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Abstract: The direct tensile test (DTT) is the most recommended test to determine the tensile behavior
of fiber-reinforced concrete (FRC). However, this test is challenging to perform. Several studies
have investigated inverse analysis to determine this behavior through simplified tests, such as the
bending test. This study deals with developing a new approach to perform an inverse analysis for
the three-point bending test (3PBT) involving FRC. A new proposed methodology concerns carrying
out the inverse analysis procedure by parts. Initially, the parameters that influence the initial part
of the stress–crack opening curve are adjusted. Progressively, the other parameters are adjusted
considering the increment of the curve section. This procedure provides an implemented algorithm
with more efficiency. A new strategy that deals with the establishment of criteria for parameters is
proposed. Its results are compared with experimental data from other literature, whose steel fiber-
reinforced concrete (SFRC) tested characteristics present different attributes such as fibers, shape, and
length. The proposed methodology obtained the stress–crack opening curves in direct tension with
reasonable accuracy, indicating that this methodology can be helpful in the characterization of the
post-cracking FRC behavior.

Keywords: inverse analysis; crack length; stress–crack width; steel fiber-reinforced concrete; three-
point bending test; post-cracking behavior

1. Introduction

In the inverse analysis problem, the results provided in a given experiment, for
example, are used to determine the input data of the direct problem, or the input data
are used to determine the properties of a system [1–3]. Reference [4] uses direct analysis
(a procedure that requires the definition of the form of the constitutive relationship, in
order to simulate the uniaxial behavior of the material) and inverse analysis, which deals
with the interactive solution to determine stress-strain or stress-opening diagrams of cracks
based on the adjustment of experimental results through constitutive relations.

An essential type of application of applying inverse analysis consists of obtaining
stress (σ)–crack opening displacement (COD) using the experimental response of force-
displacement in a test with fiber reinforced concrete (FRC) samples. FRC has several
significant mechanical properties, such as fracture toughness, ductility, durability, and
crack width control [5–8]. The inverse analysis application is helpful to FRC because the
indicated test that obtains information on post-cracking behavior directly (the direct tensile
test—DTT) is challenging to perform [9]. Therefore, the inverse analysis procedure starts
from the knowledge of concrete and fiber properties and the experimental response of the
three-point bending test (3PBT) to estimate the tensile response (σ–COD) (Figure 1). The
inverse analysis involves carrying out an interactive procedure to determine values for the
parameters that describe the direct tensile behavior, based on the bending response. It is
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established that the set of parameters that characterize a material’s tensile behavior leads
to the slightest error in the bending behavior.
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Figure 1. Inverse analysis procedure: (a) 3PBT, (b) DTT, (c) Force (F)–Crack Mouth Opening Dis-
placement (CMOD) from 3PBT, (d) Stress (σ)–Crack Opening Displacement (w) curve from inverse 
analysis (represents the DTT). 

A significant milestone in the study of the FRC tensile behavior was the development 
of the fictitious crack model [10]. In this model, the understanding of the complex behav-
ior of this composite is simplified by considering linear relationships before cracking. In 
addition, the formation of cracks allows the consideration of a stress transmission bridge 
across the cracks. A model was developed [11] for the behavior of FRC beams with a 3PBT 
test based on the force balance in the critical section. The results of this model lead to the 
conclusion that the bending performance of FRC is strongly influenced by the Force (F)–
Crack Mouth Opening Displacement (CMOD) curve. This curve presents an initial section 
that is approximately linear, and after the initiation of the fracturing process, the post-
cracking section occurs [12–16]. From this section, the F–CMOD curve becomes more chal-
lenging to estimate, requiring the implementation of complex models. 

The inverse analysis procedure for FRC can be performed using two approaches: an-
alytical and numerical. In the numerical approach, input data (geometric boundary con-
ditions and material behavior laws) are obtained through numerical simulations. There-
fore, there is the disadvantage of the high computational cost and the need to apply a 
numerical model, for example, based on the finite element method (FEM). This approach 
has already been applied in its conventional form to the SFRC [17–23], for FRC with recy-
cled fiber [24,25], and in specimen situations with different notch depths and sizes [26]. 
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Figure 1. Inverse analysis procedure: (a) 3PBT, (b) DTT, (c) Force (F)–Crack Mouth Opening Dis-
placement (CMOD) from 3PBT, (d) Stress (σ)–Crack Opening Displacement (w) curve from inverse
analysis (represents the DTT).

A significant milestone in the study of the FRC tensile behavior was the development
of the fictitious crack model [10]. In this model, the understanding of the complex behavior
of this composite is simplified by considering linear relationships before cracking. In
addition, the formation of cracks allows the consideration of a stress transmission bridge
across the cracks. A model was developed [11] for the behavior of FRC beams with a 3PBT
test based on the force balance in the critical section. The results of this model lead to
the conclusion that the bending performance of FRC is strongly influenced by the Force
(F)–Crack Mouth Opening Displacement (CMOD) curve. This curve presents an initial
section that is approximately linear, and after the initiation of the fracturing process, the
post-cracking section occurs [12–16]. From this section, the F–CMOD curve becomes more
challenging to estimate, requiring the implementation of complex models.

The inverse analysis procedure for FRC can be performed using two approaches:
analytical and numerical. In the numerical approach, input data (geometric boundary con-
ditions and material behavior laws) are obtained through numerical simulations. Therefore,
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there is the disadvantage of the high computational cost and the need to apply a numer-
ical model, for example, based on the finite element method (FEM). This approach has
already been applied in its conventional form to the SFRC [17–23], for FRC with recycled
fiber [24,25], and in specimen situations with different notch depths and sizes [26]. Still
using this approach, [27] performed an inverse analysis procedure involving a graphical
analysis process. Initially, relationships are established for the defining parameters of post-
cracking behavior and boundary conditions. Simulations based on a program involving
the FEM are then performed.

The numerical responses obtained for the 3PBT are compared with the experimental
response via graphical analysis. The behavior under direct tensile (σ–COD), which leads to
the slightest error in the F–CMOD curve on bending, is the result of the inverse analysis.
Despite successfully carry out the inverse analysis, the numerical approach has some
limitations, among which the following can be mentioned:

• The need to use specific computational programs for structural analysis;
• The high computational cost;
• The significant time spent performing the inverse analysis.

In this context, the search for new ways of implementing this procedure is justified,
especially in a simplified way.

The analytical approach is based on establishing constitutive laws of the post-cracking
behavior of FRC. Compatibilizations are performed between the deformations considering
the behavior studied before cracking and post-cracking. Equations are usually applied that
define the behavior of the composite based on research or normative codes. Within this
approach, models have been employed for the behavior of FRC beams with 3PBT based
on the force balance in the critical section [11], including the Monte Carlo method [28];
there is another proposal that divides the analysis into stages involving initial estimation of
parameters and subsequent adjustment of curves [29]. Some studies emphasized analytical
approaches involving plastic hinges [30,31], including approaches concerning parameter
optimization by probabilistic means [32] and the global fitting strategy.

The inverse analysis procedure that several literature results have studied still has
limitations [5,21,22,25,26,29,32–35]. One is the high computational cost for implementing
numerical or analytical models. Suppose simplifications such as those proposed in this
study need to be established. In that case, the procedure may result in numerous combina-
tions of parameters to be calculated at all levels studied. Errors are usually also calculated
considering the full Force–CMOD curve and require high computational cost for forming
the σ-w (tensile-crack opening displacement) answer.

This study contributes to this gap. A new simplified proposal for the inverse analysis
procedure was developed. In the usual inverse analysis procedure, the input data are
selected randomly or without a choice criterion, which leads to a high computational
cost. In this study, the input parameters are determined according to the fiber length,
which is considered a factor of relevant influence on the FRC tensile behavior [9,36,37],
including for the inverse analysis procedure. Furthermore, the inverse analysis procedure
is performed progressively, first determining the parameters that determine the initial part
of the response σ-w. Only afterward the other parameters are adjusted. It is considered
that the initial parameters of the response σ-w influence only part of the Force–CMOD
curve, as graphically observed by [27]. The methodology presented in this study made
the computational process more efficient since it considers that the initial parameters of
the σ-w influence only a portion of the Force–CMOD curve. Thus, each set of response
curve parameters σ-w is adjusted considering the Force–CMOD error up to a given CMOD.
The usual inverse analysis procedure performed by other literature [29,31] is also part of
estimating the initial parameters. Therefore, it is proposed to determine the parameters by
parts, first adjusting the parameters of the initial section of the σ-w curve, then calculating
the error of only part of the curve. The process significantly reduces the number of
program steps.
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Despite [27] performing a study for initial parameter estimates, the author’s study has
the disadvantage of using a proposal based on the finite element method (FEM). In [31],
research was carried out with an analytical methodology for the inverse analysis; however,
no strategic estimation of the initial parameters was established. Therefore, this study
produces an essential contribution by combining the advantages of these two studies by
employing an analytical methodology with a strategic estimation of initial parameters,
which tends to reduce the computational cost of inverse analysis significantly.

2. Three-Point Bending Test (3PBT)

The post-cracking tensile behavior of FRC is the most fundamental property of this
composite. To properly determine this behavior, technical standards [38–40] usually recom-
mend three-point bending (3PBT) tests and estimate the tensile behavior through useful
simplifications for projects.

The 3PBT test is widely used due to its simplicity of execution (also present in the
other indirect tensile tests) about the direct tensile test. The main disadvantage, however,
is the need to employ a relatively behavior deduction or perform an inverse analysis [41].
The 3PBT is a good test for FRC classification [6].

The performance of the 3PBT test consists of applying a load to a prismatic specimen
supported by a central notch, which reduces the dispersion of the test results by inducing
notch cracking itself (Figure 1a). A transducer (such as a clip gage, as shown in Figure 1a)
is usually used at the base of the sample to monitor the relative displacement between
two points close to the notch. The measured displacement is called CMOD (Crack Mouth
Opening Displacement). The load is monitored during the test. At the end of the test,
a Force–CMOD curve is obtained that characterizes the material tested.

The limit of proportionality (ffct,L) and the flexural tensile strength (fRj), corresponding
with CMODj with j = 1,2,3,4, is obtained during the test. The fRj are used to identify the
constitutive law [40]:

fR,j =
3Fjl

2bh2
sp

(1)

where Fj is the load corresponding with CMOD = CMODj, l is the span length [mm], b is
the width of the specimen [mm], and hsp is the distance between the notch tip and the top
of the specimen [mm], 125 mm.

3. Analytical Model for Determination of (F–CMOD)anal Diagrams

Several models have already analytically determined F–CMOD behavior. [5,17–21].
In this study, the model described by [31] was used. Therefore, this section is limited to
describing the model proposed by this author.

The model proposed by [31] starts from the consideration of a bending beam with a
width section b and height H with a notch that makes it present effective height h, acting
for a moment M in the sample under the imposition of a rotation θ (Figure 2).

The sample section is divided into layers to which constitutive laws of compressive
and tensile behavior. The value of Ls is the beam’s length and Lh is the length of the
non-linear hinge. The extension due to a rotation θk was calculated in an interaction k per
unit of Lh for the i-th layer (Dk

i ) with Equation (2) (Figure 2b,c):

Dk
i = θk × (di − dna) (2)

where di and dna corresponds to layer depth i and the neutral line, respectively.
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Figure 2. Representative scheme of the beam under the 3PBT test, highlighting: (a) notch and length
of the plastic hinge (Lh), (b) plastic hinge model, and (c) layering of the cross-section. Adapted
from [31].

Knowing the compressive behavior for the inverse analysis procedure is essential when
the analyzed sample is under bending stress. In the present study, the FRC compressive
behavior is given by a well-studied constitutive model. The compression force Fk

cc and
the tensile force Fk

ct,i are determined by constitutive relations as a function of εk
e f ,i. The

value of εk
e f ,i is obtained by dividing Dk

i by Lh. It is more significant than the strain (εct,p)
corresponding to tensile strength fct, the section is considered cracked; therefore, the
isolated constitutive equations do not represent this behavior satisfactorily. In these cases,
we have:

Fk
ct,i = σct(wk

i )bt (3)

where σct is the tensile stress, wk
i is the crack opening for the layer i for the rotation

increment interaction, k, and t is the thickness of each layer. The moment-rotation is
calculated considering the balance of moments of the cross-section. The moment at the
edge of the length Lh (Figure 2a) follows the relationship of Equation (4), from which we
can calculate the characteristic strength (Fk). For the compressive behavior, we disregard
the pre-peak influence and use the model of [42] modified by [43] for SFRC with fibers
whose ends are hooked. A multilinear model based on [44] can be used for the tensile
behavior. The bending moment, Mk, is:

Mk = 0.25Fk(Ls − 0.5Lh) (4)

The deflection δk is calculated based on the virtual work method, considering the sum
between a plastic and an elastic portion, according to Equation (5). I1 and I2 correspond to
the notched and unnotched sections’ moments of inertia, respectively.

δk =
F
(

Ls−Lh
2

)
6Ec I2

3( Ls
Ls−Lh

2

)3

+

(
I1

I2
− 1
)+

Lsθ

4
(5)

where Ec is the elastic modulus determined according to [40].
There is no consensus established in the literature for the value of Lh. The typical

values are h, h/2, and 2h [31,39,45–49]. In the proposed study, the value h/2 was adopted.
The flowchart in Figure 3 illustrates the procedure presented in this section.
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Figure 3 Figure 3. Illustration of the representative model of the post-cracking behavior of FRC to determine
the response F − δ. Adapted from [31]. Here, L f and d f are length and diameter of the fibers,
respectively, nL is the number of layers; ne = H − h, σcc(εcc) is the compressive stress [43], and
σct(εct) is the tensile stress from bilinear stress-strain [40].

4. The Inverse Analysis Procedure
4.1. The Concept of Inverse Analysis

The inverse analysis procedure aims to find the stresses σ1, σ2, and σ3 corresponding to
the crack openings w1, w2 and w3. These parameters represent points on the σ-w diagram
obtained as a result of applying the inverse analysis procedure that define the direct
tensile quadrilinear post-cracking behavior of FRC. For analysis, initially, it is necessary to
estimate these values for the algorithm. A proposal to estimate these values is presented in
Section 4.2.1.

A flowchart illustrating the inverse analysis procedure and work steps are shown in
Figure 4. The procedure is performed progressively to determine σ-w from a multilinear
model, whereas this study offers the approach for a quadrilinear response.
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Figure 4. Algorithm general for performing the inverse analysis procedure with fctm obtained
according to [40] and (F−CMOD)anal obtained according to [31] model.

For executing the inverse analysis procedure, the program starts with the input pa-
rameters, which are described below:
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- Parameters of the tested sample: span (L), height (H), width (b), and notch depth
(ne = H − h), according to Figure 4;

- Concrete parameters: compressive strength ( fck) and tensile strength ( fct) of FRC; fctm
is the average tensile strength obtained according to [40];

- Fiber parameters: length (L f ) and diameter (d f );
- In order to determine the error, the experimental results of the F–CMOD curve,

(F–CMOD)exp curve, were obtained through experimental results of the 3PBT must be
input data, as well as the maximum deflection (δmax).

l is the index varying from 1 to 4 for increment interactions of the steps in which
each variable are fixed; j is the index varying from 1 to 3 for increment interactions for
determination of sj, which corresponds to the values set for wu; q is the index varying
from 1 to 13 for increment interactions of the steps in which we determined fct, σ1, σ2,
and σ3; vj corresponds to the values fixed for the relations σ1/ fct; Alim1,n,i is the area of
the i-th segment of the n-th analytical curve; Alim1,exp,i is the area of the i-th section of the
experimental curve; and Adi f ,n,lim1 corresponds to the differences between each of the n
areas of the analytical response and the experimental response.

The parameters for tensile are estimated, and the bending response is analyzed. It is
considered that the set of parameters that characterize the material’s tensile behavior leads
to the slightest error in the bending behavior. The diagrams (F–CMOD)anal are obtained
analytically through the method based on [31], according to the flowchart shown in Figure 3.
The inverse analysis process is applied to determine the stress-opening of cracks (σ-w).

4.2. Parameters of SFRC Direct Tensile Behavior

This study proposes carrying out an inverse analysis through a strategy that involves
selecting appropriate initial parameters among those that most influence the post-cracking
behavior of FRC to employ an analytical model and then generate the F–CMOD curve. This
way, this procedure obtains a more rational method. In the analytical procedure, fracture
mechanics parameters of the FRC tensile behavior (crack opening (wi) and corresponding
stress σi = Ai fct) are predefined (Figure 5). Then, algorithms perform a series of iterations
to find parameters that solve the inverse problem and determine the answer σ-w, leading
to the slightest error in the answer of F–CMOD. To reduce the computational effort, a
strategy based on the previous experience of [27] was employed. First, some initial tensile
parameters (σ-w) are strategically estimated.
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4.2.1. Initial Parameters Determination

In this step, the initial parameters of the algorithm are established based on the
experience of [27]. The author used fixed values for initial parameters of w: w1 = 0.2 mm,
w2 = 1.0 mm, and w3 = 2.5 mm. However, the need to change these parameters is
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considered reasonable, mainly due to the variation in fiber length. Furthermore, this study
evaluated the possibility of working with concrete with different characteristics. Therefore,
equations were determined to define the three initial parameters of w. Finally, the w1
parameter was calculated with Equation (6):

w1 =
L f

175
(6)

In early-stage interactions, the ultimate crack opening is initially estimated as wu =
L f /8, considering a fiber efficacy factor of 0.25 [17,47]. Therefore, for uniformity of the
quadrilinear model, we have the Equations (7) and (8):

w2 =

L f
8 − w1

3
(7)

w3 = 2
L f
8 − w1

3
(8)

The values w1, w2, and w3 are fixed for the entire procedure. At this initial stage and
during the process of determining fct, the following values are fixed: σ2/ fct = 1.0 and
σ3/ fct = 0.5.

4.2.2. Determination of fct

In the present step, the algorithm determines the tensile strength value ( fct). Then,
the value of fctm is calculated according to the recommendations of [40]. The analytical
model is implemented for the relationship of σ1/ fct = v1 and σ1/ fct = v2. The ratio σ1/ fct
is considered the second variable in this step, and fct/ fctm is the primary variable. The
second variable values (v1 and v2) were taken at 20% above and below the unit value for
this and the other steps of this method. Therefore, we have: v1 = 0.8 and v2 = 1.2.

The relation fct/ fctm considered were corresponding to the interval [0.5–1.1], varying
at a given step. The lower part, or equal to 0.9 of this range (from 0.5 to 0.9), was chosen
because, in notched specimens, the maximum stress may be much lower than the cracking
stress. After all, the stresses are concentrated in the notch [27]. Comparing the results of
this methodology with other research [24,29,31], it was verified that the range from 0.9 to
1.1 was also consistent for certain types of concrete. The variation step (0.05) was chosen
as half of the stage adopted for the following steps because the curves obtained due to
executing this step showed greater sensitivity for the variable fct/ fctm and because this is
the primary variable in this step. Therefore, we obtain:

fct

fctm
= 0.5 + 0.05(q− 1) (9)

where q ranges from 1 to 13, according to the flowchart in Figure 4.
The program then verifies, among the curves obtained, the one that best fits the

first part of the diagram, comparing (F− CMOD)exp with (F− CMOD)anal , according
to Section 4.2.6. An illustration of this procedure can be seen in Figure 6. In this case,
the first branch is defined between 0 and w1 since it is significantly influenced by the
relationship fct/ fctm. The solid lines represent the answers (F− CMOD)anal and the
dashed line represents (F− CMOD)exp. Subsequently, the algorithm calculates the area
under each curve (F− CMOD)anal in this stretch and compares it with the estimated area
under curve (F− CMOD)exp, as detailed in Section 4.2.6.
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4.2.3. Determination of σ1/ fct

In addition to the parameters initially defined, the relation fct/ fctm, once fct and fctm,
is already determined in the previous step. In this stage, interactively, the interval values
[0.4–1.6] to σ1/ fct with a step doubled concerning the previous step (0.1). Consequently:

σ(l−1)

fct
= c1 + c2(q− 1) (10)

where q ranges from 1 to 13, according to the flowchart of Figure 4, in which c1 = 0.4
and c2 = 0.1 in this step. The ratio σ1/ fct corresponds to the primary variable, and σ2/ fct
was the secondary variable; that is, it presented the values v1 and v2, as described in
Section 4.2.2. With this procedure, the value of σ1/ fct that best fits the curves obtained
((F− CMOD)exp vs. (F− CMOD)anal), so that the error between both is calculated up
to certain limits, as described in Section 4.2.6. This procedure is generally illustrated in
Figure 7. In this issue, the selected section is significantly influenced by the relation σ1/ fct.
The solid lines represent the answers (F− CMOD)anal , and the dashed line represents
(F− CMOD)exp. The algorithm then calculates the area under each of the (F− CMOD)exp
curves in this stretch and compares it with the calculated area under the (F− CMOD)exp
curves, as detailed in Section 4.2.6.

4.2.4. Determination of σ2/ fct

A procedure similar to the previous step is carried out to determine σ2/ fct. Although
σ2/ fct becomes the primary variable and σ3/ fct the secondary, it presented the values v1
and v2, as expressed in Section 4.2.2. The parameter σ1/ fct is fixed and corresponds to that
obtained from the previous step. Furthermore, the parameters fct/ fctm (according to the
result of Section 4.2.2) and wu = L f /8 are fixed. Besides, the same values are established
for c1 and c2 from the previous step and Equation (10) can be applied to obtain the value of
σ2/ fct.
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4.2.5. Determination of σ3/ fct

The procedure is repeated similarly for calculating σ3/ fct; this becomes the primary
variable and wu the secondary variable. wu will display the values s1 = L f /10, s2 = L f /4,
and s3 = L f /8. The fct/ fctm, σ1/ fct, and σ2/ fct parameters remain the same as those found
in Section 4.2.2, Section 4.2.3, and Section 4.2.4, respectively. It was found that c1 = 0.3
and c2 = 0.1 are the values that showed greater compatibility between the analytical and
experimental responses at this stage. Thus, σ3/ fct is calculated using Equation (10).

4.2.6. Choice of the Best Fit Curve

A routine was developed to calculate the area under curve of the F− CMOD diagram
to select the curve that best fits the previous steps. For this, the diagram is divided into n
branches. In this step, it was considered that a considerable number of sections can increase
the computational effort and a small number can lead to inaccurate results. Therefore, it
was decided to increase the refinement concerning the number of stretches only in the
region close to the peak.

The choice of CMOD limits to calculate the areas that fit each of the parameters is a
significant choice assembled in the procedure proposed in this study. It is observed that
these parameters would influence the F− CMOD curve more until the limits of CMOD
are reached in [27]. Thus, the limits established by the author were used. Considering
the applied quadrilinear model, these limits will be lim1 = L f /175, lim2 = L f /70, lim3 =
L f /17.5, and lim4 = L f /10.

An illustration of the area calculation for this procedure is shown in Figures 6 and 7. For
the first step (described in Section 4.2.2 of this article), the response areas (F− CMOD)anal
(represented by the continuous lines: Anal 1, Anal 2, ... Anal n) and (F− CMOD)exp
(represented by the thicker dashed line) are calculated for CMOD between 0 and lim1,
according to Equation (9).

The sections areas of the diagram for each of the n curves, corresponding to analytical
solutions and experimental response (exp) are calculated using Equation (11):

Alim1,(n ou exp),i =
|Fi+1 + Fi| × |CMODi+1 − CMODi|

2
(11)
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To obtain the analytical and experimental curve areas, the sum presented in Equations
(12) and (13) are performed. The areas of the n analytical curves and the experimental curve
contained between 0 and lim1:

Alim1,n =
m

∑
i=1

Alim1,n,i (12)

Alim1,exp =
m

∑
i=1

Alim1,exp,i (13)

where m is the number of sections, Alim1,n,i is the area of the i-th section of the n-th analytical
curve, and Alim1,exp,i is the area of the i- th experimental curve section. The procedure is
applied for the (F− CMOD)lim1,anal and (F− CMOD)lim1,exp response.

The following expression gives the differences between the n areas of the analytical
and experimental response:

Adi f ,n,lim1 =
∣∣Alim1,n − Alim1,exp

∣∣ (14)

Among the n curves, the one with the lowest value of Adi f ,n corresponds to the
analytical response (F− CMOD)lim1,anal in the region between 0 and lim1.

The same procedure is performed for the other sections of the diagram: between lim1
and lim2, between lim2 and lim3, and between lim3 and lim4, i.e., between limp−1 and limp.
An illustration of the procedure is shown in Figure 7.

As described in Section 4.2, for each determination step of an individual parameter
( fct, σ1, σ2, σ3, wu), two (or three, in the case of wu) sets of curves are obtained, one for
each secondary parameter. Likewise, for any of these sets, there will be an Adi f ,n,limp

corresponding to the secondary parameters. Among these, the algorithm selects the one
that presents the slightest difference between the obtained areas of the analytical and
experimental response.

At the end of this process, a (F− CMOD)anal curve is obtained. This curve approxi-
mates the (F− CMOD)exp response obtained through the 3PBT test, as shown in Figure 8.
For the respective (F− CMOD)anal found, the curve representing the tensile behavior
(σ− w)anal is obtained.
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4.2.7. Validation of the Inverse Analysis Procedure

The methodology presented in the previous steps establishes the (σ− w)anal diagram.
Then, (σ− w)anal and (F− CMOD)anal results from inverse analysis performed with ex-
perimental validation of four types of FRC from different studies were selected for its
validation. Three of the concretes used in the literature were reinforced with conventional
steel fibers with hook-shaped ends (HE) and one with recycled steel fibers with variable
end shapes and dimensions. In addition, the concretes presented different types: self-
compacting (SFRSCC) and conventional (SFRC), with different fck values and fiber form
factors. These characteristics are described in Table 1.

Table 1. Characteristics of the analyzed fibers and concretes.

Author Denomination fck [MPa] fct [MPa]
Fiber Length/

Diameter Ratio (Lf/df)
[mm/mm]

Fiber
Kind

Concrete
Kind

[27] SFRSCC B 55 2.23 35/0.55 Steel, HE SFRSCC
[31] C45-f90 45 2.4 35/0.55 Steel, HE SFRSCC
[24] RSFRC1%_2 45 3.34 23/0.22 recycled SFRSCC
[29] FRC60-1 60 3.26 60/0.75 Steel, HE SFRC

The casting of the samples from [24,27,29] was performed according to the recommen-
dations of [38]. The fib guidance of [40] was followed by [31]. All notched beam samples
were molded with 600 × 150 × 150 mm3.

These studies were chosen because they show results of the inverse analysis procedure
compatible with the methodology developed in this study for comparison purposes. A
similar process of inverse analysis by parts to [27] was used, despite using FEM. Therefore,
this feature differs from the one in this study, which used an analytical methodology. Thus,
it is possible to investigate the difference between FEM and analytical methodology when
comparing their results with those developed here.

An analytical methodology has already been used [30], but the inverse analysis pro-
cedure with piecewise process has not been applied. Recycled fibers have been inves-
tigated [24], although most studies have used the usual steel fibers. Distinct from the
other consulted authors, an SFRC was used [29], and their model was based on [11] and
consequently presented some differences in the analytical methodology of [31].

For all these consulted literatures [24,27,29,31], the fct parameter is different. The fibers
present different values of L f and d f . The fck variation range (45–60 MPa) contemplates a
very usual situation when considering conventional SFRC structures. Thus, it is possible to
compare the methodology of this study in these different situations and use concretes with
typical characteristics.

5. Results and Discussions
5.1. Generalities

The algorithm studied in this study was used to verify the post-cracking behavior
of the concretes presented in Table 1. This study’s inverse piecewise analysis methodol-
ogy achieves the results discussed in this section. The (F− CMOD)anal curves obtained
through the proposed procedure were compared with the results obtained experimentally
by the respective references. All the curves obtained analytically through the implemented
algorithm were very close to the experimental curves. The errors found were less than 10%.

The illustration of the detailed parameters determination steps for the curves
(F− CMOD)anal will only be shown for the SFRSCC B concrete from [27]. The discussions
of this analysis can be found in Section 5.2, Section 5.3, Section 5.4, Section 5.5. The results of
the final F− CMOD diagrams are presented in Section 5.6. The inverse analysis (σ-w) was
compared to the consulted authors. Discussions on these results are set out in Section 5.7.



Buildings 2023, 13, 1166 14 of 26

5.2. Determination of fct

In this step, the analytical model was processed for the fct/ fctm relations presented
in Section 4.2.2. Figure 9 shows the results for the secondary parameter σ1/ fct = 0.8
and Figure 10 for σ1/ fct = 1.2. In Figure 9, secondary parameter has a lower value than
the one seen in Figure 10. As a result, there is a trend towards a lower slope for the
curves obtained by the algorithm for the different simulated fct/ fctm about the dashed
curve (experimentally validated by [27]). For better curves visibility obtained through the
analytical model, the interval with the CMOD ranges from 0 to L f /175 was selected to
determinate the areas, as indicated in Section 4.2.6, Figures 9 and 10.
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Figure 9. Inverse analysis—determination of fct for σ1/ fct = 0.8 compared with experimental result
of [27].
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Figure 10. Inverse analysis—determination of fct for σ1/ fct = 1.2 compared with experimental result
of [27].



Buildings 2023, 13, 1166 15 of 26

After executing the step described in Section 4.2.6, the algorithm shows the error
found between analytical and experimental curve for the two situations of σ1/ fct. For the
ratio σ1/ fct = 0.8, among the corresponding fct/ fctm parameters, as shown in Figure 9,
the smallest error was 5.2%. However, for the ratio σ1/ fct = 1.2 (Figure 10), the smallest
error was 2.6%. This result was obtained for the curve corresponding to fct/ fctm = 0.55.
This curve indicates good compatibility with the dashed curve. The algorithm selected this
curve to compose the result in the interval corresponding to this step. There is a significant
sensitivity of the results obtained for (F− CMOD)anal when changing fct/ fctm.

5.3. Determination of σ1

The analytical model was processed for the different σ1/ fct ratios in this step, according
to Section 4.2.3. The results are shown in Figures 11 and 12. For better visibility of the
curves obtained through the analytical model, the interval with the CMOD varying from
0 to L f /70 was selected to estimate the areas, as described in Section 4.2.6. For CMOD
between 0 and 0.02 mm, the presented diagram is influenced by the previous step since
the fct parameter is fixed, and its influences the initial section of the curve. Therefore, this
curve is compatible with the experimental response. After CMOD = 0.01mm, the influence
of the σ1/ fct variation is verified. The observation described in the previous item can be
carried out regarding the secondary parameter (which in this step is σ2/ fct). However, it
is possible to verify less sensitivity of the results obtained concerning the variation of this
parameter, which can be seen by comparing Figure 11 with Figure 12 considering the slope
of the curve.
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Figure 11. Inverse analysis—determination of σ1 for σ2/ fct = 0.8 compared with experimental result
of [27].

For the σ2/ fct = 0.8 ratio, among the corresponding fct/ fctm parameters, as shown in
Figure 11, the smallest error was 1.1% for the σ1/ fct = 1.2 ratio. The algorithm selected
this curve to compose the result in the interval corresponding to this step. For the relation
σ2/ fct = 1.2 (Figure 12), the slightest error was obtained for the curve corresponding to
σ1/ fct = 0.8. In Figure 11. the curve with this relation is the one that comes closest to the
validated result (dashed curve). Based on the association found by the model, the difference
between areas of the analytical response to the experimental one was significantly lower,
which would not seriously compromise the proposed methodology.
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Figure 12. Inverse analysis—determination of σ1 for σ2/ fct = 1.2 compared with experimental result
of [27].

5.4. Determination of σ2

The results of this step are presented in Figure 13 (secondary variable: σ3/fct = 1.2)
and in Figure 14 (σ3/fct = 0.8). The interval was selected in these figures with the CMOD
varying from 0 to L f /17.5 and for prediction of areas, as described in Section 4.2.6. A more
significant influence of this variable is observed from CMOD = 0.8, where the σ3/fct = 1.2
curve tends to present larger load values, which can be explained by the bigger value of
the σ3/fct ratio in this situation. The smallest error found in this step is 0.6%, which was
obtained for the relation σ3/fct = 0.8 and σ2/fct = 0.8. In the interval between 0 and
0.2 mm, the section of the curve obtained in the previous step is shown. Between 0.2 and
2 mm, the diagram section influenced by the parameters of this step analysis is shown.
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Figure 13. Inverse analysis—determination of σ2 for σ3/ fct = 1.2 compared with experimental result
of [27].
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Figure 14. Inverse analysis—determination of σ2 for σ3/ fct = 0.8 compared with experimental result
of [27].

5.5. Determination of σ3

The results of this step are shown in Figures 15–17, which were generated for wu
corresponding to L f /8, L f /10, and L f /4, respectively, as described in Section 4.2.6. The
visualization interval was selected in these figures with the CMOD varying from 0 to
L f /17.5 and for calculation of areas, as defined in Section 4.2.6. The diagrams showed minor
differences between them. The most significant differences occur for CMOD > 2.5, which is
already a high value to evaluate the structural behavior of FRC. The most negligible contrast
between the analytical and experimental areas is for wu = 4.375 mm and σ3/fct = 0.7.
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Figure 15. Inverse analysis—determination of σ3 for wu = 4.375 mm compared with experimental
result of [27].
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Figure 16. Inverse analysis—determination of σ3 for wu = 3.5 mm compared with experimental
result of [27].
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Figure 17. Inverse analysis—determination of σ3 for wu = 8.75 mm compared with experimental
result of [27].

From the results presented in Figures 9–17, it is possible to verify that for each situation
(determination of fct, s1, s2, and s3), a curve approaches the experimental response with a
relatively small error (less than 10%). This fact indicates that Equations (9) and (10) well
represent the variation of the parameters and that the values of q, c1, and c2 were sufficient
for the behavior expression.

When the secondary variable changes, i.e., Figure 9 vs. Figure 10, Figure 11 vs.
Figure 12, Figure 13 vs. Figure 14, Figure 15 vs. Figure 16, and Figure 17, it is observed that
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there is sensitivity for this variable, mainly for fct, s1, s2, and s3. For the variable wu, the
sensitivity is lower (Figures 15–17). Lameiras (2016) reached a similar conclusion.

5.6. F− CMOD Full Diagram

Figure 18 shows the final F− CMOD diagram obtained through the analytical model
for the inverse analysis and the experimental result presented by [27]. The determined
results are close, as shown in the initial sections of the diagrams from Figures 11–17. The
same approach of this study was applied to concretes C45-f90, RSFRC1%_2, and FRC60-
1 [24,27,29,31]. The results for these concretes are presented from Figures 18–21.
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Figure 18. Force–CMOD diagram for SFRSCC B concrete compared with experimental result of [27].
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Figure 19. Force–CMOD diagram for FRC60-1 concrete compared with experimental result of [29].



Buildings 2023, 13, 1166 20 of 26Buildings 2023, 13, x FOR PEER REVIEW 21 of 27 
 

 
Figure 20. Force–CMOD diagram for C45-f90 concrete compared with experimental result of [31]. 

 
Figure 21. Force–CMOD diagram for RSFRC1%_2 concrete compared with experimental result of 
[24]. 

5.7. Inverse Analysis 
As a final result of the inverse analysis using the approach of this study, the 𝜎 − 𝑤 

diagrams are presented in Figures 22–25. The values of 𝜎ଵ, 𝜎ଶ, 𝜎ଷ, 𝑤ଵ, 𝑤ଶ , 𝑤ଷ , and 𝜔௨ 
are shown in Table 2. For these parameters, the consulted authors used different values 
from the literature. For comparison purposes, these parameters were graphically collected 
from these references, and the values found through the determined approach are pre-
sented. 

  

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0
2.5
5.0
7.5

10.0
12.5
15.0
17.5
20.0
22.5
25.0
27.5
30.0
32.5
35.0
37.5
40.0 σ3/fct=0.7

 Salehian (2015)
 Inverse Analysis

σ2/fct=0.9σ1/fct=1.1wu=8.75mm

Fo
rc

e 
[k

N
]

CMOD [mm]

fct/fctm=1.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

22.5

25.0

27.5 σ3/fct=0.5

 Inverse Analysis
 Frazão (2019)

σ2/fct=0.6σ1/fct=0.9wu=8.75mm

Fo
rc

e 
[k

N
]

CMOD [mm]

fct/fctm=0.95

Figure 20. Force–CMOD diagram for C45-f90 concrete compared with experimental result of [31].

Buildings 2023, 13, x FOR PEER REVIEW 21 of 27 
 

 
Figure 20. Force–CMOD diagram for C45-f90 concrete compared with experimental result of [31]. 

 
Figure 21. Force–CMOD diagram for RSFRC1%_2 concrete compared with experimental result of 
[24]. 

5.7. Inverse Analysis 
As a final result of the inverse analysis using the approach of this study, the 𝜎 − 𝑤 

diagrams are presented in Figures 22–25. The values of 𝜎ଵ, 𝜎ଶ, 𝜎ଷ, 𝑤ଵ, 𝑤ଶ , 𝑤ଷ , and 𝜔௨ 
are shown in Table 2. For these parameters, the consulted authors used different values 
from the literature. For comparison purposes, these parameters were graphically collected 
from these references, and the values found through the determined approach are pre-
sented. 

  

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0
2.5
5.0
7.5

10.0
12.5
15.0
17.5
20.0
22.5
25.0
27.5
30.0
32.5
35.0
37.5
40.0 σ3/fct=0.7

 Salehian (2015)
 Inverse Analysis

σ2/fct=0.9σ1/fct=1.1wu=8.75mm

Fo
rc

e 
[k

N
]

CMOD [mm]

fct/fctm=1.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

22.5

25.0

27.5 σ3/fct=0.5

 Inverse Analysis
 Frazão (2019)

σ2/fct=0.6σ1/fct=0.9wu=8.75mm

Fo
rc

e 
[k

N
]

CMOD [mm]

fct/fctm=0.95

Figure 21. Force–CMOD diagram for RSFRC1%_2 concrete compared with experimental result
of [24].

The analytical model used to obtain the F−CMOD curves proved to be quite adequate,
even with varying characteristics of concrete and fibers. Satisfactory results were noticed
even for RSFRC1%_2, which has a different type of fiber (steel fiber recycled from tires).
In determining the compression behavior, the model of [31], which this study used to
generate the F−CMOD curves, employs the model described in [42] later modified by [43]
to represent σcc − εcc. This model includes equations formulated for hooked steel fibers.
Although these equations were not calibrated for a different type of fiber; however, the
results were satisfactory. This evidence is explained because the compressive behavior of
the composite has less influence on the post-cracking behavior.
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5.7. Inverse Analysis

As a final result of the inverse analysis using the approach of this study, the σ− w
diagrams are presented in Figures 22–25. The values of σ1, σ2, σ3, w1, w2, w3, and ωu are
shown in Table 2. For these parameters, the consulted authors used different values from
the literature. For comparison purposes, these parameters were graphically collected from
these references, and the values found through the determined approach are presented.
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Figure 22. Stress–COD diagram obtained through inverse analysis for concrete SFRSCC B compared
with experimental result of [27].
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Figure 23. Stress–COD diagram obtained through inverse analysis for concrete C45-f90 compared
with experimental result of [31].
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Figure 24. Stress–COD diagram obtained through inverse analysis for concrete RSFRC1%_2 compared
with experimental result of [24].
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Figure 25. Stress–COD diagram obtained through inverse analysis for concrete FRC60-1 compared
with experimental result of [29].
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Table 2. Parameters from the inverse analysis for different FRC types.

Concrete Reference fct [MPa] w1
[mm]

σ1
[-]

w2
[mm]

σ2
[-]

w3
[mm]

σ3
[-]

wu
[mm]

SFRSCC B
This study 2.45 0.20 2.94 1.39 1.96 2.78 1.71 4.38

[27] 2.23 0.20 2.90 1.40 1.71 2.80 0.95 4.38

C45-f90
This study 3.79 0.20 4.17 1.39 3.41 2.78 2.65 8.75

[31] 3.60 0.20 3.92 1.50 3.25 2.50 2.36 2.50

RSFRC1%_2
This study 3.60 0.13 3.24 0.91 2.16 1.83 1.80 8.75

[24] 3.34 0.10 3.20 0.95 2.07 1.80 1.67 2.50

FRC60-1
This study 3.30 0.34 3.30 2.39 1.65 4.77 0.99 8.75

[29] 3.26 0.30 3.16 2.40 1.49 4.80 0.82 2.50

The fctm was calculated according to [40] for concrete C45-f90 [31] and according to [50]
for concrete SFRSCC B [27]. This resulted in slightly different values for this parameter.
However, this did not significantly affect the results up to COD = 1.4 mm since the value
of fct determined in this study was also higher.

Some differences between the studies in the literature and the results were found here,
explained by the studies using different FRC behavior models. First, the values used for
w1, w2, and w3 in the literature were different from those applied based on the methodology
employed here. When this difference was significant, some interpolations were performed
to compare with closer w values (Table 2). Sensitivity can be observed in the variation of
parameters w1, w2, and w3.

Figures 22–25 show the Tensile vs. Crack width for the considered concretes compared
to the literature results. Generally, it is possible to observe a reasonable agreement between
the results. In addition, the FRC behavior model used in this study is validated by the
literature. In turn, the acceptable feasibility of using the methodology of this study can be
stated.

Compared with different inverse analysis procedures, the process carried out has the
advantage of establishing consistent criteria as a function of fiber length to then determine
the parameters w1, w2, and w3. Furthermore, the progressive method of determining
the inverse analysis parameters leads to quick and efficient processing of the developed
algorithm.

6. Conclusions

This study proposes a methodology for performing the inverse analysis procedure.
A computational algorithm is developed based on a well-validated analytical model for
the behavior of FRC. Criteria for determining parameters are adopted as a function of fiber
length, which is an essential factor for the tensile behavior of this type of concrete.

A progressive procedure for parameter estimation is proposed. The methodology
proved to be quick (the analyses were performed in less than two minutes) and effective
in determining stress vs. COD. The procedure is adequately validated by comparing the
results obtained with different literature and for different types of concrete and fibers with
various characteristics. The results indicated a sensitivity of the developed algorithm to the
inverse analysis parameters.

The curves obtained are similar to the experimental responses in the literature, even
with the relatively simple methodology to perform the inverse analysis procedure employed
in determining F− CMOD and σ− w.

With the development of this study, it is possible to conclude that:

- The inverse analysis can be performed with the procedure proposed, obtaining results
compatible with the experimental response, considering a margin of error of less than
10%;
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- The methodology developed reduces the number of iterations of the developed algo-
rithm, providing faster processing;

- This procedure does not require FEM software.

As a proposal for future studies, applying the procedure used in this study for larger
structures and applying this methodology in other types of bending tests are recommended.
In addition, the authors recommend future validation of this methodology in another study,
also using finite element software. Finally, another study may be to conduct a reliability
analysis to evaluate the method’s reliability.
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