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Abstract

In recent years, semi-blind receivers based on tensor models for MIMO communication
systems have been widely used as they allow for a better estimation of parameters of interest
without prior channel knowledge. This thesis presents developments carried out in the scope
of new semi-blind receivers applied to point-to-point and cooperative MIMO communica-
tion systems to perform symbols and channel estimation. More specifically, the theoretical
contributions of this thesis are linked to the extension of the codings that introduce spatial
diversity to symbol matrices. These codings allow for the proposition of semi-blind receivers
to estimate the symbol and channel matrices without prior channel knowledge. In the first
part of this thesis, a particular case of the multiple Khatri-Rao space-time (MKRST) coding
is considered for a point-to-point MIMO system. For the MKRST coding, a symbol matrix is
assumed known, which can be considered as a pre-coding matrix. For this coding scheme,
a received signal tensor model is proposed, and new semi-blind receivers are presented to
jointly estimate the symbols and the channel. In the second part of this thesis, a new coding
extension based on the multiple Kronecker product of the symbol matrices is applied to a
two-hop MIMO relay system. This system considers a single relay and the coding scheme is
combined with a tensor space-time-frequency (TSTF) coding on both, transmit and relay
nodes denoted by TSTF-MSMKron coding. For the proposed system, the tensor model is
exploited to obtain receivers that jointly estimate channels and symbols in a semi-blind way.
In each part of the thesis, conditions related to the uniqueness of tensor decompositions and
the identifiability of the proposed algorithms are discussed. Simulation results are provided
to evaluate the performance of the proposed coding schemes and the semi-blind receivers.

Keywords: Tensor Decomposition. Khatri-Rao and Kronecker codings. Semi-blind receivers.
MIMO system.



Resumo

Nos ultimos anos, receptores semi-cegos baseados em modelos tensoriais para sistemas de
comunicacdo MIMO tém sido amplamente utilizados, pois permitem uma melhor estima-
tiva dos parametros de interesse sem o conhecimento prévio do canal. Esta tese apresenta
desenvolvimentos realizados no ambito de novos receptores semi-cegos aplicados a sistemas
de comunicacdo MIMO ponto-a-ponto e cooperativo para realizar estimativas das matrizes
de simbolos e canais. Mais especificamente, as contribuicdes tedricas desta tese estdo ligadas
a extensdo das codificacdes que introduzem a diversidade espacial as matrizes de simbo-
los. Essas codificaces permitem propor receptores semi-cegos para estimar as matrizes de
simbolos e o canal sem o seu conhecimento prévio. Na primeira parte desta tese, um caso
particular da codificagio MKRST (do inglés, multiple Khatri-Rao space-time) é considerado
para o sistema MIMO ponto-a-ponto. Para a codificacio MKRST, uma matriz de simbolos é
assumida conhecida, que pode ser considerada como uma matriz de pre-codificacio. Para
este esquema de codificagdo, um modelo de tensor do sinal recebido é proposto e novos recep-
tores semi-cegos sdo apresentados para estimar conjuntamente as matrizes de simbolos e o
canal. Na segunda parte desta tese, uma nova extensdo de codificacdo baseada em multiplos
produtos de Kronecker das matrizes de simbolos ¢ aplicada a um sistema de retransmissao
MIMO de dois saltos. Esse sistema considera um unico relé e o esquema de codificacio é
combinado com uma codificacdo TSTF em ambos os n6s de transmissdo e retransmissao,
nomeada como codificacdo TSTF-MSMKron. Para o sistema proposto, o modelo tensorial
¢ explorado para obter receptores que estimam conjuntamente os canais e as matrizes de
simbolos de forma semi-cega. Em cada parte da tese, condicoes relacionadas a unicidade
das decomposicoes tensoriais e a identificabilidade dos algoritmos propostos sdo discutidas.
Resultados das simulacdes de Monte Carlo sdo fornecidos para avaliar o desempenho das

codificacdes e dos receptores semi-cegos propostos.

Palavras-chave: Decomposicio Tensorial. Codificacoes Khatri-Rao e Kronecker. Receptores
Semi-cegos. Sistema MIMO.
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1 Introduction

1.1 Thesis scope and motivation

Wireless communication systems have experienced great growth in the number of
users since the early 1990s [1]. The emergence of connected devices and the introduction
of new applications, such as autonomous vehicles, smart homes and cities, Internet of
Things (IoT) and virtual reality have paved the way for the integration of the multiple input
multiple output (MIMO) technologies that meet the requirements of 5G (fifth-generation)
wireless systems [2]. MIMO systems have been designed to support the growing demand
for high-quality multimedia services, with the best trade-offs between error performance
in terms of symbol error rate (SER), transmission rate in symbols per channel use, power
efficiency, and receiver complexity for symbol recovery. These systems use multiple antennas
at both transmitter and receiver ends, which allow for the increase of spatial diversity
and lead to communication systems with MIMO channels. The deployment of multiple
antennas on wireless systems allows for improved reliability in terms of the error rate and
transmission rate concerning single transmit antenna systems while keeping the same power

and transmission bandwidth [3, 4, 5, 6].

5G technology offers advantages in terms of data rate, reliability, latency, energy
efficiency and mobility [7, 8]. On the other hand, 5G technology brings some challenges
in the bag, such as, needing high frequency bands that are expensive. As the necessary
waves are high frequency, the length of the waves is shorter, not being able to travel for long
distances, thus requiring more base stations to a smaller area to give reliability to the user
in addition to the development of new low-cost devices that support the 5G technology [8].
Massive MIMO systems have emerged to solve most challenges faced by 5G technology.
These systems are composed of hundreds to thousands of receive and transmit antennas and
provide an increase in spectral efficiency, reduction of dead zones and calls being discarded,
also providing a uniform quality of services for different environments such as in urban and
rural areas [8, 9]. Now, the idea of future 6G (sixth-generation) wireless systems and networks
is specifically emerging to improve the functions and performance of future massive MIMO
systems, combining other innovative technologies, architectures, and strategies such as
intelligent omnisurfaces (I0Ss)/intelligent reflecting surfaces (IRSs), artificial intelligence
(AI), THz communications, cell-free architecture, etc [10, 11]. In the last years, cooperative
MIMO systems have attracted a lot of attention to 5G mobile networks to increase the
transmission coverage area, data rates and performance of wireless communications [12].
The gains of the cooperative MIMO systems are related to spatial diversity by the use of
multiple antennas to transmit and receive signals and spatial multiplexing related to the use
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of multiple antennas to transmit independent data streams.

During the last two decades, tensor models have been widely used for designing
wireless communication systems [13, 14, 15, 16, 17]. See for instance their use in the context
of point-to-point MIMO systems [18, 19], and cooperative MIMO systems [20, 21, 22, 23, 24,
25]. Tensor models have the ability to capture the multidimensional nature of the wireless
channel, as well as their unique properties [26, 27]. These approaches also allow us to bring
into consideration different diversities (space, time, frequency, code, polarization, ...) during
system design, and to develop semi-blind receivers to jointly estimate the channels and
symbol matrices, under more relaxed conditions than the matrix-based methods.

In the context of cooperative systems, some results have been published on tensor-
based receivers. Some works are dedicated to the use of training sequences for estimating the
channels in a supervised way, as in [28, 29] where a scenario of a three-hop multi-relay system
is considered and multiple relay links are exploited at the receiver to estimate all partial
channels involved in the communication. These works rely on supervised channel estimation
methods, which can be bandwidth-consuming, especially for moderate to large number of
antennas. This explains the development of semi-blind receivers for jointly estimating the
transmitted information symbols and channels, i.e., without the use of training sequences,
as in the case of the systems briefly introduced.

To improve the estimation of the transmitted information, it is also necessary to
exploit the space, time, and frequency codings. Diversity techniques aim to enhance the
quality of received signals in communication systems, where we create redundancies in
the signal, exploiting the random nature of radio propagation [12, 30, 31]. In addition to
introducing diversity into the system, codings allow the proposition of semi-blind receivers
that estimate channel and symbol matrices without prior knowledge of the channel. In
cooperative MIMO systems, the accuracy of channel state information (CSI) at each hop
influences the effectiveness of exploiting available diversities [23]. Several works combine
cooperative MIMO systems with space/time/frequency codings to increase system diversity
and obtain the best performance in channel and symbol estimation [17, 32, 33, 34]. Depending
on the coding chosen for the relay system, different tensor models are obtained for the signals
received at the relay and destination nodes. The exploitation of these models makes it possible
to derive two families of receivers: the one of supervised receivers and the one of semi-blind

receivers.

In this thesis, new semi-blind receivers are addressed to jointly estimate channels
and symbol matrices in point-to-point and cooperative MIMO communication systems. In
particular, one of the main contributions of this thesis relies on the new coding scheme
obtained by combining the tensor space-time-frequency (TSTF) coding and the multiple
Kronecker product of symbol matrices (MSMKron) at the source and relay nodes. This new
coding scheme, called TSTF-MSMKron coding, can be viewed as a generalization of the
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codings proposed in [33] and [35]. TSTF-MSMKron coding is applied to a two-hop orthog-
onal frequency division multiplexing and code-division multiple-access (OFDM-CDMA)

MIMO relay communication system. In addition, a particular case of the multiple Khatri-Rao
space-time (MKRST) coding presented in [33] for multi-hop MIMO relay systems is consid-
ered. This coding is applied to a point-to-point MIMO system, where the pre-coding matrix
corresponds to a symbol matrix that is assumed known. By applying the proposed codings,
new received signal models based on tensor decomposition are presented and by exploiting
these system models, semi-blind receivers are proposed to jointly estimate the channels
and transmitted symbols for point-to-point and two-hop MIMO relay systems. Extensive
Monte Carlo simulations are performed to illustrate the behavior and the effectiveness of
the proposed schemes.

1.2 Thesis organization

This thesis is divided into five chapters, including this introductory chapter. In the
following, we briefly describe the content of the four remaining chapters.

Chapter 2: Tensor Prerequisites: This chapter provides a theoretical basis for the methods
developed in this thesis. First, a review of the definitions and operations of multilinear
algebra is presented, where the notations and operations involving matrices and tensors
are summarized. Second, some tensor approaches and algorithms are presented to model

systems and estimate the factor matrices in tensor decompositions.

Chapter 3: Semi-blind receivers for point-to-point MIMO system with MKRST coding: This
chapter presents a bibliography review of existing MIMO communication systems and coding
techniques. Furthermore, the first contributions of this thesis are introduced. A particular
case of the MKRST coding is considered, where the pre-coding matrix corresponds to a sym-
bol matrix that is assumed known. Considering the MKRST coding, a point-to-point MIMO
system is proposed based on tensor decompositions. By exploiting the tensor model of the
received signal, tensor-based semi-blind iterative and non-iterative receivers are proposed
to simultaneously estimate symbol and channel matrices. Simulation results are provided
to evaluate the performance of the proposed coding and receivers in terms of symbol and
channel estimation.

Chapter 4: Semi-blind receivers for two-hop MIMO relay communication system with TSTF-
MSMKron Coding: This chapter introduces a new coding scheme based on the Kronecker
product of multiple symbol matrices combined with a TSTF coding at the source and relay
nodes, denoted as TSTF-MSMKTron coding. A new two-hop OFDM-CDMA MIMO relay
system is proposed based on this new coding scheme. In this system, the DF protocol is
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considered to transmit the symbols between the relay and the destination nodes. Then, the
proposed two-hop relay system is exploited to derive semi-blind receivers that jointly esti-
mate the source-relay and relay-destination channels and the transmitted symbol matrices.
The identifiability conditions of each receiver are analyzed. Monte Carlo simulation results
are provided to illustrate the effectiveness of the proposed coding scheme and semi-blind

receivers.

Chapter 5: Conclusions and Perspective: In the first part, a raising of the main conclusions
on the contributions of this work is presented. Some advantages and limitations of the
proposed methods and systems are highlighted. In the second part, some perspectives for
future research are outlined.

1.3 Main original contributions

Briefly, the main contributions of this thesis can be summarized as follows:

Chapter 3

+ The presentation of the particular case of the MKRST coding scheme used to encode

signals to be transmitted in a point-to-point MIMO system;

« Proposition of the point-to-point MIMO communication system, which uses the
MKRST coding. It is established that the received signals tensor satisfies a PARAFAC

model;

« By exploiting the received signals tensor, proposition of new semi-blind receivers to
jointly estimate channel and symbol matrices;

« Discussion on identifiability conditions of the proposed algorithms;

+ Study of MKRST coding performance and the impact of design parameters under
the assumption of perfect channel knowledge, by means of extensive Monte Carlo

simulations;

« Study of proposed semi-blind receivers in terms of SER for symbols estimation and

normalized mean square error (NMSE) for channel estimation.
Chapter 4

« Proposition of the new TSTF-MSMKron coding scheme as a combination of the TSTF
coding and the proposed MSMKron coding used to code the signals to be transmitted
in a two-hop MIMO system;



24

« Proposition of the new two-hop MIMO relay communication system, which uses the
TSTF-MSMKron coding to code the symbols. It is established that the tensor of received
signals at each hop satisfies a generalized Tucker model;

+ By exploiting the signals received model at each hop, new semi-blind receivers are
proposed based on iterative and non-iterative (closed-form) algorithms. These receivers
are composed of two stages to jointly estimate the transmitted symbols and individual
channels;

« Discussion on identifiability conditions of the proposed semi-blind receivers;

« Study of the performance of the combined TSTF-MSMKTron coding and the impact of
the design parameters under the assumption of perfect channel knowledge, by means
of extensive Monte Carlo simulations;

« Study of the proposed semi-blind receivers in terms of SER for symbols estimation and
NMSE for channel estimation.

1.4 Scientific production

This thesis gave rise to two conference publications and two journals/magazine
publications. The list of publications is as follows:

CONFERENCE PAPERS:

« P. H. de Pinho, M. F. K. B. Couras, G. Favier, J. P. J. da Costa, de A. L. F. Almeida, J. P.
A. Maranhdo, Semi-supervised receivers for MIMO systems with multiple Khatri-Rao
coding. In: 13th International Conference on Signal Processing and Communi-
cation Systems (ICSPCS). IEEE, p. 1-7, 2019.

« M. F. K. B. Couras, P. H. de Pinho, G. Favier, J. P. J. da Costa, V. Zarzoso, and de A. L.
F. Almeida, Multidimensional CX decomposition of tensors. In: 2019 Workshop on
Communication Networks and Power Systems (WCNPS). IEEE, p. 1-4, 2019.

JOURNAL/MAGAZINE PAPERS:

o P.H.de Pinho, M. F. K. B. Couras, G. Favier, de A. L. F. Almeida, J. P. J. da Costa, Semi-
blind receivers for two-hop MIMO relay systems with a combined TSTF-MSMKron
coding. Sensors, 2023, 23(13), 5963.

« M. F. K. B. Couras, P. H. de Pinho, G. Favier, V. Zarzoso, de A. L. F. Almeida, and
J. P. J. da Costa, Semi-blind receivers based on a coupled nested Tucker-PARAFAC
model for dual-polarized MIMO systems using combined TST and MSMKron codings.
Digital Signal Processing, 2023, 137, p. 104043.
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2 Tensor Prerequisites

Tensors theory is the basis of multilinear algebra. In literature, there are several ap-
proaches to defining tensors. One of the definitions deals with tensors as multimodal arrays
with orders greater than two. System models based on tensor approaches are applied in many
areas such as chemometrics, psychometrics, numerical analysis, telecommunication systems,
signal and image processing, global navigation satellite systems (GNSSs), cyber attack detection,
sub Nyquist sampling, RADAR system and intracranial biosignals area [17, 26, 37, 38, 39, 40,
41, 42, 43, 36]. In particular, tensor models have been widely used in communication systems
over the last decades [14, 17, 39, 44, 45].

In this chapter, we review some important multilinear algebra definitions and operations
necessary for the development of this thesis. The chapter is divided into five sections. In Section
2.1, we define the notations. In Section 2.2, the Kronecker and Khatri-Rao products are presented.
In Section 2.3, a review of singular value decomposition (SVD), Kronecker factorization (KronF),
Khatri-Rao factorization (KRF) and their generalizations are derived. Section 2.4 presents some
concepts of multilinear algebra and basic operations involving matrices and tensors. Section
2.5 recalls the main tensor decompositions explored in the literature and some algorithms used
for matrices estimation in tensor decompositions. All content presented here will be widely used
throughout this thesis.

2.1 Notation

R and C denote the real and complex number fields, respectively. Scalars, column
vectors, matrices and tensors are denoted by lowercase, boldface lowercase, boldface upper-
case and calligraphic letters, e.g., y,y, Y, Y, respectively. The transpose, complex conjugate,
complex conjugate transpose and Moore-Penrose pseudo-inverse of Y are represented by
Y'Y, Y and Y', respectively, while Y; (resp. Y ;) represents the i'" row (resp. j'* column)
of Y € C™. The Kronecker, Khatri-Rao, Hadamard, inner and outer products are denoted
by ®, ¢, ®, {-) and o, respectively. And the Frobenius norm is represented as the symbol

Il 1le-

1y stands the all-ones column vector of dimension N. Iy and Jy  represent the
identity matrix of size R X R and the identity tensor of N-order and size R X R X .... X R,
respectively. egR) stands for the r*# canonical vector of Euclidean space R¥, while ry represents
the rank of Y. Y denotes an estimate of Y, while 32{ represents the matrix Y after the correction
of ambiguities.

Y} 1,1, is an unfolding of ¥ € C'*'>*s with dimension I, x I,I;. The vec(-) and
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unvec(-) operators are defined by y, , ; = vec (Y ,r,) € C*" & Y, = unvec <y121311>.
The operator bdiag (:) forms a block-diagonal matrix from its matrix arguments, where
bdiag (X ;) £ bdiag (X ,, ..., X x) € CK*K/ ‘and X , € C™ is the k'" block on the diagonal
of X € CPxK,

The i*" element of a € C! is denoted by a;, the (i,j)"" element of A € C"™ is denoted

by a; ; and the (i, ,....iy)™" element of the N-order tensor A € C'-I¥ is given by a; _; .

2.2 Matrix operations

The Kronecker and Khatri-Rao products are important operations in multilinear
algebra. Often, these products are used to represent in a simplified way the matrix unfoldings
of tensor decompositions. Below, Kronecker and Khatri-Rao products are described in detail.

Definition 1. (Kronecker product) Given A € C™ and B € CX¥M, a Kronecker product to
the right of A by B is defined as:

a;B a,B .. a;,B
a;B a,,B .. a,;B

AQB=| > T T e cioam, (2.1)
a,B a,B .. aq ;B

Note that the dimensions of A and B do not necessarily have to be the same to calculate the
Kronecker product. The Kronecker product of two matrices can be seen as a matrix of blocks
with I blocks in the rows, J blocks in the columns and each block is a matrix of size K X M.

Definition 2. (Khatri-Rao product) Given A € C™ and C € CX¥¥, the Khatri-Rao product is
equivalent to a column-wise Kronecker product defined as:

AoC = [ A,®C, A,®C, .. A,®C, ] e CIK9, (2.2)

The Khatri-Rao product of A and C only exists if the matrices have the same number of
columns. Let us define some useful matrix properties that involve the present operations.
For this, we consider the matrices A € CP*M B e C”N, C e CP"M D € C*N E € CM*XN,
F € CMK and G € CM*L,

Property 1.
(A®B)" =A"®@B", 2.3)

Property 2.
(A®B)(F® G) = AF Q BG, (2.4)

Property 3.

(A+C)" (D+B)=A"DOC"B, (2.5)
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Property 4.
vec (AEBT) =(B®A)vec(E), (2.6)

Property 5.
vec (aMo...oa®) =aV @ ... @ a®. (2.7)

Property 6. The rank of the product AB is less than or equal to the minimum between the
ranks of A and B [27]:

Fap < min (ry,rg). (2.8)

Property 7. Given M = A ® C, then ry; = r47¢. This implies that M is full column rank if
and only if A and C are full column rank.

Definition 3. (Outer product of two vectors) Given two vectors a = [ a;, Ay ..., Qy ] €
CMandb = [ b;, b,, .., by ] € CN, their outer product C = aob € CM*V s defined as:
C =aob=ab’. (2.9)

This product can also be represented as:

=a,b,. (2.10)

Cm,n

Definition 4. (Outer product of two matrices) Given A € C™ and B € CXM, their outer
product is defined as:
D = AoB € CPIXKxM, (2.11)

This product can also be represented as:

dijim = Qi jbim- (2.12)

Eq.(2.11) is a generalization of the concept of the outer product of two vectors.

Definition 5. (Kruskal rank) The Kruskal rank, also called k-rank, of a matrix A € C™ is
the maximum number k, such that any set of k, columns of A is linearly independent. Note
that the k-rank is always less than or equal to the rank of the matrix: k, <r, < min(I,J).

Definition 6. (vec(-) operator) Given B € CKM gs:
I
B=| B, - B, |eCtM (2.13)
I

The vectorization of B consists of stacking its columns as:

B,
vec(B) = : e CMK, (2.14)
B.M

The unvec(-) operator is the inverse operator of the vec(-) operator.
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2.3 Matrix factorizations

In this section, singular value decomposition (SVD), Kronecker factorization (KronF),
and Khatri-Rao factorization (KRF) are presented. The first is an important concept to
define the higher-order singular value decomposition (HOSVD) in the next sections. The
second and third are used to estimate the matrices of a Kronecker or a Khatri-Rao product,
respectively. These factorizations are closed-form algorithms to solve a set of rank-one
approximation problems. In some applications addressed in this thesis, we will be interested
in approximating a Khatri-Rao or a Kronecker product of N matrices. These problems

repeatedly appear over the next chapters in the context of our applications.

2.3.1 Singular value decomposition (SVD)

The SVD was discovered independently by Eugenio Beltrani and Camille Jordan, in
1873 and 1874, respectively. This decomposition can be viewed as a generalization of the
eigendecomposition to a rectangular matrix A € C™ in the sense of a diagonalization by
means of two unitary matrices [46]. SVD corresponds to a matrix factorization technique
that consists of representing a matrix A as:

min(I,J)
A=Uuzv'= > guvi, (2.15)

r=1
where U € C™ is the matrix of the left singular vectors, V € C’* represents the matrix
of the right singular vectors and £ € C" is a pseudo-diagonal matrix that contains the
non-zero singular values o, > 0, > ... > oz > 0 ordered by the magnitude on its main
diagonal and zero elsewhere, with R < min (1,J).

The derivation of the SVD is directly related to the property which, to A, the products

AA" and A" A (or AA" and AT A, in the case of a real matrix) are Hermitian matrices (or

real symmetric matrices) and therefore, they are diagonalizable by means of their eigende-
compositions, namely [46]:

AA" = UD,U”", (2.16)

A"A = VD, V", (2.17)

where U is the matrix of eigenvectors of AA” and V is the matrix of eigenvectors of A”A,

whose columns form two orthonormal bases, which implies: UU" = U"U = I, and VV" =

V"V = I,. The non-zero eigenvalues of AA" and A" A are equal, non-negative and ordered
by the magnitude,ie, 4, > 4, > ... > ... > 43 > 0.

Eq.(2.15) can be expressed as an economy SVD notation. The idea is to obtain the
same data matrix, reducing the number of columns of U and V. The economy SVD of A is
defined as:

R
A=UzV =) ouvl, (2.18)
r=1
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where U, € C™® and V, € C® contain the first R columns of U and V, respectively, and
T, € CR®R contains only the first R non-zero singular values on its main diagonal. If A is a
rank-one matrix, the low-rank approximation of A is obtained by truncating its SVD to a
rank-one approximation as follows:

A = ou v

1 b

(2.19)

where u; € C! is the left dominant singular vector of U, v; € C’ is the right dominant

singular vector of V, and o, is the dominant singular value.

2.3.2 Kronecker factorization (KronF)

In this section, the KronF algorithm is summarized according to [14, 44, 45]. KronF
algorithm introduced by [47] presents a rank-one estimation of the Kronecker product of
two matrices. Consider the following product C = A ® B € C”*kQ and the minimization
problem as:

IRiBn IC-AQB |3, (2.20)

where A € CX and B € C’*?. The matrices can be estimated by calculating the rank-one
approximation of C defined as:

min | € —vec(B)vec(A) |12, (2.21)
a,

where C € C¥*KI a = vec(A) € CXT and b = vec(B) € C¥. Defining C = ULV", aand b
can be estimated as [14]:

a=,/o, V] b=4/0U,, (2.22)
where U; € C¥ and V,; € CX! are the first columns of the left and right singular vector

matrices, respectively, and o, is the dominant singular value. To find the estimated matrices
(A, B), 4 and b must be unvectorized as:

A = unvec (a) € CK, (2.23)
B = unvec (13) e C/xQ, (2.24)

The KronF solution is not unique. A and B are subject to a scaling ambiguity given
by:
A0 = 1 | (2.25)

where the scaling 2™ for n € {1, 2} is determined from knowledge of one element of A or B
[14, 33]. Let us consider the element a, ; of A known. For 1%, we have:

A

a
p IO —— (2.26)
apq
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where @, ; is the element (1,1) of A. For B, we have:

2@ = (A0)7 (2.27)

Then, the final estimates are given by:

A=A, B=BA0. (2.28)
The KronF algorithm is described in Table 1

Table 1 - KronF algorithm.
KronF algorithm for estimating the factor matrices of a Kronecker
product
Input: matrix C, I, J, K and Q
Output: Estimated matrices A and B
1) Reshape C € CP*KQ gg:

C = reshape (C,[QJ,KI]). (2.29)

2) Calculate the SVD of C:
¢ = uxv”. (2.30)

3) Estimate 4 and b using Eq.(2.22) and unvectorize 4 and b using Egs. (2.23)-
(2.24), respectively.
4) Eliminate the scaling ambiguities using Eqs.(2.25)-(2.28).

2.3.2.1 Generalized Kronecker factorization (GKronF)

In this subsection, the generalized KronF algorithm is summarized according to [45].
Before presenting this procedure, let us present the following formula for row and column
permutation of the Kronecker product B ® C:

C ® B = HI,J (B ® C) HS,R c CIJXRS, (2.31)

with C € CP%, B € C™ and I;; € C"!, TI;; € C5S being permutation matrices
defined as:

I, = Z z (CEI)CEJ)T> ® ( @ (I)T> e CIMI, (2.32)
i
HSR — ZZ( (S) (R)T) ( S,R)egS)T) € CSRXRS (2.33)

where el@ is the i*" canonical basis vector of the Euclidean space R, similarly for eg. ) (S )

e™. Now, let us consider the following product A = ®"_ A" € C™*® and the minimization

and

problem as:
min || A-@Y_ A" |2, (2.34)

A® nef1,N}
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where A™ € CI»® are the matrices to be estimated, with I = [["_ I, and R = []._, R,.

n=1 n=1
This problem can be solved by determining A" forn e {1, N} with a two-by-two search.
This basic algorithm was proposed by [47] to estimate two factor matrices of a Kronecker
product associated with third-order parallel factor analysis (PARAFAC) model presented
in the next sections. To illustrate the GKronF algorithm, consider the case N = 3, with
A=AV ® A? X A® . The optimization problem becomes:

: A @ @ |2
A(Dilg,lA@ |A-A" QA QA" ;. (2.35)

AY and A® can be estimated by applying the KronF algorithm presented in Table 1
to the following two decompositions of A:

A= A(l) R A(2’3) c CI1IZI3XR1R2R3, (236)

A= A(1,2) ® A(3) € ChbIXRiR:Rs (2.37)
where A%Y = A®@ X A® and AM? = AW ® A®?. To estimate A(Z), we use the following
equation obtained by permuting the matrices A% and A®:

ASTZ) — (le’jl ® II;)A (HRZ,Rl ® IR3) — A(z) ® A(l) ® A(3) = C121113><R2R1R3, (238)

A? = AP @ AMY g ChhIXRRiRs (2.39)

where AYY = AW ® A® and Afrz) indicates the permutation between AY and A®. From

Eq.(2.39), we apply again the KronF algorithm in Table 1 that allows estimating A?.

2.3.2.2 Kronecker product approximation to rank-one tensors

This section presents how a Kronecker product of N matrices can be reorganized as
a tensor. Let us consider the following Kronecker product:

A= A(l) ® ® A(N) c Cll...INXRl...RN’ (240)

where A™ are the matrices to be estimated for n € {1,N}. This operation was defined in [48]
for Kronecker product of multiple matrices. The problem (2.40) becomes:

min |[A-AY®.. @AY |2 . (2.41)
AD nef1,N} E

A can be expressed as a rank-one tensor rearranging the Kronecker product into an
outer product. The problem (2.41) now becomes:

min || A —aWo...oa™) 2, (2.42)
a™ ne{1,N}
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where a® = vec(A") € CRIr and A € CRI-*Rvlv ig 3 rank-one tensor defined as:

A = reshape (A, [R,I, ..., RyIy]) . (2.43)

Therefore, find the matrices A®W through the cost function (2.41) is equivalent to
finding vectors a®™ that minimizes the cost function (2.42), i.e., the solution of a Kronecker
approximation problem can be recast as the solution of a rank-one tensor approximation
problem [46, 48, 49]. The matrices can be estimated using the truncated HOSVD (THOSVD)
[50] where the matrices are unique with some scaling factors, similar to the KronF algorithm
presented above:

A (n)

— ) 1(n)
AN A4 (2.44)
[[,_, A" =1

n=

2.3.3 Khatri-Rao factorization (KRF)

This section summarizes the KRF algorithm presented in [51, 52]. It features a rank-
one estimate via the Khatri-Rao product. Let us assume C = Do E € C*K and the following
minimization problem:

r]r)liEn IC-D<E|?, (2.45)

where D € C™K and E € C™X can be estimated by calculating the rank-one approximation
of C defined for each column k € {1, K} as:

Z, = unvec(C,) = E, D, € C¥, (2.46)

where D, and E, represents the k" column of D and E, respectively. Defining the SVD of
Z, = U,z V), D, and E, are given by [52]:

D, =0k (V;i).l E; =+/0x(Up),, (2.47)

where (U,), € C’ and (V}), € C! are the first columns of the k" left and right singular
vector matrices, respectively, and o, is the dominant singular value. The KRF solution is
not unique. There is a scaling ambiguity per column k in each Khatri-Rao product [52]. For
this, we have the following relation:

ADA® =1, . (2.48)

To find the scaling matrices, it is necessary to know a row of D or E [52]. Let us

consider the first row of D known. We have for each element of A the following equation:

~

dy i

/‘1(1) — ,
o dyy

(2.49)
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where dALk and d, , are the elements of the first row of D and D, respectively. A% corresponds

to a matrix with the elements /11({1) on the main diagonal. For E, we have:
A® = (AD) (2.50)

So, the final estimates of D and E are:

A
N

D=D(AV)", E=EAD . (2.51)

The KRF algorithm is described in Table 2.

Table 2 - KRF algorithm.
KRF algorithm for estimating the factor matrices of a Khatri-Rao prod-
uct
Input: matrix C, I, J and K

Output: Estimated matrices D and E
1) Unvectorize C:
for k € {1,K}
Z, = unvec(C,). (2.52)

2) Calculate the SVD for each column k:

Z, =UZ V). (2.53)
3) Estimate D and E using Eq.(2.47).
end
4) Store in the matrices as:
D= [ Vo1 (V) o 4o Vi), ] e C*k, (2.54)
E=| AJo11 (U, o forx (Uk), | e ©K. (2.55)

5) Eliminate the scaling ambiguities using Eqgs.(2.48)-(2.51).

2.3.3.1 Generalized Khatri-Rao factorization (GKRF)

In this subsection, the GKRF algorithm is summarized according to [45]. Before
presenting this procedure, let us present the following equation for the row permutation of
a Khatri-Rao product C ¢ A as:

AoC =T, (CoA) € C, (2.56)

where A € C™¥, C € C”¥ and IT; ; € C"*V! defined as Eq.(2.32). Now, let us consider the

following product B = ofl’le(") € CPR and the minimization problem as:

; )
Lomin B = N B |12, (2.57)
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where B™ = [ B(I" . B(”) ] € CI"*R are the matrices to be estimated with I = HZI=1 I,
To illustrate the GKRF algorithm, consider N = 3and B = B" oB®oB"®. The minimization
problem in Eq.(2.57) becomes now:

min || B—B" ¢B? ¢ B® |2 (2.58)
BV g® g® E- )

B™ and B® can be estimated by applying the KRF algorithm presented in Table 2 to
the following two decompositions of B:

B =B ¢ B*¥ € CHLIxR, (2.59)
B = B"? o BY e IR, (2.60)

where B*® = B® ¢ B® and B*? = BY » B?, By vectorizing B in both equations, the
following LS criteria must be minimized:

@ 23\ 2 — @ (23) 12
(rgng}) || vec (B) — vec (B oB ) l= (rgnga)z | B,—B, B, |z, (2.61)

R

1,2) 3\ 12 — _pd2) 3) 12

(lnzl)m(3> || vec (B) — vec(B oB )|| arrg)m(})Z;H B,—B?oBY 2. (262
B, ror

Since each term in this sum can be minimized separately, the columns B(D

€

ch, B>Y e ¢ii, BM e ¢t and BY € CFE are estimated by minimizing the criteria
. R . R

Mingm pes Zr:l | B, — B.(rl) o B.(r2,3) ||12: and Minga o Zr:l | B, — B.(rl’z) S B.(r:‘) ||?:, respec-

tively.

Let us define B, 2 unvec (B,) as the matrix obtained by inverting the vectorization
operation for r € {1, R}. Applying Definition 3, then gives us:

2,3) T 23) pM
m1n B,— BB, = m1n B, —B,"0oB, , 2.63
iz, If= min_ | [ (2.63)
: _ p®RpAAT 12 _ : _p®_ pl2) 2
Bglz)l’ll;l(z) ” Br B.r B.r ”F_ B(lg)l’]l;l@ ” Br B.r OB.r ”F . (264)

The vectors B(r1 ) B(r2 24 B(r1 % and B(,?’ ) can be estimated by computing the rank-one
reduced SVD of B, as in Eq.(2.47) using the KRF algorithm described in Table 2. To estimate
B?, we permute the matrices B" and B? as:

BY = (I, ®,)B=B? ¢ BY o BY € CLhik (2.65)

B? = B? ¢ B g ChhlxR, (2.66)



35

where B = B @ B® and BSTZ) indicates the permutation between B" and B®. For KRF,
it is only necessary to permute the rows. For Eq.(2.66), the minimization problem becomes:

: @) Qp13T : ©) 2 _ p3)
(1;?1{113) ” Bﬂr - B.r B.r ”12:: (lgugs) ” Bﬂr - B.r oB.r ”12: . (267)
BAr ’B.r’ B4r ’BAr,

where BE,Z,) £ unvec ([Bf)]'r>. From (2.67) we apply again the KRF algorithm in Table 2 that

allows to estimate B?.

2.4 Basics of tensor algebra

This section presents some concepts used in the multilinear algebra. For demonstra-
tions and discussions of these properties, see [42, 46]. A tensor is an array with an order
greater than two. It can be called a multidimensional array. For the next definitions presented
in this section, unless otherwise indicated, we consider the following tensors:

« an N-order tensor Y € Ch*-XIn;

« athird-order tensor XX’ € C¥/*K,

Definition 7. (Fiber) For a third-order tensor X € CPY*K | there are three types of fibers:
(i) column fibers (X, ik € C'), where the indexes j and k are fixed and the index i is varying,
forming a vector of size I; (ii) row fibers (X, € C), in this case the fixed indexes are i and k,
and the index j is varying. And finally, (iii) tubes fibers (X;; € C* ), creating a vector of size K
by fixing the indexes i and j, and varying the index k along the K dimension as illustrated in
Figure 1.

J X ik Xk ng.
(i) (i) (i)

Figure 1 - (i) Column fibers; (ii) row fibers; (iii) tube fibers

Definition 8. (Matrix slice) The matrix slices are matrices obtained by varying the indexes
of two modes and fixing all others. For an N-order tensor, there are (1;] ) ways to slice it, where
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(Z ) denotes the binomial coefficient, i.e., the number of possibilities to choose 2 elements from
a set of N elements. For the third-order tensor X, the three types of slices are (i) frontal slice
(X, € C™); (ii) lateral slice (X ;, € C™X); and (iii) horizontal slice (X; € C"X). Figure 2
illustrates the three types of slices of a third-order tensor.

K——— /r///
X,

J X s
(i) (if)

Figure 2 - (i) Frontal slice; (ii) lateral slice; (iii) horizontal slice

Definition 9. (Matrix unfoldings) Matricization or matrix unfolding, is the process of reorder-
ing the elements of an N-way array into a matrix [42]. Given two ordered subset S, and S,
constituted of p and N — p indexes, respectively. A general unfolding of Y, for p € {1,N — 1}, is
given by [53]:

T

I Iy
In) )
Ysixs, = D5 D Vi (ng e )( Qe ) € CIv, (2.68)
1

il iN YIESZ

with Jn, = 1] L., for n, € {1,2}. From Definition 9, we can see a mode-n unfolding as a
IS

rearrangement of the elements of Y obtained by varying an index i,, and keeping the others
indexes fixed, so that the fibers of the n'* mode are placed along rows (flat unfolding) or
columns (tall unfolding). In Figure 3 we present an example for the third-order tensor XX.
Note that a matrix unfolding can be obtained by stacking the slices in a certain mode. In our
notation, the subscribed characters show the order in which the modes are combined and
consequently, the size of the matrix unfolding.

Definition 10. (Inner product) Let us consider a tensor I € C>XIv of the same order and

dimension of Y. The inner product between Y and J is defined as:

I Iy
(Y,7) = Z Z Vivoinbiyin (2.69)
i=1

iy=1
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K KJ

Figure 3 — The matrix unfolding representation X;,x; for the third-order tensor X

Definition 11. (Frobenius norm) Frobenius norm of the tensor Y is defined as:

1/2

1Y lls= V(YY) = Z Zlyl ,,,,, W (2.70)

=1 in=1

The Frobenius norm can be interpreted as a measure of “energy” in the tensor.

Definition 12. (Outer product of tensors) The outer product between the N-order tensor Y

and the M-order tensor Z produces a new tensor, whose entries are defined as:

[yoz]il ..... [T P R -2 N (2.71)

Eq.(2.71) defines a (N + M)-order tensor of size I; X... X Iy XJ; X...XJ,, and can be interpreted
as a generalization of the concept of outer product of two vectors.

Definition 13. (Rank-one tensor) The tensor Y is considered a rank-one tensor if it can be
written as the outer product of N vectors a™ € C'», with n € {1, N}, as follows:

Y = aWo...oa™) g Clrx-xIy (2.72)

whose entries are y; a(l) (5). This definition is a generalization of the concept of
rank-one matrix, Where a matrlx Y € C'"*2 has rank equal to one if there are two vectors
a®¥ € Ch and a® € C%, such that Y = aWoa® = aWa®’. Some tensor decompositions

express the tensor as linear combinations of rank-one tensors.

Definition 14. (Tensor rank) The rank of a tensor is the smallest number of rank-one tensors
needed to write it as a linear combination.

The above definition implies that any arbitrary tensor of rank R > 1 can be written

as a sum of R rank-one tensors as:

R
Y= Alo..0AY e Clx-xiy, (2.73)

r=1
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where A” € CI» is the r* column vector of A™ € CI>®, for r € {1, R} and n € {1, N}.

Definition 15. (Multilinear rank) Considering an N-order tensor Y, the columns vectors of the
matricized form Y™ € Clodnni-Inhi-Ii-t gre the mode-n vectorsand R, = r (Y(”)) =r,(Y) LI,
is the mode-n rank of Y. The N-tuplet (Ry,...,Ry) is called multilinear rank of Y [50].

Definition 16. (Identity tensor) An N-order identity tensor, denoted by Ty r € RPE*-XR i g
diagonal tensor containing elements equal to 1 at positions where all indices are the same and

equal to zero elsewhere.

Definition 17. (mode-n product) Corresponds to the multiplication of a tensor by a matrix
(or a vector) in mode-n. For the matrix case, the mode-n product of an N-order tensor Y
with a matrix U € C'*!» along the n'* mode is denoted by B = Y x,, U and it is of size
I X..I,_; XJ X1, X...XIy. The element-wise is:

I
bi\ i inariin = Z Vit tinsis 1oty Wiy * (2.74)

ip=1

Each mode-n fiber is multiplied by the matrix U [53]. This idea can also be expressed in
terms of unfolded tensors as:

B=Yx,UesB"” =U0Y", (2.75)

with Y € Cloxdwn-Inhi-lnt gpd B € Cwa-Inhi-Iit . The mode-n product of a tensor with
a matrix is related to a change of basis in the case where a tensor defines a multilinear operator.
We have the following properties for the mode-n product:

Property 8. Consider a third-order tensor X € CPK and the matrices A € CM*¥ and
B € CN*K_ For distinct modes in a series of multiplications, the order of the multiplication is
irrelevant, i.e.:

(Xx;A) % B=(X%xB)X;A, j#k. (2.76)

Property 9. Consider A € CM¥ and C € CPM. As the modes are the same, then:
The order of multiplication is relevant.

Definition 18. (mode-n product between tensors) Let us consider S as an ordered subset of
{ijsn it of I = {in 11500 In} With j, € {N; + 1,N}, for m € {1, M}. The mode-n product
of B € CRx->RuXIvyx-XIv ywith 4 € ClReXIs js denoted by B X, A, where n € {1,N,}
and Is is a shortened writing for I; X ... X I; . This product gives an N-order tensor §J €
CRXXRyy X XRp 41 X XRy, x1N1+1x...><IN’ deﬁned as [35]:

R,
yrl,...,rn_l,in,rnﬂ ..... rngd T z : brl,..‘,rn_l,rn,rnﬂ ,,,,, er,J]ain,rn,S' (278)
r,=1

The sum is over the second index of the tensor A.
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2.5 Theoretical background on tensor decompositions

This section presents some tensor decompositions that will be useful in the next
chapters, namely, Tucker, HOSVD and PARAFAC. During the past decade, other decompo-
sitions were developed with applications in communication systems, such as CONFAC [54],
PARATUCK [55], Tensor train [56], among others.

2.5.1 Tucker decomposition

Tucker decomposition was introduced in [57]. Tucker model decomposes a third-
order tensor X € CI*>*5 into a core tensor multiplied by a matrix along each mode. Thus,

for X we have:
Ry Ry R

Xiyinds = Z Z Z 8r .y Qi biz,rzci3,r3a (279)

r=1r,=1r;=1

where q; ,

N N N

b, ,, and c; , are the (i1, (iory)" and (ig,rs)" elements of A € ChxRi,
: . h

B € C'»>% and C € C'+**, respectively,and g, , ,, is the (riryrs) " element of G € CRixRXRs,

Tucker decomposition of X is illustrated in Figure 4.

Figure 4 - Tucker decomposition of a third-order tensor X' € Ch>2xs,

This decomposition can be written in terms of mode-n product as:

x = 9 Xl A XZ B X3 C c CIIXIZXI3, (2.80)

where A, B and C are the factor matrices and can be considered the principal components in
each mode. G is called the core tensor and its entries show the level of interaction between
the different components. The mode-n matrix unfoldings of XX are:

X1213><11 =B®C) GR2R3><R1AT’ (2.81)

XI311><12 =(C®A) GR3R1><R2BT’ (2.82)
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T
X1112><13 =(A®B) GR1R2><R3C ) (2.83)

where Gg g,«r,» Gr,r,xr, a0d Gg, g,«r, are the mode-1, mode-2 and mode-3 matrix unfoldings
of G, respectively.

Uniqueness

In general, the Tucker decomposition is not unique. The singularity can be obtained
by imposing some constraints on the core tensor G or on the factor matrices A, B and C. To
demonstrate the non-uniqueness of the Tucker model we have X' decomposed as:

X=6%x,Ax,Bx;C, (2.84)

where § € CRvRxR: A e CIvRi) B € C'2% and C € C»*%, This decomposition is not

unique because it has freedom of rotation. Defining:

-1 (2.85)

where T" € CR¥Fx_ Substituting Eq.(2.85) in Eq.(2.84) and applying the Property 9 we have:

-1 -1
X =%, TV, T? x, T® x, A (T(“) x, B(T?)! x, C (T(3))

=G A (T“))_1 TV x, B (T@)_1 T %, C (T(3))_1 T (2.86)
= §x, A%, Bx; C,

-1
where (T(")) T = I . From Eq.(2.86), note that Tucker decomposition is not unique
since its factor matrices are affected by arbitrary linear transformations, while the inverse of
these transformations affect the core tensor, leading to the same tensor XX'.

2.5.1.1 N-order Tucker decomposition

Let us consider a N-order tensor Y € Ch*-XIx, The Tucker decomposition is given

by:
Ry Ry N
Vivwoin = D3+ Dy Brovery LL G4 (2.87)
ri=1 ry=1 n=1

where a(")r and g, _, are the elements of A" e CI»® and G € CHXBX-XIv for n € {1, N},

iy r, SO &1,

respectively. The Tucker decomposition can be written as the mode-n product such that:

Y=6x A" x,..xy A™. (2.88)
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The mode-n matrix unfolding of ¥ is given by:

1 N 1 -1 T
Y1n+1...INII...1n_1><1,, = (A(n+ ) ...8 A( ) ® A( . ®..80 A(n )> GRn+1...RNRl...Rn_lanA(n) , (2.89)
where G | rog,. &, xg, € Clrti-fvfi-Rex®eig the corresponding mode-n unfolding of .

2.5.1.2 Special Tucker decompositions

Consider an N-order tensor that has N, factor matrices, and N — N; matrices equal to
identity matrices, where N; < N. Considering AW = I for n € {N; + 1, N}, which implies
R, = I, the Tucker-(N,,N) model [53] corresponds to:

1 N
Y= Gx AV Xy Xy, AN Xy Ty X e Xy Iy (2.90)
or simply:
Y=Gx AV x; .. xy, AN = Gx AP, (2.91)

with G € CR->RwXIv%-XIv Now, considering a third-order tensor X € C"*%2x5 there
are two important variations of the Tucker-(N,;,N) decomposition. The Tucker-(2,3) decom-
position or simply Tucker-2 has one of the factor matrices equal to the identity matrix,
ie.

X = Gx; A X, Be Chxbxh, (2.92)

This is the same as Eq.(2.80) except that G € C*"®*: whereI; =R;and C =1, €
R5*5, The Tucker-2 decomposition is illustrated in Figure 5.

Figure 5 - Tucker-2 decomposition of a third-order tensor X € Ch*xLxh,

Likewise, the Tucker-(1,3) decomposition, or simply Tucker-1 has two of the factor
matrices equal to the identity matrix. For example, if B=1; € R and C =1, € R">%,
then we have:

X =Gx, A e Chxixls, (2.93)

where G € CR*X | The Tucker-1 decomposition is illustrated in Figure 6.
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Figure 6 - Tucker-1 decomposition of a third-order tensor X € Ch>*2x%,

2.5.1.3 Generalized Tucker decomposition

The generalized Tucker decomposition has been introduced for wireless commu-
nication systems in [35]. Let us consider an N-order tensor ¥ € C>*Ix modeled by a
generalized Tucker-(N,, N) decomposition, with N; < N as:

Ry, Ny
— (n)
yll i T Z Z g”l ~~~~~ PN oIN +15mlN H ain,rn,S,,’ (294)
=1 ry=1 n=1

where S, is an ordered subset of the set J € {iy 1, ..., iy}. In terms of mode-n product the

generalized Tucker-(N;, N) decomposition can be written as:

y — 9 Xg;l A(n) e Cle...XIN’ (2.95)

where G € CR>-XRuXIvX-XIn jg the core tensor and A™ € Cln*RexSn gre the tensor factors,
for n € {1, N;}. For example, let us consider two factors, where the first factor is a third-order

tensor A® € Ch*&E and the second factor is a matrix A” € C2*%. The generalized

Tucker-(2,4) decomposition is given by:

Ry R

(1) (2)
il Dpsdasla ™ Z Z g"l 72,3, 14 i1,r1,i3 12 ry’ (296)

ri=1r,=1
where G € CR>*RXLXL n terms of mode-n product, Eq.(2.96) can be written as:

Y =Gx; AV x, AP e ChxlxIxly, (2.97)

2.5.2 Higher-order singular value decomposition (HOSVD)

HOSVD, introduced by [50], is a generalization of the matrix SVD for N-order tensors.
HOSVD is a way to compute the basis for each factor matrix of the Tucker decomposition.
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Every N-order tensor Y € C**Iv can be written as the mode-n product:

Y =8x, UV x,..xy UM e chx-xy, (2.98)

where § € CR*-XRx ig the core tensor and U™ € CI»¥&: are the left singular vector matrices,
with n € {1, N}. The set (Ry, ..., Ry) denotes the multilinear rank of Y. The matrix U™ is
computed as the R, left singular vectors of the n** matrix unfolding of Y, i.e.:

Yoty oDy = SRR OATARLS (2.99)

From U™ computed according to Eq.(2.99), the core tensor can be obtained as:

S =Yx, UM 5, UM x, ... xy UMH. (2.100)

For a Tucker decomposition, HOSVD algorithm computes a basis for each factor
matrix via the SVD for each mode-n unfolding of the tensor. For the explanation, let us
consider the third-order tensor X € C'**©2XIs modeled by Tucker decomposition as Eq.(2.80).
Computing the SVD we have:

Xy, = UPVZOVOR, (2.101)
Xy, = UPZOVE, (2.102)
X1, = UVZOVIT, (2.103)

Since U™ is an unitary matrix of size I, X R,, with n € {1, 2,3}, that spans the
subspace of A, B and C. The HOSVD procedure is described in the pseudo-code form in
Table 3. In this thesis, HOSVD decomposition is applied to formulate efficient denoising
strategies in the following chapters.

2.5.3 Parallel factor analysis (PARAFAC) decomposition

PARAFAC decomposition was introduced in 1970 [58]. This decomposition can also
be called CPD (canonical polyadic decomposition). It expresses a tensor as the sum of a finite
number of rank-one tensors. The PARAFAC decomposition of a given third-order tensor
X € ClXIs can be represented as:

R
Xil iy — Z ail,rbiz,rci3,r’ (2.111)
r=1

where a; ,, b; , and ¢; , are scalar elements of A € C'*X, B € C>*f and C € C"**, respec-
tively. PARAFAC decomposition is expressed by a sum of triads as follows:

R
X =) A,0B,0C, € Cl?hs, (2.112)

r=1
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Table 3 - HOSVD algorithm.
HOSVD algorithm for estimation of A, B, C and §
Input: tensor X and R,,, with n € {1, 2, 3}
Output: Estimated matrices A, B, C and §
1) Compute the SVD for each mode-n unfolding of X:

X pyr, = UVEOVE, (2.104)
X xnn = U@V, (2.105)
Xy, = UVZOVOR, (2.106)

2) Compute A, B and € using the matrices U™:

A=u"Y, (2.107)
B=U"?, (2.108)
¢ =uY. (2.109)
3) Compute the core tensor §:
G=Xx, A" X, B" X3 e (2.110)

where A, € C'', B, € C2and C, € C" are the columns vectors of A, B and C, respectively. R
is the number of factors, also known as the rank of the decomposition. Figure 7 illustrates the
PARAFAC decomposition of the third-order tensor in Eq.(2.112). PARAFAC decomposition
can also be represented in terms of the mode-n product as:

Figure 7 - PARAFAC decomposition of third-order tensor X € C"**2*% into R components.

X = 73,R Xl A Xz B X3 C c CIIXIZXI3, (2.113)

where 7,  represents the third-order identity tensor of size R X R X R. The matrix unfoldings
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of the third-order PARAFAC decomposition are given by:

X;, 1, = (CoB)AT, (2.114)
X 1x1, = (A0 C) B, (2.115)
Xinx, = (BoA) c'. (2.116)

2.5.3.1 N-order PARAFAC decomposition

Let us consider an N-order tensor Y € CI*-*Iv that satisfies the PARAFAC decom-

position. This tensor can be expressed as:

R N
Vioin = 2 L [, (2.117)

(n
in,

of Y. The PARAFAC model can be represented by the following outer product:

where a )r are the elements of A™ € CI>® forn € {1, N}. Note that R represents the rank

R
Y= Alo..oAl, (2.118)
r=1
where A(," ) € Cln is the r'" column vector of A™. PARAFAC decomposition can also be
interpreted as a special case of the Tucker decomposition with an identity core tensor, as in-
troduced in Definition 16. For PARAFAC decomposition, we have the following formulation

in terms of the mode-n product:

y - jN,R Xl A(l) X2 ees XN A(N). (2.119)

By using Definition 9, we have the following generic formulation for a flat mode-n
matrix unfolding of the PARAFAC decomposition:

Y ot = (A(”“) 00 AN oAV o A(”_l)) AT (2.120)

Note the similarity between the Eqs.(2.89) and (2.120). The Kronecker product in the
matrix unfolding of the Tucker model is replaced by the Khatri-Rao product in the matrix
unfolding of the PARAFAC model since the matrices have the same number of columns,

while the core tensor is replaced by the identity tensor.
Uniqueness

The uniqueness of the PARAFAC model was discussed in several works such as
[59, 60, 61, 62], among others, but the most well-known result is attributed to Kruskal [59].
Kruskal derived conditions for essential uniqueness of third-order PARAFAC models and
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Sidiropoulos et al. [63, 64] extended the results for an N-order tensor. PARAFAC decomposi-
tion is essentially unique, i.e., factor matrices can be estimated up to scaling and permutation
ambiguities. This uniqueness property is true if the following sufficient condition is satisfied:

N
D kaw = 2R+ (N - 1), (2.121)

n=1

where k, is the k-rank of A"™. The condition (2.121) is sufficient but not necessary to
guarantee essential uniqueness [46]. The following theorem is valid for any arbitrary tensor
that satisfies a PARAFAC decomposition.

Theorem 1. Consider the N-order tensor Y € CI*IN that satisfies a PARAFAC
decomposition. If the sufficient condition (2.121) is satisfied, the factor matrices A" e ClR, for
. . . N ~ ()
n € {1, N}, are unique up to permutation and scaling ambiguities, such that A Y= APIIA®,
where II € C®R s the permutation matrix and A € C®® gre diagonal scaling matrices,
N
; (n) —
with [T _ AW =I.

2.5.3.2 Normalized form of the PARAFAC decomposition

PARAFAC decomposition can also be defined in normalized form as [46]:

R N
Vioin = 2,8 1 [ B (2.122)
r=1 n=1

with g, > 0 and the column vectors BF;’) are obtained by normalizing the columns A(," ) as:

1
BY) = ———AY, (2.123)
N
g =1 1AY I, (2.124)
n=1

with r € {1, R} and n € {1, N}. In this case, the identity tensor Jy  in (2.119) is replaced by
the diagonal tensor G € C®*R whose diagonal elements are equal to the scaling factors g,.:

if r=..=ry=r, rei{l,R
&r . 1 N { } ) (2125)
0 otherwise

PARAFAC decomposition in normalized form can be seen as a Tucker model (G, B(l),
...BY )), where g = [gy, ..., gR]T is the vector whose components are the weights g,. The

matrix unfolding then becomes:
T
Ys,xs, = (one§1 Bm)) diag(g) (oneszB(”)) , (2.126)

where diag(g) is a diagonal matrix whose diagonal elements are the coefficients g,.
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The normalized form of the PARAFAC decomposition is unique up to scaling ambi-
guities A" for each column of the factor matrices B, satisfying Hle A" = 1, for every
r € {1, R}. To eliminate the permutation ambiguities of the columns, we can arrange them in
such a way that they are associated with the factors g, in decreasing order (g; > g, > ... > gg).

2.5.4 Estimation methods of the PARAFAC decomposition

Several PARAFAC fitting algorithms have been proposed in the literature. They can be
classified into two categories: alternating algorithms and non-iterative algorithms. In the first
category, a subset of parameters is updated at each step whereas, in the second category, the
parameters are estimated in a closed-form way. The first category belongs to the alternating
least squares (ALS) algorithm, the gradient descent method and Levenberg-Marquardt (LM)
also called damped Gauss-Newton algorithm. The second category belongs to KRF, KronF
and THOSVD algorithms. In this section, some iterative methods are presented to estimate
the factor matrices in the PARAFAC model. These algorithms are ALS, gradient descent and
Levenberg-Marquardt.

2.5.4.1 Alternating least squares (ALS) method

The estimation of the three matrices of the PARAFAC decomposition is generally
carried out by minimizing the following cost function deduced from Eq.(2.113):
AB,C
The principles of ALS were introduced in 1933 by [65] and it is based on the idea
of reducing the optimization problem to smaller sub-problems that are solved iteratively.
ALS method replaces the optimization problem (2.127) with three LS sub-problems deduced

from the matrix unfoldings (2.114)-(2.116), leading to the alternate minimization of the

following LS criteria:

. A A T ~
min I X xt, = (Cpicyy © Bry)) A lI7— Ay, (2.128)
. A 2 T A
min | Xz, = (Apyy © Cpiyp) B 17— By, (2.129)
. A ~ T A
mcln ” XIZI1><13 - (B[l] < A[l]) C ”i_(—) C[l] (2130)

The update equations at iteration [i] are given by:

T
A A . i
Ay = [(C[i—l] © B[i—l]) X1312x11] ) (2.131)

T
o N A T
B, = [(A[i] © C[i—l]) X1113><12] ) (2.132)
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T
~ A A T
Ciy = |(ByoAy) X | > (2.133)

where (C o ]A3)Jr, (Ao C)% and (Bo A)T denote the pseudo-inverse of (C ¢ B), (A ¢ C) and
(B o A), respectively. These matrices must have full column rank to ensure uniqueness of
the LS estimates, which implies the following necessary condition: R < min (I51,, I,I5, [,I;).
Taking into account property 3, the computation of the pseudo-inverse in ALS algorithm
can be simplified as follows:

-1
A ~ T A ~ H , . N N ” H

(Ciicyy o Byyy) = [(C[i—u oBj_y)) (Cpyyo B[i—u)] (Cjiyy © Bji—yy) 134
JH . H -t . H (2.134)

= <C[i—1]c[i—1] ©) B[i—l]B[i—1]> (Ciizyy ¢ Byiyp)

N N ¥ . A H,. N -1 . N H

(Ao Ciyy) = [(Am oCuy) (Ao C[i—u)] (Ao Cpyy) 2 1a
~H . ~JH . -t . H (2.135)
= ( 1A © C[i—uc[i—l]) (Ap o Cpiy)

N A f . W H N -1 . \H

(ByoAp) = [(Bm oAy) (Byo A[i])] (B o Ayy) (2.136)

L H “H . o \TL N
= (B[i]B[i] © A[i]A[t]) By o Ap)

This is equivalent to replacing the computation of pseudo-inverses of the matrices
of size I,I, X R, I;I; X R, and I,I; X R calculating the inverses of the three matrices of size
R X R. For deciding the convergence of the ALS algorithm, we consider the error at the [i]*"
iteration deduced from (2.116) as:

A A T

Convergence at the [i]*" iteration is declared when this error does not significantly
change between two successive iterations, i.e., |error_,; — errory| < &, where § is a prede-
fined threshold (e.g. § = 107°).

This algorithm has several advantages: it is easy to implement, ensures convergence
and is simple to extend to higher-order matrices. The shortcomings are mainly in the occa-
sional slowness of the convergence process in the presence of swamps [66] or high collinearity
[67]. In addition, the loss function decreases almost linearly with iterations, while other
methods can provide, at least in principle, superlinear or even quadratic convergence rate

[68]. The ALS algorithm for the estimation of factor matrices is summarized in Table 4.

2.5.4.2 Gradient descent algorithm

Let us consider the third-order tensor X € CH*2*55 modeled by the PARAFAC
decomposition in Eq.(2.113) and the minimization problem as [69]:

ABC
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Table 4 — ALS algorithm.
ALS algorithm for estimation of A, B and C

Input: tensor

Output: Estimated matrices A, B and C

1) Random initialization of By}, Cyg}.

2) Update the estimates of A, B and C using Egs.(2.131)-(2.133) or Egs.(2.134)-
(2.136).

3) Calculate the error (2.137) and |errory;_;; — errory]|.

- if |error|_y; — errory;| < & or i = maximum number of iterations
- stop

-elsei - i+1;

A,Band C

end

The goal of the Gradient descent algorithm is to minimize the Frobenius norm of
the partial derivative of each unfolding of X with respect to matrix factors, which may be
written as:

T
Y (p[i]> =1l X110, — (Bjiy © Cpip) Apy 117 - (2.139)

For the gradient descent the iteration is given by [69]:
Py = Py — Mi-18piyp» (2.140)

where py;, corresponds to the concatenation of vec (Ay;), vec (B;)) and vec (Cyy), g, is the
concatenation of the gradient of X; ; ., , X; ; ,; and X; ; ; with respect to vec(A) € C*,
vec(B) € C*2 and vec(C) € CRs, respectively, and ;_;; is a step size of the previous iteration
that is varied as convergence progress. Even with a good strategy of variation of w;;_;;, this

algorithm has often very poor convergence properties. p; and g, are given by:

vec (A[i]) gA[i]
Py =| vec(By) | and gy, =1 gy, |- (2.141)
vec (Cpy)) g

And g Al 8Bl and 8¢y, are given by [69]:

_ d (X1213><11)
Balil = 3 (vec(A[i]))’ (2.142)
a (XI311><IZ)
88l = 3 (vec(B[i]))’ (2.143)
0 (X11x,)
Bt = 3 (vee(Clil))’ (2149
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Such that:

T
Bari] = [IA ® (Ca—l]c[i—l] © Bﬁ—l]B[i—l])] vec (AT> — [T ® (Cpizyy © Byiyy)] vec (XIZI3><11) ’
(2.145)
T T T T
8ayi) = [IB ® (A[i]A[i] © C[i—l]c[i—1]>] vec (B ) — I ® (A 0 Ciyy)] vee (Xppx,)»
(2.146)
T
gep = [Tc ® (B By © Af A )| vee (€")—[Ie ® (Bjiyy 0 Ay))] vee (X, 1,,) . (2:147)

The Gradient descent algorithm is summarized in Table 5.

Table 5 - Gradient descent algorithm.
Gradient descent algorithm for estimation of A, B and C

Input: tensor

Output: Estimated matrices A, B and C

1) Random initialization of By, Cyg).

2) Update the estimates of A, B and C using Egs.(2.131)-(2.133) or Egs.(2.134)-
(2.136).

3) Compute Py as Egs.(2.141) and (2.140).

4) Compute g, as Egs.(2.141)-(2.147).

i Y (py) <8

- stop

-elsei —» i+ 1;

4) Compute A, B and C from p;,.
end

2.5.4.3 Levenberg-Marquart algorithm

Damped Gauss-Newton algorithms, also known as Levenberg-Marquart algorithms,
take into account the second derivative. This allows faster local convergence. An approxima-

tion using only first-order derivatives is given by the iteration below [70]:
5 -1
p[i] = p[i—l] - [H[i—l] + /‘l[i_l]l] g[i—l]’ (2.148)

where H;_;) = JE_HJ [i-1) denotes the approximate Hessian, Jj;_;; is the Jacobian matrix
[Ja,Jg,Jc] at iteration [i — 1] with respect to vec(A), vec(B) and vec(C), respectively, and
/1[21'—1] is a positive regularization parameter. The compact forms of Jacobian matrices of each
iteration are defined as:

Ia) = 1a ® (Cpimyy @ Byiy) » (2.149)
T = I [IB ® (A[i] © C[i—l])] ) (2.150)
T =T [Ic ® (Byy o Ay, (2.151)
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where II, and II, are permutation matrices that put the entries in the right order. There are
several ways to calculate /1[21._1], and this has an important influence on convergence. Updates
of p and A2 are controlled by the gain ratio y as:

=Yy - Yy (YO -¥ (Ap[i_l]>)_1 , (2.152)

where Y (AP[z_u) is a second order approximation of Y (P[H] + Ap[i_1]>. The Levenberg-
Marquardt algorithm is summarized in Table 6.

Table 6 - Levenberg-Marquardt algorithm.
Levenberg-Marquardt algorithm for estimation of A, B and C

Input: tensor

Output: Estimated matrices A, B and C

1) Random initialization of By}, Cyy

2) Update the estimates A, B and C using Egs.(2.131)-(2.133) or Egs.(2.134)-
(2.136).

3) Update the gradient using Eq.(2.141).

4) Update Jacobians using Eqgs. (2.149)-(2.151).

3) Find the new direction as:

-1
— T 2
Ap[i] - [J[i]J[i] + /1[1']1] 8l (2.153)

4) Compute p;;, as Eq.(2.148).
5) Compute Y (Ap[i]) as Eq.(2.139).
6) Compute y as:

7 =Yy =Yy (YO - <Ap[i_1]>>_1 : (2.154)

-if y > 0, then P is accepted with:

/1[21.] = A[Zl._l] * max (%, 1-Qy— 1)3) and v =2. (2.155)

- stop
- otherwise, Py is rejected, then

Aly=vAL_, and v < 2v. (2.156)

7) Compute A, B and C from p;,,.
end
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2.6 Chapter summary

This chapter has provided some fundamentals of multilinear algebra, tensor de-
compositions and algorithmic backgrounds in multilinear algebra. All content presented
in this chapter provides the basic material that will be exploited throughout this thesis.
In the first part of this chapter, some notations were introduced. In the second and third
parts, we introduced some operations involving matrices, namely Kronecker and Khatri-Rao
products, SVD, KronF and KRF algorithms and their generalizations GKronF and GKRF
methods, respectively. In the fourth and fifth parts, we focused on presenting basic tensor
operations, tensor decompositions and some algorithms to estimate factor matrices in tensor
decompositions. These decompositions have been formulated in scalar, outer product and
mode-n product forms. In each case, the factorization of the tensor in matrix unfolding
form has been defined and the uniqueness conditions have been presented. Most algorithms
presented in this chapter are dedicated to estimate the factor matrices of PARAFAC de-
composition as ALS, gradient descent, LM, among others. Tensor decompositions are very
important in the contexts of application of this thesis, where they will be widely used in
MIMO communication systems.
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3 Semi-blind receivers for point-to-
point MIMO System with MKRST
Coding

In this chapter, the first original contributions of this work are presented. First, a biblio-
graphic review of existing tensor-based MIMO systems is presented in terms of coding. Then a
particular case of the multiple Khatri-Rao space-time (MKRST) coding is considered, where
the pre-coding matrix corresponds to a symbol matrix that is assumed known. MKRST coding
provides extra diversity due to multiple Khatri-Rao products of symbol matrices. Based on
this coding, a new point-to-point MIMO system is introduced. This system is modeled by the
PARAFAC decomposition, in which the MKRST coding is applied to the source to code the
signals to be transmitted.

By exploiting the tensor model of the received signals, five semi-blind receivers are derived
to jointly estimate the channel and symbol matrices. The proposed receivers are semi-blind
since we have no channel knowledge and one symbol matrix should be known, which contains
pilot symbols. Monte Carlo simulation results illustrate the impact of design parameters on the
system performance and the behavior of the proposed receivers in terms of symbol error rate
(SER) and normalized mean square error (NMSE).

3.1 Bibliographic review of tensor-based MIMO sys-
tems and codings

With the advance of the 5G wireless communication system, the development of
6G mobile network has attracted a great deal of attention in massive MIMO systems. 6G is
expected to advance the current wireless technologies, providing considerably enhanced
system performance. In terms of speed, 6G will likely use a higher frequency spectrum that
should be about 100 to 1000 times faster than 5G to improve the data rate [11, 71]. More
specifically, 6G networks will allow a hundred gigabits per second to terabit-per-second
links by making use of multi-band high-spread spectrum [11, 72]. Massive MIMO is a
core technology of 5G and will probably be the system that requests the most attention
in the development of 6G. For massive MIMO, a very large number of antennas is used
when spatially multiplexing several users, reducing the multi-user interference (MUI), or to
compensate for the path loss when higher frequencies than microwaves are used, such as
the millimeter-waves [10]. Massive MIMO systems provide performance gains in terms of
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reliability and security over the existing MIMO communication systems [73, 74]. However,
realizing many of these advantages in practice hinges on accurate estimation of the CSI,
which affects the performance of beamforming and decoding accuracy at the receivers [75].
For that, it is necessary to propose received signal models and receivers that allow estimating

the channel and its parameters with better precision.

During the last years, several tensor decompositions have been widely proposed for
MIMO wireless communication systems due to their capacity to exploit multiple diversities.
The main goal of diversity techniques is to exploit several copies of the information symbols
to be recovered at the receiver. This enables the mitigation of fading in wireless links and
hence, an increase of the reception reliability, which leads to a reduction of error rate [14,
76]. A way to impose diversity on the system is to apply coding techniques combined with
tensor decompositions to transmit the information symbols. Tensor-based MIMO systems
combined with matrix or tensor codings allow for improving link reliability as well as
jointly estimating the channel and the transmitted symbols by means of semi-supervised or
supervised receivers. They have the advantage of not requiring a priori channel knowledge,
but only a few pilot symbols are needed to eliminate scaling ambiguities inherent to each
particular tensor model. Moreover, tensor codings lead to natural tensor formulations of
transmitted and received signals, and consequently to tensor system models [14].

For improving the error performance in parameter estimation, a key idea is to jointly
exploit the system diversities. The diversity here corresponds to a set of techniques that aims
to enhance the quality of received signals in communication systems, providing a wireless
link improvement at a relatively low cost [77, 78]. When the diversity in MIMO systems is
exploited, it means that redundancies in the signal are created by exploiting the random
nature of the radio propagation in such a way that different and independent versions of
the same signal reach the destination. There are many ways to obtain diversity [12, 30,
31]. For example, spatial diversity can be found in wireless MIMO systems and consists
of transmitting independent data streams in parallel on multiple-transmit antennas and
can be used for increasing the transmission rate. The benefit from spatial diversity comes
from the redundancies in the transmitted signal, leading the receive antennas to possibly
obtain uncorrelated faded versions of the same signal increasing the probability of effective
reception of the transmitted information. Time diversity can be obtained by transmitting the
same symbols or data streams over multiple blocks, each symbol period corresponding to a
single channel use. The time spreading also can be obtained via coding where the information
is coded and dispersed in the time domain in different periods so that different parts of
the codewords experience roughly uncorrelated fading [63, 79, 80]. The frequency diversity
can be provided by the channels as is the case with frequency-selective and time-selective
channels, leading to frequency or multipath diversity and Doppler diversity, respectively.

Since the pioneering work [63], tensor models combined with coding schemes have
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been extensively used to model wireless communication systems, such as the point-to-point
MIMO communication systems [35, 55, 63, 81] and cooperative MIMO systems [17, 23,
33]. Tensor-based wireless communication systems can be classified according to the type
of system (code-division multiple access (CDMA), direct sequence CDMA (DS-CDMA),
OFDM, CDMA-OFDM, time division duplex (TDD), among others); type of coding (space-
time (ST), space-time-frequency (STF), multiple Kronecker product (KronST, MKronST),
multiple Khatri-rao product (KRST, MKRST), matrices/tensors); and type of tensor model:
PARAFAC [63], PARATUCK-(2,4) [55], PARATUCK-2 [82], generalized PARATUCK [35],
nested PARAFAC [16]. According to [55], also there are different ways of classifying cod-
ing schemes as the type of MIMO channel (flat fading/frequency selective/ time-varying
MIMO channels); the amount of CSI knowledge at the transmitter; and design criteria to be
optimized (i.e. tradeoffs to be achieved).

The use of these codings with tensor approaches for the design of MIMO wireless
communication systems, mainly in cooperative MIMO systems, has led to the development
of new supervised and semi-supervised receivers. Table 7 presents some coding schemes
that are combined with tensor approaches to model received signals.

Table 7 - Presentation of different codings.

Codings Transmission rate Dimension of  received signal
the received | tensor
signal
KRST [20] R/P PN XR nested-PARAFAC
ST [82] R/P M XN XP Paratuck-2
STF [83] R/FP FXMXN XP generalized
PARATUCK-2
TST [55] R/P MXNXPxJ PARATUCK-(2,4)
TSTF [35] R/PF M XN XF XxPxJ | generalized
PARATUCK~(2,5)
STM [84] R/P MXPXN block-PARAFAC
MKRST (R > Nl> /(PTI., Nl> PN xR PARAFAC
[33]
L L
MKronST (2 . NlRl) / (P 1., N,) PN xR PARAFAC
[33]
particular case (R ZzL—z N, z) / (N1 HIL=2 N z) N XR PARAFAC
of MKRST [81] -

Regarding Table 7, it is important to note that all these coded signals consider one
symbol matrix associated with a coding tensor/matrix or an allocation tensor/matrix to
transmit the symbols except for [33] and its particular case [81], that considers more than
one symbol matrix to be transmitted. The combination of coding matrices/tensors or allo-
cation matrices/tensors improves the space diversity because creates redundancy of each
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transmitted symbol, improving the estimation at the receiver. The received signal model of
the system depends on the coding used to encode the symbols. Depending on the system, it
is necessary to know one symbol or even more to eliminate scaling ambiguities.

3.2 Proposed system model

Let us consider the point-to-point MIMO wireless communication system presented
in Figure 8, where H € CX*R is the channel matrix with K receive antennas and R transmit
antennas and S € CM*® consists in a multiple Khatri-Rao product of L symbol matrices,
where each symbol matrix being formed of R data streams composed of N; symbols each, to
be multiplexed by R transmit antennas. The symbols are encoded at the transmitter. Sections

3.2.1 and 3.2.2 describe the coding used and the model of the received signals, respectively.

I Y
Tx |+ -| Rx
S » . y > X
NXR _T —}T_ KXN{X..XNy.
R H K
KXR

Figure 8 - Block diagram of the point-to-point MIMO systems.

3.2.1 MKRST coding

This section presents the coding used at the transmitter, which is called multiple
Khatri-Rao space-time (MKRST) coding [33]. In this case, we consider a particular case of
MKRST coding, where the pre-coding matrix corresponds to a symbol matrix that is assumed
to be known. This coding provides extra diversity due to multiple Khatri-Rao products of the
symbol matrices, by jointly adding time and space spreadings [81]. It consists in a multiple
Khatri-Rao product of L symbol matrices s” € CN*R | € {1, L}, each one being formed of R
data streams composed of N; symbols each:

S=ol SP285Wo o8P e Mk, (3.1)

where N = Hlel N,. The scalar writing of (3.1) is as follow:

L

Sur = | [ s\ n €{LN}, r€{L,R}, (3.2)
=1
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with n = n{” + (niL__ll) - 1) Np+ -+ (nil) - 1) HIL=2 N,, where nl(l) € {1, N;} denotes the
index n; in sﬂl),r. This writing (3.2) highlights the way to compute each element of the multiple
Khatri-Rao product matrix S.

3.2.2 Point-to-point MIMO system

In the noise-free case, the received signals are obtained by transmitting the coded
signal matrix (3.1) through the wireless channel H € C*¥*® which gives a standard system
model as:

X = HS" € CKN, (3.3)

where H is the channel matrix drawn from a Gaussian distribution and S is the symbol
matrix. The symbol matrix S is coded at the transmitter by the MKRST coding (3.1) which
provides extra diversity due to the multiple Khatri-Rao product of the symbol matrices. The
received signal in (3.3), can be written in a scalar form as:

R
Xkn = Z hk,rsn,r’ (34)
r=1

with k € {1,K}, r € {1,R} and n € {1,N}, such that n = n(LL) + (n(LL__ll) - 1) Np+ -+
(ngl) — 1) l_LL:2 N;. Substituting (3.1) in (3.3), leads to the received signals written in terms
of mode-1 unfolding:

Xkxn,..N, = H(S(l) .0 S(L))T, (3.5)

where N = N;...N;. The received signals form a tensor that satisfies a (L +1)-order PARAFAC
model with rank R given by:

X =T % Hx, S x5 x4, SP, (3.6)

where ¥ for | € {1, L} are the symbol matrices coded by the MKRST coding and X €
CEXNx-XN. From (3.3)-(3.6), we can conclude that the tensor of received signals satisfies
an (L + 1)-order PARAFAC model, as illustrated by means of the blocks diagram in Figure
9. Note that the first block represents the transmitted symbols coded by the particular case
of the MKRST coding, the second block is the channel matrix, the third block presents
the received signal tensor and the fourth block corresponds to the estimated symbols and
channel by using the proposed receivers presented in next sections.

Let us consider S known and § = olLZZS(D € CNo® being the symbol matrices
that we must estimate, with N, = HIL:2 N;. Combining modes 3 to L + 1 of XX results in
contracted form X, € CX*N*Ne and the expression (3.6) can be rewritten as:

xc = ‘73,R Xl H XZ S(l) X3 S(C). (3.7)
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&0
L (l) receivers A
S S > H —» X [ecp H
Transmitted Channel Received forl € [1,L]
symbols signal tensor Estimated
Symbols and

channel

Figure 9 - Block diagram of the system represented by a (L + 1)-order PARAFAC model.

Based on the contracted third-order PARAFAC model (3.7), it is easy to deduce the
following matrix unfoldings of the tensor X:

T

XK><N1NC =H (S(l) o S(C’)> = CKXNlNc’ (38)
T

Xy v = S (s@ o H) € CNXNK (3.9)
T

Xyoicn, =S (Ho ") € ChokM, (3.10)

For MKRST coding, five semi-blind receivers are presented for channel and symbol
matrices estimation. The receivers are considered semi-blind since the symbol matrix s® s
assumed to be known at the receiver.

3.3 Semi-blind receivers

In this section, we exploit the tensor model of the point-to-point MIMO system
presented in Subsection 3.2.2 to develop five semi-blind receivers to jointly estimate the
symbol matrices and the channel. The first three receivers are closed-form solutions based
on LS estimation of the Khatri-Rao products (KRF) and THOSVD methods. The last two
receivers are iterative algorithms based on the ALS method. The estimation of the unknown
parameters in a unique way is related to the uniqueness properties of the involved tensor
methods. The PARAFAC model is unique up to scaling ambiguities when one of the matrices
is known (see Theorem 1, Subsection 2.5.5). Here, we assume that the pilot symbol matrix
S™ is known. Following, for the purpose of simplicity, the equations are derived from the

noiseless case.

3.3.1 Receivers based on Khatri-Rao product

In this section, three semi-blind receivers are presented to estimate the channel and
symbol matrices. From the 3-mode matrix unfolding (3.9) we deduce the LS estimation of
the Khatri-Rao product as:

o T
[<Sﬂ)) XMXNCK] = $© 6 H € CNK=R, (3.11)
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+
where (S(l)> is the pseudo-inverse of s, Considering two symbol matrices being transmit-
ted such that S© = 8@ ¢ §® & CN:NXR e have:

+ T
Z=5%68% 6 H € CN:NKXR = [(S(l)) XleN2N3K] : (3.12)

where N, = N,N;. From Eq.(3.12) we can formulate four receivers based on the Khatri-Rao
product. KRF, KRF-KRF, THOSVD and Rank-one ALS receivers are described in the next

section.
Identifiability condition and ambiguities relations
For computing the pseudo-inverse in Eq.(3.11), one condition is required to ensure

the uniqueness. S must be left-invertible, i.e., it must be full column rank,

R<N,. (3.13)

For KRF, KRF-KRF, THOSVD and rank-one ALS receivers presented in this section,
the unknown parameters are affected by the following ambiguities:

§¥ = sPp0,

~(3)

§7 =SPYA®, ADAGA® =1, (3.14)
H = HA®.

The scaling ambiguities of S(Z) and S(s) can be removed by assuming the prior knowl-

S(Z) S(3)

edge of one row of " and S*”, respectively, where the first row is formed by 1’s. The elements

of AY, with | € {2, 3} are:
A0 =g (3.15)

- P1re
X0
Slr
corresponds to a matrix with the elements /15” on the main diagonal. Thus, to eliminate the

() . )
where §,’ are the elements of the first row of S, for r € {1, R}. The scaling matrix A®

scaling ambiguities on the estimated parameters, we use the following equations:
g0 _, gV (Am)—l, - A (AQAD). (3.16)

3.3.1.1 KRF receivers

Based on the KRF algorithm (Table 2), we present two semi-blind receivers. The first
one is based on the GKRF algorithm summarized in Subsection 2.3.3.1, and the second one
is based on the KRF algorithm in two steps.

KRF receiver
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The receiver proposed in this section uses the GKRF algorithm described in Subsec-

tion 2.3.3.1 to estimate the channel and symbol matrices in Eq.(3.12) as,

¥ T
Z=S%0S® 6 H € CNNKR = [(S(D) XleNzNaK] . (3.17)

To estimate S and H we consider respectively:
Z=S?oBY, (3.18)
Z=B?¢H, (3.19)

Note that B = $® o H and B® = $® ¢ S®. To estimate S® and H in (3.18) and
. . . . . . (3)
(3.19), respectively, we apply the KRF algorithm described in Table 2. For estimating S, we

permute the rows of (3.12) as:
Zgo = (Ty,y, ® ) Z=S" 0S¥ o H, (3.20)

Zg =S¥ o BY, (3.21)

where B® = S? o H and ITy, v, is defined in expression (2.32). From (3.21) we apply again
the KRF algorithm that allows us to estimate S®. The final estimated symbols are obtained

after a projection onto the finite alphabet. The KRF receiver is summarized in Table 8.

Table 8 - KRF algorithm for estimating the channel and the symbol matrices.

~
N

KRF algorithm for estimating §(2), S® and H.
Input: matrix X, sW and R.
Output: Estimated matrices S, $® and H.

1) Calculate the LS estimate Z defined in (3.12).

2) Estimate S(z) from (3.18) by means of the KRF algorithm in Table 2, where
s® corresponds to D.

3) Estimate H from (3.19) by means of the KRF algorithm in Table 2, where
H corresponds to E.

4) Permute the rows of (3.12) as (3.20).

5) Estimate S(S) from (3.21) by means of the KRF algorithm in Table 2, where
s® corresponds to D.

6) Eliminate the scaling ambiguities using (3.15)-(3.16).
7) Project the estimated symbols onto the finite alphabet.

KRF-KRF receiver

The receiver proposed in this section uses the KRF algorithm summarized in Table 2
in two steps to estimate the channel and symbol matrices in Eq.(3.11). To estimate S and
H consider:

Z=S%oH. (3.22)
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First we apply KRF algorithm (Table 2) to estimate S and H. After, in the second

step we apply again the KRF algorithm to separate the symbol matrices S® and S¥, such
that:

S© = 8@ 8™, (3.23)

Note that the KRF-KRF receiver has an error propagation that can affect the estima-
tion of $?, 8. The KRF-KRF receiver is summarized in Table 9.

Table 9 - KRF-KRF algorithm for estimation of the channel and symbol matrices.
KRF-KREF algorithm for estimating §(2), $® and H.
Input: matrix X, sW and R.
Output: Estimated matrices §(2>, $® and AL

Step 1) KRF algorithm
1) Calculate the LS estimate Z defined in (3.12).

2) Estimate $© and A by means of the KRF algorithm in Table 2.

Step 2) KRF algorithm

3) From §(C), estimate §? and §© by means of the KRF algorithm in Table 2.
4) Eliminate the scaling ambiguities using (3.15)-(3.16).
5) Project the estimated symbols onto the finite alphabet.

3.3.1.2 THOSVD receiver

In this section the truncated HOSVD (THOSVD) algorithm is presented to directly
and jointly estimate the channel and symbol matrices, using a closed-form solution based
on the THOSVD algorithm. Let us consider Eq.(3.12) and Definition 2, Z can be defined as a
Kronecker product in columns such as:

Z=|s?®sY®H, .. S§®SY@H, |eCwox, (3.24)

where ¥ € €, 8% € C™, H, e CX represent the column vectors of the matrices S,
S(3), H, respectively, with r € {1,R}. From Eq.(3.24) we define each column r as a rank-one
tensor such that:

2, = SPoS¥PoH , € CNINXK, (3.25)

The factor matrices can be estimated by calculating the rank-one approximation for
each column (r = 1, ..., R) through the THOSVD algorithm. It consists of taking the HOSVD
on the Eq.(3.25), which corresponds to calculate the SVD of its matrix unfolding for each r
as: .

[Z, ]y = UVEVIT =87 (sP @ H,) (3.26)
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A(3 T
[ZV]N3><KN3 = U§2)z£2)V§2)T = S.(r) (H,r &® S,(rz)) , (3.27)

T
Z )y, = UV =11, (sP @57 . (3.28)

Each column of each factor matrix corresponds to the first left singular vector cal-
culated for each n-mode matrix unfolding of r tensors Z,. The estimated matrices are con-

structed as:

(), - (o), ]ecr o
g =[ (U(P).1 (Ug)).l ]e CNXR (3.30)
a=[ () . (W) |eco, (331)

where (Uﬁ”)) is the dominant left singular vector for the n-mode matrix unfolding. Note
that KRF and'lTHOSVD are equivalent from a computation point of view. The difference lies
in the fact that for the THOSVD receiver Z is reorganized as a tensor of rank-one Z, for each
r to then estimate the matrices, while the KRF considers the matrix Z and the permutation
between matrices to make the estimation. The THOSVD receiver is summarized in Table 10.

Table 10 - THOSVD algorithm for estimation of the channel and symbol matrices.
THOSVD algorithm for estimating §(2), §(3) and ﬁ
Input: matrix X, sW and R.
Output: Estimated matrices §(2), §(3) and ﬁ

1) Calculate the LS estimate Z defined in (3.12).

forr € {1,R}

2) Build the rank-one tensor Z, of size N, X N; X K from Z.

3) Compute the SVD of each n-mode unfolding of Z,, and calculate the esti-
mates S(z), §” and H as Egs.(3.29)-(3.31).

end

4) Eliminate the scaling ambiguities using (3.15)-(3.16).

5) Project the estimated symbols onto the finite alphabet.

3.3.1.3 Rank-one ALS receiver

In this section rank-one ALS algorithm is presented for the estimation of the channel
H and symbol matrices S and S®. Rank-one ALS receiver is based on the ALS algorithm
presented in Table 4. From Eq.(3.12), we define each column r of Z as a rank-one tensor
in Eq.(3.25) and estimate the matrices calculating the rank-one approximation for each

column.
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The factor matrices can be estimated through the rank-one ALS algorithm calculated
for each tensor Z,. The optimization problem to be solved is:

. 2 3
Jin || 2, = $PoS Vo, |7, (3.32)
s4r ’S.r ’H.r

with respect to S(r2 ), S(f ), H,, for r € {1, R}. The rank-one ALS method replaces the optimiza-
tion problem (3.32) with three LS sub-problems, leading to the alternate minimization of
the following LS criteria:

T

§?  2g® .
HmégK Il [Z ]KXNst - H.r( 11 ® S, 1]) ”F_) H, ;) (3.33)
! ©)
. ) .
min || [Z, ]y .k — st )< . ®Hr[l> 12— 87 (3.34)
S, eCM
i 7z _s9(a,, @8 0 s
(g)nln ”[ V]N3><KN r[l]® r[l] || - i) ( . )
S, eCNs

where [Z,]p, v ns [Zr]y wv,x a0d [Z,]y ,xy, are the 1-mode, 2-mode and 3-mode matrix

unfolding of Z,. The rank-one ALS method solves the three LS sub-problems (3.33)-(3.35)
A A2 A(3

for each r to obtain the matrices H, S( ) and S( ). The updates are:

[ T
A ~2) ~(3)
H.r[i] = [ZF]KxN2N3 <S.r[i—1] ® S.r[i—l]) ] s (336)
@ ¢ al
A2 3
S-”[i] = [ZV]Nsz3K ( Tli=1] ® H l]) ] ’ (3.37)
_ ¥
~3) A(2)
S = [Zr]N3><KN2 [( il @S, z]) ] . (3.38)

For the updates we have:

%
(2) A3
( rli—-1] ®Sr[z 1])

H ., = [Z ] gn,n, A<2> X (3.39)
IS oy 1301 S iz 113
@ :
o) ( u® Hg )
S = [Zr ]y pxv,e — e X (3.40)
” rli—1] ” ” Hr[z ”
A(2)
L (mes)
S.r[i] = [Zr]N3><KN Re) (341)

” Hr[L ” ” Sr[z ”2
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The error at the [i]"" iteration is considered for deciding the convergence of the
rank-one ALS algorithm:

(2) ~(3)
erryy =l [Z, Jgxn,n, — H.r[i]( A ® Sr[l]) 2 . (3.42)

Convergence at the [i]*" iteration is declared when this error does not significantly
change between two successive iterations, i.e., |err|_;; — erry;| < &, where ¢ is a predefined
threshold.

Proof. For Egs.(3.39)-(3.41) let us consider a full-row rank matrix D € CM*V its right
pseudo-inverse is given by:

-1

p' = D" (DDH) . (3.43)

Note that the Khatri-Rao product is the column-wise Kronecker product and since

D ,, is a column vectors, we can rewrite Eq.(3.43) as:

[(D.m)T]T - D}, (Dﬂ,LD*)_1 . (3.44)

T
By replacing (D,,)" by <S(r2 '® S(f )> in Eq.(3.36):

[(S(Z) ® S( ))T] (S ® S( )) [(S( ) ® S( ))T(S(Z) ® S(S)) ] (3.45)
Using properties 1 and 2 (Egs.(2.3)-(2.4)) we have:
[ (S(z) ® S(S))T] <S(2) ® S(3)> [ (A(Z)T (2)* A(3)T g )]
(S(Z) ® SB))
CusY s e

Identifiability conditions and ambiguity relations

As Rank-one ALS is based on Eq.(3.11), then only one condition is required to ensure
the uniqueness, where s® must be left-invertible, i.e., it must be full column rank,

R<N,. (3.47)

Note that the identifiability condition is always satisfied for a row. Moreover, for the
factors estimated through the rank-one ALS receiver, there are implicit scaling ambiguities.
The relation for the scaling ambiguities is similar to the relation presented for the KRF and
THOSVD receivers in Egs.(3.15)-(3.16). These ambiguities are eliminated by assuming a
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priori knowledge of the first row of each matrix S(l), for | € {2, 3}, where these rows are
formed by 1’s.

This process continues iteratively until some convergence criterion is satisfied. The
rank-one ALS receiver is sub-optimal with respect to the ALS receiver presented in next
section. The rank-one ALS receiver is summarized in Algorithm 11.

Table 11 — Rank-one ALS algorithm for estimation of the channel and symbol matrices.
Rank-one ALS algorithm for estimating §(2), $® and 1.
Input: matrix X, Ss® and R.
Output: Estimated matrices §(2), $® and A

1) Calculate the LS estimate Z defined in (3.12).

forr € {1,R}

2) Build the rank-one tensor Z, of size N, X N5 X K from Z,.

3) Initialization of S(rz[)o] and S(f[)o] with symbols randomly drawn from the
alphabet. ' '

4) Update the estimates of S? s® and H using Eqgs.(3.39)-(3.41).
5) Calculate the error (3.42) and |err;_;; — erry|.

-if |err;_y) —erry| < 6 or i = maximum number of iterations.

- stop

-elsei —» i+ 1.

end

6) Eliminate the scaling ambiguities using (3.15)-(3.16).

7) Project the estimated symbols onto the finite alphabet.

3.3.1.4 ALS receiver

The ALS algorithm is used to jointly estimate the symbol matrices (S(Z), S®) and the
channel (H) and results from the minimization of the following LS criteria:

. 1 ) 3

where S” is considered known. The ALS method replaces the optimization problem (3.48)
with three LS sub-problems leading to the alternate minimization of the following LS criteria:

T
. @ . a® a3 5 ~
L | Xgxn,n,n, — H (S o SiZ1 oSz ) = Hy, (3.49)
® r @
. 2 [ a A 1 A
min | Xn,xnsxn, — s? (S[i—l] o Hyp ¢ s )> 17— Spp» (3.50)
S ECNzXR
, ® (Q W, @Y 12 &?
min || Xy, xkn,n, — S (H[i] oS o S[i]> lz— Sp- (3.51)

S eCN3xR
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The update equations at iteration [i] are given by:

;
T
A NE)
Hjj = Xgun,n,n, [(S(l) S[l 1]) ] ) (3.52)
1t
g? M
S[l] - XN2XN3KN1 1] < H [i] < S ) (353)
¥
a® A Ne))
Siij = Xnpxkmn, [(H[i] osWo Sm) ] : (3.54)

The error at the [i]"* iteration is considered for deciding the convergence of the ALS
algorithm:

1 ~2) A3
errp =l Xisv,n,n, — Hpg (S( 'o oSy © S[z]) II2 . (3.55)

Convergence at the [i]*" iteration is declared when this error does not significantly
change between two successive iterations, i.e., |err;_;) — errp;| < 8, where & is a predefined
threshold.

Identifiability conditions and ambiguity relations

In the case of the ALS algorithm, for the uniqueness of the pseudo-inverse, the

T T T
~A(3 A ~(3 A A ~(2
matrices (S( ) oHo S(l)) , (S( ) oHo S(D) and (H o8P o S( )) must be full-row rank,
ie.,
R < min (N,N,N;, N;KN;,KN,N,). (3.56)

For the scaling ambiguities, the relations are similar to the previous algorithms and
they are presented in Egs.(3.15)-(3.16). We assume a priori knowledge of the first row of
matrices S and S© ), where these rows are formed by 1’s. The ALS receiver is summarized
in Table 12.

3.3.1.5 Zero-forcing-KRF receiver with perfect channel knowledge

To evaluate the impact of the design parameters on the system performance, we
use the zero-forcing (ZF)-KRF receiver, which assumes perfect channel knowledge. This
algorithm is called ZF-KRF because it has a second step called KRF. At this step, symbol
matrices are estimated using the KRF algorithm. The ZF-KRF receiver is derived from
Eq.(3.10) and given by:

T
Xy iy, = SO <H os") e chokN, (3.57)

where S = S® 6 8. The LS estimate of S is obtained using (3.10), with H replaced by
the true channel H, which gives:

T
§? 6 8® = ) [(Hos“)) ] . (3.58)
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Table 12 — ALS algorithm for estimation of the channel and symbol matrices.
ALS algorithm for estimating $? 8% and A.
Input: matrix X, Ss" and R.
Output: Estimated matrices §(2), $® and A

i=0

1) Initialization of S% and S% with symbols randomly drawn from the alpha-

bet and s = 1, for I € {2, 3}.

2) Update the estimates of s@ 8% and H using Egs.(3.52)-(3.54).
3) Calculate the error (3.55) and |erry;_;) — errp|.

-if |err;_;) —erryy| < 6 or i = maximum number of iterations.

- stop

-elsei —i+1.

4) Eliminate the scaling ambiguities using (3.15)-(3.16).

5) Project the estimated symbols onto the finite alphabet.

S(Z) S(3)

Then, the symbol matrices and are estimated using the KRF algorithm sum-

marized in Table 2.

Identifiability conditions and ambiguities relations

T
In the case of the ZF-KRF receiver, for the uniqueness of the pseudo-inverse, (H o S(l))

must be full row rank,i.e.,
R < N/K. (3.59)

The relations for the scaling ambiguities are similar to the previous algorithms
presented in Eqs.(3.15)-(3.16). To find the scaling ambiguities, we assume a priori knowledge
of the first row of the symbol matrix S(z), where this row is formed by 1’s.

Table 13 summarizes the necessary conditions for parameter identifiability with
each receiver. Note that the identifiability conditions of the KRF, KRF-KRF, THOSVD and
rank-one ALS receivers are the same because these receivers consider Eq.(3.12) to estimate
the symbol and channel matrices. Regarding the ALS algorithm note that the identifiability
conditions differ because the ALS receiver considers the LS criteria (3.48) to estimate the
symbol and channel matrices such that S is replaced by the Khatri-rao product of S® and
S®. In both receivers the symbol matrix S is considered known.
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Table 13 - Identifiability conditions for the receivers.

Receiver Identifiability conditions

KRF R<N,

KRF-KRF R <N,

THOSVD R<N,

Rank-one ALS R<N,

ALS R < min (N,N,N;, N;KN,,KN,N,)
ZF-KRF R <N K

3.3.2 Computational complexity

In this section, we compare the computational complexity of the proposed semi-blind
receivers in terms of FLOPS (Floating-point Operations Per Second), considering the most
expensive matrix operation is the SVD whose complexity is O (IJmin(I,J)) for a matrix
A € C™. The complexities are evaluated taking the identifiability conditions into account.

Computing the HOSVD of an N-order tensor X € Ch*-*IN requires N SVDs of
I, x1,,,..IyI...I,_; matrices, for n € {1, N}, inducing the following overall computational
complexity O <(Z§=1 I,) ngl I q> ifI, < HI; _n1q- In particular, the complexity of the KRF
algorithm described in section 2.3.3 for estimating the symbol matrices and the channel is
@) (I(R(ZlL=1 N)) HZ=1 N q>. To compute the PARAFAC decomposition of an N-order tensor
X of size I, X ... X Iy and assumed to be of rank R, using the ALS algorithm, requires to

compute N LS estimates, which needs to pseudo inverse qu\r n I, X R matrices, forn € {1, N},

and induces the overall computational complexity O (R2 Zle(r[]qv il q)), at each iteration.
See [69] for more details.

In Table 14, the computational complexities of the receivers are compared, i.e., the
KRF, KRF-KRF, THOSVD, Rank-one ALS and ALS algorithms. The complexity of the KRF,
KRF-KRF and THOSVD is lower than that of the Rank-one ALS and ALS because they must
be multiplied by the number of iterations needed for convergence, which explains why the
computation time with the closed-form solutions (KRF, KRF-KRF and THOSVD algorithm)
is generally lower than with the iterative Rank-one ALS and ALS algorithms.
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Table 14 - Computational complexity of the KRF, KRF-KRF, THOSVD, Rank-one ALS and ALS

receivers.
Algorithms Computational complexity
KRF O (R?N,) + O (2R(Zf:2 NI, NqK)
KRF-KRF 0 (R?N,) +O (RN,K) + O (R(Zf=2 NI, Nq)
THOSVD O (R*N,) + 0O (((ZLZ NI, Nq>2 K) +0(KR(Z,_,N) IT,_, N,)
Rank-one ALS | O (RN,) +0 (R(X,_, N) IT,_, N, + N:K + KN,
ALS 0 <R(Nf((ZlL:2 N) 1‘[2:2 N, + N3NZK® + NfN§K3))

3.4 Simulation results

In this section, we evaluate the performance of the proposed point-to-point MIMO
system and associated receivers. First, in Section 3.4.1, the simulations and the considered
performance criteria are presented. In Section 3.4.2, the impact of design parameters on
symbol error rate (SER) is studied considering the ZF-KRF receiver. Finally, in Section 3.4.3
the proposed semi-blind receivers are compared in terms of SER and channel normalized

mean square error (NMSE).

3.4.1 General description of the simulations

The noisy received signals tensor ¥ is simulated as:
y — xc + av (= CNCXNIXK’ (360)

where X, contains the noise-free received signals obtained by means of (3.7), and V is the
additive noise tensor whose entries are zero-mean circularly-symmetric complex-valued
Gaussian random variables, with unit variance, and a allows to fix the signal-noise ratio
(SNR) calculated as:

I 2. Mg
SNR = 20log——<~1 (3.61)
all Vg
X
which gives o = wlow R/20 At each Monte Carlo run, the entries of the channel H €
F

CK*R are drawn from a Gaussian distribution with variance % and the symbols of s® e N ¥R
for I € {1, 3} are randomly generated from the 64-QAM (quadrature amplitude modulation)
alphabet with a uniform distribution. As mentioned before, the symbol matrix s e CNixR
is assumed known throughout the simulations. The number of transmit antennas R, the
number of receive antennas K and the number of symbols per data stream N,, with | € {2, 3}
are varied to evaluate the performance. The performance criteria, plotted versus SNR, are
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calculated as: X

1
NMSE(H) = —
=357 2 I L, 17

m=1

, (3.62)

where H,, is the channel matrix H,, estimated at the m'" run. The SER and NMSE are
calculated by averaging the results over M = 10* Monte Carlo runs, after truncating the 5%
worse and 5% better values to eliminate the influence of ill-convergence and outliers.

The transmission rate T in bits per channel is given by [76]:

nS
T = —log, (W), (3.63)
Ps

where ng corresponds to the number of unknown symbols in the matrix S, n,, is the number
of symbol periods and u denotes the number of constellation points. Then, the transmission
rate is:

_R (DN - L)
N, HILZZNI

Note that increasing the number of data streams/transmit antennas R in the symbol

T

log, (1) (3.64)

matrix S* induces an increase in transmission rate T, while increasing the number of
unknown symbols N, induces a decrease in transmission rate.

For bit rate note that as the number of symbols increases, more data bits are trans-
mitted per symbol. For example, 32-QAM is a QAM scheme with 32 symbols, and 64-QAM
is a scheme with 64 symbols. 64-QAM conveys 6 bits per symbol (as 64 = 2°), so achieving
twice the data rate of 8-QAM for the same symbol rate. The bit rate is given by:

T

B=—
Ty

(3.65)

where T corresponds to the transmission rate in Eq. (3.64) that represents the number of
bits transmitted according to the modulation and T} is the bit time in seconds. Then,

R(X N —L)

L
Nl HlZZNl

1
B log, (u) T (3.66)

3.4.2 Impact of design parameters

In this section, we evaluate the SER performance of the proposed system under
perfect channel knowledge. In this case, the ZF-KRF receiver is applied to estimate the
transmitted symbols by means of Eq.(3.58). The design parameters used for the simulations
are provided in Table 15 and the corresponding transmission rates are given in Table 16.

Figure 10 shows the impact on the SER for different numbers of symbols per data
stream: N, = N; € {4, 8, 12}. Note that SER(S) corresponds to the mean of the SERs calcu-
lated for each symbol matrix. From these simulation results, it can be concluded that the
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Table 15 — Parameters for the simulations.

| Figures ' Impact of | Parameters |

Figure 10 numbers of symbols per | N, =K =4;R=2N, =N, € {4,8,12}
data stream

Figure 11 numbers of data stream | N; = 10; K = 4;N, = N; = §; N; =
and transmit antennas | R € {4,6, 8}

Figure 12 numbers of receive an- | N, = 4, R = 2; N, = N; = 8§;K €
tennas {4,6,8}

Figure 13 different configurations N, =4,R=2;K =6; N, = 4; N; =12
for N, and N,

Figure 14 m-QAM N, =4R =2;K =4;N, = N; = §;

m € {4,8,16,32, 64}

Figures 15-16 | Comparison of the N, =4, R=2;K=4;N,=N;=38
proposed semi-blind
receivers

SER is improved when the number of symbols increases, which implies an increase in coding
diversity, since N,Nj; is a dimension of the contracted form Y. of the data tensor, which is
not the case for R. As the number of symbols increases, the transmission rate decreases as
shown in Table 16.

Table 16 - Transmission rates for different configurations.

Figures Parameters Transmission rate
(bits per channel)
Figure 10 N, =N, € {4,8,12} T =1.125;0.656;0.458
Figure 11 R e {4,6,8} T = 0.525;0.787;1.05
Figure 12 K €{4,6,8} T = 0.656
Figure 13 N, =4;N; =12 T = 0.875
Figure 14 m € {4,8,16,32, 64} T = 0.218;0.328; 0.437;0.546; 0.656
Figures 15-16 Comparison of the proposed | T = 2.906
semi-blind receivers

Figure 11 compares the SER for three different data stream numbers/ transmit an-
tenna numbers: R € {4, 6, 8}. Note that increasing R implies an increase of the number of
symbols to be estimated, without increasing the number of data in the tensor Y. for perform-
ing the symbol estimation, thus inducing a degradation of the SER, while the transmission
rate increases (Table 16).

Figure 12 shows the impact on the SER for different numbers of receive antennas:
K € {4, 6, 8}. From these simulation results, it can be concluded that the SER is improved
when the number of receive antennas increases, which implies an increase of coding diversity
since K is a dimension of the contracted form Y. of the data tensor, while the transmission
rate remains the same as shown in Table 16.
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Figure 10 - Impact of numbers of symbols per data stream.

SER(S)

-10 0 10 20 30
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Figure 11 - Impact of numbers of data streams and transmit antennas.

In Figure 13, the simulation results compare the SERy;,;,; With the individual SERs
for S and S(3), when N, = 4, N; = 12 and R = 2. For this configuration, the Khatri-Rao
product between S® and 8 induces a greater diversity for S® than for S®, due to the fact
that each symbol of s? is repeated 12 times while each symbol of s® is repeated only 4
times. That implies a SER smaller for S® than for S.

Figure 14 compares the SER obtained with five different modulations m-QAM, m €
{4,8,16, 32, 64}. As expected, the SER performance is better when the 4-QAM is considered,
because decoding with 4-QAM is easier than with the other modulations. On the other hand,
the transmission rate for 4-QAM (see Table 16) is less than 64-QAM, because 4-QAM has a

lower diversity of elements.
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Figure 12 - Impact of numbers of receive antennas.
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Figure 13 - Impact on the SER of individual symbol matrices.

3.4.3 Comparison of the proposed semi-blind receivers

In the next experiments, we compare the SER and NMSE obtained with the proposed
semi-blind and ZF-KRF receivers. First, the results are presented in terms of SER (Figure
15), then, we compare the performance of semi-blind receivers in terms of channel NMSE
(Figure 16). For these simulations, the design parameters are fixed with the following values:
N,=N;=8,N,=K=4,andR = 2.

From Figure 15, we can conclude that the THOSVD, KRF and KRF-KRF provide
a better SER performance related to ALS receiver. That is due to the closed-form solution
of these receivers allowing to jointly estimate the channel and symbol matrices, while the
ALS is an iterative algorithm. Comparing the THOSVD, KRF and KRF-KRF solutions to
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Figure 14 - Impact of modulation (m-QAM).
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Figure 15 - SER comparison with KRF, KRF-KRF, Rank-one ALS, THOSVD, ALS and ZF receivers.

the Rank-one ALS receiver, note that the SER performance for the three receivers is a little
better than for Rank-one ALS. This is because these algorithms have all closed-form steps,
while the Rank-one ALS algorithm only has the first step in a closed form where the second
is iterative. Considering rank-one ALS and ALS algorithms, note that the first is better than
the second one because in this receiver the problem is solved for each vector and not for
each matrix as for the ALS algorithm.

In Figure 16, the channel NMSE results are plotted. The results presented demonstrate
that KRF, KRF-KRF and THOSVD receivers have the best performance among all receivers.
This happens because these three receivers are closed-form, while rank-one ALS and ALS
algorithms are iterative. Note that the KRF and THOSVD have better performance than
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Figure 16 - Channel NMSE comparison with KRF, KRF-KRF, Rank-one ALS, THOSVD and ALS
receivers.

KRF-KRF due to the propagation error implicit in KRF-KRF algorithm. And rank-one ALS
receiver has better performance than the ALS receiver. This is because, in rank-one ALS, the
problem is more subdivided into smaller sub-problems where the matrices are estimated
column by column on each iteration, while the ALS estimates the complete matrices on

each iteration.

In Table 14, a comparison of the complexities of KRF, KRF-KRF, THOSVD, rank-one
ALS and ALS receivers is provided. Based on this table we can define the ratios O,, O,, O,
0,, Os and Og, which expresses how many times one algorithm is more computationally
demanding than another algorithm, such that:
0]
.0, = KRF

B OI{RF—KRF .
demanding than KRF-KRF algorithm;

: expresses how many times KRF algorithm is more computationally

0]
0, = —THOSVD . expresses how many times THOSVD algorithm is more computation-

OKRF. .
ally demanding than KRF algorithm;

@)
0O; = _—THOSVD . expresses how many times THOSVD algorithm is more computa-

. Orank—oneAL§ .
tionally demanding than rank-one ALS algorithm;

Orank—oneaLs . : :
« 0, = ———"~—: expresses how many times rank-one ALS algorithm is more com-

. OKRF . .
putationally demanding than KRF algorithm;

o)
A% . expresses how many times ALS algorithm is more computationally

. 05 =
OT.HOSVD .
demanding than THOSVD algorithm;
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0)
« Oy = —2% . expresses how many times ALS algorithm is more computationally
Orgnk—oneALS .
demanding than rank-one ALS algorithm.
Each ratio above can be defined as:

L L
RN, + 2R(Z, , N) TT,_, NoK

0]
0, = 5 KRF _ _ L - , (3.67)
KRF-KRF  R2N, + RN,K + R(Zl=2 Ny) Hq=2 N,
L L 2 L L
Ornosvp RN, + ((lez Ny quz Nq) K+ KR(ZZZZ N Hq:2 Ny
0 _ ‘ i . (3.68)
Okrr R2N, + 2R(Zz=2 N Hq:Z N.K
L I 2 L L
Ornosvp RN, + ((lez Ny quz Nq) K+ KR(ZZZZ N Hq:2 Ny
o - _ . i . (3.69)
O, ank—oneaLs R2N, + [, (R(Zl=2 N) Hq=2 Nq +N;K + KNZ)
2 ; L L
Orank—oneALS RNy +1i (R(Zl=2 Nl) Hq:2 Nq + N3K + KNZ)
0, = (o) - L L ’ (3.70)
KRF RNy +2R(3, L, N) T, NoK
. L L
0 b (RNH(E, ND T, NoY + NiNGK® + NINGK)
Os=g = —= — - GV
THOSVD L L k t
R2N, + ((Zl=2 N)) Hq=2 Nq) K + KR(ZZ=2 N)) Hq:Z N,
. L L
O B[RO N TT, N + NiNIE + NiNIK)
0, = . ALS _ - q . (3.72)
rankoneals RN, + by (R(Zy, N) [T, Ny + NoK + KN, )

where i, and i, are the average numbers of iterations for convergence of the rank-one ALS
and ALS algorithms, respectively. Figure 17 shows the complexity ratios O,, O,, O; and O,,
while Figure 18 presents the complexity ratios O5 and O,. In both figures, the complexity
ratios are calculated using average values for i; and i, obtained from all the Monte Carlo runs
and considering the variation of the number of data streams/ transmit antennas R € {4,12}.
From Figures 17 and 18, we can note that even as the number of data streams/ transmit
antennas increases, the complexities considered in O,, O,, O and O are linear, while the
complexities considered in O, and O decreases as R increases. Also note that the complexity
ratios O5 and O, present the highest complexity ratios and is due that they are in a separate
figure. The KRF-KRF is much less computationally demanding than the other algorithms
because besides being a closed-form algorithm, also divides the problems into two steps to
estimate separately the channel and symbol matrices, unlike the other algorithms, such that
Oars >> Orposvp >> Oggrr >> Orank—onears >> Oxrr—krr-
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Figure 18 - Complexity ratio of Rank-one ALS, THOSVD and ALS receivers.

3.5 Chapter summary

In this chapter, we have presented a particular case of MKRST coding where the
pre-coding matrix corresponds to a symbol matrix that is assumed known. Based on the
coded symbols, a new received signal model is proposed. This coding provides extra space
diversity through the multiple Khatri-Rao product of the symbol matrices. On the other
hand, there is a decrease in the transmission rate, as shown. The contributions of this chapter
extend previous works in different ways, either by using new coding, by extending to a newly
received signal tensor, or by different estimation algorithms.

By exploiting the proposed received signal tensor model, we have derived five semi-
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blind receivers and the identifiability conditions for each receiver. These receivers are based
on closed-form and iterative algorithms. They allow to jointly estimate the channel and the
symbol matrices without channel knowledge since one symbol matrix S is known. Besides,
for the symbol estimation, a ZF receiver was considered to evaluate the impact of design
parameters on the performance of the systems.

Simulation results have shown the performance of the proposed receivers for the new
point-to-point MIMO system. The receivers are efficient in jointly estimating the channel
and the symbol matrices, especially when they are based on closed-form solutions. The
results for MKRST coding demonstrate that an increase in the number of data streams or

the number of receiver antennas significantly improves the performance in terms of SER.
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4 Semi-blind receivers for two-hop
MIMO relay communication system
with TSTF-MSMKron Coding

In this chapter, first a bibliographic overview of multi-hop MIMO relay systems is
presented. Then one of the main original contributions of this thesis is introduced. In particular,
a new coding scheme based on multiple Kronecker products of symbol matrices called multiple
symbol matrices Kronecker (MSMKron) coding is presented. MSMKron coding does not have a
pre-coding matrix but provides extra diversity due to multiple Kronecker products of symbol
matrices. Associated with the MSMKron coding is applied a TSTF coding at each hop, namely
TSTF-MSMKron. Based on TSTF-MSMKron coding, a new two-hop OFDM-CDMA MIMO
system is presented by the generalized Tucker decomposition, in which the source and relay use
the proposed coding to code the signals to be transmitted. The protocol is the decode-forward
(DF), where the signals are transmitted, estimated and retransmitted at the relay.

By exploiting the tensor model of the received signals and assuming the codings tensors
known at each hop, two semi-blind receivers are derived to jointly estimate the transmitted
symbols and the channels. The proposed receivers are semi-blind since we have no channel
knowledge and only one symbol of each symbol matrix should be known. For each receiver,
the identifiability conditions and computational complexities are established. Note that unlike
almost all relay systems existing in the literature that use the AF protocol, the proposed two-
hop system uses the DF protocol at the relay, which greatly facilitates its generalization to the
multi-hop case.

Monte Carlo simulation results are provided to illustrate the performance of the TSTF-
MSMKTron coding, the impact of design parameters on the system performance and the behavior
of the proposed receivers in terms of SER and NMSE.

4.1 Overview on multi-hop MIMO systems

Cooperative MIMO systems were introduced by Meulen in 1971 [85], in which a
cooperative channel was used to transmit information from the source to the destination.
These systems are based on the exploitation of users or fixed stations as retransmitters
(relays) of the signal coming from other users. On the other hand, all the involved nodes can
be used as relays of the signal transmitted by the source. The repetition of the signal sent
by the source through the relay allows the extension of the coverage area, amplifying the

signal power that arrives at the destination, yielding significant gains in the capacity and
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performance of the system [22].

Relaying protocols are techniques that define how the relays process the signal to be
retransmitted. In literature, many relay processing protocols can be found in [86, 87]. The
protocols can be divided into fixed and selective relaying schemes [87]. For the fixed relaying
schemes the protocol used at the relay node is independent of the quality of the channel. For
selective relaying schemes, the SNR (signal-noise ratio) of the received signal at the relay
node is taken into account. In selective relaying schemes, a single relay or multiple relays
are selected to collaborate on information transmission, where the relay selection could be
based on distance information or instantaneous channel gains [88]. Most existing results on
these schemes focus on the multiplexing diversity tradeoff analysis, where a fixed power
level is assumed at the source and relays [89]. Fixed relaying schemes protocols are namely
amplify-and-forward (AF) and decode-and-forward (DF). For AF protocol, also known as a
non-regenerative protocol, the relay receives the signal from the source and amplifies it. This
protocol is attractive for systems that consider constant channels, due to its simplicity. The
use of the AF protocol is more frequent in cases when the relay is closer to the destination
than the source to compensate for the fading. DF protocol, known as a regenerative protocol,
consists of decoding the signal at the relay, and re-transmit to the destination. It is possible
to apply coding at the relay node before retransmitting the signal [87, 90].

Cooperative MIMO systems provide spatial diversity and spatial multiplexing due
to the use of multiple antennas to transmit and receive signals at each node of the systems.
However, individual channel estimation in a cooperative MIMO system is a fundamental
problem to solve, since the reliability of the system greatly depends on the accuracy of
channel state information (CSI) in each hop [91]. During the last two decades, tensor models
have been widely used for designing wireless communication systems [14, 15]. In the context
of cooperative systems, some works are dedicated to the use of a training sequence for
estimating the channels in a supervised way, as in [92, 93]. Such supervised systems are
bandwidth-consuming, which explains the development of semi-blind receivers to jointly
estimate the transmitted information symbols and the channels, i.e., without the use of
training sequences, such as in the case for the systems briefly introduced below.

Many works combine cooperative MIMO systems with different space/time/fre-
quency codings to increase system diversity and obtain better performance in terms of
channel and symbol estimation. Among the used codings, one can mention the Khatri-Rao
space-time (KRST) coding [ 20, 94, 21, 45], the multiple Khatri-Rao and Kronecker space-time
(MKRST and MKronST) codings [33, 19], the TST [55, 95, 49] and TSTF codings [35]. De-
pending on the coding chosen for the relay system, different tensor models are obtained
for the signals received at the relay and destination nodes. An exploitation of these models
makes it possible to derive two families of receivers. One is made up of the most common re-
ceivers based on iterative algorithms such as ALS or the LM method. The other is composed
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of closed-form algorithms based on SVD calculation, such as Khatri-Rao and Kronecker
factorization algorithms, which are denoted KRF and KronF respectively. In Table 17, the
tensor-based MIMO cooperative systems of the above cited references are compared in terms
of the number of hops, coding, tensor model, and receiver, with the proposed MIMO relay

system, which is referenced as “Proposed” in Table 17.

Table 17 — Tensor-based MIMO cooperative systems.

Ref. System Types | Codings Tensor Models | Receivers

[94] two-hop KRST PARAFAC/ ALS
PARATUCK

[20] two-hop KRST nested ALS
PARAFAC

[21] two-hop KRST nested KRF
PARAFAC

[17] two-hop TST nested Tucker ALS-KronF

[33] two-hop MKRST/MKronST| nested KRF/KronF
PARAFAC

[95] two-hop TST coupled nested | KronF
Tucker

[49] three-hop TST + PARAFAC | nested Tucker coupled

SVD/ALS

[25] three-hop KRST nested ALS/KRF
PARAFAC

[23] multi-hop TST high-order KronF
nested Tucker

[45] multi-hop KRST nested KRF
PARAFAC

Proposed two-hop TSTF-MSMKron | generalized ALS-

[91] Tucker KronF/THOSVD

Note that all systems presented in Table 17 consider an AF protocol at the relays
except the system in [33] for which the AF protocol is compared with the DF and EF ones,
showing that the use of these last two protocols allows significantly improving the SER
performance at the cost of an additional computational complexity at the relay. From a
coding point of view, the KRST coding was first used in [94, 20, 21] for a two-hop system and
then in [45] for a multi-hop system. In [25], KRST coding is combined with a rotation coding
matrix for a three-hop system. The TST coding initially proposed in [55], in the context of
point-to-point systems, was used for a two-hop system in [17], leading to a new tensor model
called nested Tucker decomposition and then for a multi-hop system in [23]. In this last
reference, a new tensor model based on the nested Tucker decomposition was introduced.
In [95], TST coding is used in a two-hop multi-relay system where the relays directly and
sequentially communicate with the destination node. The sequential transmission from the
relays to the destination leads to a new coupled nested Tucker model. In [49], TST coding
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is combined with a PARAFAC coding structure for a two-half-duplex relay system. Two
new codings, denoted MKRST and MKronST, were proposed in [33] for a two-hop system,
leading to a nested PARAFAC model for the tensor of signals received at the destination
which is exploited to develop closed-form semi-blind receivers for joint symbol and channel
estimation.

An important difference between the systems in Table 17 and the system presented
here concerns the a priori information needed to eliminate scaling ambiguities. Thus, the
proposed system only requires a priori knowledge of one symbol of the symbol matrices,
whereas all the systems in Table 17 also require knowledge of one entry or of one row of
the channel matrices, which is a much more restrictive assumption [91]. Based on that, this
chapter proposes a new two-hop OFDM-CDMA MIMO relay system that combines a TSTF
coding with a MSMKTron at the source and relay nodes. This new coding scheme, called
TSTF-MSMKron coding, can be viewed as a generalization of the codings proposed in [33,

35], with the aim of increasing the diversity gain [91].

4.2 System model

4.2.1 Presentation of the proposed two-hop system

Consider a two-hop MIMO OFDM-CDMA system, as illustrated in Figure 19 and
presented in [91]. This system is equipped with Mg, My and M, antennas at the source,
relay and destination nodes, respectively. The source-relay (R € CMrMsxF) and relay-
destination (F(®P) € CMp*MrxI') channels are assumed to be flat Rayleigh fading, which is
represented by third-order tensors whose coefficients are zero-mean circularly symmetric
complex Gaussian i.i.d. (independent and identically distributed) random variables, constant
during at least P transmission blocks.

The DF protocol is considered at the relay, and the transmission occurs in two hops.
During the first one, the coded symbols are transmitted by the source to the relay via the
channel 7{®® and decoded at the relay. During the second one, the estimated symbols are
re-encoded and then re-transmitted by the relay to the destination via the channel F®D).
Each symbol matrix S = [S,(,lll),rl] e CNR withr, € {1,R}, n; € {1,N}}, for I € {1,L}, is
composed of R, data streams, each one containing N, information symbols. The transmission
protocol is detailed in the next section which defines the TSTF-MSMKron coding. Then, in
sections 4.2.3 and 4.2.4, the tensors of signals received at the relay and the destination will
be described, respectively.
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Figure 19 - Block diagram of the two-hop MIMO relay system.

4.2.2 TSTF-MSMKTron coding

In the proposed system, the coding at the source node is composed of two steps.
During the first one, a multiple Kronecker product of L symbol matrices is calculated as:

s=@L Y258V ®..®s" eChk, (4.1)

where N = H1L=1 N, andR = H1L=1 R,. The scalar form of (4.1) is:

L

1
Sur = | [ s%» n € {LN}, r €{L,R}, (4.2)
I=1

: @ -1 @ L @ L-1
withn = n;” + (”L—1 - I)NL + -+ <n1 - 1) lele, andr =r;" + (rL_l - l)RL +

e (rgl) — 1) Hlez R;, where nl(l) € {1, N}, and rl(l) € {1, R;} denote the indices n; and r; in
sfl'?,)rl. This operation, called MSMKTron coding, corresponds to a simplified version of the
MKronST coding [33] without a known precoding matrix. This coding is called multiple
symbol matrices Kronecker (MSMKron) coding and induces time and code spreadings of
each symbol SSI ),rl due to the multiple Kronecker product of the symbol matrix s® with the

other matrices S’ J =1,.,Landl' # 1.

The transmission being composed of P time-slots means each symbol SSI)JI is re-

L L
peated P(HN l,)<HRl,) times, which implies an increase of time and code diversities when

=1 =1
U#l U#l
increasing the dimensions N; and R), respectively.
During the second step, the MSMKron coding is combined with a tensor space-
time-frequency (TSTF) coding [35] carried out by means of the (L + 3)-order tensor G €
CMsxRxxRuxXEXP i guch a way that the tensor of signals coded at the source satisfies an

(L + 3)-order Tucker model given by:

VE = G5 %, Iy, %, SY x5 o Xy 1 ST X,y T Xy s Ip € CMsXNXXNLXEXP (4.3)

Note that the core tensor of this decomposition is the coding tensor . In scalar
notation, the coded signals transmitted by the mg’“ antenna at the source, using the f"
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subcarrier, during the p' time slot are given by:

Ry
() 0]
vms,nl,...,nL,f,p Z Z gms Floeed Lof oD H Sn, rp (44)

rn=1 ry=1

where mg € {1,M}, f € {1,F}, p € {1,P}. The TSTF-MSMKron coding increases space-time-
frequency diversity, as will be illustrated in the simulations.

4.2.3 Tensor of signals received at the relay

In the noise-free case and assuming a flat Rayleigh fading propagation channel, the

(SR)

signal x - received at the mlgh antenna of the relay, during the nlth symbol period of

Loewl1L, 5P
the p* block and associated with the f* subcarrier, is given by:

Ms
LR _ Z JACIO NG (4.5)

mg,Ay,...,hp,f,p mg,mg,f "~ mg,ny,....np.f,p’
m5=1

where my € {1,M;} and h(SR) s 1S an entry of the channel J¢ SR ¢ CMrxMsxF Tp terms of
mode-n products, we have:
x(SR) — V(S) X, }((SR) € CMrXN1X.XNLXFXP (4.6)

Note that the transmission via channel 7(*® can be interpreted as a mode-1 linear
transformation applied to the tensor V® of coded signals. Substituting (4.4) into (4.5) gives
the signal received at the relay written in a scalar form as:

My R,
(SR) () (SR) 0]
me,nl,...,nL,f,p Z Z Z gms,rl WL fp mg,mg, f H Snl e (47)

mg=1r =1 r=1

The signals received at the relay form the tensor X®® that satisfies a generalized
Tucker-(L + 1, L + 3) model given by:

1 L
AR = GO 5, HOB %, SV s, Xy S Xy I Xy s Ip, (4.8)

where S represents the symbol matrices encoded by the TSTF-MSMXKron coding for [ €
{1,L} and 9 is the core tensor of the Tucker model. As it is well known, knowledge of the
core tensor implies the uniqueness of this model. Combining modes 2 to L + 1 of tensors G
and 'SP results in contracted forms 6% € CM*RXEXP qnd xR @ CMeNXEXP qpd Eq.(4.8)
can be rewritten as:

AR = 6B % FOB %, 8§ X, I, X, Ip. (4.9)

From the Tucker model (4.9), it is easy to deduce the following matrix unfoldings of
the tensor XSR:

SR ) SR
X;PzzerR = ®S) GFPRxFMSH;MlxMR € Crivaf, (4.10)
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: S
Xprinpar = (I ® bdiag (HY)) G 8" € Co, (411)
(SR) _ (SR) (S)
X1 NxFP = (HMRXFMS ® S) Grygrurr € CMRNXEP, (4.12)

with H.(.S}R) € CMr~Ms and bdiag(.) previously defined in the notation. Note that the identity
matrix I, € RIP*FP in (4.10) is associated with FP repetitions of the symbol matrices
inducing time-frequency diversity for the system.

The block structure of the matrix unfoldings G;S}ZRxFMS and GE:SA)@ rerp iN EQs.(4.10)
and (4.12), respectively, is defined as follows:

Giopger, = bdiag| vec(3) ... vec(ds) ) |= bdiag([cfgst]f), (4.13)
Gfl\)lSRxFP = bdiag[ Vec(gff}l) Vec(g.(f}P) ] = bdiag ([Gg\szP] f>' (4.14)

G;S;RxFMS in Eq.(4.13) is a block-diagonal matrix, formed of F diagonal blocks of
dimension PR X Mg, each block being formed of M column vectors corresponding to a
vectorized form of the tensor slice 952 ;. of size R, X ... X R, X P, for mg € {1, Mg}, such that
vec( 952 f.) € CPR, Similarly, Gg&s rxpp iD (4.14) is a block-diagonal matrix whose diagonal

blocks are of dimension MR X P, with vec( 9.(.‘.9}1)) € CMsR,

To illustrate the matrix unfolding (4.14), consider the case where R =P = Mg =F =

2, leading to the following matrix:

g & 00

L1 i 0 0

g e

G§:5134SR><FP =| S Sev (S)O O(S) (4.15)
0 0 g1121 g1122
0 0 S o
00 g S
| 00 S S |

4.2.4 Tensor of signals received at the destination

With the DF protocol, the symbols received at the relay are first decoded by means of
one of the receivers described in Section 4.3, leading to the estimated symbol matrices §(l),
which are also written as Sg). The estimated symbols are then re-encoded at the relay using
a TSTF-MSMKron coding, with the tensor coding G® € CMrxRix-xRixFXP The re-encoded
signals are transmitted by the relay to the destination via the channel F(®?) € CMp*MexF,
The signals received at the destination are similar to the signals received at the relay, defined
by Egs. (4.7) and (4.8), with the following correspondences:

( G, ~gL((SR),S(l)) N ( G®), g_C(RD),Sg)) , (4.16)
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(MRvMS) < (MD’MR) ’ (417)

Similar to (4.7), in the noiseless case, the signal received at the m]gh antenna of the
destination node, during the nl‘h symbol period of the p* time block and associated with the
f™ subcarrier, is given by:

Mp R R, L
(RD) _ ® (RD) 0]
me,nl,...,nL,f,p - Z Z Z ng,rl,,..,rL,f,phmD,mR,f [SR ]”l"’l’ (4'18)
mg=1r=1 rp=1 1=1

and the generalized Tucker-(L + 1, L + 3) model (4.7) becomes:
ARD) = GR 5, FRD) 50, W 5y X1 S X4y I Xpy3 I, (4.19)

where X®P) g CMpxNox-xNXEXP “Matrix unfoldings of this tensor can be deduced from
(4.10)-(4.12) using the correspondences (4.16)-(4.17) with Gg;)MRxR, G;?RxFMR and G(FI;)@ RXEP
instead of G;SF)MSXR’ GE;S]ZRXFMS and Gf]\)/ISRxFP’ respectively.

Combining the modes 2 to L + 1 of tensors G® and X'®P) results in contracted forms

GR e CMRxExP gnd xRP) e CMy>XNXFXP and Eq.(4.8) can be rewritten as:

ngD) _ 951%) X, HED xS, X5 I X, Ip. (4.20)

From the Tucker model (4.20), it is easy to deduce the following matrix unfoldings of
the tensor X RP);

(RD) _ (S) (RD)
XrpNx, = (Irp ® Sg) Grprxrvy Henpxn, € CrPvMo, (4.21)
RD : RD ®) T
X;FJ&DW = (IP ® bdiag (H(f ))> Gppy xSk € CHYPN, (4.22)
(RD) — (RD) ®)
XMDNXFP = (HMDXFMR ® SR) Gragrxrp € CMpNXEP, (4.23)

with HF;D) € CMr*Mr_and bdiag(.) previously defined in the notation. The proposed OFDM-
CDMA relaying system is illustrated by means of the block diagram in Figure 20. The system
design parameters and the definitions of the system matrices and tensors are summarized in
Tables 18 and 19, respectively.

Table 18 - System design parameters.

System design parameters | Definitions
L number of symbol matrices
R, number of data streams in S©
N, number of symbols in the Rl”’ data
stream
F number of subcarriers
P number of time blocks
Mg number of antennas at the source
My number of antennas at the relay
M, number of antennas at the destination
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Table 19 - System matrices and tensors.
Symbol matrices
S e CNRi for | € {1,L}
s=5"®..@s" eC¥k
L L
N=][_N.R=TI_ R
Channel tensors
%(SR) e CMRXMSXF
j_[(RD) c CMDxMRxF

Space-time-frequency coding tensors
9(5) c CMSlex...xRLxeP

g(R) c CMgXR; X..XR XFXP

Received signals tensors
x(SR) c CMRlex...xRLxeP

x(RD) c CMDle X..XRp XFXP

| |
| - |
\ ! ﬁ(sm \
L v(S)
\ sOY| | ¢ > | SR | —k | SR | \
S
L= | | |
| NxR MgxRy%.. xRy X FXP | M px M gxF M pXNXNyX XNy x Fx P le '“I'"h L} ‘
| MSMKron TSTF |  Source-relay |Signals received Receiver, |
coding coding | channel | at relay

\
| Source | | Relay [
— J— J— — [ J— J— —_ — J— J— — E— J— J— J— _
| \ | \
| | | \
\ ‘ \ A \

L p J{(RD)
| ( ® S(”) > g > | yrD) —he | yRD) | |
RS | | s
| NXR M xRy %..XR; xFxP | MpXM pxF | M px N XNy%. X N XFXP. with |
| MSMKron TSTF | . s . Lell - Lh
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| Relay | | Destination |
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Figure 20 - Block diagram of the proposed two-hop MIMO OFDM-CDMA communication system.

4.2.5 Comparison with other MIMO systems using coding tensors

In Table 20, we present several tensor-based MIMO systems using coding in a unified
way. From this Table, we can conclude that:
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+ The proposed TSTF-MSMKron coding extends the TSTF coding presented in [35], com-

bining TSTF and MSMKron codings and not considering allocation tensors. MSMKron

coding adds diversity to the system by the multiple Kronecker products of the symbol

matrices.

« The TSTF-MSMKron coding can be viewed as a CDMA extension of the STF coding in

[83], where the STF uses only a bi-dimensional coding.

« The TSTF-MSMKTron coding can also be viewed as an OFDM extension of the TST
system [55] with a combination of a TSTF with the MSMKron instead of a third-order
tensor coding.

Table 20 - Comparison of tensor-based systems.

Coding Channel Coding Tensor model | Ref.
TSTF- F € CMxMsxE G € CMsxRXExP generalized proposed
MSMKron | F € CMexMsxF | § — ®IL=IS(I) € CMR | Tucker- system [91]
(L+1,L+3)
TSTF F € CMeMsXE [ W @ CMRXEXPX] 1 generalized [35]
PARATUCK-
(2,5)
STF H e CMpxMs W € CMsxR generalized [83]
PARATUCK-
(2,4)
TST H € CMoxMs W e CMs<®RJ | pPARATUCK- | [55]
(2,4)
ST H € CMoxMs W € CMs*R PARATUCK-2 | [96]

4.3 Semi-blind receivers

In this section, as in [91], two semi-blind receivers are proposed to estimate the

channel tensors and symbol matrices at the relay and destination nodes. We assume that

the coding tensors G and G® are known. We also assume that one symbol of each symbol

matrix is known to eliminate scalar ambiguities. The symbol matrices S and the channel

tensor (R are estimated at the relay, while the symbol matrices Sg) and the channel tensor

FLRD) are estimated at the destination. The proposed receivers are detailed for the relay. The

same receivers can be derived for the destination, using the correspondences (4.16) and

(4.17). The first one is based on the ALS algorithm to estimate the channel and the Kronecker

product of symbol matrices, which is followed by the KronF method to separate the symbol

matrices, while the second one is a closed-form solution allowing to jointly estimate the

channel and the symbol matrices through the THOSVD algorithm.
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4.3.1 Bi-ALS-KronF receiver

In the first step, the bi-alternating least squares (Bi-ALS) algorithm is used to jointly
estimate the MSMKron product S and the channel tensor 7(*®), Then, the KronF algorithm is
applied to separate the symbol matrices. The Bi-ALS algorithm results from the minimization
of the following cost function deduced from Eq.(4.9) [91] :

min || IESR) - 925) X1 HOP %, 8 X3 Ip X4 Ip |17, (4.24)
S, HER)
The Bi-ALS method replaces the optimization problem (4.24) by two LS sub-problems

deduced from the matrix unfoldings (4.10) and (4.11), leading to the alternate minimization
of the following LS criteria:

; (SR) & 6) (SR) 5 ~ (SR)
(rs%ln I XFPNXMR - [(IFP ® S[i—l]) GFPRxFMS] HFMSXMR ”F 5 HFMstR[i]’ (4.25)
FMgXxMR
. SR . ~ (SR) ) T AT
min | X son = (IP ® bdiag (H f[i])) GomrS 12— Spi- (4.26)

The update equations at iteration [i] are given by:

AR & ) f (SR)

Hrgxali] = [(IFP ® S[i—l]) GFPRXFMS] XFPNXMR’ (4.27)
T (SR) () T (SR)

S ; i SR

Spy = [(IP ® bdiag (H..f [i]>) GPFMSXR] X pEMaxN (4.28)

~ (SR
To simplify the computation of the estimate H;MlxMR in Eq.(4.27), we assume that
the matrices [Gflgst]f and S have full column rank, which implies: Mg < PRand R < N,

respectively. Moreover, to simplify the computation of § in Eq.(4.28), we assume that the

(S)
PFMgxR

us to replace its pseudo-inverse by its transconjugate, implying the necessary condition:

unfolding G is chosen as a full column rank truncated DFT matrix, which allows
R < PFMg. We also assume that H E;R) has full column rank, implying Mg < My. Exploiting
these assumptions and substituting the unfolding G by Eq.(4.13) simplifies the LS

FPRXFMj
estimates (4.27) and (4.28) as:

~ (SR) . g il A SR

Hppm, i) = bdiag ([G;R)XMS]f) (IFP ® S[i—l]) X;‘PlzlxMR’ (4.29)
ol S) H . ~ (SR)T (SR)
Spiy = (GPFMSXR) (IP ® bdiag (H..f[i] )) XPFMRxN- (4.30)

The Bi-ALS algorithms (4.29) and (4.30) are simplified versions of (4.27) and (4.28)
in terms of pseudo-inverses computation at the price of additional constraints on the design
parameters.
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The error at the [i]** iteration, deduced from (4.10), is considered for deciding the
convergence of the Bi-ALS algorithm:

; (SR) & Y a® AR
err[i] =|| XFPNXMR - (IFP ® S[i]) GFPRXFMSHFMSXMR[i] ”12: . (4.31)

Convergence at the [i]*" iteration is declared when this error does not significantly
change between two successive iterations, i.e., |err[i—1]—err[i]| < €, where € is a predefined
threshold. Then, the symbol matrices S® are then estimated by means of the KronF algorithm
presented in Table 1, minimizing the following LS cost function:

S(l)r?ei{rllu 1S-sV®..®s” 2. (4.32)

After applying the KronF algorithm, the estimated symbol matrix S(l) is obtained by

.. A
lll’lVQCtOI'lZlng S( ) as:

§¥ = unvec (§(l)) e CNoRi (4.33)

As mentioned previously, the Bi-ALS-KronF receiver at the destination can be de-
duced from the one at the relay, using the correspondences (4.16) and (4.17), to estimate
the channel H{®P) € CMp*MexF and the symbol matrices denoted Sg) € CN*Ri_ To eliminate
the scaling ambiguities in the second hop, we use the same relation (4.37) for the KronF
algorithm. At each hop, the estimated symbols are obtained after a projection onto the
symbol alphabet. The Bi-ALS-KronF algorithm is summarized in table 21.

Identifiability conditions and ambiguity relations

In the case of the Bi-ALS step, for the uniqueness of the pseudo-inverse, it is necessary
that the matrices [(IFP ®S) G}SIBRxFMS and [(IP ® bdiag (HE?R))) G;?MsxR] be full column
rank to ensure uniqueness of the LS estimates, which implies the following necessary
conditions:

Mg <PN and R <PFM;,. (4.34)

In the case of the Bi-ALS-KronF algorithm, since the core tensor G is assumed to

be known, there is no permutation ambiguity, and the generalized Tucker model (4.9) is
(SR)

A

unique up to scalar scaling ambiguities. The LS estimates H and §, at convergence,

FMgxMp
after correcting the ambiguities are given by:
N N -1 A (SR ~ (SR) -1 .
S=8 (/I(S)) ’ H;Mz:XMR = HFMSxMR (ll(H)) , with /1<S)/1(H) =1. (4.35)

For eliminating the scaling ambiguities in Bi-ALS step, it is sufficient to assume that
one element of S is known a priori, e.g., s;; = 1. Under this assumption, A®) is calculated as:

A9 =3,. (4.36)
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O]

Considering the KronF step, we assume s,

= 1 and the scalar ambiguity is corrected
by:

a0 _ &® ()
S0 =8"(s1) . (4.37)

Table 21 - Bi-ALS-KronF receiver for estimation of the channels and symbol matrices.

Bi-ALS-KronF receiver for estimating symbol matrices s and the
channels 7R and F(®D),

Input: tensors XE®, X ®D) G G®

Output: Estimated symbol matrices and channels

First hop: source - relay

- Step 1: Bi-ALS algorithm

it=0

1) Initialization of S(l)[O] with symbols randomly drawn from the alphabet
and sgll) =1,forl €{1,L}.

2) Update the estimates of H
(4.29) and (4.30).

3) Calculate the error (4.31) and |err[i — 1] — err[i]|.

-if |err[i — 1] — err[i]| < € or it = maximum number of iterations
- stop

-elseit - i+1;

4) Eliminate the scaling ambiguities using Eq.(4.35).

(SR)

FMgxMy and S using Eqgs.(4.27) and (4.28) or

- Step 2: KronF algorithm
5) Build the rank-one tensor: § = reshape (S, [RyN,....R, N L]).

6) Estimate each vector §" by means of the KronF algorithm recalled in

Table 1, and unvectorize it using Eq.(4.33).
7) Eliminate the scaling ambiguities using Eq.(4.37).
8) Project the estimated symbols onto the symbol alphabet.

Second hop: relay - destination

- Step 1: Bi-ALS algorithm

- Apply the stages 1) to 4) of the first hop, using the correspondences (4.16)
and (4.17).

- Step 2: KronF algorithm
- Apply the stages 5) to 8) of the first hop, using the correspondences (4.16)
and (4.17).

4.3.2 THOSVD-based receiver

The THOSVD-based receiver is proposed to jointly estimate the channels and the
symbol matrices. This closed-form solution can be viewed as a generalization of the KronF
algorithm used to separate the symbol matrices. The difference is that we can now simulta-

neously estimate all the matrices (HﬁfiFMs, S(l), S(L)). From the matrix unfolding (4.12),
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with S and Gfl\),ls rxrp Feplaced by their expressions (4.1) and (4.14), we deduce the following
LS estimate of the multiple Kronecker product:

— i
(SR) A yy(SR) (€] L) _ ~(SB) : (S)
zZ0 2N 8V e..es" =X{0 . [bdlag ([GMSRxp]f)] . (438)

with Z®® € CM:N*FMsR The matrices S* and Hz(\fzfiFMs are jointly estimated by means of
the rank-one approximation-based KronF algorithm, described in Table 1. The THOSVD
receiver at the destination is deduced from the one at the relay, using the correspondences
(4.16) and (4.17), to estimate the channel 7(®P) and the symbol matrices Sg). The THOSVD

receiver is summarized in Table 22.
Identifiability conditions and ambiguity relations

In the case of the THOSVD algorithm, for the uniqueness of the pseudo-inverse, it is
necessary that the unfolding [Gg\i RxP]f be full row rank for ensuring the uniqueness of this

LS estimate, which induces the necessary condition:

MR < P. (4.39)

For the scaling ambiguities, we assume a priori knowledge of the first element of the
matrices S(D, forl € {1, L}, e.g., s;; = 1. Under this assumption, AW is calculated as:

-1
Al Al
20 = §0 400 (HLsgg) | (4.40)
=1

Table 22 - THOSVD receiver for estimation of the channels and symbol matrices.

THOSVD receiver for estimating symbol matrices s" and the chan-
nels 7(® and F®D),

Input: tensors X0, X RD) G GR)

Output: Estimated symbol matrices and channels

First hop: source - relay

1) Calculate the LS estimate Z5® defined in (4.38).

2) Build the rank-one tensor 2R of size R,N, X ... X R, N; X FM My, from
(SR)
Z.

3) Compute the SVD of each mode-n unfolding of 2®, and calculate
(1 ~ (SR) ~ (SR

the estimates §* = vec (S( )) andh = vec (H;,,RiFMJ as the first left

singular vector of each mode-n unfolding.

N() ~ (SR) . . A(D A(SR)
4) Unvectorize 8 and h'~ to obtain the estimates S™ and Hy (), .
5) Eliminate the scaling ambiguities.
6) Project the estimated symbols onto the symbol alphabet.

Second hop: relay - destination
- Apply the stages 1) to 6) of the first hop, using the correspondences (4.16)
and (4.17).
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4.3.3 Zero-forcing (ZF)-KronF receiver

To evaluate the impact of the design parameters on the system performance, we use

the zero-forcing (ZF)-KronF receiver, which assumes perfect channel knowledge. The LS

estimate of S is obtained using (4.28) or (4.30), with H(?E)] replaced by the true channel slice

HFjCR), which gives:

$2r = [ (1> ® bdiag (HY)) Gng)Mser X (4.41)
or
Sy = (GfﬁMsxR)H (1, ® biag (HE™)) XG0,y (4.42)

As for the Bi-ALS algorithm, the use of (4.41) or (4.42) implies the following nec-
essary conditions: R < PFMy or R < PFMg, and Mg < Mjy. Then, the symbol matrices
S" are estimated using the KronF algorithm as in the second step of the Bi-ALS-KronF
receiver. For the second hop, the ZF-KronF receiver is similar to the one in the first hop with

the correspondences (4.16) and (4.17), HF;D) considered known and the matrix unfolding

(R)
GPFMR xR

hop implies the necessary conditions: R < PFM}, or R < PFMy, and My < Mj,.

chosen as a truncated DFT matrix. The uniqueness of the ZF solution for the second

Table 23 - Identifiability conditions for the receivers.

Receiver

Identifiability condi-

Identifiability condi-

tions (First hop) tions (Second hop)
Bi-ALS-KronF R < PFMg; R < PFMp;
(4.27) and (4.28) | Mg < PN Mg < PN
Bi-ALS-KronF Mg < min (PR, My); My < min (PR, Mp);
(4.29) and (4.30) | R < min (N, PFMjy) R < min (N, PFMp)
THOSVD MR < P; MiR P
ZF-KronF (4.41) | R < PFM, R < PFM,,

ZF-KronF (4.42) R < PFMg; My < M,

R < PFMg; Mg < My

Table 23 summarizes the necessary conditions for parameter identifiability with each
receiver. Comparing the identifiability conditions for the Bi-ALS-KronF algorithm (4.29)
and (4.30) with the ones for the Bi-ALS-KronF algorithms (4.27) and (4.28), we can deduce
some implications. Indeed, for the estimate (4.29), the conditions Mg < PRand R < N imply
Mg < PN, i.e., the identifiability condition for the LS solution (4.27). For the estimate (4.30),
the conditions R < PFMg and Mg < My imply R < PF My, i.e., the identifiability condition
for the LS solution (4.28). In other words, if the identifiability conditions for (4.29) and (4.30)
are satisfied, then the ones for the Bi-ALS algorithm (4.27) and (4.28) are automatically
satisfied. Note also that R < PFMg and Mg < PR imply R < P?FR, which is always satisfied.
Therefore, the condition My < PR can be discarded.
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Algorithms Computational Complexity

Bi-ALS-KonF | O (F*MZPN) + O (R*PFM;) + O ((Z,_, NiR)) TT,_, NyR,)
(4.27)and (4.28)
Bi-ALS-KonF | O (MZPR)+0 (RN)+0 (F*MzMs)+0 (2, NiRy) IT,_, NyR, )
(4.29) and (4.30)
THOSVD O (P>FMR)+0 (F*M2My) +0 (FMgM(3,_, NiR) TT,_ N,R,)

Table 24 - Computational complexity of the Bi-ALS-KronF and THOSVD algorithms at the first hop.

We can also conclude that the THOSVD receiver is more restrictive than the Bi-
ALS receivers in the sense that a higher value of P is required, implying a reduction in the
transmission rate. As the ZF-KronF receiver (4.42) only estimates the symbol matrices, its
identifiability conditions are a subset of those of the second Bi-ALS-KronF receiver.

4.4 Computational complexity

In this section, we compare the computational complexity of the proposed semi-blind
receivers THOSVD and Bi-ALS-KronF by evaluating the cost of SVD calculation, which
is the most expensive matrix operation. Note that for a matrix of dimensions I X J, the
complexity of SVD computation of O(1J min(I,J)). The complexities are evaluated by taking
the identifiability conditions into account.

The complexity of the HOSVD algorithm for an N-th-order tensor X € Ry
. N N : N .
is of the order of O ((Zn:1 I,) qul Iq> ifI, < H#n I, requiring to compute N SVDs of
I, x1,,,..IyI..I,_; matrices for n € {1, N}. The ALS algorithm requires, at each iteration,
the overall computational complexity O <R2 Zi’:l(Hg;n I q)) to compute the PARAFAC de-
composition of an N-order tensor X € C'*-*Ix assumed to be of rank R. This algorithm
requires calculating N LS estimates, which need to pseudo-inverse H}: indg X R matrices, for
n € {1, N}. For estimating the L symbol matrices from their Kronecker product, the KronF
algorithm has a complexity of O <(ZIL:1(N R) ngl N, qRq) flops.

In Table 24, the computational complexities of the Bi-ALS-KronF and THOSVD
receivers are compared for the first hop. The computational complexities for the second hop
can be easily derived using the correspondences (4.17) between the dimensions.

Note that, simplifying the pseudo-inverses in (4.27) and (4.28) results in less compu-
tational complexity for the Bi-ALS-KronF (4.29) and (4.30). Regarding the computational
complexity of the closed-form THOSVD receiver, it is generally lower than the one of the
iterative Bi-ALS algorithms, which depends on the number of iterations needed for conver-
gence.



95

4.5 Simulation results

In this section, we evaluate the performance of the proposed two-hop OFDM-CDMA
MIMO system and the associated receivers. First, in Section 4.5.1, we describe the simulations
and present the considered performance criteria. In Section 4.5.2, we study the impact of
design parameters on the SER, using the ZF-KronF receiver. Finally, in Section 4.5.3, the
proposed semi-blind receivers are compared in terms of SER and channel NMSE.

4.5.1 Description of the simulations

The noisy signals received at each hop, Y©® and Y*&P), respectively, are simulated as:
y(SR) — x(SR) + O((SR)N(SR) c CMRlex...xNLxeP, (4'43)
y(RD) — x(RD) + a(RD)N(RD) c CMDlex...xNLxeP’ (4.44)

where NGB g CMpxXNx-XNLXEXP apd N RD) @ CMpXNix-XNixXFXP gre additive white Gaussian
noise (AWGN) tensors whose entries are zero-mean circularly-symmetric complex-valued
Gaussian random variables, the tensors X®® and X®P) contain the noise-free received
signals obtained by means of Egs.(4.8) and (4.19), respectively, and a®® and a®P) allow
fixing the SNR calculated as:

L SR)
SNR®Y = 201og [ —| le__), (4.45)
N
L (RD)
@) || N RD) ||

R) = 1%l ) 0-SNR/20 g g ®RD) = BX™lr 1 4-SNR/20 Note that the SNRs at the
NGB IR ’ -

relay and destination nodes are chosen equal in the simulations. The channel tensors H

which gives o

and F£®P) have i.i.d. complex Gaussian entries. The symbols of s® are randomly generated
from the 64-QAM alphabet with a uniform distribution, for [ € {1, 2}. It is worth mentioning
that our proposed coding scheme and semi-blind receivers are not dependent on a specific
choice for the modulation format as presented in [97, 98]. The proposed system may operate
with any modulation, although the resulting SER performance and transmission rate will
be affected by this choice. For instance, increasing the modulation cardinality of M-PSK
(phase-shift keying) or M-QAM type constellations (under the same total transmit power
constraint) would result in a higher transmission rate at the cost of an SER performance
degradation. In this work, we have adopted 64-QAM since it offers a good trade-off between
SER performance and transmission rate.

As mentioned before, the coding tensors are designed for each Monte Carlo run, in

such a way that, their matrix unfoldings GY and G

PFMgxR PFMpxR AT€ truncated DFT matrices.
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The performance criteria, plotted versus SNR € {—10, 20} dB, are calculated as:

K 4 2
2 -2
NMSE(z) = + 31 1 E 2

, (4.47)
K= 12z

where Z, is the tensor 2, estimated at the k' run, with 2, € {# ,(CSR), H l({RD)}. The SER and
NMSE are calculated by averaging the results over K = 5 X 10* Monte Carlo runs, after
truncating the 5% worse and 5% better values to eliminate the influence of ill-convergence
and outliers.

The transmission rate T in bits per channel is given by [76]:

L
_ lelNlRl —L

T log, (), (4.48)

L
FpP H1=1Nl

where ZzL=1 N, R, corresponds to the total number of transmitted symbols, L is the number of
symbols assumed to be a priori known for ambiguity suppression, and u denotes the number
of constellation points. Note that increasing the number N; of symbols in the symbol matrix
S® induces an increase of coding diversity and a lower transmission rate T', while an increase

of the number P of repetitions implies a decrease of T.

For bit rate note that as the number of symbols increases, more data bits are transmit-
ted per symbol, and we have a greater diversity of symbols. For example, 64-QAM is a QAM
scheme with 64 symbols, and 256-QAM is a scheme with 256 symbols. 256-QAM conveys
8 bits per symbol (as 256 = 2%), so achieving twice the data rate of 16-QAM for the same

symbol rate. The bit rate is given by:
T

T,
where T corresponds to the transmission rate in Eq. (4.48) that represents the number of

B (4.49)

bits transmitted according to the modulation and T} is the bit time in seconds. Then,

L
NR, — L
B= Zl:1+log2 (W) i (4.50)
FPI], N, Ty

4.5.2 Impact of design parameters

In this section, we evaluate the SER performance of the proposed system under
perfect channel knowledge. In this case, we use the ZF-KronF receiver to estimate the
transmitted symbol matrices by means of Eq. (4.42). The results presented in Figs. 22-27
were obtained for both hops, but due to lack of place, some SER results are shown only for
the relay. All parameters used for the simulations are provided in Table 25. Note that the
default values of these parameters are chosen equal to two. The corresponding transmission
rates are given in Table 26.
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Figure 21 - Impact of numbers of symbols per data stream.

Figure 21 shows the impact on the SER for different numbers of symbols per data
stream: N; = N, € {8,12,16}, where S,,,, and S, denote the SER at the relay and the
destination, respectively. From these simulation results, it can be concluded that the SER
is improved when the numbers of symbols increase, which implies an increase of coding
diversity, since N = N;N, is a dimension of the contracted form yéSR’ and yﬁRD ) of the
data tensors, which is not the case for R = R, R,. On the other hand, the transmission rate
decreases as shown in Table 26. In addition, note that the SER at the relay is better than
the one at the destination. This happens because, with the DF protocol, the symbols are
estimated and decoded before they are retransmitted by the relay to the destination, which
induces a propagation error due to the decoding.



98

Table 25 — Parameters for the simulations.

Figures Impact of Parameters
Figure 21 Number of sym-| (Mg, My, Mp) =(2,4,6); F =2;P = 2;
bols
per data stream R,=R,=2;N, =N, €{8,12,16}
Figure 22 Number of (Mg, Mg, Mp) = (2,4,6); F = 4;
data streams P=12;N;,=N,=4,R, =R, € {4,6,8}
Figure 23 Different configu- (Mg, My, Mp) = (2,4,6); P =F = 2;
rations
for N, and N, R, =R,=2;N,=4;N,=12
Figure 24 Different (Mg, Mg, Mp) = (2,4,6); N, = N, = 4;
R, =R, =2
configurations for | (F, P) € {(2,2),(4,2),(8,2),(2,4),(2,8)}
(F, P)
Figure 25 L=2:N,=N,=4,R, =R, =4;F =8;
P =12; (Mg, My, M) = (8,8,9)
Number of L=3:N, =N, =4
symbol N;=1;R, =4;R,=2;R; =9;
matrices F =8; P =12; (Mg, Mg, M,) = (8,8,9)
L=5N,=N,=N;=N,=2,N; =1;
R, =R, =Ry =R, =4R; =3, F =8;
P =12; (Mg, My, M;) = (8,8,9)
Figure 26 Different antenna | N; =N, =4;R, =R, =2;F =2;P = 4;
configurations (Mg,Mg,Mp) S
{(2,4,6), (4,2,6), (2,2,4),(2,6,6)}
Figure 27 Comparison of the | (Mg, My, M) = (2,4,6); N, = N, = 2;
TSTF- R, = 3;
MSMKron and R, =4;F=2;P=4,N=2;R=7
TSTF codings
Figures 28-30 | Comparison of the | (Mg, My, M) = (2,4,4); N, =N, = 4;
proposed semi-| R, =R, =2;P=18;F =2
blind receivers

Figures 22 to 27 present the SER obtained at the relay (S,,,,). Figure 22 compares
the SER for three different data stream numbers: R, = R, € {4, 6, 8}. From this figure, it
can be concluded that increasing R, and R, implies an increase of the number of symbols
to be estimated without increasing the number of data in the tensor Y©® for performing
the symbol estimation, thus inducing a degradation of the SER, while the transmission rate

increases (see Table 26).
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Figure 22 — Impact of data stream numbers.

Table 26 — Transmission rate for different configurations

Figures | Parameters Transmission Rate
(bits per channel)
Figure 21 | N, = N, € {8,12,16} T =0.703; 0.479; 0.363
Figure 22 | R, =R, € {4,6, 8} T = 0.234; 0.359; 0.484
Figure 23 | Ny =4;N, =12 T =0.812
Figure 24 | (F,P) € {(2,2),(4,2),(8,2),(2,4),(2,8)} | T =1.312;0.656;0.328;
0.656; 0.328
Figure 25 | L € {2,3,5} T=0.117
Figure 26 | (Mg,Mg,Mp) € | T=0.656
{(2,4,6),(4,2,6), (2,2,4), (2,6,6)}
Figure 27 | Comparison of the TSTF-MSMKron and | T = 2.25; Tg = 5.25
TSTF codings
Figs. 28-30 | Comparison of the proposed semi-blind | T = 0.145
receivers

In Figure 23, the simulation results compare the SERy,;,, With the individual SERs
for S and S(z), when N; = 4, N, = 12 and R, = R, = 2. For this configuration, the

Kronecker product between S® and S® induces a greater diversity for S® than for $,
due to the fact that each symbol of sW is repeated 12R, times while each symbol of @ is

repeated only 4R, times. That implies a SER smaller for S than for S®.

Figure 24 presents the results considering different configurations for the numbers
of subcarriers (F) and time blocks (P). Note that a performance improvement is obtained
when F and/or P are/is increased due to an increase of frequency and/or time diversities.

On the other hand, the transmission rate decreases. We can also remark that for the same
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value of the product FP = 8 or FP = 16, the diversity gain is the same, implying very close
SERs, which illustrates the symmetric role played by the frequency and time diversities in

the SER performance.

In Figure 25, we compare the SER for different numbers of symbol matrices (L €
{2, 3, 5}). The design parameters have been chosen so that the transmission rate is the same
for the three values of L. The TSTF-MSMKron scheme with L = 5 provides the best SER
performance in comparison with L € {2,3}. These results corroborate the coding gain
provided by the Kronecker product of symbol matrices.
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In Figure 26, the SERs are plotted for different configurations of antenna numbers
(Mg, Mg, Mp) € {(2,4,6),(2,4,2),(4,2,6)}. Comparing these configurations, we note that the
best SER is obtained when M, > My > Mj. For the configuration (4,2,6), the SER is not
good in both at the relay and the destination, because the identifiability condition (Mg < My)
at the relay is not satisfied. For the configuration (2,4,2), the SER at the relay is similar to
the one for the configuration (2,4,6) because the antenna numbers (Mg, My) are the same
for both configurations, but the SER at the destination is not good because the identifiability
condition (M < M),) at the destination is not satisfied for the configuration (2,4,2), which
is not the case of the configuration (2,4,6). With this last configuration, we note that the SER
at the relay is better than the one at the destination.

In Figure 27, the proposed TSTF-MSMKTron coding is compared with the TSTF coding,
i.e., using a single symbol matrix S € C¥*® instead of a multiple Kronecker product of symbol
matrices. With the TSTF coding, the symbol matrix is estimated using Eq. (4.28), and the
transmission rate is given by:

R
Tg = F—Plogz(,u). (4.51)

For both codings, the number (14) of transmitted symbols is the same. See the design
parameters in Table 25.

As expected, from Figure 27, we conclude that the TSTF-MSMKron coding gives
a better SER than the TSTF coding thanks to a greater coding diversity brought by the
Kronecker product of symbol matrices. In counterpart, the transmission rate with the TSTF-
MSMKTron coding is smaller than the one with the TSTF coding. See Table 26.

We can draw the following conclusions about the new TSTF-MSMKron coding based
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on analyzing the above presented experimental results:

« space diversity is provided by both the relay/destination antennas (Mg, M) and the
coding tensors (G, G®) via the source/relay antennas (Mg, My), respectively, imply-
ing an increase of the dimensions of the received signals tensor at each hop, and a

greater redundancy in the transmitted symbols, respectively;

« time and frequency diversities are provided by the transmission in P blocks and F
subcarries which implies a repetition of transmitted symbols and an increase of the

number of received signals;

« codingdiversity is introduced by the TSTF-MSMKron coding which creates redundancy
of each transmitted symbol while increasing the number of received signals via the
dimensions N; of the received signals tensor.

Space, time, frequency and coding diversities are highlighted in the expressions (4.7)
and (4.18) of received signals at each hop, respectively, owing the sums on source/relay
antennas due to the tensor coding, and on the numbers of symbols contained in each
data stream, as resulting from cross-multiplications between symbols provided by multiple
Kronecker products which define the MSMKron coding.

4.5.3 Comparison of THOSVD and Bi-ALS-KronF receivers

In the next experiments, we compare the SERs obtained with the proposed semi-blind
and ZF-KronF receivers. First, the results are presented in terms of SER at the relay (S,qy -
Figure 28) and the destination (S, - Figure 29). Then, we compare the performance of semi-
blind receivers, in terms of channel NMSE at each hop (Figure 30). For these simulations, the
design parameters are fixed with the following values: Mg = 2, My = M, =4, N, = N, =4,
R, =R,=2,P=18,and F = 2.

From Figures 28 and 29, we can conclude that the THOSVD receiver provides a better
SER performance than the Bi-ALS-KronF receiver. That is due to the closed form of the
THOSVD receiver allowing to jointly estimate the channel and symbol matrices, while the
Bi-ALS-KronF receiver is composed of two steps, one iterative and one closed-form. On the
other hand, the THOSVD receiver is more constraining in terms of identifiability conditions
(MgR < P) than the Bi-ALS-KronF receiver, inducing a reduction of the transmission rate,
as can be seen in Table 26. It can also be noted that the SER at the relay is better than the
one at the destination due to error propagation caused by decoding at the relay. As expected,
the ZF-KronF receiver provides the best SER due to a priori knowledge of the channels.

In Figure 30, the channel NMSE results obtained at each hop are plotted. Note that
the THOSVD receiver gives better results than the Bi-ALS-KronF one. As for the SER, this
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receivers.

is because the THOSVD is a closed-form solution, while the Bi-ALS algorithm is iterative.
Moreover, the channel estimation in the first hop is slightly better than the one in the second
hop. This is due to error propagation in the retransmission of symbol matrices after decoding
at the relay.

In Table 24, a comparison of the complexities of Bi-ALS-KronF receiver, both versions
corresponding to Eqs.(4.27)-(4.28) and Eqs.(4.29)-(4.30) and THOSVD is provided. Based
on this table we can define the ratios Oy = Op;_ars_kronr(s.27)-(4.28)/ OBi-ALS-KronF(4.29)~(4.30)>
O, = Ornosvp/Opi-aLs—kronr@.27~.28) @0d O3 = Orposyp/Opi—aLs—Kronr (429430, WhiCh ex-
presses how many times Bi-ALS-KronF (4.27)-(4.28) is more computational complexity than
Bi-ALS-KronF (4.29)-(4.30) and how many times THOSVD is more complexity demanding
than Bi-ALS-KronF algorithms. We have

. L L
iy (FAMZPN + RPPFMy) + (2, NiRy) T, NyR,
0= — — _ - (4.52)
i (M2PR + R2N + F3M2My) + (1, NiR)) TT,_, NoR,

P2FMR + F*M2My + FMgMi(,_ NiR) TT,_, N,R,
0, =

. . (4.53)
iy (FAMZPN + R2PFMy) + (3, NiR)) TT,_, NgR,

L L
o P2FM;R + F*M2My + FMsMi(3,_ NiR) T, NyR, s
3= .
i (M2PR + R2N + FAM2My) + (1, NiR) TT,_, NR,

where i; and i, are the average numbers of iterations for convergence of the Bi-ALS-KronF
(4.27)-(4.28) and Bi-ALS-KronF (4.29)-(4.30) algorithms, respectively. Figure 31 shows the
complexity ratios O,, O, and O; calculated using average values for i; and i, obtained from all
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the Monte Carlo runs and considering the variation of the number of time blocks P € {18, 26}.
From this figure, we can note that even as the number of time blocks increases, the complexity
ratios O, and O, for the three receivers are linear, while the complexity ratio O, for Bi-
ALS-KronF Bi-ALS-KronF (4.27)-(4.28) compared to Bi-ALS-KronF (4.29)-(4.30) increases
as P increases. The Bi-ALS-KronF (4.29)-(4.30) is much less computationally demanding
than Bi-ALS-KronF (4.27)-(4.28) and THOSVD algorithms due the simplification of the
pseudo-inverse where this algorithm needs less number of iterations to converge, such that

Opi—aLs—kronF(a.27)-(4.28) >> Orrosvp >> Opi_aLs—KronF(4.29)—(4.30)-

4.6 Chapter summary

In this chapter, we have proposed a new coding scheme based on the multiple
Kronecker product of symbol matrices, leading to the so-called MSMKron coding. Combining
the MSMKron with the TSTF to transmit the symbols we propose the TSTF-MSMKron
coding. This new coding makes it possible to improve the gains in diversity and throughput.
Based on the proposed TSTF-MSMKron, a new two-hop CDMA-OFDM MIMO system was
proposed. We have shown that the tensors of signals received at the relay and destination
nodes satisfy two generalized Tucker models whose core tensors are the TSTF coding tensors.
The contributions in this chapter extend previous works in different ways, either by using a
new coding or extending to a newly received signal tensor model.

By assuming the TSTF coding tensors known, two semi-blind receivers have been
derived to jointly estimate the transmitted information symbols and the channels. One
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called the Bi-ALS-KronF receiver, is composed of two stages. The first stage is based on the
iterative ALS algorithm to estimate the Kronecker product S and the channels, while the
second stage applies the closed-form KronF algorithm to separate the symbol matrices. The
other one, called THOSVD receiver, is a closed-form solution that allows simultaneously
estimating the channel and the symbol matrices by means of SVD computations as with the
KronF method. Necessary conditions for system identifiability have been established for each
receiver, showing that the THOSVD receiver is more constraining than the Bi-ALS-KronF
one for the choice of the number of time blocks and consequently from the data rate point

of view.

Extensive Monte Carlo simulations have allowed us to illustrate the impact of all
the design parameters on the SER performance. The performances of the proposed semi-
blind receivers have been compared in terms of SER and channel NMSE. As expected, the
closed-form THOSVD receiver outperforms the iterative Bi-ALS-KronF receiver. Moreover, a
comparison with the standard TSTF coding has corroborated the SER improvement brought
by the MSMKron coding which allows to increase the diversity gain. Also, regarding the
parameters, it can be noted that the system configuration influences the efficiency of the

parameter estimation.
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5 Conclusions and Perspectives

5.1 Conclusions

This thesis has addressed the study of semi-blind receivers applied to point-to-point
and two-hop MIMO systems. In particular, a new coding called TSTF-MSMKron and a
particular case of the MKRST coding were proposed. By exploiting the proposed codings,
new received signal models based on tensor decomposition and new semi-blind receivers
were presented that perform the joint estimation of the transmitted symbols and the channels.
Performance analysis of each proposed system was provided to illustrate its behavior and
effectiveness, evaluating the improvements of the techniques addressed for MIMO systems.
In the sequel, we provide a brief conclusion of each chapter that has proposed original

contributions.

In Chapter 3, we presented a particular case of the MKRST coding where the pre-
coding matrix corresponds to a symbol matrix that is assumed known. It allows us to
propose a new point-to-point MIMO system based on tensor decomposition. By exploiting
the proposed received signal tensor model, we have derived five semi-blind receivers to
jointly estimate the transmitted symbols and channel. Simulation results showed that the
MKRST coding increases spatial diversity when the number of symbols per data stream or
the number of received antennas increases. Based on the results, also note that the semi-
blind receivers are efficient, especially when based on closed-form solutions, to estimate the
parameters without channel knowledge, knowing only the pilot symbol matrix.

In Chapter 4, we proposed a new coding scheme based on the multiple Kronecker
product of symbol matrices, leading to the so-called MSMKron coding. Combining the
proposed MSMKron with the TSTF coding to transmit the symbols, we proposed a new
coding called TSTF-MSMKron. This new coding makes it possible to improve gains in time,
frequency and space diversity and throughput. TSTF-MSMKron coding allows us to propose
a new two-hop CDMA-OFDM MIMO. We have shown that the tensors of signals received at
the relay and destination nodes satisfy two generalized Tucker models whose core tensors are
the TSTF coding tensors. By exploiting the proposed received signal tensor model, we have
derived two semi-blind receivers to jointly estimate the transmitted symbols and channels.
The first proposed receiver was based on the Bi-ALS and KronF algorithms, where the
first was applied to estimate the channel and the Kronecker product, while the second
was applied to separate the symbol matrices. The second proposed receiver is based on the
closed-form THOSVD algorithm which allows simultaneously estimating the channel and
the symbol matrices by means of SVD computations as with the KronF method. Simulation
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results allowed us to illustrate the impact of the design parameters on the SER performance.
TSTF-MSMKron coding provides an increase in spatial, time and frequency diversities when
the number of symbols per data stream or the number of antennas at the relay or destination
increases. The semi-blind receivers are efficient, especially when they are based on closed-
form solutions, to estimate the parameters without channel knowledge, knowing only one
symbol of each symbol matrix. On the other hand, the closed-form THOSVD receiver is more
constraining than the iterative Bi-ALS-KronF one in terms of the number of time blocks
and consequently from the data rate point of view.

5.2 Perspectives and next steps

Given the results presented and the main conclusions highlighted above, in this
section, we raise the main perspectives that can be derived from the research carried out in
this thesis:

« To extend the two-hop MIMO systems proposed for the multi-hop case using the
amplify-and-forward (AF) protocol, and present new receivers to jointly estimate the
channels and symbols. In addition, study different settings of the codings applied at
the source and at the relay.

« To take into account allocation tensors as in [35] combined with the coding extensions
presented and to propose new received signals tensor models and receivers to estimate
the symbols and the channels in multi-hop MIMO systems. The allocation tensors
allow us to control the sending and receiving of the symbols and can indicate which
antenna transmitted or received the information.

+ To develop relaying systems with TSTF-MSMKron coding for double directional dual-
polarized MIMO systems and IRS-assisted systems.
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Introducao

Os sistemas de comunicag¢ao sem fio experimentaram grande crescimento no niumero
de usudrios desde o inicio dos anos 90 [1]. O surgimento de dispositivos conectados e a
introducdo de novos aplicativos, como veiculos autdbnomos, cidades inteligentes, casas in-
teligentes, Internet das Coisas (IoT) e realidade virtual, abriram o caminho para a integracao
de sistemas MIMO sem fio, do inglés multiple input multiple output [2]. Os sistemas MIMO
foram projetados para suportar a crescente demanda por servicos multimidia de alta quali-
dade, com as melhores compensacdes entre o desempenho do erro em termos de SER (do
inglés, symbol error rate), taxa de transmissao, etc. Esses sistemas usam varias antenas nas
extremidades do transmissor e do receptor, o que permite o aumento da diversidade de
espaco e leva a sistemas de comunicacio com canais MIMO. A implantacdo de multiplas
antenas em sistemas sem fio permite melhorar a confiabilidade em termos da taxa de erro e
da taxa de transmissdo em relacdo aos sistemas de antena de transmissdo tinica, mantendo a
mesma largura de banda de energia e transmissao [3,4,5,6].

Nos ultimos anos, os sistemas MIMO cooperativos atrairam muita atencdo para
as redes moéveis 5G por aumentar a area de cobertura de transmissdo, taxas de dados e
desempenho de comunicagdes sem fio [10]. Os ganhos dos sistemas MIMO cooperativos
estdo relacionados a diversidade espacial pelo uso de multiplas antenas para transmitir
e receber sinais e multiplexacdo espacial relacionada ao uso de multiplas antenas para
transmitir fluxos de dados independentes.
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Durante as ultimas décadas, os modelos tensoriais tem sido amplamente utilizados
para projetar sistemas de comunicacio sem fio [13, 14, 15, 16, 17]. Veja o seu uso no contexto
de sistemas MIMO ponto a ponto [18, 19], e sistemas MIMO cooperativos 20, 21, 22, 23, 24,
25]. Os modelos tensoriais tém a capacidade de capturar a natureza multidimensional do
canal sem fio, bem como suas propriedades exclusivas [26, 27]. Essas abordagens também
nos permitem desenvolver receptores semi-cegos para estimar em conjunto os canais e as
matrizes de simbolos, sob condi¢des mais relaxadas do que os métodos baseados em matriz.
No contexto de sistemas cooperativos, alguns resultados foram publicados em receptores
baseados em tensores. Alguns trabalhos sdo dedicados ao uso de sequéncias de treinamento
para estimar os canais de maneira supervisionada, como em [28, 29] onde multiplos links do
relé sdo explorados para estimar todos os canais parciais envolvidos na comunicagao. Esses
trabalhos dependem de métodos supervisionados de estimativa de canal, que podem ser
consumidos por largura de banda, especialmente para um moderado a grande numero de
antenas. Isso explica o desenvolvimento de receptores semi-cegos para estimar em conjunto
os simbolos de informacdo transmitidos e os canais, isto €, sem o0 uso de sequéncias de
treinamento, como no caso dos sistemas introduzidos brevemente.

Para melhorar a estimativa das informacdes transmitidas, também ¢é necessario ex-
plorar as codificacdes de espaco, tempo e frequéncia. Varios trabalhos combinam sistemas
MIMO cooperativos com codificacoes de espaco/tempo/frequéncia para aumentar a diversi-
dade do sistema e obter o melhor desempenho na estimativa dos simbolos e do canal [17,
32, 33, 34]. Dependendo da codificagdo escolhida para o sistema de relé, diferentes modelos
de tensores sdo obtidos para os sinais recebidos nos nos de relé e destino. A exploracdo
desses modelos permite derivar duas familias de receptores. A primeira sao os receptores

supervisionados e a segunda sao os receptores semi-cegos.

Nesta tese, abordamos novos receptores semi-cegos para estimar em conjunto as
matrizes de canal e dos simbolos nos sistemas de comunicacio MIMO ponto a ponto e
cooperativos. Em particular, uma das principais contribuicdes desta tese depende do novo
esquema de codificacdo obtido pela combinacgao das codificagdes TSTF e MSMKron nos nos
da fonte e retransmissao . Esse novo esquema de codificacdo, chamado de codificacdo TSTF-
MSMKTron pode ser visto como uma generalizacdo das codificacdes propostas em [33] e [35].
A codificacdo TSTF-MSMKron ¢é aplicada a um sistema de comunicacio OFDM-CDMA de
dois saltos. Além disso, apresentamos um caso particular da codificacio MKRST, onde uma
matriz de simbolos € assumida conhecida, sendo assim considerada como a matriz de pré-
codificacdo. A codificacdo MKRST ¢ aplicada a um sistema MIMO ponto a ponto. Ao aplicar
as codificacgdes propostas, novos modelos de sinais recebidos com base nas decomposicoes
tensoriais sdo apresentados e, ao explorar esses modelos, receptores semi-cegos sao propostos
para estimar em conjunto as matrizes de simbolos transmitidos e dos canais em sistemas
MIMO de dois saltos e ponto a ponto. Sao realizadas extensas simulacées de Monte Carlo

para ilustrar o comportamento e a eficicia dos esquemas propostos.
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Modelo do sistema

Considere um sistema MIMO OFDM-CDMA de dois saltos equipado com Mg, My, e
M, antenas nos nos da fonte, relé e destino, respectivamente. Os canais fonte-relé (F® €
CMrxMsxF) ¢ relé-destino (FRP) € CMp*MrxF) 530 assumidos como flat Rayleigh fading, rep-
resentado por tensores de 3-ordem cujo os coeficientes sdo varidveis aleatdrias independente
e identicamente distribuidas, constantes durante os ultimos P blocos de transmissao.

O protocolo DF ¢ considerado no relé, e a transmissao ocorre em dois saltos. Durante
o primeiro salto, os simbolos codificados sdo transmitidos pela fonte para o relé, através do
canal 7P, e decodificados no relé. Durante o segundo salto, os simbolos estimados sdo
recodificados e depois re-transmitidos pelo relé para o destino através do canal 7®P), Cada
matriz de simbolos S* = [Sg,),r,] € CN*R comr, € {1,R}, n; € {1,N;}, paral € {1,L}, é

composta de R, fluxos de dados, cada um contendo N; simbolos.

O sinal recebido no relé forma um sinal X®® que satisfaz a decomposicao Tucker-
(L + 1,L + 3) generalizada dada por:

1 L
x(SR) = 9(S) Xl %(SR) Xz S( ) X3 XL+1 S( ) XL+2 IF XL+3 Ip, (Al)

onde S sdo os simbolos decodificados pela codificacdo TSTF-MSMKron paral € {1,L} e
G ¢ o tensor do nucleo do modelo Tucker. O conhecimento do tensor do ntcleo implica a
unicidade desse modelo. O sinal recebido no destino € similar ao sinal recebido no relé com
as seguintes correspondéncias:

(99, 7060,87) & (g, 3¢ 50, (A-2)
(Mg,Mg) < (Mp,Mp), (A.3)

tal que:
ARD) = GR 5, FRD) 50, W s ;41 SV X,y T Xp 3 I, (A.4)

onde XD € CMpXNix-XNuxFXP () gistema relé OFDM-CDMA proposto é ilustrado na

Figura 32.
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Figure 32 - Diagrama de blocos do sistema de comunicagdio MIMO OFDM-CDMA proposto.

Receptores semi-cegos

Dois receptores semi-cegos sdo apresentados para estimar os tensores do canal e as
matrizes de simbolos, nos nds de relé e destino. Assumimos que os tensores de codificagdo
G e G® s3o conhecidos. Também assumimos que um simbolo de cada matriz de simbolos
¢ conhecido para eliminar ambiguidades de escala. As matrizes de simbolo s® e o tensor
do canal F{®® sio estimados no relé, enquanto as matrizes de simbolos Sg) e o tensor do
canal H®P) sjo estimados no destino. Os receptores propostos sdo detalhados para o relé.
Os mesmos receptores podem ser derivados para o destino, usando as correspondéncias
(A.2) e (A.3). O primeiro receptor é baseado no algoritmo ALS para estimar o canal e o
produto Kronecker entre as matrizes de simbolos, seguido pelo método KronF para separar
as matrizes de simbolos, enquanto o segundo ¢ uma solucao de forma fechada, permitindo
que estime em conjunto o canal e as matrizes de simbolos através do algoritmo THOSVD.
Os dois receptores sdo apresentados nas tabelas a seguir.
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Table 27 - Receptor Bi-ALS-KronF para estimacdo dos canais e matrizes de simbolos.

Receptor Bi-ALS-KronF para estimar S, 7(S® e F(®D),

Entrada: tensores X® x&®D) G) GKR)

Saida: Matrizes de simbolos e canais estimados

Primeiro salto: fonte - relé

- Etapa 1: algoritmo Bi-ALS

it=0

1) Inicializacao de s® [0] com simbolos gerados aleatériamente apartir do
alfabeto e sill) =1,paral € {1,L}.

2) Atualiza as estimacdes de HfﬁixMR e S usando Eqs.(4.27)-(4.28) ou (4.29)-
(4.30).

3) Calcula o erro (4.31) e |err[i — 1] — err][i]|.

-se |err[i — 1] — err[i]| < € ou it = numero maximo de iteracoes

- para

- caso contrario it - i + 1;

4) Elimina as ambiguidades de escala usando Eq.(4.35).

- Etapa 2: algoritmo KronF
5) Constréi o tensor de posto um: 8 = reshape (S [R,N,,....R; N L]).

6) Estima cada vetor v

toriza com a Eq.(4.33).
7) Elimina as ambiguidades de escala usando Eq.(4.37).
8) Projeta os simbolos estimados no alfabeto do simbolo.

através do algoritmo KronF na Tabela 1, e desve-

Segundo salto: relé - destino

- Etapa 1: algoritmo Bi-ALS

- Aplica os estagios 1) ao 4) do primeiro salto, usando as correspondéncias
(A.2)-(A.3).

- Etapa 2: algoritmo KronF
- Aplica as etapas 5) ao 8) do primeiro salto, usando as correspondéncias
(A.2)-(A.3).
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Table 28 — Receptor THOSVD para estimacdo dos canais e matrizes de simbolos.

Receptor THOSVD para estimar S, 7(S® e (D),

Entrada: tensores X® x&®D) G) GKR)

Saida: Canais e matrizes de simbolos estimados

Primeiro salto: fonte - relé

1) Calcula a estimacdo LS 78R definida em (4.38).

2) Constroéi o tensor de posto um Z®® de tamanho R, N, X...XR; N; X FM My
a partir de y AR

3) Calcula a SVD de cada desdobramento de modo-n de 2%, e calcula a

. ~ A N0 ~ (SR) ~ (SR) .
estimagdo 8" =vec(S Jeh  =vec(H, ry, | cOMo 0 primeiro vetor

singular esquerdo de cada desdobramento de modo-n.

A ~ (SR) . _ A 2
4) Desvetoriza s“ eh para obter a estimacgdo S e HﬁfiFMS.
5) Elimina as ambiguidades de escala.
6) Projeta os simbolos estimados no alfabeto do simbolo.

Segundo salto: relé - destino
- Aplica as etapas 1) ao 6) do primeiro salto,usando as correspondéncias
(A.2)-(A.3).

Resultados

Impacto dos pardmetros de design

Nesta secao, avaliamos o desempenho da SER do sistema proposto sob o conheci-
mento perfeito do canal. Nesse caso, usamos o receptor ZF-KronF para estimar as matrizes
de simbolo transmitido por meio da Eq. (4.42). Os resultados apresentados nas Figuras 34 a
38 foram obtidos para ambos os saltos, mas aqui sdo apresentados apenas para o relé.

Figura 33 apresenta o impacto na SER para diferentes niumeros de simbolos por
fluxo de dados: N; = N, € {8,12,16}, onde S,,,, € Sy, denotam a SER no relé e no
destino, respectivamente. A partir desses resultados de simulacdo, pode-se concluir que
a SER melhora quando o numero de simbolos aumenta, o que implica um aumento da
diversidade de codificagdo, pois N = N;N, é uma dimensio da forma contraida HESR) e yERD)
nos tensores de dados, o que ndo € o caso de R = R,R,. Por outro lado, a taxa de transmissao
diminui como mostrado na Tabela 26. Além disso, observe que a SER no relé é melhor
que a no destino. Isso acontece porque, com o protocolo DF, os simbolos sdo estimados e
decodificados antes de serem retransmitidos pelo relé para o destino, o que induz um erro
de propagacdo devido a decodificagdo.
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Figure 33 - Impacto do numero de simbolos por fluxo de dados.

Figuras 34 a 38 apresentam a SER obtida no relé (S,,,,). Figura 22 compara a SER
para trés diferentes numeros de fluxos de dados: R, = R, € {4, 6, 8}. A partir desta figura,
pode-se concluir que o aumento de R, e R, implica um aumento do numero de simbolos a
serem estimados, sem aumentar o nimero de dados no tensor Y& para estimar os simbolos,
induzindo assim uma degradacdo da SER, enquanto a taxa de transmissdo aumenta (veja

Tabela 26).

M =2,M =4,M =6,P=12,F=4N,=N,=4

10
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Figure 34 - Impacto do numero de fluxos de dados.

Na Figura 35, os resultados das simula¢des comparam a SER,,,; com as SERs
individuais para sV e 8@, quando N; = 4, N, = 12e R, = R, = 2. Considerando essa
configuracio, o produto de Kronecker para S® e S% induz uma alta diversidade para s
que para S®, devido ao fato de que cada simbolo de s e repetido 12R, vezes enquanto cada
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simbolo de S® é repetido somente 4R, vezes. O que implica em uma menor SER para s

que para s®.

M =2,M =4M =6P=F=2R, =R,=2,
N,=4,N,=12

—8—ser sl
—%¥—sgr s
—#—SER

3
-10 -5 0 5 10 15 20

SNR (dB)

107

Figure 35 - Impacto na the SER matrizes de simbolos individuais.

Figura 36 apresenta os resultados considerando diferentes configuracdes para o
numero de subportadoras (F) e blocos de tempo (P). Observe que uma melhoria de desem-
penho é obtida quando F e/ou P sdo/é aumentado(s), devido a um aumento da diversidade da
frequéncia e/ou de tempo. Por outro lado, a taxa de transmissdo diminui. Também podemos
observar que, para o mesmo valor do produto FP = 8 ou FP = 16, o ganho da diversidade ¢
o mesmo, implicando SERs muito proximas, o que ilustra o papel simétrico desempenhado
pela diversidade da frequéncia e do tempo no desempenho da SER.

o - = (F.P)=(2.2)
P8 -g-(F,PHzA)
10 —5—(F.P)=(2.8)
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Figure 36 — Impacto das configuracdes diferentes de (F,P).

Na Figura 37, a SER ¢ comparada para diferentes numeros de matrizes de simbolos
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(L € {2,3,5}). Os parametros de design foram escolhidos para que a taxa de transmissao seja
a mesma para os trés valores de L. A codificagdo MSMKron com L = 5 fornece o melhor
desempenho da SER em comparagdo com L € {2, 3}. Esses resultados corroboram o ganho
de codificagdo fornecido pelo produto de Kronecker das matrizes de simbolos.

M =M_,=8M,=9,P=12,F=8
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Figure 37 - Impacto de L na SER.

Na Figura 38, a codificacdo TSTF-MSMKron proposta ¢ comparada com a codificacdo
TSTF, ou seja, usando apenas uma matriz de simbolos S € CV*R ao invés de um produto de
Kronecker de varias matrizes de simbolos. Com a codificacdo TSTF, a matriz de simbolos é
estimada usando a Eq. (4.28). Como esperado, a partir da Figura 38, nds concluimos que a
codificacdo TSTF-MSMKTron fornece uma melhor SER do que a codificacdo TSTF, gracgas
a uma maior diversidade de codificacdo imposta pelo produto de Kronecker das matrizes
de simbolos. Em contrapartida, a taxa de transmissao para a codificacdo TSTF-MSMKTron é
menor que a taxa de transmissdo com a codificagdo TSTF. Veja Tabela 26.
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Figure 38 - Comparacdo das codificacées TSTF-MSMKron e TSTF.

Comparacdo dos receptores THOSVD e Bi-ALS-KronF

A partir das Figuras 39 e 40, podemos concluir que o receptor THOSVD fornece uma
melhor performance na SER comparado ao receptor Bi-ALS-KronF. Isso se deve a forma
fechada do receptor THOSVD, permitindo estimar conjuntamente as matrizes do canal e
dos simbolos, enquanto o receptor Bi-ALS-KronF é composto por duas etapas, uma iterativa
e uma de forma fechada. Por outro lado, o receptor THOSVD ¢ mais restritivo em termos de
condicoes de identificabilidade (MR < P) do que o receptor Bi-ALS-KronF, induzindo uma
reducdo da taxa de transmissdo, como pode ser visto na Tabela 26. Também pode-se notar
que a SER no relé é melhor que a SER no destino devido a propagacdo de erro causada pela
decodificacdo no relé. Como esperado, o receptor ZF-KronF fornece a melhor SER devido ao

conhecimento a priori dos canais.
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Figure 39 - Comparacdo da SER com os receptores THOSVD, Bi-ALS-KronF Eqgs.(4.29)-(4.30) e ZF
no relé.
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Figure 40 - Comparacio da SER com os receptores THOSVD, Bi-ALS-KronF Egs.(4.29)-(4.30) e ZF
no destino.

Na Figura 41, os resultados obtidos para a NMSE do canal em cada salto sdo apresen-
tadas. Observe que o receptor THOSVD fornece melhores resultados do que os receptores
Bi-ALS-KronF. Como para a SER, isso ocorre porque o THOSVD ¢é uma solucdo de forma
fechada, enquanto o algoritmo Bi-ALS ¢ iterativo. Além disso, a estimativa do canal no
primeiro salto ¢ um pouco melhor que a do segundo salto. Isso se deve a propagacdo de erros

na retransmissdo das matrizes de simbolos apds a decodificacdo no relé.
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Figure 41 - Comparacdo da NMSE para a estimacdo do canal com os receptores THOSVD e
Bi-ALS-KronF Egs.(4.29)-(4.30).

Conclusao

Ao explorar o modelo do sinal recebido, derivamos dois receptores semi-cegos para
estimar em conjunto os simbolos transmitidos e os canais. O primeiro receptor proposto foi
baseado nos algoritmos Bi-ALS e KronF, onde o primeiro foi aplicado para estimar o canal e o
produto Kronecker, enquanto o segundo foi aplicado para separar as matrizes de simbolos. O
segundo receptor proposto € baseado no algoritmo THOSVD de forma fechada, que permite
estimar simultaneamente o canal e as matrizes de simbolo por meio do calculo de SVDs,
como no método KronF. Os resultados da simulacdo nos permitiram ilustrar o impacto dos
parametros de design no desempenho da SER. A codificacdo TSTF-MSMKron fornece um
aumento nas diversidades espaciais, de tempo e frequéncia quando o numero de fluxos
de dados ou o numero de antenas na fonte ou relé aumenta. Os receptores semi-cegos sao
eficientes, especialmente quando sdo baseados em solucdes de forma fechada, para estimar
os parametros sem o conhecimento do canal, conhecendo apenas um simbolo de cada matriz
de simbolos. Por outro lado, o receptor THOSVD de forma fechada é mais restritivo do que o
Bi-ALS-KronF iterativo implicando em uma baixa taxa de transmissao.
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