibration attenuation performance. The rotating system presented in chapter 4
and evaluated in (BRANDÃO; de Paula; FABRO, 2022) is extended to incorporate the
concept of bistable resonators described in chapter 5 as proposed by (BRANDÃO; de
Paula; FABRO, 2024), which have shown significant vibration attenuation benefits. Part of
the content of this chapter has been published in (BRANDÃO; de Paula; FABRO, 2025).

The main original contributions presented in this chapter are:

• The introduction of a novel Modally Matched Distribution (MMD) concept for
oscillator positioning, with enhanced attenuation bandwidth;

• Investigation of dissimilar phase angle behavior of forward and backward whirl
components;

• Detailed analysis of chaotic attenuation mechanisms in rotating systems under
different excitation conditions (forward, backward, and unbalance);

• A tuning strategy to mitigate adverse effects of nonlinearity in the post-bandgap
region.

6.1 System Description

In this section, the physical model used in the analyses is presented. The schematic
physical configuration of the system is shown in Figure 6.1. It consists of a rotor (gray)
supported by two isotropic bearings on its shaft ends modeled as spring-damper elements
(green), three rigid axisymmetric disks (red) representing impellers or other mechanical
components commonly attached to rotors, and evenly distributed local oscillators (blue).
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Figure 6.1 – Rotor FEM model of the shaft (grey), rigid axisymmetric disks (red), isotropic
bearings (green) and oscillators (blue) and the bearings at the shaft ends.

The dynamic response of the rotor is evaluated through simulations using the finite
element method (FEM), based on ROSS - Rotordynamic Open Source Software (TIMBÓ
et al., 2020). The ROSS FEM model is built with 4 degrees of freedom, employing rotating
Timoshenko beam elements. Adaptations are introduced in the software formulation to
account for local oscillators as described in the sequence. The FEM model is built using
4 degrees of freedom Timoshenko beam elements. Every shaft element is identical, with
aspect ratio 𝐿/𝐷 = 1 and diameter 𝐷 = 50 mm. The total length of the rotor is 1.5 m.

Each disk oscillator is coupled to its corresponding main shaft node in the X and Y
directions, as illustrated in Figure 6.2. The disks are modeled as rigid cylindrical elements
with outer diameter 𝑑𝑜 = 140 mm, inner diameter 𝑑𝑖 = 60 mm, and length 𝐿 = 40 mm.
The mass of the resonators, 𝑚𝑟, and transverse and polar moments of inertia, 𝐼𝑡osc and
𝐼𝑝osc , respectively, are obtained from the proposed geometry.

This approach is similar to that proposed by (BRANDÃO; de Paula; FABRO,
2022), with modifications to incorporate nonlinear spring elements. To allow a gradual un-
derstanding of the complex behaviors emerging from this system, a simplified configuration
is considered, where nonlinear springs are present only in the X direction.
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Figure 6.2 – Nonlinear oscillator and rotor attachment on X-Y plane projection.

The equations of motion are given by:

[M]ẍ + ([C] + Ω[G]) ẋ +
(︃

[K𝑠] +
𝑁𝑜∑︁

𝑛=1
[K𝑜]𝑛

)︃
x +

𝑁𝑜∑︁
𝑛=1

f𝑛
𝑛𝑙(x, ẋ) = 0, (6.1)

where [M] and [C] are the mass and damping matrices, respectively. The matrix [K𝑠] rep-
resents the bare shaft stiffness matrix and [K𝑜]𝑛 represents the linear stiffness components -
𝑘𝑦 - of the 𝑛-th oscillator. The matrix [G] is the gyroscopic matrix that appears multiplied
by the shaft rotation speed Ω. The vector f𝑛

𝑛𝑙 represents the effects of the nonlinear springs
- 𝑘𝑛𝑙 - of the 𝑛-th oscillator, being a function of x and ẋ. In all further matrices and vectors
presented henceforth, the superscript 𝑛 corresponds to the 𝑛-th oscillator.

The vector x represents the system’s displacements and is defined as x = {x1 x2 . . . x𝑁+𝑁𝑜}𝑇 ,
where 𝑁 is the total number of shaft nodes, 𝑁𝑜 is the number of oscillators, and each
component of x is the displacement vector of each shaft node or oscillator, described by
x𝑘 = {𝑥𝑘 𝑦𝑘 𝜃𝑥

𝑘 𝜃𝑦
𝑘}.

Figure 6.3 presents the composition of a matrix [K], which contains the linear
stiffness coefficients of the model. In the representation, O𝑀1×𝑀2 is a 𝑀1 × 𝑀2 zero matrix
and [Kshaft] is the bare rotor stiffness matrix. [K𝑜]𝑛 and [K𝑠]are sparse (𝑁 +𝑁𝑜)×(𝑁 +𝑁𝑜)
matrices.
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Figure 6.3 – Matrix composition of the linear stiffness components.

The matrix [K𝑜]𝑛 defines the connection between the oscillators and the main shaft
due to the linear stiffness component. For each oscillator, the connection between shaft
node 𝑖 and respective oscillator node 𝑗 can be described in terms of the translational and
rotational connectivity matrices as follows:

[K𝑜]𝑛 = 𝑘𝑦[S𝑦]𝑛 + 𝑘𝜃[S𝜃]𝑛, (6.2)

where 𝑘𝑦 is the linear coupling stiffness in the Y direction and 𝑘𝜃 is the linear isotropic
rotational coupling stiffness.

The sparse connectivity matrices [S𝑥]𝑛, [S𝑦]𝑛 and [S𝜃]𝑛 can be defined based on
the 8 × 8 compact forms shown in Eqs. 6.3 and 6.4, as explained in the continuation of
this section.

[𝑆𝑥] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, [𝑆𝑦] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 1 0 0 0 −1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −1 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and (6.3)
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[𝑆𝜃] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 −1 0 0 0 1 0
0 0 0 −1 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6.4)

To define the spatial distribution of the oscillators along the shaft, it is necessary to
convert the compact form of [𝑆𝑚] to its sparse representation [S𝑚]𝑛, where 𝑚 = 𝑥, 𝑦, 𝜃. This
process relies on a mapping vector x𝑖𝑗 = {x𝑖, x𝑗}𝑇 , which corresponds to the translational
and rotational degrees of freedom (DoFs) of the nodes 𝑖 and 𝑗, respectively. Here, 𝑖 is the
shaft node to which the oscillator is attached, varying from 1 to 𝑁 , and 𝑗 = 𝑁 + 𝑛, where
𝑛 corresponds to the 𝑛-th oscillator.

The nonlinear component f𝑛𝑙, associated with the nonlinear springs 𝑘𝑛𝑙 shown in
Figure 6.2, is modeled as a Duffing oscillator-type nonlinearity and can also be expressed
in terms of the connectivity matrix [𝑆𝑥] as

f𝑛𝑙(x, ẋ) =
𝑁𝑟∑︁

𝑛=1
𝛿[S𝑥]𝑛ẋ + 𝛽[S𝑥]𝑛x + 𝛼([S𝑥]𝑛x)3, (6.5)

where 𝛿 and 𝛽 are linear dissipative and restorative components, respectively, and 𝛼 is the
nonlinear coefficient of the cubic component of the Duffing oscillator.

The system investigated, as the one investigated in (BRANDÃO; de Paula; FABRO,
2022) (Chapter 4), represents oscillators rotating around their own symmetry axis, re-
gardless of their relative position to the shaft element to which it is attached. This is
a strong and fundamental consideration for the model, especially when considering an
arrangement in which the coupling can be bi-stable, allowing an oscillator to have a stable
state in which it is eccentric to the main shaft. This assumption enables the system’s
mathematical modeling to be developed in a fixed, non-rotating reference frame. Thus, the
linear and nonlinear connecting stiffnesses, 𝑘𝑦 and 𝑘𝑛𝑙, act within this fixed reference frame.
This consideration leads to a simpler mathematical model but makes the experimental
setup more challenging to develop. A hypothetical experimental setup to reproduce this
mathematical concept would have, for example, a non-rotating pair of magnets on each
side of the oscillator that would provide the cubic component of fnl.

6.1.1 System parameters

Numerical simulations were performed with the same geometric parameters of the
system presented by Brandão, de Paula & Fabro (2022).
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The stiffness coefficients 𝑘𝑦 and 𝑘𝜃 are calculated in terms of the desired tuning
frequency 𝜔0 as follows:

𝑘𝑦 = 𝑚𝑜𝜔
2
0 , 𝑘𝜃 = 100𝐼𝑡osc𝜔

2
0, (6.6)

where 𝑚𝑜 and 𝐼𝑡osc are the mass and transverse moment of inertia of the oscillators,
respectively. The value of 𝑘𝑦 results in oscillators with translational natural frequencies
equal to 𝜔0. The rotational 𝑘𝜃, on the other hand, is defined as being 100 times higher than
the value needed to tune the respective natural frequency to the target natural frequency
𝜔0. This effectively creates a rigid coupling of the rotational degrees of freedom, which
will not display significant relative displacement within the frequency range of interest.

To define the parameter of the Duffing oscillator, 𝛿, 𝛽, and 𝛼, the parametrization
strategy applied by (BRANDÃO; de Paula; FABRO, 2024) was used. The restorative
component of Equation 6.5 is given by 𝐹r(𝑥) = −𝛽𝑥 − 𝛼𝑥3. This study explores the case
in which 𝛽 < 0, corresponding to a bi-stable oscillator. The nonzero roots of the restoring
force expression provide the system’s equilibrium positions 𝑥0 = ±

√︁
−𝛽
𝛼

, which correspond
to the eccentricity of the potential wells.

The derivative of 𝐹r(𝑥) provides the system’s locally linearized stiffness 𝑑𝐹r
𝑑𝑥

= 𝑘lin(𝑥).
From this expression, it is possible to obtain

𝑘lin(𝑥0) = −𝑑𝐹r

𝑑𝑥

⃒⃒⃒⃒
⃒
𝑥0=

√
−𝛽
𝛼

= −2𝛽, (6.7)

which corresponds to the linearized stiffness for small oscillations around the equilibrium
position 𝑥0

It is possible to determine the natural frequency 𝜔0 of the locally linearized oscillator
as 𝜔0 =

√︁
𝑘lin(𝑥0)

𝑚0
, where 𝑚0 is the oscillator reference mass value. The Duffing oscillator

parameters 𝛼 and 𝛽 can then be defined in terms of the physical quantities 𝜔0 and 𝑚0 as
𝛽 = −𝜔2

0𝑚0
2 and 𝛼 = − 𝛽

𝑥2
0
. The dissipative term of Equation 6.5 𝛿 = 𝑐𝑝𝑘lin = 𝑐𝑝𝜔2

0𝑚0.

In some cases a graded mass distribution case was also investigated. In this
configuration, a linearly increasing gradation is applied according to the function 𝑓𝑚(𝑚0),
defined as

𝑚𝑛 = 𝑓𝑚(𝑚0) = 𝑚0

(︂
0.6 𝑛 − 1

𝑁1 − 1 + 0.7
)︂

; 𝑛 = 1 . . . 𝑁1. (6.8)

This gradation is applied to all oscillators, which are numbered sequentially from 1
to 𝑁1 from left to right. This increasing mass gradation leads to a distribution of oscillators
with linearized natural frequencies ranging from

√
0.7𝜔0 to

√
1.3𝜔0. This results in a

frequency range of approximately 15% around the centered frequency, within which the
oscillators are expected to effectively influence the dynamics of the base system.
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A proportional damping [C𝑜]𝑛 = 𝑐𝑝[K𝑜]𝑛 is also considered.

6.2 Results and discussion

The following subsections present the main results for the system described in
section 6.1. The first configuration evaluates the performance of the metastructure with
oscillators distributed at the center of the shaft, while the second explores the proposed
alternative distribution strategy - Modally Matched Distribution - which enhances vibra-
tion attenuation. In both cases, performance is evaluated under forward, backward and
unbalanced excitation conditions.

6.2.1 Standard Oscillator Distribution

The results in this chapter present the behavior of the system under different load
conditions and system arrangements. In all cases in this section 6.2.1, the oscillator’s
tuning frequency was set at 𝜔0 = 400 rad/s, which lies between the third pair of backward
and forward natural frequencies. The mode shape of the target critical speed is presented
in Figure 6.4. First, speed-independent forward and backward excitation conditions are
evaluated. For these cases, 𝑥0 = 2 mm was used. Major axis

Mode 4 | Speed = 300.00 rad/s | whirl: Backward | ω d  = 382.22 rad/s | Log. Dec. = 0.24

Figure 6.4 – Mode shape at the targeted natural frequency for attenuation.

Figure 6.5 shows the frequency response function of the system under forward and
backward excitations for three cases: the rotor with rigid disks instead of oscillators, the
rotor with linear resonators, and the rotor with nonlinear oscillators. In the latter case,
various excitation amplitudes are considered. The responses shown represent the amplitude
in the X direction at the rotor’s rightmost node, while the excitation is applied to the
rotor’s leftmost node as either a purely forward or a purely backward load.

The forward excitation results presented in Figure 6.5 show an enhanced vibration
attenuation by the nonlinear metamaterials for frequencies below 𝜔0. This effect is more
pronounced as the excitation amplitude increases. However, for frequencies above 𝜔0, a
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Figure 6.5 – Frequency Response Functions for (a) forward and (b) backward excitations
with identical oscillators.

degradation in attenuation performance is observed within the linear bandgap range. The
backward excitation exhibits a similar behavior below the tuning frequency 𝜔0, with a
significant attenuation of the acoustic-mode peak (i.e., below the bandgap), which is clearly
present for the linear configuration. However, above the linear bandgap range, the system
tends to exhibit higher amplitudes compared to the linear case as the excitation amplitude
increases, resulting in a noticeable loss of attenuation performance. Fang et al. (2016) has
briefly discussed this asymmetry effect by analyzing the optical and acoustic branches on
the dispersion diagram of a nonlinear acoustic metamaterial.

In a complementary interpretation, the loss of attenuation performance due to the
bistable metastructure arrangement at frequencies above 𝜔0 may be attributed to the
phase relation between the main shaft and oscillators in optical modes, i.e., above the
bandgap (BRANDÃO; de Paula; FABRO, 2024). Optical modes usually present a phase
angle close to 180° between the oscillators and the main structure. This may generate
higher relative displacements between these elements, leading to increased activation of
the stiffening effect from the nonlinear stiffness that connects them. Qualitatively, this has
the effect of mistuning the oscillators and changing their behavior compared to the linear
case. To mitigate this possible mistuning effect, a graded array of oscillators is applied,
following the rule defined in Equation 6.8.

Figure 6.6 shows the frequency response function of the system under the same
excitation conditions previously applied. Some improvement in the attenuation performance
can be noticed if compared with the behavior of bistable identical oscillators, significantly
increasing the bandwidth of vibration attenuation. However, the benefits are still largely
limited to the frequency range below the bandgap. In this range, we observe the near-
complete elimination of the left sideband peak around 330 rad/s. For the forward excitation
cases of 400 N and 500 N, a significant attenuation of the second natural frequency is also
observed at 200 rad / s.
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Figure 6.6 – Frequency Response Functions for (a) forward and (b) backward excitations
with graded oscillators.

To evaluate more realistic excitation sources, one should analyze the response of
the system to imbalance. Unbalance forces are a very particular type of excitation, with
three main characteristics: they are synchronous, purely forward, and their amplitude is
proportional to Ω2, with Ω being the rotor rotation speed. Unbalance excitations are by far
the most common source of excitation in rotating systems. In turbomachinery applications,
various industry standards define typical allowable magnitudes for these forces. API TR
684 (API TR 684-1, 2019) suggests for unbalance response analyses the use of a baseline
unbalance magnitude as follows:

𝑈 = 6350𝑊

Ω (6.9)

where 𝑈 is the unbalance magnitude in g-mm, 𝑊 is the total rotor weight in kg and
Ω is the maximum rotation speed of the shaft in rpm. This formula represents a G0.67
balancing grade according to ISO 1940-1 (ISO 1940-1, 2003). This is the typical balancing
grade level required for critical machinery in the Oil & Gas Industry, as defined by API
Std 617 (API Std 617, 2022) for centrifugal compressors and by API Std 610 (API Std
610, 2021) for large centrifugal pumps. For the rotor used in this analysis, with a total
mass of 𝑊 = 179.6 kg and considering Ω = 𝜔0 = 400 rad/s, we obtain 𝑈 = 316.7 g-mm.

The aforementioned standards define the use of multiples of 𝑈 , as defined in Eq. 6.9,
to assess the machine’s rotordynamic design and its sensitivity to unbalance, guiding the
way industrial machines are actually designed and fabricated. Thus, evaluating multiple
values of 𝑈 provides a realistic quantitative estimate of the system’s response in real-world
conditions.

The unbalance excitation forces are applied to the leftmost node of the rotor, as in
the previous analyses, following forward whirl direction. The excitation amplitude is 𝑛𝑈 ,
where 𝑛 is an integer that is varied to observe the effects of increasing load on the system.
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This approach also provides a better understanding of the system’s design parame-
ters and its scalability to real applications. As discussed, 𝑥0 is one of these parameters
that is key to the system’s behavior and attenuation performance, and can only be set to a
reasonable value once we define the excitation magnitudes for which the rotor is designed.
In the cases presented here, the value of 𝑥0 = 0.5 mm proved to be adequate for the design
excitations of 4𝑈 , and this value is used in all unbalance response results.

Figure 6.7 shows the frequency response functions for the same three conditions
previously investigated. The cases of unbalance response show a consistent improvement
in attenuating the peak around 330 rad/s when comparing nonlinear with linear res-
onators. However, within and beyond the linear bandgap frequency range, there is no clear
improvement in attenuation.
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Figure 6.7 – Frequency Response Functions for unbalance excitation. (a) Identical oscilla-
tors and (b) graded oscillators.

To provide insight into the distinct patterns of dynamic activation of oscillators
under different frequency conditions, Figure 6.8 presents phase space trajectories and
Poincaré maps for Ω = 360 rad/s and Ω = 700 rad/s.

Figures 6.8a and 6.8b show orbit plots at a frequency below 𝜔0, for nonlinear and
linear oscillators. The chaotic whirl of oscillator 1 exhibits complex dynamics reaching
displacements of similar magnitude in both the horizontal and vertical coordinates. This
indicates that, although the nonlinear element is oriented along the horizontal direction,
both directions, spatially coupled by the gyroscopic force components, are activated in such
a way that significant displacements also occur in the vertical direction. As a consequence,
lower vibration levels are observed at the end of the shaft compared to its linear counterpart.
This indicates that, by activating the dynamics at different spatiotemporal scales, the
chaotic behavior creates different pathways for energy transfer between the base structure
and oscillators, increasing their potential to function as energy sinks. The different time
scales arise from the chaotic response itself, which spreads the system dynamics over a
broad range of frequencies. Meanwhile, the different spatial scales result from the gyroscopic
nature of the system’s dynamics, which induces large-amplitude motions of the oscillators
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Figure 6.8 – Orbit plots of oscillator 1 (left) and shaft end (right) for linear and nonlinear
oscillators. All cases correspond to identical resonators under a 10𝑈 unbalance
excitation. Excitation frequencies are 360 rad/s for (a) and (b) and 700 rad/s
for (c) and (d).

not only in the direction associated with the nonlinear element but also in the vertical
direction.

This interpretation is supported by the orbit plots in Figures 6.8c and 6.8d, which
correspond to an excitation frequency higher than 𝜔0. Although the oscillator’s orbit still
appears chaotic, it exhibits a predominantly horizontal whirl, with a noticeably weaker
dynamic activation in the vertical direction. The vibration of the shaft end in this case
shows a higher amplitude than its linear counterpart. One can also note that the linear
oscillator trajectory in Figure 6.8c shows very small amplitudes.

An exception to the observations mentioned above can be identified in a narrow
frequency range around 500 rad/s in Figure 6.7a. In this range, the 6𝑈 unbalance case
showed significant vibration attenuation of the optical mode peak.

Figure 6.9 shows the orbit plots of the first and second oscillators and their
corresponding shaft nodes under conditions where improved vibration attenuation is
achieved near 500 rad/s and 6𝑈 unbalance. These reveal a unique response pattern of the
first oscillator, with high amplitude, high energy, and an interwell trajectory, while the
second oscillator remains in an intrawell, lower amplitude path. In both cases, it is evident
that, although the system excitation source is an imbalance, which is a purely forward
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and isotropic dynamic load, the system responds with strong asymmetry. Even though
the rotor model is perfectly symmetric and isotropic, which would result in an isotropic
response with decoupled forward and backward components, the nonlinear asymmetry
introduced by the oscillators influences the system response in this very particular way.

Although both patterns show seemingly chaotic motion, the first oscillator behavior
appears to be fundamentally different and may contribute to the observed improvement in
attenuation performance. This behavior is further investigated in the following section of
the paper, as it is promising for improved attenuation performance.
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Figure 6.9 – Orbit plots of the oscillator and corresponding shaft node under 6𝑈 unbalance
excitation condition, with identical oscillators and Ω = 503 rad/s. (a) First
leftmost oscillator. (b) Second leftmost oscillator.

Figure 6.10 presents a color scale map representing the spatial average of ampli-
fication and phase angle, as proposed for the analysis of periodic linear resonators in
rotors (BRANDÃO; de Paula; FABRO, 2022) and periodic lattices with graded bistable
resonators (BRANDÃO; de Paula; FABRO, 2024).

Negative frequencies show the backward components, while positive frequencies
show the forward ones. The results highlight that phase angle disorder is maintained
in a wider frequency band in the case of unbalanced excitation, even for frequencies
above the tuning frequency 𝜔0. This indicates that the system’s chaotic response is most
likely preserved as well. However, the region close to the synchronous frequency shows
significantly lower amplification and a more stable phase angle for Ω > 𝜔0, which may
explain the reduced attenuation performance.

The analysis of these results can be complemented with the evaluation of full
spectrum waterfall plots of the rightmost rotor element, shown in Figure 6.11. It can
be seen that the activation of seemingly chaotic response is very limited for the forward
excitation case, being restricted to frequencies close to 𝜔0. On the other hand, the unbalance
response condition presents a much more stable and consistent presence of chaos, with
broadband response patterns across a wide range of excitation frequencies.

It is also possible to see a particular response pattern in Figure 6.11d around the
excitation frequency of 500 rad/s, where a pronounced harmonic component of 3 times
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(d)

Figure 6.10 – Averaged amplification and phase angle plots for high excitation amplitude.
(a) Averaged amplification heatmap and (b) phase angle map for forward
excitation of 500 N. (c) Averaged amplification heatmap and (d) phase angle
map for unbalance excitation of 4𝑈 .

the synchronous frequency emerges within the chaotic broadband spectrum. The response
presented in Figure 6.8 falls within this region.

Another important observation is that the synchronous backward component
amplitudes are present in the response mainly during seemingly chaotic behavior. However,
some non-synchronous backward components, especially 2X and 3X, have significant
amplitudes mostly with excitation frequencies lower than 300 rad/s, where periodic multi-
harmonic response patterns are visible.

6.2.2 Modally Matched Distribution of the Oscillators

Motivated by some of the results presented in Section 6.2.1, an alternative method
is proposed to determine a more effective distribution of oscillators. This approach proposes
the assessment of the specific mode shape targeted for vibration attenuation to determine
a near-optimal distribution of the oscillators. This is achieved by matching the oscillator
distribution to the regions with the highest relative displacements observed in a specific

96



−2000 −1000 0 1000 2000

100

200

300

400

500

600

700

800

Synchronous line

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(a)

−2000 −1000 0 1000 2000

100

200

300

400

500

600

700

800

Synchronous line

−18

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(b)

−2000 −1000 0 1000 2000

100

200

300

400

500

600

700

800

Synchronous line

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(c)

−2000 −1000 0 1000 2000

100

200

300

400

500

600

700

800

Synchronous line

−18

−16

−14

−12

−10

−8

−6

−4

Resp. amp. [log]

Response Frequency [rad/s]

Ex
ci

ta
�o

n 
Fr

eq
ue

nc
y 

[r
ad

/s
]

(d)

Figure 6.11 – Full spectrum waterfall heatmaps for the right-most element response. (a)
Forward excitation of 400 N. (b) Unbalance excitation of 4𝑈 . (c) Forward
excitation of 500 N. (d) Unbalance excitation of 6𝑈 .

mode shape. This strategy is henceforth referred to as Modally Matched Distribution
(MMD). The fundamental vibration attenuation mechanisms of periodic oscillators, in
linear or nonlinear configurations, rely primarily on energy transfer from the base structure
to the oscillators (BRANDÃO; de Paula; FABRO, 2022; BRANDÃO; de Paula; FABRO,
2024). The core idea behind the MMD strategy is to take advantage of this principle by
positioning the oscillators in locations that most effectively promote this energy transfer.

By comparing the originally proposed oscillator distribution in Figure 6.1 with
the target mode shape presented in Figure 6.4 it becomes clear that the oscillators are
positioned on nodes with relatively small modal contribution. A second distribution is
defined by shifting the oscillators from their original assigned positions toward the ends of
the rotor, where modal displacements are higher. This results in the final configuration
shown in Figure 6.12.

The new configuration has a significant influence on the rotor’s original frequency
response profile, reducing the third backward and forward modes from 382 rad/s and 432
rad/s to 204 rad/s and 308 rad/s, respectively. However, the mode shapes of these natural
frequencies are only slightly affected by the new proposed configuration.
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Figure 6.12 – Oscillators positioning with Modally Matched Distribution (MMD). (a)
Shows the mode shape of the target natural frequency and (b) shows the
adjusted distribution of oscillators.

To target the new 308 rad/s forward natural frequency, the oscillator tuning fre-
quency is set to 𝜔0 = 330 rad/s, introducing a deliberate frequency offset. This offset
enhances attenuation performance due to the asymmetric influence of the bi-stable os-
cillators on the acoustic and optical modes, as briefly discussed in Section 6.2.1. This
strategy of deliberately tuning the oscillators to a frequency slightly above the target
natural frequency leverages this asymmetry to achieve a significantly broader vibration
attenuation bandwidth.

Figure 6.13 compares the system’s unbalance response with the unbalance mag-
nitude of 4𝑈 and 𝜔0 set at three different values - 𝜔0 = 300 rad/s, 𝜔0 = 315 rad/s and
𝜔0 = 330 rad/s. A clear improvement in attenuation performance is observed at frequencies
higher than 350 rad/s as 𝜔0 increases, with a significant increase in the width of the
bandgap. Setting 𝜔0 to a higher frequency seems to have the effect of delaying the optical
(post-bandgap) onset of chaotic behavior, while maintaining the acoustic (pre-bandgap)
behavior almost unchanged. Only the 4𝑈 unbalance case is presented to illustrate the
phenomenon, but the same behavior has been observed for all other excitation conditions
that were simulated.

Figures 6.14 and 6.15 show the FRFs with forward and backward excitations and
oscillators positioned with MMD. These results demonstrate more consistent attenuation,
with reduced performance degradation at higher frequencies and more uniform attenuation
of lower natural frequency peaks, including those not targeted by the MMD.

Figure 6.16a illustrates the unbalance response, revealing an even stronger at-
tenuation effect. Especially at higher unbalance magnitudes, such as 6𝑈 and 10𝑈 , the
resonance peaks above 200 rad/s are almost completely neutralized, leading to a flat
frequency response profile. When the performance of graded oscillators is compared to
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Figure 6.13 – Unbalance response comparison for different values of 𝜔0. The unbalance is
set at 4𝑈 and the linear case uses 𝜔0 = 300 rad/s.
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Figure 6.14 – Frequency Response Functions for (a) forward and (b) backward excitations
and identical oscillators with MMD.
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Figure 6.15 – Frequency Response Functions for (a) forward and (b) backward excitations
and graded oscillators with MMD.

that of uniform oscillators, there is no significant difference, except for a slightly earlier
onset of chaotic behavior and consequently the FRF flattening effect.

Figure 6.17 presents orbit plots and Poincaré maps for Ω = 250 rad/s and Ω = 730

99



0 100 200 300 400 500 600 700 800

100μ

0.001

0.01

0.1

Linear
Rigid Disks
10.0 U
2.0 U
4.0 U
6.0 U

Unbalance Response

Frequency [rad/s]

m
ic

ro
n 

(r
m

s)
 / 

g-
m

m

(a)

0 100 200 300 400 500 600 700 800

100μ

0.001

0.01

0.1

Linear
Rigid Disks
10.0 U
2.0 U
4.0 U
6.0 U

Unbalance Response

Frequency [rad/s]

m
ic

ro
n 

(r
m

s)
 / 

g-
m

m

(b)

Figure 6.16 – Frequency Response Functions for unbalance excitation. (a) Identical oscil-
lators and (b) graded oscillators, both with MMD.
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Figure 6.17 – Orbit plots of oscillator 1 (left) and shaft end (right) for linear and nonlinear
oscillators with MMD. All cases are for identical resonators under 10𝑈
unbalance excitation. Excitation frequencies are 250 rad/s for (a) and (b)
and 730 rad/s for (c) and (d).

rad/s. The results lead to conclusions similar to those drawn from Figure 6.8. However,
in this case, the improved MMD arrangement activates the oscillator dynamics more
effectively in the vertical direction, resulting in an enhanced attenuation even for excitation
frequencies above 𝜔0.

Figure 6.18 presents the average amplification and phase angle heat maps for the
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Figure 6.18 – Averaged amplification and phase angle plots for high excitation amplitude
and oscillator with MMD. (a) Averaged amplification heatmap and (b)
phase angle map for forward excitation of 500 N. (c) Averaged amplification
heatmap and (d) phase angle map for unbalance excitation of 4𝑈 .

system with MMD under both 500 N forward and 4𝑈 unbalance excitation conditions.
Notably, especially in the attenuation ranges, there is an asymmetric behavior of the
phase angle for the forward and backward components. This asymmetry is even more
evident when the averaged amplification and phase angle analysis is focused on the first
3 oscillators, the ones on the left, closer to the excitation source. Figure 6.19 shows the
same heatmaps, but with only the average of the first 3 oscillators. This highlights the
effects on the most affected elements, and arguably the ones that contribute the most to
the overall vibration attenuation behavior.

The overall phase angle profile is significantly different and exhibits more pronounced
asymmetries between the forward and backward components. Based on the well-described
linear attenuation mechanism discussed in previous sections, we know that a very effective
attenuation mechanism takes place when the oscillators have 90∘ phase delay relative to
the rotor. In the heatmaps of Figure 6.19 this linear analogy can be assessed by identifying
the bright pink areas around the synchronous line, which correspond to −90∘. These
areas are often concentrated on both sides of the spectrum, such as around the tuning
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frequency 𝜔0 = 330 rad/s. In other cases, it appears only on the backward or forward sides,
such as between 330 rad/s and 400 rad/s. This indicates that the forward and backward
components of the rotor response are activated in dissimilar ways under some excitation
conditions, especially when the nonlinear behavior becomes more evident. This may be
the key to the unique bandgap widening effect observed in this system.
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Figure 6.19 – Amplification and phase angle averaged of the first three oscillators at high
excitation amplitude and oscillator with MMD. (a) Averaged amplification
heatmap and (b) phase angle map for unbalance excitation of 4𝑈 .

Comparing the full spectrum waterfall plots for the system with MMD, shown in
Figure 6.11, to those presented in Figure 6.20, it is clear that the latter reveals a much
richer dynamic behavior. This reinforces the correlation between nonlinear behaviors, such
as chaos and multi-harmonic periodic responses, and improved attenuation performance.

An example of the complex dynamics of the system is shown in the Poincaré map
in Figure 6.21, corresponding to the condition displayed in Figure 6.11a at an excitation
frequency of 600 rad/s. This map displays unique and characteristic patterns that emerge
from the system’s chaotic response.
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(d)

Figure 6.20 – Full spectrum waterfall heatmaps for the right-most element response in
the system with MMD. (a) Forward excitation of 400 N. (b) Unbalance
excitation of 4𝑈 . (c) Forward excitation of 500 N. (d) Unbalance excitation
of 6𝑈 .
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Figure 6.21 – Poincaré map for the X-direction motion of the first oscillator with forward
excitation at 400 N amplitude and 600 rad/s frequency.

In terms of a qualitative assessment of the attenuation performance, the results
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may be evaluated in three separate aspects: (1) linear resonators attenuation bandwidth,
(2) nonlinear oscillators attenuation of acoustic modes (below linear bandgap), and (3)
nonlinear oscillators oscillators attenuation of optical modes (above linear bandgap).

The attenuation bandwidth with linear resonators was dramatically improved.
This supports the conclusion that the MMD strategy positively influences the fundamental
mechanisms of vibration attenuation in locally resonant structures, in general, and is not
limited to nonlinear arrangements. Intuitively, this observation shows that the energy
transfer mechanisms between the resonators and the base structure are significantly
enhanced when the resonators are placed at locations on the rotor with higher levels of
available kinetic energy.

The vibration attenuation behavior of acoustic modes with nonlinear oscillators
is quite similar between MMD and non-MMD configurations. A consistent reduction is
observed in the vibration peak immediately below the linear bandgap. In some cases,
attenuation of the second natural frequency peak is also observed in both configurations.

However, the vibration attenuation behavior of optical modes with nonlinear
oscillators has been somewhat influenced. In general, earlier and more consistent onset
of chaos was observed in the MMD cases, which leads to a clearer manifestation of
the flattening effect of higher frequency vibration peaks, especially for higher excitation
amplitude cases.

Regarding the deliberate offset frequency demonstrated in Figure 6.13, it is worth
noting that although this tuning strategy was applied only in the context of the MMD
configuration, its underlying principle is not exclusive to MMD. Consequently, this approach
is likely to yield beneficial results in other nonlinear oscillator configurations exhibiting
similar asymmetry. However, the results presented are specific to the studied case, and
further investigation is required to assess the scalability of this tuning strategy across a
broader range of applications.

6.2.3 Attenuation bandwidth comparison

A comparison of all FRFs presented so far reveals the significant advantages of
both nonlinear oscillators and the MMD strategy. Figure 6.22 shows an overall comparison
of the attenuation bandwidths for the different cases that were evaluated.

The attenuation bandwidth values were determined by comparing each FRF with
and without oscillators and identifying the range around 𝜔0 where vibration reduction
occurs. For the nonlinear cases, the average bandwidth across all forcing magnitudes was
considered for each evaluated condition. The improvements in vibration attenuation are
evident, even though the evaluated attenuation bandwidth does not capture the attenuation
of peaks further away from 𝜔0, such as those at the second and fourth natural frequencies.
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Figure 6.22 – Bar chart showing a comparison of attenuation bandwith for the different
configurations.

6.3 Final Remarks

This last chapter concludes the thesis with the combination of all the main concepts
introduced in the previous steps, revealing new phenomena, and proposing solutions and
optimized strategies for the design of the nonlinear metastructure. This final consolidated
approach determined some of the advantages and limitations of this concept.

The main findings and contribution of this final step are summarized below.

• The proposed concept of nonlinear oscillators consistently improves attenuation for
frequencies immediately below the linear bandgap range.

• For frequencies above the linear bandgap range, the performance remained unchanged
or, in some cases, deteriorated.

• A strategy of shifting the tuning frequency, 𝜔0, to a value slightly higher than the
original target frequency proved to be a useful tool to overcome this disadvantage.

• Asymmetric behaviors between forward and backward whirl components revealed
how nonlinear oscillators interact differently with these distinct modes of rotation.

• Unbalance response analysis was performed, indicating slightly improved results
compared to unitary excitation.

• The unbalance analysis following the design philosophy of API TR 684-1 (2019)
showed that a bi-stable eccentricity of 0.5 mm can be enough to produce significant
vibration attenuation.

• The proposed MMD strategy proved to be a powerful tool for improving vibration
attenuation without modification of the total oscillator-to-rotor mass ratio.
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7 Conclusions

This thesis has systematically investigated the complex dynamic behaviors and
vibration attenuation mechanisms in periodic structures, with a particular focus on the
interplay between gyroscopic effects and nonlinear dynamics. Through a progressive
exploration, adding complexity at each step, we have unveiled novel phenomena and
developed innovative approaches that significantly enhance our understanding of mechanical
metastructures and pave the way for future practical applications. This step-by-step went
through 3 specific stages of increasing complexity, the conclusions of which are presented
in the following sections.

7.1 Linear gyroscopic resonators

The investigation, thoroughly described in Chapter 4, examined linear gyroscopic
metastructures, where we extended the concept of periodic locally resonant structures to
rotating systems. We demonstrated that such arrangements can effectively create frequency
bandgaps, providing substantial vibration attenuation effects.

Using the same general concept of resonators, two different dynamics were explored
by changing the relevant DoFs that provided the elastic attachment between rotor and
resonator. This allowed the gyroscopic effects to be isolated in only one of the cases,
providing a clear understanding of how these effects affect the system’s behavior.

The implementation of rainbow-type configurations (with graded resonator prop-
erties) yielded remarkable results, increasing the bandgap width by approximately 60%
compared to simple arrangements of identical resonators.

When the radial (translational) DoFs were chosen for the elastic connection, the
resonators were shown to provide strong attenuation capabilities for both backward and
forward excitation in the same frequency range. However, when the rotational DoFs were
of interest, the distinction between forward and backward motion becomes predominant,
and the attenuation ranges are separated.

Still in the rotational resonators case, the transition from acoustic to optical modes
were observed to be dependent on the rotation speed and whirl direction (forward or
backward), leading to the coexistence of acoustic and optical modes at certain zones in the
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Campbell Diagram. This particularly interesting discovery has previously been unreported
for rotating metastructures.

A case study was presented using industry standard design practices to apply the
concept of linear periodic resonators to a turboexpander compressor model. The evaluation
showed that the resonators effectively attenuate vibration in the target frequency range,
neutralizing the amplification of the first critical speed and allowing compliance with
the vibration amplitude acceptance criteria defined by API Std 617 (2022). Finally, we
demonstrate that, although providing increased attenuation bandwidth, the rainbow
arrangement of resonators is not always the best choice, especially for applications in
which the attenuation depth is more important than its bandwidth.

7.2 Nonlinear 1-D oscillators

In a second step, in Chapter 5, the introduction of nonlinearities in the system
dynamics was investigated by including bistable Duffing-type oscillators attached to a
one-dimensional periodic lattice. In this case gyroscopic effects were naturally not present,
since the simple 1-D lattice system does not rotate. The main purpose in this case was
to isolate the aspects related solely to nonlinearities by applying this concept to a very
simple base structure. This should allow for the characterization of main fundamental
phenomena and guide further, more complex steps of investigation.

Our findings revealed that these nonlinear systems exhibit amplitude-dependent
response patterns with distinct attenuation mechanisms compared to their linear counter-
parts. While linear systems rely primarily on phase relationships for vibration attenuation,
nonlinear systems demonstrate remarkable capabilities to redistribute energy across multi-
ple frequency scales, particularly in chaotic regimes. This energy dispersion mechanism
creates ultra-broadband attenuation effects that would most likely be unattainable with
typical, purely linear arrangements. This observation was made possible by the analysis of
averaged amplification and phase angle frequency maps, which is a tool developed and
proposed in the course of this work.

Finally, we established that graded configurations of nonlinear resonators further
enhance this broadband attenuation by activating different sections of the resonator array
at different frequencies.

7.3 Nonlinear gyroscopic oscillators

In a final converging step, explored in Chapter 6, the innovative integration of
these concepts is investigated, combining nonlinear bistable oscillators with gyroscopic
effects in rotating structures. The fundamental behavior characteristics of the nonlinear
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and chaotic vibration attenuation phenomena, as explored in the previous step, could be
reproduced in this case. However, the combination with a more complex base structure
dynamics presented unique challenges and opportunities that led to several significant
contributions.

We introduced the concept of Modally Matched Distribution (MMD), a strategic
positioning of oscillators aligned with the target mode shapes, which substantially im-
proved vibration attenuation without increasing the overall mass ratio. Our investigations
also yielded practical insights for implementation in real-world rotating machinery. We
demonstrated that careful tuning strategies, such as deliberate frequency offsetting, can
significantly increase the overall attenuation bandwidth. These proposals were primarily
proposed as a way to overcome or mitigate the observed degradation of vibration attenua-
tion performance in the post-bandgap frequency range. This performance degradation was
also not previously reported in the literature, and some hypotheses for its origins were
discussed, although further aspects would need to be determined for a complete definition
of this phenomenon.

Asymmetric behaviors between forward and backward whirl components, revealing
how nonlinear oscillators interact differently with these distinct modes of rotation. The
analysis of response under standardized unbalance excitation conditions (following recog-
nized industry standards such as API 617) provided realistic performance metrics that
can guide future applications in industrial settings.

7.4 Final remarks

The underlying physical mechanisms uncovered in this work represent a significant
advancement in our understanding of complex dynamic systems. We have shown that
chaotic behavior, often considered detrimental in engineering applications, can be harnessed
constructively to achieve superior vibration attenuation. The energy frequency-scale
redistribution that occurs during chaotic response may effectively transform harmful
concentrated vibration energy into broadly distributed, lower-amplitude oscillations.

Looking ahead, this research opens several promising directions for future research.
The experimental validation of these numerical findings would be a natural next step,
particularly focusing on the practical implementation challenges of bistable oscillators in
rotating environments. Additionally, optimization of the MMD strategy and extension to
more complex rotor geometries could further enhance the applicability of these concepts.
The potential for active or semi-active tuning of the bistable oscillators also presents an
intriguing avenue for adaptive vibration control systems that could respond to changing
operational conditions.

This thesis has demonstrated that the integration of nonlinear dynamics, gyroscopic
effects, and strategic positioning in metastructures can create powerful synergies for
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vibration control in rotating machinery. The fundamental understanding developed here
not only contributes to the theoretical body of knowledge in nonlinear dynamics but also
provides practical design principles for next-generation vibration attenuation systems in
high-performance rotating machinery.
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