Autorizagdo concedida a Biblioteca Central da Universidade de Brasilia pelo Professor Pavel
Shumyatsky, em 25 de maio de 2020, para disponibilizar a obra, gratuitamente, para fins
académicos e ndo comerciais (leitura, impressdo e/ou download) a partir desta data. A obra
continua protegida por Direito Autoral e/ou por outras leis aplicaveis. Qualquer uso da obra que
ndo o autorizado sob esta licenca ou pela legislacdo autoral é proibido.

REFERENCIA

KHUKHRO, E. I; SHUMYATSKY, P. Compact groups with countable Engel sinks. Bulletin of
Mathematical Sciences, 2020. DOI: https://doi.org/10.1142/51664360720500150. Disponivel em:
https://www.worldscientific.com/doi/abs/10.1142/51664360720500150. Acesso em: 26 maio
2020.



Bull. Math. Sci. Downloaded from www.worldscientific.com
by 189.31.38.221 on 05/25/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

World Scientific

Bulletin of Mathematical Sciences \\
i www.worldscientific.com

(2020) 2050015 (28] pages)
© The Author(s)
DOI: 10.1142/51664360720500150

Compact groups with countable Engel sinks

E. I. Khukhro*

Charlotte Scott Research Centre for Algebra
University of Lincoln, U.K., and Sobolev Institute of Mathematics
Nowosibirsk 630090, Russia
khukhro@Qyahoo.co.uk

P. Shumyatsky

Department of Mathematics
University of Brasilia, DF 70910 900, Brazil
pavelQunb.br

Received 28 December 2019
Revised 13 April 2020
Accepted 13 April 2020
Published 20 May 2020

Communicated by Efim Zeimanov

An Engel sink of an element g of a group G is a set &(g) such that for every z € G
all sufficiently long commutators [...[[z,g], 9], ..., g] belong to &(g). (Thus, g is an Engel
element precisely when we can choose &(g) = {1}.) It is proved that if every element
of a compact (Hausdorff) group G has a countable (or finite) Engel sink, then G has
a finite normal subgroup N such that G/N is locally nilpotent. This settles a question
suggested by J. S. Wilson.
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method; Engel condition; locally nilpotent groups.
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1. Introduction

A group G is called an Engel group if for every x,g € G the equation [z, ,g] = 1
holds for some n = n(z, g) depending on x and g. Henceforth, we use the left-normed
simple commutator notation [a1, az,as,...,a.| := [...[[a1,a2],as3],...,a,] and the
abbreviation [a, 1b] := [a, b, b, ..., b], where b is repeated k times. A group is said to
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be locally nilpotent if every finite subset generates a nilpotent subgroup. Clearly,
any locally nilpotent group is an Engel group. Wilson and Zelmanov [25] proved
the converse for profinite groups: any Engel profinite group is locally nilpotent.
Later, Medvedev [14] extended this result to Engel compact groups. (Henceforth
by compact groups we mean compact Hausdorff groups.)

Generalizations of Engel groups can be defined in terms of Engel sinks.

Definition. An Engel sink of an element g of a group G is a set &(g) such that for
every z € G all sufficiently long commutators [z, g, g, . . ., g] belong to &(g), that is,
for every x € G there is a positive integer n(x,g) such that [z, ,g] € &(g) for all
n > n(zx,g).

(Thus, g is an Engel element precisely when we can choose &(g) = {1}, and G is
an Engel group when we can choose &(g) = {1} for all g € G.)

Earlier, we considered in [I2] compact groups G in which every element has a
finite Engel sink and proved the following theorem.

Theorem 1.1 ([12, Theorem 1.1]). If every element of a compact group G has
a finite Engel sink, then G has a finite normal subgroup N such that G/N is locally
nilpotent.

In addition, a similar result of quantitative nature was also proved for finite
groups.

In discussions with John Wilson a question was raised whether the condition on
Engel sinks can be weakened to being countable. (By “countable” we mean “finite
or denumerable”.) In this paper, we answer this question in the affirmative.

Theorem 1.2. Suppose that G is a compact group in which every element has a
countable Engel sink. Then G has a finite normal subgroup N such that G/N is
locally nilpotent.

Thus, if all elements of a compact group have at most countable Engel sinks,
then in fact all Engel sinks can be chosen to be finite (and contained in the same
finite normal subgroup). In Theorem [[2 it also follows that there is a locally
nilpotent subgroup of finite index — just consider Cg(N).

The proof uses the aforementioned Wilson—Zelmanov theorem for profinite
groups. First the case of pro-p groups is considered, where Lie ring methods are
applied including Zelmanov’s theorem on Lie algebras satisfying a polynomial iden-
tity and generated by elements all of whose products are ad-nilpotent [26H28]. As
we noted in [I2], it is easy to see that if every element of a pro-p group has a
finite Engel sink, then the group is locally nilpotent. But in this paper, with count-
able Engel sinks, the case of pro-p groups requires substantial efforts. Then the
case of prosoluble groups is settled by using properties of Engel sinks in coprime
actions and a Hall-Higman-type theorem. The general case of profinite groups is
dealt with by bounding the nonsoluble length of the group, which enables induction
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on this length. (We introduced the nonsoluble length in [11], although bounds for
nonsoluble length had been implicitly used in various earlier papers, for example,
in the celebrated Hall-Higman paper [5], or in Wilson’s paper [23]; more recently,
bounds for the nonsoluble length were used in the study of verbal subgroups in
finite and profinite groups [3| 21} 22| [10].) Finally, the result for compact groups is
derived with the use of the structure theorems for compact groups.

2. Preliminaries

In this section, we recall some notation and terminology and establish some general
properties of Engel sinks in compact and profinite groups.

Our notation and terminology for profinite and compact groups is standard;
see, for example, [16] 24 [6]. A subgroup (topologically) generated by a subset S
is denoted by (S). Recall that centralizers are closed subgroups, while commutator
subgroups [B, A] = ([b,a]|b € B,a € A) are the closures of the corresponding
abstract commutator subgroups.

For a group A acting by continuous automorphisms on a group B, we use the
usual notation for commutators [b, a] = b=1b% and commutator subgroups [B, A] =
([b,a]|b € Bya € A), as well as for centralizers Cp(A) = {b€ B|b* = for all a €
A} and Ca(B) ={a € A|b* =b for all b € B}.

We record for convenience the following simple lemma.

Lemma 2.1. Suppose that ¢ is a continuous automorphism of a compact group G
such that G = [G,¢]. If N is a normal subgroup of G contained in Ca(p), then
N < Z(G).

Proof. The centralizer Cg () (NN) of N in the semidirect product G(y) is a normal
subgroup containing ¢ by hypothesis. Hence, [g, ¢] € Cg () (V) for any g € G. Since
Ce(py(N) is a closed subgroup, the whole commutator subgroup [G, ] is contained
in Cgpy(N), and therefore, G = [G, ] < Cgpy(N). This means that N < Z(G).
O

We denote by 7(k) the set of prime divisors of k, where k may be a positive
integer or a Steinitz number, and by 7(G) the set of prime divisors of the orders of
elements of a (profinite) group G. Let o be a set of primes. An element g of a group
is a o-element if 7(|g|) C o, and a group G is a o-group if all of its elements are
o-elements. We denote by ¢’ the complement of o in the set of all primes. When
o = {p}, we write p-element, p’-element, etc.

Recall that a pro-p group is an inverse limit of finite p-groups, a pro-o group is
an inverse limit of finite o-groups, a pronilpotent group is an inverse limit of finite
nilpotent groups, a prosoluble group is an inverse limit of finite soluble groups.

We denote by 7o (G) = [, 7i(G) the intersection of the lower central series of
a group G. A profinite group G is pronilpotent if and only if v, (G) = 1.
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Profinite groups have Sylow p-subgroups and satisfy analogues of the Sylow the-
orems. Prosoluble groups satisfy analogues of the theorems of Hall and Chunikhin
on Hall m-subgroups and Sylow bases. We refer the reader to the corresponding
chapters in [I6, Chap. 2; 24, Chap. 2]. We add a simple folklore lemma.

Lemma 2.2. A profinite group G that is an extension of a prosoluble group N by
a prosoluble group G/N is prosoluble.

Proof. The quotient G/M of G by an open normal subgroup M is an extension
of a finite soluble normal subgroup NM/M by a finite soluble group G/NM, and
therefore G/M is soluble. Hence G is prosoluble. O

We shall use several times the following well-known fact, which is straightforward
from the Baire Category Theorem (see [9, Theorem 34]).

Theorem 2.3. If a compact Hausdorff group is a countable union of closed subsets,
then one of these subsets has non-empty interior.

Here is one fact following from this theorem.

Lemma 2.4. If H is a closed subgroup of a compact group G, then the index of H
in G 1is either finite or uncountable.

Proof. Suppose that the index of H in G is countable. Then G is a countable union
of closed cosets of H. By Theorem 2.3l one of these cosets has a non-empty interior,
and therefore H is an open subgroup. Since G is compact, the index of H must be
finite. O

We now establish a few general properties of Engel sinks. Clearly, the intersec-
tion of two Engel sinks of a given element g of a group G is again an Engel sink of g,
with the corresponding function n(x,g) being the maximum of the two functions.
Therefore, if g has a finite Engel sink, then ¢ has a unique smallest Engel sink. If
&(g) is a smallest Engel sink of g, then the restriction of the mapping x — [z, g] to
&(g) must be surjective, which gives the following characterization.

Lemma 2.5 ([12, Lemma 2.1]). If an element g of a group G has a finite Engel
sink, then g has a smallest Engel sink &(g) and for every s € &(g) there is k € N
such that s = [s, rg].

We now consider countable Engel sinks in compact groups.

Lemma 2.6. Suppose that an element g of a compact group G has a countable
Engel sink {s1, s2,...}. Then there are positive integers i, j and an open set U such
that

[u, ig) =s; forallueU.
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If in addition G is a profinite group, then there are positive integers i,j and a coset
Nb of an open normal subgroup N such that

[nb, ;9] =s; foralln € N.

Proof. We define the sets
Sk = {x € G| [I, kg] = Sl}.
Note that each Sy; is a closed subset of G. Then

G =JSu
k,l

by the definition of the Engel sink. By Theorem one of these sets S;; contains
an open subset U, as required. In the case of a profinite group this open subset
contains a coset Nb of an open normal subgroup N. O

For profinite groups we can derive the following consequence of Lemma

Lemma 2.7. Suppose that an element g of a profinite group G has a countable
Engel sink. Then there are positive integers i,k and a coset Nb of an open mormal
subgroup N such that

[[nb, ;a],a*] =1 for allm € N.
Proof. Let {si,s2,...} be a countable Engel sink of g. By Lemma [Z0] there are
positive integers 7,7 and a coset Nb of an open normal subgroup IV such that
[nb, ;a] =s; for allm € N.

Since G/N is a finite group, the coset Nb is invariant under conjugation by some

power a®. Then
k k

¢ = b, " = [b"", ]
= [nb, ;a] for somen € N
= s5;.
In other words, a* commutes with 54, so that
[[nd, ia],a*] = [sj,a*] =1 for alln € N. |
Remark 2.8. If all Engel sinks in a group are at most countable, then this con-
dition is inherited by every section of the group, and we shall use this property

without special references. The same applies to a group in which all Engel sinks are
finite.

3. Pronilpotent Groups

When G is a pro-p group, or more generally a pronilpotent group, the conclusion of
the main Theorem is equivalent to G being locally nilpotent, and this is what
we prove in this section.
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Theorem 3.1. Suppose that G is a pronilpotent group in which every element has
a countable Engel sink. Then G is locally nilpotent.

The bulk of the proof is about the case where G is a pro-p group. First, we
remind the reader of important Lie ring methods in the theory of pro-p groups.

For a prime number p, the Zassenhaus p-filtration of a group G (also called the
p-dimension series) is defined by

Gi=(g" |g €v(G),jp* > i) fori=1,2,...

This is indeed a filtration (or an N-series, or a strongly central series) in the sense
that

[Gi, Gﬂ S Gi+j for all Z,] (31)

Then the Lie ring D,(G) is defined with the additive group
Dy(G) =P Gi/Gis,

where the factors Q; = G;/G;+1 are additively written. The Lie product is defined
on homogeneous elements G;11 € Q;, yG 41 € Q; via the group commutators by

[2Giv1,yGiv1] = [, y]Gitrjr1 € Qiyy

and extended to arbitrary elements of D,(G) by linearity. Condition (3.I]) ensures
that this product is well-defined, and group commutator identities imply that D, (G)
with these operations is a Lie ring. Since all the factors G;/G;11 have prime ex-
ponent p, we can view D,(G) as a Lie algebra over the field of p elements F,,. We
denote by L,(G) the subalgebra generated by the first factor G/Gs. (Sometimes,
the notation L,(G) is used for D,(G).)

A group G is said to satisfy a coset identity if there is a group word w(z1, ..., Tm)
and cosets a1 H, ..., a,, H of a subgroup H < G such that w(aihy,...,amhy,) =1
for any h1,...,h, € H. We shall use the following result of Wilson and Zelmanov
[25] about coset identities.

Theorem 3.2 (Wilson and Zelmanov [25, Theorem 1]). If a group G satisfies
a coset identity on cosets of a subgroup of finite index, then for every prime p the
Lie algebra L,(G) constructed with respect to the Zassenhaus p-filtration satisfies a
polynomaal identity.

Theorem B2l was used in the proof of the above-mentioned theorem on profinite
Engel groups, which we state here for convenience.

Theorem 3.3 (Wilson and Zelmanov [25, Theorem 5]). Every profinite Engel
group s locally nilpotent.

The proof of Theorem [B.3] was based on the following deep result of Zelmanov
[26H28], which is also used in our paper.
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Theorem 3.4 (Zelmanov [26H28]). Let L be a Lie algebra over a field and
suppose that L satisfies a polynomial identity. If L can be generated by a finite set
X such that every commutator in elements of X is ad-nilpotent, then L is nilpotent.

We now consider pro-p groups with countable Engel sinks.

Proposition 3.5. Suppose that P is a finitely generated pro-p group in which every
element has a countable Engel sink. Then P is nilpotent.

Proof. We shall first prove that the Lie algebra L,(P) is nilpotent, using The-
orem 3.4l The next two lemmas confirm that the hypotheses in Theorem [B.4] are
satisfied.

Lemma 3.6. The Lie algebra L,(P) is generated by finitely many elements all
commutators in which are ad-nilpotent.

Proof. The image of the finite generating set of P in the first homogeneous com-
ponent of the Lie algebra L,(P) is a finite set of generators of L,(P). We claim
that all commutators in these generators are ad-nilpotent. In fact, we prove that
every homogeneous element a of L,(P) is ad-nilpotent. We may assume that a is
the image of @ € P in the corresponding factor of the Zassenhaus filtration P;/P;1.
We say that an element g € P; \ P,y1 has degree i with respect to this filtration.

By Lemma 2.7 for any element a € P there are positive integers 7, s and a coset
Nb of an open normal subgroup N such that

[nb, ;a],a’] =1 for alln € N.
Since P is a pro-p group, we can assume that s is a power of p, so that
[[nd, ia],apk] =1 forallneN. (3.2)

Slightly modifying the argument in [25], for generators x,y, z,t of a free group
we write

[[Iy, iz}vﬂ = [[xv iz}vﬂ ’ [[yv iz}vﬂ : v(x,y,z,t),

where the word v(z,v, 2,t) is a product of commutators of weight at least ¢ + 3,
each of which involves z, y, t and involves z at least ¢ times. Substituting z = n,
y=b,z=a,and t = a?" and using [B2), we obtain that

([n, ia},apk] = v(n,b,ab,apky1 for all n € N.
If |P/N| = p™, then for any g € P we have [g, na] € N, so that we also have
9. i+mal, @] = v(lg, mal,b,a,a”)7". (3.3)

We claim that @ is ad-nilpotent on L,(P) of index i + m + p*.
Let d(u) denote the degree of an element u € P with respect to the Zassenhaus
filtration. It is known that

ub € Ppé(u)~ (34)

2050015-7
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Furthermore, in L,(P) for the images of u and w” in Psu)/Psu)+1 and
Py5u)/ Pps(u)+1, respectively, we have

[z, uP] = [z, pU] (3.5)

(see, for example, [I, Chap. II, Sec. B Exercise 10]). By B4l the degree of
v([g, mal,b,a,a?") on the right of B3) is at least §(b) + d(g) + (i + m + p¥)d(a),
strictly greater than d = §(g) + (i +m + p¥)d(a). This means that the image of the
right-hand side of (B3)) in Py/Py41 is trivial. At the same time, by ([B.A]) the image
of the left-hand side of ([B.3)) in Py/Pyy1 is equal to the image of [g, ;4 pral in
Py/Pyy1, which is in turn equal to the element [g, ;4,4 px@] in Ly(P). Thus, for
the corresponding homogeneous elements of L,(P) we have

(9, i-‘rm-‘rpka} =0.

Since here g can be any homogeneous element, we obtain that a is ad-nilpotent of
index i +m + p*, as claimed. O

Lemma 3.7. The Lie algebra L,(P) satisfies a polynomial identity.

Proof. Let € be the family of all cosets Nb where N is a normal open subgroup
of P. Since P is a finitely generated pro-p group, the family % is countable [24]
Proposition 4.1.3]. For every C € €, let

Tcix = {z € P||g, ix],x”k] =1for all g € C}.
Note that the sets T¢ i, are closed. By Lemma 277 we have

U Teyun = P.

cE?
Therefore by Theorem one of the T ;j contains an open subset. Thus, there
are positive integers i, k and cosets Vb, Nby of an open normal subgroup N such
that

[ly, ix],xpk} =1 forally € Nby, € Nby.

Thus, P satisfies a coset identity and therefore the Lie algebra L,(P) satisfies a
polynomial identity by Theorem O

Now, we can resume the proof of Proposition The two lemmas above to-
gether with Theorem [B4] show that L,(P) is nilpotent. The nilpotency of the Lie
algebra L,(P) of the finitely generated pro-p group P implies that P is a p-adic
analytic group. This result goes back to Lazard [I3]; see also [I9, Corollary DJ.
Furthermore, by a theorem of Breuillard and Gelander [2, Theorem 8.3], a p-adic
analytic group satisfying a coset identity on cosets of a subgroup of finite index is
soluble.

Thus, P is soluble, and we prove that P is nilpotent by induction on the derived
length of P. By induction hypothesis, P has an abelian normal subgroup U such

2050015-8
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that P/U is nilpotent. We aim to show that P is an Engel group. Since P/U is
nilpotent, it is sufficient to show that every element a € P is an Engel element in
the product U({a).

Applying Lemmal[ZGlto U{a) we obtain a coset Nb of an open normal subgroup
N of U{a), a positive integer i, and some element s of the Engel sink of a such that

[nb, ;a] =s for all n € N.

Since [a‘un,a] = [un,a] for any u € U, n € N, we can assume that b € U. Then for
any m € UN N we have

s = [mb, ;a] = [m, ;a] - [b, ;a] = [m, ;a] - s,

since U is abelian. Hence, [m, ;a] = 1 for any m € U N N. Since U N N has finite
index in U and U({a) is a pro-p group, it follows that a is an Engel element of U {a).

Thus, P is an Engel group and therefore, being a finitely generated pro-p group,
P is nilpotent by Theorem

Proof of Theorem [3.1l By Theorem B.3] it is sufficient to prove that G is an
Engel group. For each prime p, let G, denote the Sylow p-subgroup of G, so that G
is a Cartesian product of the Gy, since G is pronilpotent. Given any two elements
a,g € G, we write g = [[, g, and a = [],, ap, where a,, g, € G). Clearly, [gq,ap] = 1
for q # p.

By Lemma 7] for the element a € G there are positive integers 4, k and a coset
Nb of an open normal subgroup N such that

[[nb, ;a],a*] =1 for alln € N. (3.6)

Let [ be the (finite) index of N in G. Then N contains all Sylow g-subgroups of G
for ¢ ¢ w(l). Hence we can choose b to be a m(l)-element. Let 7 = w(l) U7 (k); note
that 7 is a finite set of primes.

We claim that

[9g, iv1aq] =1 for g & m.
Indeed, since b commutes with elements of G4 and G, < N, by ([8.0), we have

1= [gqb> ia]’ak] = [[gq7 iaLak} . [[b7 ia]’ak}
= [[gq7 iaLak}
= (94 104, ag)- (3.7)

Thus, a¥ centralizes [g,, sa4]. Since k is coprime to ¢, we have (a%) = (a,). Therefore
B70) implies that [[gq, iaq], aq] = 1, as claimed.

For every prime p the group G, is locally nilpotent by Proposition B so there
is k, such that [g,, x,ap] = 1. Now, for m = max{i + 1,maxper{k,}} we have
[9p, map] = 1 for all p, which means that [g, ma] = 1. Thus, G is an Engel group
and therefore it is locally nilpotent by Theorem O

2050015-9
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4. Coprime Actions

In this section, first we list several profinite analogues of the properties of coprime
automorphisms of finite groups; we prove some of them in those cases where we
could not find a convenient reference to the literature. Then, we prove several
lemmas on coprime automorphisms in relation to Engel sinks.

If ¢ is an automorphism of a finite group H of coprime order, that is, such
that (|¢|,|H|) = 1, then we say for brevity that ¢ is a coprime automorphism
of H. This definition is extended to profinite groups as follows. We say that ¢ is a
coprime automorphism of a profinite group H meaning that a procyclic group ()
faithfully acts on H by continuous automorphisms and 7w ({y))N7(H) = @. Since the
semidirect product H () is also a profinite group, ¢ is a coprime automorphism of H
if and only if for every open normal p-invariant subgroup N of H the automorphism
(of finite order) induced by ¢ on H/N is a coprime automorphism. The following
folklore lemma follows from the Sylow theory for profinite groups and an analogue
of the Schur—Zassenhaus theorem.

Lemma 4.1. If ¢ is a coprime automorphism of a profinite group G, then for every
prime q € 7(G) there is a p-invariant Sylow q-subgroup of G. If G is in addition
prosoluble, then for every subset o C w(G) there is a @-invariant Hall o-subgroup

of G.

Proof. Let Q be a Sylow g-subgroup of G. By the analogue of Frattini argu-
ment [24] Proposition 2.2.3(c)], G{¢) = GNg(,(Q). By the analogue of the Schur—
Zassenhaus theorem [24, Proposition 2.3.3] applied to Ng(,y(Q) and Ng(Q), there
is a subgroup K < Ng(,)(Q) such that Ng,)(Q) = KNg(Q) and K = (p); fur-
thermore, K and () are conjugate in G(p) = GK. Thus, (p) = K% < Ng,)(Q")
for some x € G, so that ¢ normalizes the Sylow g-subgroup Q<.

When G is prosoluble, an analogue of the Frattini argument also holds for Hall
subgroups because these are conjugate [I6, Corollary 2.3.7], and then the above
proof works in exactly the same manner. O

The following lemma is a special case of [I6, Proposition 2.3.16].

Lemma 4.2. If ¢ is a coprime automorphism of a profinite group G and N is a
closed normal subgroup of G, then every fized point of ¢ in G/N is an image of a
fized point of ¢ in G, that is, Cq/n(p) = C(@)N/N.

As a consequence, we have the following lemma.

Lemma 4.3. If ¢ is a coprime automorphism of a profinite group G, then
(G, ¢l 0] =[G, ¢l

Proof. By Lemma 2] we have G = Cg(p)[G,¢], whence [G,¢] = [Ca(p)
[G’ (P],(P] = [[Gﬁo}?@} O
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Lemma 4.4. Let ¢ be a coprime automorphism of finite order of a profinite
group G. If [g, ip] = 1 for g € G for some i € N, then [g,¢] = 1.

Proof. Let |p| = n. Due to the obvious induction it is sufficient to prove that if
lg, ¢, ¢] =1, then [g, p] = 1. We have

n—1 _ _ 2 _ 2 3
[9,¢] -9, 0179, 01" =97 9% (g71)%¢" - (g71)¥ g¥ -
and [g,¢] € Cg(p), whence [g,¢]" = 1. Since m(n) N 7(G) = @, it follows that
lg,¢] = 1, as required. O

The following useful lemma was proved for coprime automorphisms of finite
nilpotent groups in [I§].

Lemma 4.5 ([18, Lemma 2.4]). Let ¢ be a coprime automorphism of a finite
nilpotent group G. Then any element g € G can be uniquely written in the form
g = cu, where ¢ € Ca(p) and u = [v, ] for some v € G.

A similar result follows also for profinite groups, but we prefer to state more
specialized lemmas following from Lemma

Lemma 4.6. Let ¢ be a coprime automorphism of a pronilpotent group G. Then
the restriction of the mapping

0z [z,¢]

to the set K = {[g,¢]|g € G} is injective.

Proof. First, consider the case where G is finite (and nilpotent). Then K = §(K).
Indeed, every g € G is equal to g = c[v,y] for ¢ € Cg(p) and some v € G by
Lemma .5l Hence,

[9, ] = [e[v, @], 0] = [[v, ¢, ¥] € O(K).

Thus, 0 is surjective on the finite set K, and therefore also injective.

The result for the general case of pronilpotent group G follows: if we had
[u, 0, 0] = [v,0,¢] for [u,¢] # [v,¢], then the images of [u, ] and [v, @] would
be different also in some finite quotient over an ¢-invariant open normal subgroup,
contrary to what was proved for finite groups. O

Lemma 4.7. Let ¢ be a coprime automorphism of a pronilpotent group G with
a countable Engel sink &(p) in the semidirect product G{p). Then the set K =
{lg, ¥]| g € G} is a finite smallest Engel sink of ¢ in the semidirect product G{y).

Proof. Since the mapping 6 : x — [z, ¢] is injective on the set K by Lemma 6]
every mapping 0% : x > [x, 1] is also injective on K. Therefore for every k € N
and every element s € &(p) of the Engel sink &(¢) there is at most one element of
the form [g, ] such that [[g, ], r¢] = s. Hence for every element s € &(p) there
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are at most countably many elements of the form [g, ] such that [[g,¢], ;¢] = s
for some j.

Since &(p) is countable and for every element [g, ¢] € K there is s € &(¢) such
that [[g, ¢], ;] = s for some j, the set K is at most countable as a countable union
of countable sets. It is well known that the set K = {[g, ¢|| g € G} is in a one-to-one
correspondence with the set of (say, right) cosets of the centralizer C (). But this
set of cosets cannot be infinite countable by Lemma 2.4l Therefore it is finite, and
so is the set K.

The mapping [g,¢] — [g, ¢, ¢] is injective on K by Lemma H6], and therefore
it is also surjective, since K is finite. Hence this set is a smallest finite Engel sink
of . O

Lemma 4.8. Let ¢ be a coprime automorphism of a pronilpotent group G. If all
elements of the semidirect product G{(p) have countable Engel sinks, then voo(G{p))

is finite and V0 (G{(p)) = [G, ¥].

Proof. The group G is locally nilpotent by Theorem B.Il By Lemma 7 the set
K ={[g,¢]|g € G} is finite. Therefore the commutator subgroup [G, ¢| = (K) is
nilpotent. By Lemma E.3]

G, el ¢] = G, ¢l (4.1)

Let V be the quotient of [G, ¢] by its derived subgroup. For any u,v € V we
have [uv, p] = [u, ¢][v, @], since V is abelian, and [V,¢] = V by (@I). Hence V
consists of the images of elements of K, and therefore is finite. Then the nilpotent
group [G, ¢] is also finite (see, for example, [IT, 5.2.6]).

The quotient G(p)/[G, ¢] is obviously the direct product of the images of G
and () and therefore is pronilpotent. Hence, v (G{p)) < [G, @], S0 Yoo (G{i)) is

finite. Since the set of commutators {[g, ¢]| g € G} is the smallest Engel sink of ¢
by Lemma 7 it follows that v (G{p)) = [G, ¢]. |

5. Prosoluble Groups

In this section, we prove Theorem for prosoluble groups. First, we consider the
case of prosoluble groups of finite Fitting height. Recall that by Theorem [B.1] any
pronilpotent group with countable Engel sinks is locally nilpotent. Therefore, if
G is a profinite group with countable Engel sinks, then the largest pronilpotent
normal subgroup F(G) is also the largest locally nilpotent normal subgroup, and
we call it the Fitting subgroup of G. Then further terms of the Fitting series are
defined as usual by induction: F;(G) = F(G) and F;11(G) is the inverse image of
F(G/F;(@)). A group has finite Fitting height if Fj(G) = G for some k € N.

Proposition 5.1. Let G be a prosoluble group of finite Fitting height. If every
element of G has a countable Engel sink, then v (G) is finite.
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Proof. It is sufficient to prove the result for the case of Fitting height 2. Then
the general case will follow by induction on the Fitting height k of G. Indeed,
then Yoo (G /Yoo (Fr—1(G))) is finite, while oo (Fr—1(G)) is finite by the induction
hypothesis, and as a result, 7.0 (G) is finite.

Thus, we assume that G = F5(G). By Theorem [[] it is sufficient to show that
every element a € G has a finite Engel sink. Since G/F(G) is locally nilpotent, an
Engel sink of a in F(G)(a) is also an Engel sink of a in G.

For a prime p, let P be a Sylow p-subgroup of F(G), and write a = apa,,
where a, is a p-element, a, is a p’-element, and [ap,a,] = 1. Then P(a,) is a
normal Sylow p-subgroup of P(a), on which a, induces by conjugation a coprime
automorphism. By Lemma A8 the subgroup <o (P{a)) = [P, a,] is finite. Since
the pronilpotent group P{(a)/v.o(P{a)) is locally nilpotent by Theorem Bl we can
choose a finite smallest Engel sink &,(a) C o (P{a)) of a in P(a).

Note that

if &,(a) = {1}, then yoo(P(a)) =1. (5.1)

Indeed, if &,(a) = {1}, then, in particular, the image @ of a in (a)/C\q) ([P, ap]) is
an Engel element of the finite group [P, a,/](a) and therefore @ is contained in its
Fitting subgroup by Baer’s theorem [7], Satz II1.6.15]. Then

Yoo (Pa)) = [P, ap'} = ([P, ap’Lap’} = ([P, ap’]vap'} =1

By Lemma 25 for every s € &,(a) we have s = [s, ya] for some k € N, and then
also

s=1s, ma] for any l € N. (5.2)

We claim that &,(a) = {1} for all but finitely many primes p. Suppose the
opposite, and &, (a) # {1} for each prime p; in an infinite set of primes 7. Choose
a nontrivial element s,, € &,,(a) for every p; € w. For any subset o C 7, consider
the (infinite) product

so= T 50

pj€o

Note that the elements s;,, commute with one another belonging to different normal
Sylow subgroups of F(G). If &(a) is any Engel sink of ¢ in G, then for some
k € N the commutator [sy, ra] belongs to &(a). Because of the properties (5.2),
all the components of [s,, xa] in the Sylow pj-subgroups of F(G) for p; € o are
nontrivial, while all the other components in Sylow g-subgroups for ¢ &€ o are trivial
by construction. Therefore for different subsets ¢ C 7 we thus obtain different
elements of &(a). The infinite set 7 has continuum of different subsets, whence
& (a) is uncountable, contrary to a having a countable Engel sink by the hypothesis
of the proposition.
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Thus, for all but finitely many primes p we have &,(a) = {1}, which is the same
as Yoo (P(a)) = 1 by (B.I). Therefore the subgroup

Yoo (F(G){a)) = [T 1o (Pla))

is finite. The quotient F(G){a)/vso (F(G){a)) is pronilpotent and therefore locally
nilpotent by Theorem B.Il Hence, we can choose a finite Engel sink for a in G as a
subset of v (F(G){a)).

Thus, every element of G has a finite Engel sink, and therefore vo,(G) is finite
by Theorem [Tl O

Lemma 5.2. Let ¢ be a coprime automorphism of a prosoluble group G such that
the set of primes w(G) is finite. If every element of the semidirect product G(p) has
a countable Engel sink, then the subgroup |G, ¢] is finite.

Proof. By Lemma 3] we can assume that G = [G, ¢]. For every prime g € 7(G)
there is a @-invariant Sylow g-subgroup G, of G by Lemma[ ]l By Lemma 7] the
set {[g, ¢]| g € G4} is finite. Since 7(G) is finite, there is an open normal subgroup
N of G that intersects trivially with every set {[g, ¢]| g € G4}, which implies that
¢ centralizes every Sylow g-subgroup N N G, and therefore [N, ¢] = 1. Since N
is normal and G = [G, ¢], we obtain [N,G] = 1 by Lemma 211 Thus, G/Z(G) is
finite and, in particular, the Fitting height of G is finite. Then v, (G(p)) is finite
by Proposition Bl and therefore [G, ¢] is also finite, since [G, ¢] < 750(G{(p)) by
Lemma A8 applied to G{¢) /7o (G{)). |

Lemma 5.3. Let a be a coprime automorphism of prime order p of a prosoluble
group H such that 2 & w(H). If every element of the semidirect product H{a) has
a countable Engel sink, then the subgroup [H,a] is finite.

Proof. By Lemma 3] we can assume that H = [H,a]. By Lemma [2.6] there is a
coset DN of an open normal subgroup N of H, a positive integer ¢, and an element
s of an Engel sink of a such that

[nb, ;a] =s for all n € N. (5.3)

Let 7 = w(H/N). Then, we can choose the element b in (53) in an a-invariant Hall
m-subgroup H, of H (which exists by Lemma ). By Lemma (2] the subgroup
[Hy,a] is finite. Therefore a has a finite smallest Engel sink &y, (a) in H,. Replacing
i and s in (B3) if necessary, we can assume that s € &y_(a) (for possibly a bigger
integer 7).

If s =1, then [N, a] = 1 by LemmaL4] and then [N,a] = 1. Since N is normal
and H = [H,a], we obtain [N, H] = 1 by Lemma 2T Thus, H/Z(H) is finite
and, in particular, the Fitting height of H is finite. Then v (H (a)) is finite by
Proposition 511 and [H, a] < v (H{a)) by Lemma .8 applied to H{a)/vso(H{a)).
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Therefore, we can assume that s is a nontrivial element of the finite smallest
Engel sink &y (a) contained in the finite group [H,a]. By Lemma 2.5 we have
s = [s, pa] for some k € N. Then the subgroup S = (s{%) is finite of odd order
coprime to p = |a| and S =[S, a].

If 2 € Cn(a), then taking the conjugates by z of (53] we obtain

7 = [b", ;a"]
= [bn, ;a] for some n € N
=s.
Thus, Cn(a) < Cy(s) and then also
Cn(a) < Cg(9). (5.4)

Recalling that [H, a] is finite, we choose an open normal subgroup K of H such
that K N [Hy,a] = 1. Then [K N Hy,a] = 1. We can of course choose K < N, so
that we also have

kb, ;0] =s forall k€ K. (5.5)

If U is some S{a)-invariant m-section of K, then a acts trivially on U and therefore
so does S =[S, a] by Lemma [ZT1

We claim that S also acts trivially on S{a)-invariant 7’-sections of K. If this
is not the case, we can choose an S{a)-invariant elementary abelian 7’-section V'
of K on which S acts nontrivially and S{a) acts irreducibly. Let the bar denote
the images of elements and subgroups of S{a) in the action on V. There is an a-
invariant Sylow r-subgroup R of S such that [R,a] # 1. Then [R, a](a) is a p-soluble
group without normal p-subgroups acting as a group of coprime automorphisms on
V. Now, the ‘non-modular’ Hall-Higman-type results ensure that Cy(a) # 1. If
p # 2, then [R,al(a) is of odd order and then Cy (a) # 1 by [8, Theorem IX.6.2]. If
p = 2, then one can choose an element in R inverted by a and then the situation
is even simpler, for an action of a dihedral group of order 2r. Since a is a coprime
automorphism of K, every element of Cy(a) is an image of an element of Ck(a)
by Lemma E2 By (54]) we obtain that 1 # Cy(a) < Cy(S(a)). This contradicts
the assumption that S acts nontrivially and S{a) acts irreducibly on V.

As a result, we obtained that S acts trivially on invariant 7- and 7’-sections
of K. Hence in any finite quotient of K (s) the image of s is an Engel element and
therefore belongs to the Fitting subgroup by Baer’s theorem [7], Satz I11.6.15]. Then
the subgroup [K, s] is pronilpotent and therefore [K, s] < F(K).

We now consider the quotient H = H/F(K) denoting the images by bars. Let
L = K(b,s,a). Since [K,5] = 1, while b and s belong to an a-invariant Hall -
subgroup H, the normal closure (s£) is contained in H,.

Let tilde denote the images in the group L = L/(s%). By (5.3), we have

[kb, ;a) =1 forall k € K.
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Since a is a coprime automorphism, by Lemma 4] we obtain bK C 1
then also K < Cj(a). In terms of the group H this means that [K, a] < (s%) < H,.
We also have [K,a] < K. Then

[K,a,a] < [(s%),a] N K < [H,,a]NK. (5.6)

However, [H,,a] N K = 1 by the choice of K, and H = H/F(K); therefore the
right-hand side of (5.6) is also trivial. As a result we obtain [K,a,a] = 1, whence
[K,a] = 1 by Lemma B4l Then also [K, H] = 1 by Lemma B since H = [H, a].
Thus, H has a central subgroup of finite index, and therefore H has finite Fitting
height. Since H = H/F(K), the whole group H{a) has finite Fitting height. By
Proposition 5] the group v.o(H (a)) is finite. Since a is a coprime automorphism
of H, the subgroup [H, a] is contained in 7., (H (a)) by Lemma A8 and therefore
is also finite. O

Recall that any prosoluble group G has a Sylow basis — a family of pairwise
permutable Sylow p;-subgroups P; of G, exactly one for each prime, and any two
Sylow bases are conjugate (see [16, Proposition 2.3.9]). The basis normalizer (also
known as the system normalizer) of such a Sylow basis in G is T' = [, N¢(FP;). If
G is a prosoluble group and T is a basis normalizer in G, then T is pronilpotent
and G = Yoo (G)T (see [15, Lemma 5.6]).

Proposition 5.4. If every element of a prosoluble group G has a countable Engel
sink, then F(G) # 1.

Proof. Let {P;|i € N} be a Sylow basis of G, where P; is a Sylow p;-subgroup.
Let

T = ONG(PZ-)

be a basis normalizer of G. Then T; is pronilpotent and G = v, (G)T1. Note that
T1 # 1, since G is prosoluble.

The intersections P; N7 (G) are Sylow p;-subgroups of v (G) forming a Sylow
basis of 7o (G). Clearly, T1 normalizes each of P; N s (G). Then

T, = ﬂ Ny (@) (PN 70 (G))

is a basis normalizer of v (G), which is normalized by T;. We know that Ty is also
pronilpotent, and G = Yoo (G)T1 = Yoo (Yoo (G)) T2 T7.

If v (G) = 1, then there is nothing to prove. Otherwise, since G is prosoluble,
Yoo (Yoo (G)) # Yoo(G) and therefore the subgroup T»T; is not pronilpotent, that
is, Yoo (T2T1) # 1. However, ToT; has Fitting height 2, and therefore voo (T27T1) is
a finite group by Proposition Bl Therefore, we can choose an element a of prime
order p in T5.

Since Ty is a basis normalizer of v, (G), for every prime ¢ there is an a-invariant
Sylow g-subgroup Sy of 7 (G). Let H be an a-invariant Hall {p, 2}'-subgroup of
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Yoo (G) (which is simply a Hall 2’-subgroup of 7.(G) in the case p = 2). The
following arguments include the cases where H = 1 or/and Ss = 1.

By Lemma L8 the subgroup [Ss,a] is finite in the case p # 2. By Lemma [5.3]
the subgroup [H, a] is finite. Therefore there is an open normal a-invariant subgroup
N of 4o (G) such that N N [H,a] =1, as well as N N [S3,a] =1 in the case p # 2.
Then [NNH,a] = 1, as well as [NNS2,a] = 1 in the case p # 2. Hence the subgroup
[N, a] is pronilpotent, and therefore,

[N,a] < F(N) < F(700(G)) < F(G).

Thus, the proposition is proved if [N, a] # 1.

If [N,a] = 1, then also [N, [Yoo(G),a]] = 1. Then [y (G),a] has a central sub-
group of finite index and therefore has finite Fitting height. By Proposition (.11
Yoo ([Yoo (G), a]) is finite, and therefore F([v0(G),a]) # 1 unless [y(G),a] = 1.
Since

F([150(G), a]) < F(7e0(G)) < F(G),

the proof is complete if [y (G),a] # 1. Finally, if [yo(G),a] = 1, then a is an
Engel element since G/v+(G) is locally nilpotent by Theorem Bl Then the nor-
mal subgroup [G,al{a) is pronilpotent by Baer’s theorem [7, Satz I11.6.15], and
F(G)#1. m|

We are now ready to prove the main result of this section.

Theorem 5.5. Suppose that G is a prosoluble group in which every element has
a countable Engel sink. Then G has a finite normal subgroup N such that G/N is
locally nilpotent.

Proof. By Theorem B] it is sufficient to prove that v, (G) is finite.

By Proposition Bl we obtain that v (F2(G)) is finite and the quotient
F>(G) /Y00 (F2(@)) is locally nilpotent by Theorem Bl Then the subgroup C =
Cry(c) (Yoo (F2(G))) has finite index in F3(G) and is locally nilpotent. Indeed, for
any finite subset S C Cp, (@) (Yoo (F2(G))) we have 74 ((S)) < Yoo (F2(G)) for some
k, and then

Te+1((S)) = [ ((9)), (9)] < [700 (F2(G)), €] = 1.

As anormal locally nilpotent subgroup, C'is contained in F(G). Hence, F»(G)/F(G)
is finite.

We claim that the quotient G/F(QG) is finite. Let the bar denote the images
in G = G/F(G). Then F(G) = F»(G) is finite by the above. There is an open
normal subgroup N of G such that NN F(G) = 1. If N # 1, then F(N) # 1 by
Proposition 5.4 But F(N) < NN F(G) = 1; hence we must have N = 1, so G is
finite.

Thus, G/F(G) is finite, and therefore G has finite Fitting height. By Proposi-

tion 51l we obtain that 7. (G) is finite, as required. m|
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Here, we also derive the following corollary for a virtually prosoluble group (that
is, a group with a prosoluble open normal subgroup), which will be needed in the
sequel.

Corollary 5.6. Suppose that G is a virtually prosoluble group in which every ele-
ment has a countable Engel sink. Then G has a finite normal subgroup N such that
G/N is locally nilpotent.

Proof. By Theorem B it is sufficient to show that v (G) is finite. By hypothesis,
G has an open normal prosoluble subgroup H. By Theorem B0 7o (H) is finite.
Therefore, passing to the quotient group, we can assume that v.o(H) = 1 and the
Fitting subgroup F(G) is open.

Since G/F(QG) is finite, we can use induction on |G/F(G)|. The basis of this
induction includes the trivial case G/F(G) = 1 when v (G) = 1. But the bulk of
the proof deals with the case where G/F(G) is a finite simple group. If G/F(G) is
abelian, then G has Fitting height 2 and v, (G) is finite by Proposition[EIland the
proof is complete.

Thus, suppose that G/F(G) is a non-abelian finite simple group. Let p be a
prime divisor of |G/F(G)|, and g € G \ F(G) an element of order p™, where n
is either a positive integer or oo (so p™ is a Steinitz number). Let T' be the Hall
p’-subgroup of F(G). By Lemma .8 the subgroup [T, ¢] is finite.

Since [T}, g] is normal in F(G), its normal closure R = ([T, g]) in G is a product
of finitely many conjugates and is therefore also finite. Therefore it is sufficient to
prove that v..(G/R) is finite. Thus, we can assume that R = 1. Note that then
[T, 9% =1 for any conjugate g* of g.

Choose a transversal {uy,...,u;} of G modulo F(G). Let G; = (g, ..., g"*).
Clearly, G1 F(G)/F(QG) is generated by the conjugacy class of the image of g. Since
G/F(QG) is simple, we have G1 F(G) = G. By our assumption, the Hall p’-subgroup
T of F(QG) is centralized by all elements g“i. Hence, [G1,T] = 1. Let P be the Sylow
p-subgroup of F(G) (possibly, trivial). Then also [PG1,T] =1, and therefore

'YOO(G) = 'YOO(GIF(G)) = 'YOO(PGl)'

Let the bar denote images in G = G/P. Note that 7 (G) = 7Yoo(G1), while
F(G) = T and G/T = G,T/T = F/F(G) is a non-abelian finite simple group.
Hence, G = oo (G1)T. Therefore, since [yoo(G1),T] =1,

Yoo (G1) = [Vo0 (G1), G1] = [100(G1), 700 (G1)T] = [700 (G1), Vo0 (G1)]-

As a result, 7,(G1) NT is contained both in the center and the derived subgroup
of Vo0 (G1), and therefore is isomorphic to a subgroup of the Schur multiplier of the
finite group Yoo (G1)/ (700 (G1)NT) = G/F(G). Since the Schur multiplier of a finite
group is finite [7l Hauptsatz V.23.5], we obtain that v, (G1) N T is finite. Since T
is canonically isomorphic to 7', it follows that

VOO(G) NnT = 'Voo(é) nNT = ’Yoo(é1) NnT

2050015-18



Bull. Math. Sci. Downloaded from www.worldscientific.com
by 189.31.38.221 on 05/25/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Compact groups with countable Engel sinks

is also finite. Therefore, we can assume that T'= 1, in other words, that F/(G) is a
p-group.

Since G/F(G) is a non-abelian simple group, we can choose another prime r # p
dividing |G/F(G)| and repeat the same arguments as above with r in place of p.
As a result, we reduce the proof to the case F'(G) = 1, where the result is obvious.

We now finish the proof of Corollary 5.6 by induction on |G/F(G)|. The basis
of this induction where G/F(G) is a simple group was proved above. Now, suppose
that G/F(G) has a nontrivial proper normal subgroup with full inverse image N,
so that F(G) < N < G. Since F(N) = F(G), by induction applied to N the
group Yoo (V) is finite. Since N/vo(N) < F(G/v-(N)), by induction applied to
G/¥oo(N) the group Yoo (G/7o0(N)) is also finite. As a result, v (G) is finite, as
required. O

6. Bounding the Nonprosoluble Length

In this section, we approach the case of profinite groups by obtaining bounds for the
so-called nonprosoluble length. These bounds follow from the bounds for nonsoluble
length of the corresponding finite quotients. We begin with the relevant definitions.

The nonsoluble length A\(H) of a finite group H is defined as the minimum
number of nonsoluble factors in a normal series in which every factor either is
soluble or is a direct product of non-abelian simple groups. (In particular, the
group is soluble if and only if its nonsoluble length is 0.) Clearly, every finite group
has a normal series with these properties, and therefore its nonsoluble length is
well defined. It is easy to see that the nonsoluble length A(H) is equal to the least
positive integer [ such that there is a series of characteristic subgroups

1=Lg<Ry<L1<Ri<---<R=H

in which each quotient L;/R;_1 is a (nontrivial) direct product of non-abelian simple
groups, and each quotient R;/L; is soluble (possibly trivial).

We shall use the following result of Wilson [23], which we state in the special
case of p = 2 using the terminology of nonsoluble length.

Theorem 6.1 (see [23, Theorem 2%*]). Let K be a normal subgroup of a finite
group G. If a Sylow 2-subgroup Q of K has a coset tQ of exponent dividing 2, then
the nonsoluble length of K is at most k.

We now turn to profinite groups. It is natural to say that a profinite group G
has finite nonprosoluble length at most [ if G has a normal series

1:L0§R0<L1§R1<"'§R11G

in which each quotient L;/R;_ is a (nontrivial) Cartesian product of non-abelian
finite simple groups, and each quotient R;/L; is prosoluble (possibly trivial). As a
special case of a general result in Wilson’s paper [23] we have the following lemma.
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Lemma 6.2 (see |23, Lemma 2]). If, for some positive integer m, all continuous
finite quotients of a profinite group G have nonsoluble length at most m, then G
has finite nonprosoluble length at most m.

We are now ready to prove the main result of this section.

Proposition 6.3. Suppose that G is a profinite group in which every element has
a countable Engel sink. Then G has finite nonprosoluble length.

Proof. Let H = (G be the intersection of the derived series of G. Then H =
[H, H]. Indeed, if H # [H, H], then the quotient G/[H, H] is a prosoluble group by
Lemma 2 whence (G = H < [H, H], a contradiction. Since the quotient G/ H
is prosoluble, it is sufficient to prove the proposition for H. Thus, we can assume
from the outset that G = [G, G].

Let T be a Sylow 2-subgroup of G. By Theorem Bl the group T is locally
nilpotent. Consider the subsets of the direct product 7" x T

Si; = {(z,y) € T x T |the subgroup (z,y) is nilpotent of class at most i}.

Note that each subset S; is closed in the product topology of T' x T', because the
condition defining S; means that all commutators of weight ¢ 41 in z,y are trivial.
Since every 2-generator subgroup of 7" is nilpotent, we have

USiZTXT.

By Theorem one of the sets S; contains an open subset of T' x T'. This means
that there are cosets a/N and bN of an open normal subgroup N of T and a positive
integer ¢ such that

(x,y) is nilpotent of class ¢ for any « € aN, y € bN. (6.1)

Let K be an open normal subgroup of G such that KNT < N. If we replace N
by K NT, then ([EI) still holds with the same a,b. Hence, we can assume that N
is a Sylow 2-subgroup of K.

We now apply the following general fact (which, for example, immediately fol-
lows from [I6, Lemma 2.8.15]).

Lemma 6.4. Let G be a profinite group and K a normal open subgroup of G. There
ezists a subgroup H of G such that G = KH and K N H is pronilpotent.

Let H be the subgroup given by this lemma for our group G and subgroup
K. Since H is virtually pronilpotent and every element has a countable Engel
sink, by Corollary 5.6l the subgroup .. (H) is finite. Recalling our assumption that
G = |G, G], we obtain

G =[G,G] = 7x(G) < 1(HK) < 7o (H) K.
Thus, G = v (H)K, where vo(H) is a finite subgroup.
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Hence, we can choose the coset representative a satisfying ([6.1]) in a conjugate
of a Sylow 2-subgroup of 7o, (H), and therefore having finite order, say, |a| = 2™.

For any y € bN the 2-subgroup (a,y) is nilpotent of class at most ¢, while
a®" =1. Then

271(0—1)}

la,y =1 (6.2)

This follows from well-known commutator formulae (and for any p-group); see, for
example, [20, Lemma 4.1].
In particular, for any z € N by using (6.2 we obtain

271(071)} 271(071)]

[Z, cY = [az, cY =1, (63)

since (az, y2n(071)> is a subgroup of (az,y), which is nilpotent of class ¢ by (E1)).

Our aim is to show that there is a uniform bound, in terms of |G : K|, ¢, and
n, for the nonsoluble length of all finite quotients of G by open normal subgroups.
Let M be an open normal subgroup of G and let the bar denote the images in
G = G/M. 1t is clearly sufficient to obtain a required bound for the nonsoluble
length of K.

Let Ry be the soluble radical of K, and L; the inverse image of the generalized
Fitting subgroup of K /Ry, so that

Ll/R0:51XS2X"' XSk (64)

is a direct product of non-abelian finite simple groups. Note that Ry and L; are
normal subgroups of G. The group G acting by conjugation induces a permutational

action on the set {S1,Sa, ..., Sk}. The kernel of the restriction of this permutational
action to K is contained in the inverse image R; of the soluble radical of K /Lq:
(\N&(Si) < Ru. (6.5)

This follows from the validity of Schreier’s conjecture on the solubility of the outer
automorphism groups of non-abelian finite simple groups, confirmed by the classi-
fication of the latter, because L1/ Ry contains its centralizer in K/Ry.

Let e be the least positive integer such that 2¢ > ¢, and let t = 2n(c—D+e,
We claim that for any y € bN the element th normalizes each factor S; in (6.4).
Arguing by contradiction, suppose that the element y2t has a nontrivial orbit on
the set of the S;. Then the element yQMCA) has an orbit of length 2° > 2°¢+! on
this set; let {T1, T3, ..., Tas } be such an orbit cyclically permuted by y2n(07l). Since
non-abelian finite simple groups have even order (by the Feit-Thompson theorem
[]) and the subgroups S; are subnormal in K /Ry, each subgroup S; contains a
nontrivial element of NRy/Ry. If  is a nontrivial element of T) N N Ry/Ry, then
the commutator

_on(c—1)
[z, g° ],

written as an element of 77 X T5 X - -+ X Ty, has a nontrivial component in T4
since 2% > 2¢*1 > ¢. This, however, contradicts (G.3).
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Thus, for any element y € bN the power y2t normalizes each factor S; in (64]).
Let 27 be the highest power of 2 dividing |G : K|, and let u = max{t,d}. Then
y*" € Ry by (G.3), since 42" € K and 32" normalizes each S; in (G.4) by the choice
of u.

As a result, in the quotient G/R; all elements of the coset bNR;/R; of the
Sylow 2-subgroup N R;/R; of K/R; have exponent dividing 2%. We can now apply
Theorem .1l by which the nonsoluble length of K/R; is at most u. Then the
nonsoluble length of K is at most u + 1. Clearly, the nonsoluble length of G/K
is bounded in terms of |G : K|. As a result, since the number u depends only
on |G : K|, n, and ¢, the nonsoluble length of G is bounded in terms of these
parameters only. Since this holds for any quotient of the profinite group G by a
normal open subgroup, the group G has finite nonprosoluble length by Lemma [6.2]
This completes the proof of Proposition 6.3 O

7. Profinite Groups

We are now ready to handle the general case of profinite groups using Corollary 5.6
on virtually prosoluble groups and induction on the nonprosoluble length. First, we
eliminate infinite Cartesian products of non-abelian finite simple groups.

Lemma 7.1. Suppose that G is a profinite group that is a Cartesian product of
non-abelian finite simple groups. If every element of G has a countable Engel sink,
then G is finite.

Proof. Suppose the opposite: then G is a Cartesian product of infinitely many
non-abelian finite simple groups G; over an infinite set of indices ¢ € I. Every
subgroup G; contains an element g; € G; with a nontrivial smallest Engel sink
&(g:) # {1}. (Actually, any nontrivial element of G; has a nontrivial Engel sink,
since an Engel element of a finite group belongs to its Fitting subgroup by Baer’s
theorem [7, Satz I11.6.15].) By Lemma [Z3] for any s € &(g;) we have s = [s, rg]
for some k € N, and then also

s=s, ggi] for any ! € N. (7.1)

For every ¢, choose a nontrivial element s; € &(g;) C G;. For any subset J C I,
consider the (infinite) product

SJ = H Sj.
jeJ
Let
9= Hgi-
iel
If &(g) is any Engel sink of g in G, then for some k € N the commutator [ss, xg]
belongs to &(g). Because of the properties ([I)), all the components of [s s, rg] in the
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factors G; for j € J are nontrivial, while all the other components in G; for ¢ & J
are trivial by construction. Therefore for different subsets J C I we thus obtain
different elements of &(g). The infinite set I has at least continuum of different
subsets, whence & (g) is uncountable, contrary to g having a countable Engel sink
by the hypothesis. 0

Theorem 7.2. Suppose that G is a profinite group in which every element has a
countable Engel sink. Then G has a finite normal subgroup N such that G/N is
locally nilpotent.

Proof. By Proposition 6.3 the group G has finite nonprosoluble length . This
means that G has a normal series

l1=Ly<Ro<Lhi <R <hW<-- <R =G

in which each quotient L;/R;_; is a (nontrivial) Cartesian product of non-abelian
finite simple groups, and each quotient R;/L; is prosoluble (possibly trivial). We
argue by induction on I. When [ = 0, the group G is prosoluble, and the result
follows by Theorem

Now, let I > 1. By Lemmal[lTleach of the nonprosoluble factors L;/R;_1 is finite.
In particular, the subgroup L; is virtually prosoluble, and therefore v, (L1) is finite
by Corollary 5.6l The quotient Ry /70 (L1) is prosoluble by Lemma 221 Hence, the
nonprosoluble length of G/v5,(L1) is | — 1. By the induction hypothesis we obtain
that Yoo (G /Yoo (L1)) is finite, and therefore 7o, (G) is finite. By Theorem Bl the
quotient G /v (G) is locally nilpotent, and the proof is complete. O

8. Compact Groups

In this section, we prove the main Theorem [[.2l about compact groups with count-
able Engel sinks. We use the structure theorems for compact groups and the results
of the preceding section on profinite groups. Parts of the proof are similar to the
proof of the main result of [I2], that is, Theorem [[.Tlon compact groups with finite
Engel sinks. Rather than modifying the whole proof of that theorem, we are able
to reduce the proof to the situation where all Engel sinks are finite, and then apply
Theorem [L11

By the well-known structure theorems (see, for example, [6 Theorems 9.24 and
9.35]), the connected component of the identity Gg of a compact (Hausdorff) group
G is a divisible group such that G¢/Z(Gy) is a Cartesian product of (non-abelian)
simple compact Lie groups, while the quotient G/Gy is a profinite group. (Recall
that a group H is said to be divisible if for every h € H and every positive integer
k there is an element € H such that 2% = h.)

We shall be using the following lemma from [12].

Lemma 8.1 ([12, Lemma 5.3]). Suppose that G is a compact group in which
every element has a finite Engel sink and the connected component of the identity
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Gy is abelian. Then for every g € G and for any x € Gy we have
[, kgl =1 for some k = k(x,g) € N.

For compact groups with countable Engel sinks, we begin with eliminating sim-
ple Lie groups.

Lemma 8.2. A non-abelian simple compact Lie group contains an element all of
whose Engel sinks are uncountable.

Proof. It is well known that any non-abelian compact Lie group G contains a
subgroup isomorphic either to SO3(R) or SU3(C) (see, for example, [0, Proposi-
tion 6.46]), and therefore in any case, a section isomorphic to SO3(R). Since the
property that every element has a countable Engel sink is inherited by sections, it
is sufficient to consider the case G = SO3(R).

Consider the following elements of SO3(R):

cost sind 0

ag = | —sin® cos? 0], VER,
0 0 1
and
-1
g=
0 0 -1
We have
cos(—v) sin(—v) 0 cost —sind 0
[ag,g] = ay'a? = | —sin(—9) cos(—¥) O [sind cos?¥ 0
0 0 1 0 0 1

cos(—29) sin(—29) 0
= | —sin(—29) cos(—29) 0| =a_azy,
0 0 1

and then by induction,

(a9, ng] = a(—2yny.

Therefore any Engel sink of g must contain, for every ¥ € R, an element of the form
a(_gyn(®)y for some n(1¥) € N. Since for ¥ we can choose continuum elements of R
that are linearly independent over QQ, any Engel sink of ¢ must be uncountable.

O

The next lemma is a step towards proving that every element has a finite Engel
sink.
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Lemma 8.3. Suppose that G is a compact group in which every element has a
countable Engel sink. If G has an abelian subgroup A with locally nilpotent quotient
G/A, then every element of G has a finite Engel sink.

Proof. Since G/A is locally nilpotent, for showing that an element g € G has
a finite Engel sink we can obviously assume that G = A(g). Let {s1,s2,...} be
a countable Engel sink of g. By Lemma there is an open subset U of A and
positive integers m, n such that

[u, ng] = $m for alluw € U.

The union of all translates aU = {au|u € U} over a € A is equal to A. Since A is
compact, it is equal to the union of finitely many such translates:

A=aUUaUU---UaiU.
Then any element of A has the form a;u for v € U, and
(@i, ng] = [ai; ngllu, ngl = lai; nglsm,
where we used the fact that A is abelian. Hence the set
S ={la1, nglSm;---,[ak, ng]Sm}

is a finite Engel sink of g. Indeed, for any = € A and for any k£ > n we have

[z, kg] = [z, k—ng], ngl € S. O

We are now ready to prove the main result.

Theorem 8.4. Suppose that G is a compact group in which every element has a
countable Engel sink. Then G has a finite normal subgroup N such that G/N is
locally nilpotent.

Proof. In view of Lemma B2 the connected component of the identity Gy is an
abelian divisible normal subgroup.

Lemma 8.5. For every g € G and for any x € Gy, we have

[, kgl =1 for some k = k(x,g) € N.
Proof. We can obviously assume that G = Go(g). The group Gy(g) satisfies the
hypothesis of Lemma and therefore every element in it has a finite Engel sink.

Then for any x € Gy we have [z, g] = 1 for some k = k(x,g) € N by Lemma Bl
O

We proceed with the proof of Theorem Applying Theorem [[.2 to the profi-
nite group G = G/G( we obtain a finite normal subgroup D with locally nilpotent
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quotient. Then every element g € G has a finite smallest Engel sink & (g) contained
in D. Consider the subgroup generated by all such sinks:

E=(£(g)|lgeG)<D.

Clearly, &(g)" = &(g") for any h € G; hence E is a normal finite subgroup of G.
Note that G/ E is also locally nilpotent by Theorem B3 as an Engel profinite group.

We now consider the action of G by automorphisms on Gy induced by conjuga-
tion.

Lemma 8.6. The subgroup E acts trivially on Gy.

Proof. The abelian divisible group Gy is a direct product Ag x Hp A, of a torsion-
free divisible group Ao and divisible Sylow p-subgroups A, over various primes p.
Clearly, every Sylow subgroup A, is normal in G.

First, we show that E acts trivially on each A,. It is sufficient to show that
for every g € G every element z € &(g) acts trivially on Ap. Consider the action
of (z,g) on A,. Note that (z,g9) = (2(9)(g), where ({9} is a finite g-invariant
subgroup, since it is contained in the finite subgroup E. For any a € A, we have
[a, rg] =1 for some k = k(a,g) € N by Lemma [R5 Hence the subgroup

<a<g)> = <a7 [avg}v [avgvg]v .- >

is a finite p-group; note that this subgroup is g-invariant. The images of (a{9?) under
the action of elements of the finite group <z<9>> generate a finite p-group B, which is
(2, g)-invariant. It follows from Lemma RSl that (z, g)/C. 4 (B) must be a p-group.
Indeed, otherwise there is a p’-element y € (z, g)/C. 4 (B) that acts nontrivially on
the Frattini quotient V' = B/®(B). Then [[V,y],y] = [V,y] # 1 and Cv,(y) = 1,
whence [V, y] = {[v,y]|v € [V,y]} and therefore also [V,y] = {[v, ny]|v € [V,y]}
for any n, contrary to Lemma BBl Thus, (2,9)/C/. 4 (B) is a finite p-group. But
since z € &(g), by Lemma [Z5 we have z = [z, ,g] for some m € N. Since a finite
p-group is nilpotent, this implies that z € C. 4y (B). In particular, z centralizes a.
Thus, E acts trivially on A,, for every prime p.

We now show that £ also acts trivially on the quotient W = Go/[[, 4, of
Gy by its torsion part. Note that W can be regarded as a vector space over Q.
Every element y € E has finite order and therefore by Maschke’s theorem W =
Wyl x Cw (y) and [W,y] = {[w, ny]|w € [W,y]} for any n. If [W,y] # 1, then this
contradicts Lemma B3]

Thus, F acts trivially both on W and on Hp Ap. Then any automorphism 7 of
G induced by conjugation by h € E acts on every element a € Ay as a” = a”
where ¢ = t(a, h) is an element of finite order in Gy. Then a” = at’, and therefore
the order of ¢ must divide the order of 7.

Assuming the action of £ on Gy to be nontrivial, choose an element h € E
acting on G as an automorphism 7 of some prime order p. Then there is a € Ag
such that a” = as, where s € Ap has order p. There is an element a; € Ap such that

= at,
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al = a. Then a} = a;s1, where s = s. Thus, |s1]| = p?, and therefore p? divides
the order of 7. We arrived at a contradiction with |n| = p. |

We now finish the proof of Theorem B4l Let F' be the full inverse image of
E in G. Then we have normal subgroups Gy < F < G such that G/F is locally
nilpotent, F/G is finite, and Gy is contained in the center of F' by Lemma
Since F has center of finite index, the derived subgroup F” is finite by Schur’s
theorem [7l Satz IV.2.3]. The quotient G/F” is an extension of an abelian subgroup
by a locally nilpotent group. Hence every element of G/F’ has a finite Engel sink
by Lemma[83] By Theorem [Tl the group G/F’ has a finite normal subgroup with
locally nilpotent quotient. The full inverse image of this subgroup is a required finite
normal subgroup N such that G/N is locally nilpotent. The proof of Theorem [R4]
is complete.
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