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RESUMO

A presente tese propõe uma nova formulação de Plano Alfa Generalizado (PAG) para pro-

teção diferencial de equipamentos de múltiplos terminais. Como ponto de partida, a nova

formulação de PAG foi baseada em duas outras estratégias reportadas na literatura. Ademais,

a solução proposta deve atender dois importantes requisitos: 1) trajetória transitória direta

e segura. 2) Ponto de repouso em regime permanente de falta ajustável. Para tanto, dois

ajustes foram criados, juntos eles de�nem uma circunferência com centro e raio ajustável a

qual corresponde a uma região de repouso para defeitos internos. O controle re�nado resul-

tante dessas duas con�gurações é capaz de trazer benefícios para a proteção diferencial, como

por exemplo um melhor controle das trajetórias no plano alfa. Com o objetivo de avaliar o PAG

proposto, o software Alternative Transients Program foi utilizado para simular uma vasta gama

de condições especiais em quatro sistemas diferentes. Para tanto uma linha de transmissão de

dois e três terminais, uma con�guração de barramento e um transformador de potência foram

utilizados para testar o novo PAG. As simulações realizadas foram divididas em análises tran-

sitórias � nas quais avalia-se o comportamento da proteção durante situações de curto-circuito

� e análises de sensibilidade paramétrica, nas quais investiga-se a in�uência de cada um dos

parâmetros envolvidos no curto-circuito durante o regime permanente de falta. Os resultados

obtidos revelam que o PAG proposto provê uma alternativa apropriada, e�ciente e segura para

linhas de transmissão, barramentos e transformadores.

Palavras-chave: Proteção diferencial, plano alfa generalizado, equipamento de múltiplos termi-

nais, linha de transmissão, barramento, transformador.



ABSTRACT

This thesis proposes a new Generalized Alpha Plane (GAP) formulation for di�erential

protection of multi-terminal devices. As a starting point, the proposed GAP formulation is

based on other two GAP strategies found in literature. Additionally, two main requirements

for the proposed solution are de�ned: 1) Smooth/secure transient path; 2) adjustable settlement

point during fault steady-state. In order to do so, two settings are created, together they de�ne

a circumference with adjustable center and radius which corresponds to a settlement region for

internal faults. The re�ned control enabled by the two settings are therefore capable to bring

bene�ts to di�erential protection, such as better control of overall behavior in an alpha plane.

Aiming to evaluate the proposed GAP, Alternative Transients Program was used to simulate

a wide variety of conditions in four di�erent systems. Therefore, a two-terminal and three-

terminal transmission line, a busbar arrangement, and a power transformer were chosen to test

the proposed GAP strategy. The performed simulations were divided into transient analysis �

in which the performance of the proposed algorithm during fault situation � and massive data

analysis, in which the in�uence of each variable is analyzed for the fault steady state value.

The obtained results reveal that proposed GAP is an appropriate, e�cient and safe alternative

for transmission lines, busbars, and transformers protection.

Keywords: Di�erential protection, generalized alpha plane, multi-terminal device, transmission

line, busbar, power transformer.
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND

Electrical power systems have become progressively interconnected, with new delivery paths

inserted throughout these systems. Transmission lines play a major role in providing bulk power

transmission from huge power plants to load centers; Substations tend to create complex bus-

bar arrangements aimed at providing �exible ways to operate the system. Additionally, power

transformers are still extremely important but susceptible to catastrophic internal faults. Nev-

ertheless, disturbances caused in one or more mechanisms can instantly propagate throughout

the system, and require for protection schemes that are capable of quickly and selectively

clearing faults in order to avoid widespread blackouts (ZIEGLER, 2012).

Notwithstanding, the economic recession that Brazil has undergo since 2015, the Brazilian

Transmission System Operator (TSO or Operador Nacional do Sistema Elétrico - ONS in Por-

tuguese) planned to increase power generation capacity by 12% from 2017 to 2022, representing

a growth of 19 GW (ONS, 2017a). Furthermore the diversity of primary sources is also planned

to be changed as shown in Figure 1.1, and will require new transmission lines and substations

(ONS, 2017b). Nearly 35.000 km of AC transmission lines (230 to 750 kV) and about 10.000

km of DC lines (800 kV) are planned to be added to the Brazilian Electrical System by 2023.

Table 1.1 lists the partial shutdowns in the Brazilian electrical system due to faults that

have occurred in di�erent type of devices. As expected, transmission lines had the highest

percentage of faults. This could be anticipated because their lengthy dimensions result in more

susceptibility to climate and unpredictable environmental conditions. However, even with a

considerably lower percentage of occurrences, faults in essential electrical apparatuses such as

transformers and busbars are extremely hazardous to a power system and can cause widespread

blackouts.
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Figure 1.1. Planned power generation capacity increase - 2017 to 2022 (ONS, 2017a). (a) 2017; (b) 2022.

Table 1.1. Partial shutdowns in Brazilian electrical system 2016 (ONS, 2013)

Device Shutdowns Percentage (%)

Transmission Lines 2982 47.6
Transformers 767 12.3
Generators 1947 31.1
Busbars 114 1.8
Reactors 70 1.1

Capacitor Bank 83 1.3
Synchronous Compensator 109 1.7

Static Compensator 187 3.0

Total 6529 100.0

As a result, modern protection systems will be required to allow for the safe and steady

operation of the Brazilian power grid. Unit protection schemes are designed to protect a speci�c

device or an area of the system (i.e., transmission lines, busbar, transformer, etc.). ONS (2016)

established that transmission electrical equipment must isolate short-circuits in less than 100

ms. In addition, graded protection schemes (i.e., distance/impedance, and current-based),

provide backup protection due to the failure of unit schemes.

Among all unit protection schemes, the di�erential function scheme stands out because of

its well-proven safety and selectivity (ZIEGLER, 2012). It therefore represents a great option

for protecting transmission lines, transformers, and busbars (ELMORE, 2003). Di�erential

schemes became a viable option for transmission lines because in recent years both new and

old installations dispose easy access to an optical �ber communication channel (ALTUVE;

SCHWEITZER, 2010).
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Another interesting aspect about di�erential schemes is its allowance for a wide range of

customization to better suit the desired application, like the use of direct samples in time, ex-

ternal fault modes, and adjustable zones of protection (ALTUVE; SCHWEITZER, 2010). The

Institute of Electrical and Electronics Engineers (IEEE) a�rms that the percentage di�erential

function has been widely used as primary protection for transformers because it provides a re-

liable way to protect the devices and guarantees the selectivity (IEEE, 2008a). Improvements

in power transformer di�erential protection now take advantages of new approaches to signal

processing techniques and the use of arti�cial intelligence. These, therefore increase the pro-

tection scheme's ability to single out internal faults from other disturbances (BARBOSA et al.,

2011; BEHRENDT et al., 2011; VAZQUEZ et al., 2008; GUZMAN et al., 2001a; MEDEIROS;

COSTA, 2018). Over the last few years, technological breakthroughs, along with the installation

of optical �ber composite overhead ground wires, have made new solutions possible for transmis-

sion line di�erential protection (TZIOUVARAS et al., 2002; BENMOUYAL; MOONEY, 2006;

DAMBHARE et al., 2010; KASZTENNY et al., 2011; XUE et al., 2013; DENG et al., 2015;

SILVA; BAINY, 2016; ALMEIDA; SILVA, 2017; TANG et al., 2017; SARANGI; PRADHAN,

2017; HOSSAIN et al., 2018). Similarly, busbar di�erential protection combined with busbar

replica strategies have provided valuable improvements, increasing security and reducing fault

clearing times (QIN et al., 2000; GUZMAN et al., 2005; KANG et al., 2005; KANG et al.,

2008; BAINY; SILVA, 2017; JENA; BHALJA, 2018).

Di�erential protection can selectively protect a speci�ed zone and has several advantages

when compared with other functions, such as overcome the challenges related to adjust the

distance element (ALTUVE; SCHWEITZER, 2010; ANDERSON, 1999). Also, di�erential

protection can be combined with alpha plane, see appendix A, to take advantage of its main

remarks such as de�ning di�erent unique restraining shapes, as well as the enhanced rainbow

restraining characteristic proposed by Tziouvaras et al. (2002).

As originally proposed by Warrington (1962), the alpha plane represents the ratio of two

measured currents, so that its application is limited to two-terminal apparatuses only. To

overcome this drawback, Miller et al. (2010) proposed an innovative metamathematical for-

mulation called a generalized alpha plane (GAP), which converts a set of currents measured

in a multi-terminal transmission line into two equivalent ones, thus preserving the bene�ts of
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the alpha-plane-based di�erential schemes reported by Tziouvaras et al. (2002). Even though

it was originally proposed for line di�erential protection, this GAP can be straightforwardly

used in other protection applications as Jena & Bhalja (2018) that reports the use of this GAP

for busbar protection. Silva & Bainy (2016) reported on alternative GAP for multi-terminal

transmission lines' di�erential protection applications that provides a more simple formulation

by comparison with the one proposed by Miller et al. (2010); additionally it improves the sensi-

tivity for internal faults during outfeed conditions. The proposal of a new and improved GAP

represents a valuable step forward for multi-terminal devices di�erential protection.

1.2 GENERALIZED ALPHA PLANE

Previously the alpha plane was considered as exclusively for two-terminal elements. However

multi-terminals' applications are possible by using a generalized alpha plane (GAP) strategy.

Currently, there are two main options available in the literature on the subject, those reported

by Miller et al. (2010) and Silva & Bainy (2016). In this section only the �rst one is discussed

but a through description of both formulations are described in Appendices B and C. The GAP

reported by Silva & Bainy (2016) is part of the proposed formulation, as discussed in this thesis.

The GAP enables alpha plane representation for a device with multi-terminals, by creating

a virtual two-terminal element. For instance, a GAP enables the L terminals shown in Figure

1.2a to be mapped into the two-terminal system in Figure 1.2b.

System with
L terminals

Terminal 1

Terminal 2
Terminal 3

Terminal 4

Terminal L

(a)

Equivalent
System

Terminal M Terminal N

(b)

Figure 1.2. The GAP principle: (a) multi-terminal system; (b) two-terminal equivalent system.
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1.2.1 GAP from Miller et al. (2010)

When considering the general L-terminal di�erential zone of protection, as exhibited in Fig-

ure 1.2a, Miller et al. (2010) derived di�erential Idif(L) and restraining Ires(L) currents through

Equations (1.1) and (1.2), respectively. Both are obtained using the L measured currents and

are phase segregated. The virtual equivalent consists of two terminals called M and N . The

currents IM and IN result in di�erential Idif(2) and restraining Ires(2) currents, as one can

observe in Equations (1.3) and (1.4), respectively.

Idif(L) =
L∑

i=1

Īi, (1.1)

Ires(L) =
L∑

i=1

|Īi|, (1.2)

Idif(2) = ĪM + ĪN , (1.3)

Ires(2) = |ĪM + ĪN |, (1.4)

where the math accent "−" represents a phasor quantity; L is the number of terminals.

The key assumption regarding the GAP strategy is to consider the di�erential and restrain-

ing currents identical in both systems (i.e. L and two terminals.), as shown below.

Idif(L) = Idif(2) (1.5)

Ires(L) = Ires(2) (1.6)

The currents IM and IN are complex numbers, and therefore a total of four variables are

sought, namely two real and two imaginary portions, which result in a total of four degrees of

freedom. However, Equations (1.5) and (1.6) establish only three boundary equations (i.e., real

and imaginary parts of the di�erential current, and the magnitude of the restraining current).

However, a last boundary equation is required in order to enable the GAP. Miller et al. (2010)

states that one of the equivalent currents has the same angle as a reference current (IP ) of the

L-terminal element. The current with the largest projection on the di�erential current phasor

is selected as the reference current (IP ) .
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Miller et al. (2010) made this choice for two main reasons: First, during external faults with

current transformer (CT) saturation, the spurious di�erential signal will be roughly located

along the fault current phasor. Secondly, the solution helps to identify the external fault

current.

In order to select the reference current, an auxiliary variable Ri is calculated for each current

as follows:

Ri = Re
(
I i · I∗dif(N)

)
(1.7)

where i = 1 . . . L; ∗ is conjugate of a complex number.

The reference current is the one with the highest value of Ri, and its angle is called β:

β = ∠IP (1.8)

Aiming to simplify the formulation, the di�erential current Idif(N) is shifted by β. Therefore,

the following expressions are obtained for the equivalent currents:

IX = Idif(L) · 1∠(−β) (1.9)

IM =

(
Im(IX)2 −

[
Ires(L) −Re(IX)

]2

2
(
Ires(L) −Re(IX)

) + j · Im(IX)

)
· 1∠β (1.10)

IN =
(
Ires(L − |IM |

)
· 1∠β (1.11)

Then, the alpha plane is executed by computing the complex ratio Γ of the virtual currents IM

and IN as follows:

Γ =
IM

IN
= Γre + jΓim (1.12)

This GAP can be applied not only to phase currents, but also to negative and zero sequence

currents (KASZTENNY et al., 2011). The method also permits application where the restraint

term (Ires(L)) is intentionally increased (i.e., harmonic restraint). A higher restraint value means

that Γ is near the blocking position (−1, 0). A balanced di�erential current (e.g. no fault) also

results to the identical blocking position (1∠180◦). The Appendix B presents details of the

GAP from Miller et al. (2010) formulation.
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Special countermeasures are usually applied to provide security for external faults with CT

saturation, such as the use of external fault detection logics. Harmonic restraining can thereby

be performed by adding to Ires harmonics that may arise in the di�erential signal, so that (1.2)

can be rewritten as (KASZTENNY et al., 2011):

Ires = k
L∑

l=1

|I l|+ EFD · kh
∣∣Idif,h

∣∣ , (1.13)

where the External Fault Detector (EFD) is a �ag whose value is set based upon the external

fault detection logic output (KASZTENNY et al., 2011), kh is a multiplying factor, and
∣∣Idif,h

∣∣

is the magnitude of the h-th di�erential harmonic current.

1.3 MOTIVATION

The proposal of a new generalized alpha plane formulation is of utmost importance for

providing new ways to improve and customize di�erential protection schemes. It is generally

understood to arise from mathematically transforming a multi-terminal system into a two-

terminal one, thus allowing the use of the alpha plane (TZIOUVARAS et al., 2002; MILLER

et al., 2010; SILVA; BAINY, 2016). However, Miller et al. (2010) presents limitations that

may jeopardize its performance. For instance, Bainy & Silva (2017) discuss some reliability

limitations when combined with busbar di�erential protection. Up to now, there has been

no GAP formulation that creates a smooth transient path (from pre-fault to fault condition),

combined with an adjustable settlement point in the right-side of the alpha plane in the steady

state of a fault.

1.4 PROBLEM STATEMENT AND PROPOSED SOLUTION

Miller et al. (2010) has presented the main state-of-the-art strategy for the generalized

alpha plane. It is highly desirable to use an alpha plane with its customizable bi-dimensional

restraining shapes to thoroughly protect multi-terminal power apparatuses (TZIOUVARAS et

al., 2002). Equally important is a smooth and secure transient path, which allows adjustments

by the protection engineer so that choose the settlement point can be chosen on the right side

of the alpha plane in a fault steady state.
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Miller et al. (2010) present a non-conventional way to calculate the equivalent two-terminal

system, which may compromise the transient path and, in some conditions, may result in null

value for a fault steady-steady. Notwithstanding the importance and value of this strategy for

power system protection, it might not provide a complete and convenient solution, depending

upon the application. Motivated by that, we introduced a new GAP with advantages in com-

parison with the one reported by Miller et al. (2010), such as a more well-behaved response in

the alpha plane, despite having a rather simpler formulation and requiring less computational

burden (SILVA; BAINY, 2016). On the other hand, the proposed formulation still lacks as a

complete solution due no control over settlement values of the fault steady state, and method

to adjust the setting k based on trial and error. That is the why we decided to improve the

solution proposed in 2016 aiming to create a new formulation capable of perform a smooth

transient path, provide ways adjust the fault steady state settlement values in the alpha plane,

and overcome the limitations imposed by the setting k. In fact the new GAP formulation

encompass the one reported by Silva & Bainy (2016) in such way that it can be understood as

its generalization.

1.5 OBJECTIVE

The main objective of this thesis is to propose a new GAP formulation that has been

conceived to perform a smooth transient path during faults, and able to control the fault

steady state settlement values in the alpha plane using straightforward adjustments. As a minor

objective the performance of this new formulation is tested by computational simulations using

Alternative Transients Program (ATP) for four di�erent protection applications are discussed:

Two-terminal and a three-terminal transmission lines; a transformer; and a busbar arrangement.

1.6 THESIS ORGANIZATION

This thesis presents the mathematical deduction, the simulation, and the analysis of a

new generalized alpha plane, called Proposed GAP; it allows di�erent values for Γf and k∆

to �ne control the settlement point in the right side of the alpha plane in fault steady state.

Mathematical deduction, analytical and brief numerical analysis are shown in Chapter 2.
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The simulated performance of the proposed formulation is investigated in four di�erent

applications in chapters 3, 4, 5, and 6. Moreover, to further test the proposed GAP each

system is simulated extensively to enable a massive data analysis, which includes a wide range

of systems' conditions, types of faults, fault resistance, etc. Finally four di�erent appendices are

presented, the �rst one consists of a brief discussion about di�erential protection fundamental.

Appendices B and C present a detailed deduction regarding GAP formulations proposed by

Miller et al. (2010) and Silva & Bainy (2016), respectively. The appendix D presents the

formulation to calculate short-circuits contributions for a two-terminal transmission line.



CHAPTER 2

GENERALIZED ALPHA PLANE FORMULATION

2.1 PROPOSED FORMULATION

When considering the multi-terminal device illustrated in Figure 1.2a, the di�erential cur-

rent (Īdif(L)) and restraining current (Ires(L)) for each phase can be de�ned as:

Īdif(L) =
L∑

i=1

Īi = Idif(L),re + jIdif(L),im, (2.1)

Ires(L) =
L∑

i=1

|Īi|, (2.2)

where the math accent "−" represents a phasor quantity; the subscripts re and im represent

its real and imaginary parts; and L is the device's number of terminals.

The di�erential protection element can be combined with alpha plane representation; how-

ever, for multi-terminal devices the use of a generalized alpha plane is mandatory. The main

idea is to map the L terminals into only two. The two currents (IM and IN) compound an

equivalent system. In order to do so, it is required to establish the di�erential (Īdif(2)) and

restraint (Īres(2)) currents related to the equivalent system shown as follows:

Īdif(2) = ĪM + ĪN (2.3)

Īres(2) = η1ĪM − η2ĪN (2.4)

where η1 and η2 are multiplying factors to adjust the di�erential function.

Two main assumptions are de�ned: 1) the di�erential currents Īdif(2) and Īdif(L) are equal;

2) The restraining currents, Īres(2) and Ires(L) are equal. Thereby, it is possible to achieve the

equivalence between the original and the equivalent systems. Thus, a linear system can be

obtained from Equations (2.1)-(2.4).
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


1 0 1 0
0 1 0 1
η1 0 −η2 0
0 η1 0 −η2


 .



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IM,im

IN,re
IN,im


 =




Idif(L),re

Idif(L),im

Ires(L)

0


 (2.5)

The determined and consistent linear system of Equations (2.5) allows its solution to be ob-

tained straightforwardly. It can be solved and therefore determine the deterministic expressions

for ĪM and ĪN , shown below (See appendix C):

ĪM = 1
η1+η2

(
η2Īdif(L) + Ires(L)

)
(2.6)

ĪN = 1
η1+η2

(
η1Īdif(L) − Ires(L)

)
(2.7)

One last step is to calculate Γ, which is simply the relation between currents ĪM and ĪN as

follows:

Γ =
ĪM
ĪN

= Γre + jΓim (2.8)

Likewise, external faults with CT saturation requires the use of external fault detection

logics. In this way, the harmonic restraint can be performed by adding to Ires(L) harmonics,

which may arise in the di�erential signal, so that (2.2) can be rewritten as:

Ires(L) =
L∑

i=1

|Īi|+ EFD · ηh
(

L∑

i=1

|Īi,h|
)

(2.9)

where the External Fault Detector EFD is a �ag whose value is set based upon the external

fault detection logic output (KASZTENNY et al., 2011); ηh is a multiplying factor; and (Īi,h)

is the h-th harmonic current phasor of i-th terminal.

The protection scheme using the GAP for a multi-terminal device with L terminals is shown

in Figure 2.1, and it is assumed that all measured currents are aligned in time. The GAP stage

calculates ĪM and ĪN . The last step obtains Γ for each phase and compares them to the chosen

restraining characteristic. In the diagram it is shown the shape proposed by Tziouvaras et al.

(2002). Finally, the protection scheme can decided for trip based on other user settings.

2.2 SETTING η1 AND η2

The proposed GAP has two settings: η1 and η2. However, their values depend upon where

on the alpha plane it is desired the settlement area of Γ to be. In order to set η1 and η2, two new
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coe�cients are beforehand de�ned: Γf and k∆. The �rst one is the desirable fault steady-state

value of Γre, and k∆ is relative deviation from the center (Γf , 0).

It is noteworthy that Γf combined with k∆ create a circular shape. The circle corresponds

to the value of Γ on fault steady-state. Mathematically, the center and radius of the circle can

be de�ned as:

Center = (Γf , 0) (2.10)

radius = k∆ (2.11)

One can observe that Γf controls the center position of the circle, whereas k∆ adjusts its

radius. The results are graphically presented in Figure 2.2. The circumference corresponds to

the desired values of Γ calculated using GAP during a fault steady state.

Figure 2.1. Flowchart diagram of the protection scheme adapted from (BENMOUYAL, 2005)
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Γf − k∆ Γf Γf + k∆

−k∆

0

k∆

(
Γf ; 0

)

diam. = 2.k∆

Γre

Γ
im

Figure 2.2. Circle de�ned by Γf and k∆.

The adjustment of η1 and η2 depends upon the chosen values of Γf and k∆; η1 and η2 are

de�ned as a function of Γf and k∆. The Equations (2.6)-(2.8) are combined to obtain:

Γ =
η2

η1

(
Idif(L),re + 1

η2
Ires(L) + jIdif(L),im

Idif(L),re − 1
η1
Ires(L) + jIdif(L),im

)
(2.12)

The Equation (2.12) can be split in real and imaginary parts, as follows:

Γre = Mre

( |Īdif(L)|2 + Ires(L)f(η1, η2)

|Idif(L)|2 + Ires(L)f(−η2, η2)

)
(2.13)

Γim = Mim

(
Īres(L)Idif(L)

|Idif(L)|2 + Ires(L)f(−η2, η2)

)
(2.14)

where Mre, Mim, f(η1, η2), and f(−η2, η2) are de�ned as follows:

Mre =
η2

η1

(2.15)

Mim = η2 +
η2

2

η1
(2.16)

f(η1, η2) = −η1η2Ires(L) + (η1 − η2)Idif(L),re (2.17)

f(−η2, η2) = η2
2Ires(L) − 2η2Idif(L),re (2.18)

When considering Γf = Mre and k∆ = MimMre, Equations (2.15) and (2.16) form a linear

system of Equations. The solution leads to:

η1 = 1
k∆

(1 + Γf ) (2.19)

η2 = 1
k∆

(
Γf + Γ2

f

)
(2.20)
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The values for Γf and k∆ can be chosen provided that some boundaries are ful�lled: 1) to

maintain good security level, Γf has to be greater than one (Γf > 1); and, 2) k∆ has to be less

than 10 % of Γf . The latter condition is important in order to guarantee a small circular area

around the central point (Γf , 0), thus resulting in closer values for Γ in all three phases.

2.3 GAP ANALYSIS

This analysis of the GAP clari�es its behavior during faults. A generic multi-terminal device

was considered for this study. In order to do so, Equation (2.8) is thoroughly explored, with the

focus on fault steady-state. When Equations (2.6)-(2.8) are combined with Equations (2.19)

and (2.20) yields:

Γ =
Γf (1 + Γf )Idif + k∆Ires
(1 + Γf )Idif − k∆Ires

(2.21)

Equation (2.21) is evaluated considering a single-phase fault (AG). One can assume that

Īdif for phase A is approximately equal to the fault current ĪF . This assumption leads to:

Γ =
Γf (αĪF )2 + α2ωĪF + ω2

(αĪF )2 − ω2
(2.22)

where α is de�ned by (1+Γf ); and ω is equal to (k∆Ires). In order to control the settlement point

in right side of alpha plane, k∆ is set to values less than 10% of Γf , enabling the assumption

that (αĪF )2 >> ω2, resulting in:

Γ ≈ Γf +
ω

ĪF
+

ω2

(αĪF )2
= Γf +

k∆Ires
ĪF

(2.23)

From Equation (2.23), k∆Ires
ĪF
→ 0 and can be ignored due to the fact that ĪF is many times

greater than k∆Īres. Since k∆ is set to a value less than or equal to 0.1, each phase Γ results in

approximately Γf for a symmetrical fault (e.g., three-phase fault).

When considering an external fault condition or normal operation, the current Īdif is next

to zero, and can be disregarded. This assumption results in:

Γ =
Ires
−Ires

= −1 (2.24)

Indeed the Γ value for this conditions is approximately −1: Other types of short-circuits

(e.g., phase-to-phase) will lead to equivalent results, and the conclusions above mentioned
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are valid for them too. Therefore, P1:(Γf , 0) and P2:(−1, 0) deserve comment: The �rst one

indicates the center of a circumference where ideally Γ settles during an internal fault, while

the second one represented the point where Γ stays during normal condition. One can conclude

that the restraint characteristic has to be de�ned around P2, and never surpass P1 at risk of

compromise reliability.

2.4 STUDY OF VARIATION OF ΓF AND K∆

The adjustments Γf and k∆ should be further analyzed. Both are explored numerically by

simulating four di�erent types of faults in a generic multi-terminal system: three-phase, phase-

to-phase, double-phase-to-ground, and single-phase faults. Figure 2.3 presents eight pairs of

variations, where k∆ varied from 0.1 to 0.4, and Γf is equal to 5 and 10. For each pair of values,

a combination of η1 and η2, using Equations 2.19 and 2.20 , respectively, was calculated.
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Γf = 10

9.6 9.8 10 10.2 10.4
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0

0.2
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4.6 4.8 5 5.2 5.4

Γf = 5

k∆ values:

0.1
0.2
0.3
0.4

Γre

Γ
i
m

ΓA ΓB ΓC

Figure 2.3. Study of Γf and k∆ variation.

The results shown in Figure 2.3 con�rm the conclusions expressed by Equation (2.23). In

addition, the circle shown in Figure 2.2 and de�ned by Equations (2.10) and (2.11) were also

con�rmed by the numerical analysis. The rainbow restraining area from Tziouvaras et al. (2002)

was used purely as an example; however, any other restraining characteristic can be chosen.
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2.5 SILVA & BAINY (2016) GAP VERSUS NEW FORMULATION

In this section a brief comparison between the proposed formulation and the one reported

in Silva & Bainy (2016). In order to do so, the Table 2.1 shows the equivalent currents ĪM and

ĪN for both formulations.

Table 2.1. Comparison of 2016 and current formulation.

GAP Silva & Bainy (2016) Proposed Formulation

ĪM
1
2

(
Īdif(L) + kIres(L)

)
η2

η1+η2

(
Īdif(L) + 1

η2
Ires(L)

)

ĪN
1
2

(
Īdif(L) − kIres(L)

)
η1

η1+η2

(
Īdif(L) − 1

η1
Ires(L)

)

As can be seen the equations shown in Table 2.1 are quite similar. Accordingly, it is possible

to obtain the following relations:

η2

η1+η2
= 1

2
(2.25)

k = 1
η2

(2.26)

k = 1
η1

(2.27)

The linear system formed by (2.25)-(2.27) is easily solved, therefore the possible solution re-

quires η1 and η2 to be equal. Nonetheless, this conclusion defeats the adjustments Γf and

k∆ for the 2016 formulation, since by considering Equations (2.19) and (2.20) for Γf > 0 and

η1 = η2 the only possible solution is Γf = 1 and k∆ = k. Additionally, Silva & Bainy (2016)

de�ned the value for k as 0.09, which is in accordance with the limit de�ned in this chapter

(i.e. k∆ ≤ 0.1Γf ).

Based on the observations listed above, the formulation proposed by Silva & Bainy (2016)

only allows the adjustment of k∆ which is a limitation when compared to the one presented

in this chapter. Hence the proposed formulation can be understood as a generalization of the

GAP reported by Silva & Bainy (2016), due its capacity to allow di�erent values for Γf rather

than only Γf = 1; besides a graphical and straightforward interpretation of Γf and k∆. These

two adjustment enable the control of the settlement point in alpha plane which is bene�cial for

two main reasons: 1) Move away Γ from the pre-fault point (−1, 0); 2) Allow more �exibility

when de�ning a restraining characteristic.
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2.6 SUMMARY

In this chapter the proposed GAP formulation was presented and discussed. Additionally,

the problem stated in Chapter 1 is solved by means of Γf and k∆. In order to guarantee the

settlement circumference during fault steady state, a maximum relation of 10 % between the

two adjustments has to be followed, as shown in Equation 2.28.

This relation is important to allow the simpli�cation of Equation 2.22 and guarantee the

circular region to be de�ned.

k∆ = ΨΓf (2.28)

where Ψ can assume any value between 0.01 and 0.1, or 1 to 10 % of Γf . The smaller the

more sensitive to faults the new GAP becomes. Electric systems that often run through com-

munication problems, severe CT saturation, and frequent spurious di�erential current should

maximize Ψ.

Equation 2.28 reduces the two settings into a single one: Γf . Considering a conservative

approach (Ψ = 0.1) the Equations (2.19) and (2.20) can be simpli�ed to:

η1 = 10
(

1
Γf

+ 1
)

(2.29)

η2 = Γfη1 (2.30)



CHAPTER 3

APPLICATION 1: TWO-TERMINAL TRANSMISSION

LINE

Although the alpha plane can be directly used in a two-terminal transmission line without

a GAP strategy, in this chapter it is highlighted the bene�ts and limitations provided by two

di�erent GAPs. The main goal is to discuss the results aiming on the improvements enabled

by the use of the proposed GAP even in a two-terminal line.

3.1 OVERVIEW

Some remarkable issues arose when using di�erential protection on two-terminal transmis-

sion lines applications (BENMOUYAL; MOONEY, 2006). CT error and saturation are some

problems that can lead the protection scheme to fail. However, further issues must be addressed

regarding transmission line di�erential protection. In Figure 3.1 a common two-terminal trans-

mission line is presented.

CT CT

CCVT CCVT

RELAY RELAY

CB CB

Source Terminal Remote Terminal

Transmission Line

Communication Channel

Figure 3.1. Simulated Power System - 500 kV two-terminal Transmission Line

Each end of the transmission line has a relay connected to maintain data communication

with each other. Since transmission lines are usually tens or hundreds of kilometers in length,

the communication channel becomes one of the main sources of protection failure. In addition,

channel latency can be occasionally expected and means that the protection relay has to be set

up to overcome this problem (KASZTENNY et al., 2011; ALTUVE; SCHWEITZER, 2010). A

spurious di�erential current caused by transmission line capacitance is an even greater problem.



3.1 � Overview 19

Estimation followed by compensation is required in order to avoid unwanted protection scheme

operation. Transmission lines are more likely to su�er from outfeed1 current (BENMOUYAL;

MOONEY, 2006).

Internal faults that are followed by subsequent outfeed currents can lead to an unexpected

behavior of the Γ in the alpha plane, and commonly result in negative values for the Γ. This

phenomenon depends mainly on the strength of each terminal, the value of the load currents,

the fault resistance, and location as well (ALMEIDA; SILVA, 2017). During outfeed conditions

the current phasor of one terminal is usually near null value, and thus in the alpha plane the

Γ is near the origin (0, 0) or close to in�nity.

Transmission lines with series compensation occasionally su�er from the e�ects of sub-

synchronous oscillations. The cause is mainly due to the electric resonance between the series

compensators and the transmission line's own inductance and capacitance. At �rst glance a

�lter seems a viable option to overcome the problem; however, it is a remarkable challenge

to estimate the oscillations frequency factor (BENMOUYAL, 2005). In the alpha plane this

problem leads to an oscillation around the steady-state settlement point (−1, 0). The load

current greatly in�uences the magnitude of these frequency oscillations, and can reach a point

where operation fails, gets slower, or there is a drastic reduction of overall protection system

reliability.

As discussed above, communication latency is intrinsically present in transmission line dif-

ferential protection. High latency can cause data misalignment. Spurious di�erential current is

the direct side e�ect of misaligned phasors, even which may lead operation to fail. Data syn-

chronization strategies are deeply important and mandatory for guaranteeing transmission line

di�erential protection reliability (KASZTENNY et al., 2011; ALTUVE; SCHWEITZER, 2010).

The ping-pong method is a fairly possible mean for achieving data synchronization; another

option is to obtain external time references provided by the Global Positioning System (GPS)

(MILLS, 1991). The former has a downside because it requires symmetrical communication

channels (i.e., a transceiver and receiver, called TX and RX, respectively). This means that

the path, length, material, converters, etc. have to be nearly identical in both RX and TX

1Outfeed is a phenomenon that occurs due a combination of a pre-fault condition during an internal fault.
It is mainly identi�ed when one of the terminals has a current leaving it instead of entering. It usually happens
due to the combination of heavy load and low fault contribution.
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channels. The latter relies on GPS to time-stamp the phasors; however, GPS service outages

directly a�ect the correct operation of the protection scheme. Synchronization errors result on

the rotation of points around the origin in the alpha plane (TZIOUVARAS et al., 2002).

Any overhead transmission line has capacitance between the conductors and ground through-

out its entire length. The capacitance is uniformly distributed over the length of the line. The

current drawn by this capacitance is known as charging current, and it has to be compensated

in order to prevent a spurious di�erential current. Figure 3.2 shows a simpli�ed transmission

line where both ends provide a charging current IC . The charging current directly a�ects the

value of the Γ, as shown in Equation (3.1). The higher the charging current is, the closer

to point (1, 0) the Γ will be. Transmission line di�erential protection requires special algo-

rithms that estimate and compensate the charging current mainly using the measured voltage

(MILLER et al., 2010). When energizing a transmission line, the charging current achieves a

higher value than during the steady state. And therefore requires special pick-up settings to

avoid undesirable operation (ALTUVE; SCHWEITZER, 2010).

Γ =
IL

IR
=
−ILD + IC

ILD + IC
, (3.1)

where ILD is the load current.

IC IC

ILD

Figure 3.2. Simpli�ed Representation of Transmission line Capacitive Current.

3.2 APPLICATION DETAILS

The �rst system consists of a 500 kV 200 km long two-terminal transmission line shown

in Figure 3.3. Local and remote terminals are called Source 1 and 2, respectively. Their

Thévenin equivalent impedance are de�ned based on the system-to-line impedance ratio (SIR),

which represents the ratio between the Thévenin equivalent impedance of the source and the
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Terminal 1

Source 1 Source 2CB CBTransmission Line

Terminal 2

CT CT

CCVT CCVT

Figure 3.3. System 1 - 500 kV two-terminal Transmission Line.

series impedance of the transmission line (THOMPSON; SOMANI, 2015). In this way, the so

called source strength can be addressed. Regarding charging current compensation, the current

drawn by transmission line capacitance can be estimated by following the procedure performed

by Kasztenny et al. (2011). Additionally, both the local and remote SIRs are equal to 0.1 (i.e.,

SIRL = SIRR = 0.1). The CT was speci�ed and modeled as ANSI C800 2000-5A, as proposed

by the IEEE Power System Relaying Committee in (IEEE POWER SYSTEM RELAYING

COMMITTEE, 2004). The Coupling Capacitor Voltage Transformer (CCVT) is identical to

the one presented by Pajuelo et al. (2008).

The parameters Γf and k∆ attributed to the proposed GAP were tuned to 10.0 and 0.2,

respectively. Another essential aspect to be considered is the restraint characteristic to be

de�ned in the alpha plane. Accordingly, in all four power systems the enhanced rainbow

characteristic reported in Tziouvaras et al. (2002) was used.

The results were accomplished in ATP by using a time-step of 1 micro-second (1 µs). The

required current and voltage measurements are processed using an anti-aliasing low-pass third-

order Butterwoth �lter, with the cuto� frequency at 180 Hz(HART et al., 2000). Afterwards,

the signals are sampled into 16 samples per cycle (≈ 1ms time step). The phasors of voltages

and currents are estimated using the discrete signal and a full-cycle cosine �lter. The base

frequency of all systems is 60 Hz.

A total of nine cases (from 1.1 to 1.9) are discussed regarding System 1. The �rst four cases

are transient response performance evaluations, while the latter �ve consist of massive data

analyses. The proposed formulation is thoroughly compared with GAP strategy reported by

Miller et al. (2010).
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3.3 TRANSIENT ANALYSIS

In this analysis the transient response of two di�erent GAP strategies are demonstrated. In

order to do so, four di�erent cases, listed in Table 3.1, are presented. It is important to highlight

three criterion chosen to analyze the transient response of each GAP (i.e., speed, reliability,

and evenness). Speed is measured by the number of samples required for operation after a fault

occurrence. Reliability is obtained if the GAP operates when expected. Evenness is measured

by visual inspection where a good quality path is therefore achieved when no ricochets occur

(reentries in the trip area), there is small settlement time (e.g., few samples to steady state),

and, there is a soft trajectory to the rest area (e.g., a straight line). The de�ned criteria is listed

in Table 3.2.In order to better organize the upcoming results, the GAP found on literature and

the proposed formulation will be called in accordance with Table 3.3.

Figures 3.4 and 3.5 show the transient response of two di�erent GAPs for cases 1.1 and 1.2.

A comparison among them allows to point out the smoothness of results obtained thorough the

GAPs II. Moreover the settings Γf and k∆ successfully adjusted Γ around the point (10,0).

Table 3.1. Application 1: Case Summary for Transient Analysis.

Case Fault d Rf(Ω) SIRL SIRR δ

1.1 BG 50% 0 1,0 1,0 −5◦

1.2 ABC 50% 0 1,0 1,0 −5◦

1.3 BG 50% 100 1,0 1,0 −30◦

1.4 BCG external 0 1,0 1,0 −5◦

Table 3.2. Criteria for Transient Analysis.

Criteria Description

Speed Number of samples required for operation.
Reliability GAP operates only when expected.
Evenness Soft trajectory to the rest area.

Table 3.3. GAP identi�cation names.

Identi�cation Name

GAP I reported by Miller et al. (2010)
GAP II Proposed Formulation
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Figure 3.4. Case 1.1 - BG (a) GAP I; (b) GAP II
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Figure 3.5. Case 1.2 - ABC (a) GAP I; (b) GAP II

Concerning speed, on both cases the slowest among all was GAP I with about 2-3 samples.

Reliability was ful�lled �awlessly for both. Regarding evenness, the extend settlement time

and tortuous trajectory of GAP I makes it the less quali�ed for this category, while GAPs II

presented �at response and fast settlement time.

A better evaluation of the improvement in reliability provided by the proposed formula-

tion can be seen in Figure 3.6. Case 1.3 presents an outfeed current, thus a challenge for

transmission-line di�erential protection. GAP I failed to operate while GAPs II successfully

tripped, proven the reliability achieved by the formulation. In respect with speed and even-

ness both had equivalent results as shown in Figure 3.6a and 3.6b. GAPs II presented slower

settlement time and complicated trajectory due the extreme outfeed current. The proposed for-

mulation settled around (8.7, 0.3), thus considerable away from the desired point (10, 0) proven

this case to be a challenge for di�erential protection.
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Figure 3.6. Case 1.3 - BG (a) GAP I; (b) GAP II

−5 0 5 10

−5

0

5

−1.5 −1 −0.5

−0.5

0

0.5

Γre

Γ
i
m

ΓA ΓB ΓC

(a)

−5 0 5 10

−5

0

5

−1.5 −1 −0.5

−0.5

0

0.5

Γre

Γ
i
m

ΓA ΓB ΓC

(b)
Figure 3.7. Case 1.4 - BCG (a) GAP I; (b) GAP II

Last case is shown in Figure 3.7 and presents an external fault with heavy CT saturation.

The harmonic restraining performs an important task by avoiding miss-operation for all GAPs.

However, one can observe that between the them, GAP II was the one most a�ected by the

CT saturation. This is con�rmed due the undeniable oscillations around point (-1,0) in Figure

3.7b.

3.4 MASSIVE DATA ANALYSIS

The massive data analysis consists of �ve cases, in each one a wide variety of pre-fault

conditions are simulated. The fault steady-state values of Γ are plotted for each condition. In

this analysis two criterion are de�ned to analyze the results of each GAP, i.e. reliability and

trajectory length. Reliability is obtained if the GAP operates only when expected to. The

second one is measured by how a�ected the GAP is due the variation of pre-fault conditions,
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Figure 3.8. Case 1.5 - ABC (a) GAP I; (b) GAP II

therefore a good quality trajectory is achieved if the plotted points are concentrated in a small

region, where the smaller the area better the results are. The criteria for classify the massive

data analysis results is listed in Table 3.5

The list of cases is shown in Table 3.4. To highlight the advantages of the proposed formula-

tion even for a two-terminal line, Figures 3.8 and 3.9 show the trajectories of two di�erent GAP

for cases 1.5 and 1.6. GAP I was unable to successfully operate for all the imposed conditions,

while GAP II worked as desired. Therefore they are more reliable than formulation I. It is

worthwhile to point out that the settings Γf and k∆ successfully adjusted Γ around the point

(10,0) for GAP II. In accordance with the second criterion, the two GAPs performed similarly.

Formulation II presented slightly better results, due smaller deviation from settlement point

(10,0).

Cases 1.7 and 1.8 results are shown in Figure 3.10 and 3.11, respectively. The two GAPs were

capable to operate successfully for all simulated conditions, therefore �rst criterion is ful�lled
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Figure 3.9. Case 1.6 - AG (a) GAP I; (b) GAP II
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Table 3.4. Application 1: Case Summary for Massive Data Analysis.

Case Type d Rf(Ω) SIRL δ

1.5 ABC 50% 0 0,1 −90◦ to −90◦

1.6 AG 50% 0 to 1k 0,1 −5◦

1.7 BG 50% 0 0,1 to 10 −5◦

1.8 BC 1 to 99% 10 0,1 −5◦

1.9 BC external 0 to 1k 0,1 −5◦

Table 3.5. Criteria for Massive Data Analysis.

Criteria Description

Reliability GAP operates only when expected.

Trajectory length
how critically a�ected the GAP is due
the variation of pre-fault conditions

for all of them. On the other hand, regarding to second criterion formulation II presented

�awless results when compared to GAP I. This is undeniably proved by the approximate equal

steady-state value for all conditions, therefore truly supports the bene�ts enabled by GAP

II. In addition, the settings Γf and k∆ were capable to set Γ around the point (10,0) for

GAP II. Aiming to further investigate the reliability of the GAPs during CT saturation, in

Figure 3.12 the results for case 1.9 are displayed. Indeed, all GAPs correctly not operate for

all conditions, whereas GAP II remarkable oscillation resulted in smaller reliability. It reveals

that the proposed formulation and the GAP I accommodates inaccuracies due CT saturation

errors better than the GAP II approach.
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Figure 3.12. Case 1.9 - BC (a) GAP I; (b) GAP II

3.5 SUMMARY

In order to provide an overall comparison among the two GAPs, in Table 3.7 is listed a

summary of all results obtained through each simulated case. Aiming to scale the performance

of each GAP, three grades are created and their meaning is listed in Table 3.6. Afterwards the

GAPs are graded, a mean value can be obtained by considering the values listed in same Table.

In short, GAPs I and II will get a grade from zero to ten, where the greater the grade

Table 3.6. Application 1: Summary of Results

Grade Meaning Value

A Criteria is ful�lled �awlessly. 10

B Criteria is ful�lled, but the overall quality is inferior than other GAP 5

F One or more criterion is not ful�lled, thus the GAP failed 0
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The overall performance was measured using three di�erent scores2: A , B , and F . All GAPs

are scored in accordance with previously de�ned criteria. Indeed all formulations presented

acceptable results, the proposed one obtained the best �nal score (8.8). While GAP I presented

the worst performance, achieving 4.4. When compared to GAP I, the proposed formulation

was 2 times better.

GAP II can be interpreted as a current mapping strategy (CMS), since currents IM and IN

are di�erent from the original one. Moreover GAP I results in same currents from the original

system, as con�rmed by Kasztenny et al. (2011).

Table 3.7. Application 1: Summary of Results

Case GAP I GAP II

1.1 B A

1.2 B A

1.3 F A

1.4 A A

1.5 F B

1.6 F B

1.7 B A

1.8 B A

1.9 A A

score: 4.4 8.8

Finally, the proposed formulation is capable of improve the overall performance for a two-

terminal line, even-thought a GAP strategy is not necessarily required for a two-terminal device.

The fault conditions evaluated in this section are:

• Internal and external faults.

• Fault type, resistance and location alongside the transmission line.

• Load.

• Outfeed condition and CT saturation.

2The score was calculated by considering: A = 10; B = 5; F = 0.



CHAPTER 4

APPLICATION 2: THREE-TERMINALS

TRANSMISSION LINE

4.1 OVERVIEW

Power system expansion sometimes asks for modify a straightforward two-terminal trans-

mission line into a tapped one, resulting in a multi-terminal apparatus. Indeed operation,

control and protection are a main concern, but economical and geographical requirements are

usually more strict. A transmission line can be tapped in any point of its extension aiming

to follow those requirements. Therefore, protection challenges arise as main concern for power

companies.

In Figure 4.1 an example of a tapped transmission line is shown. The �rst tap is to connect a

substation and the second one a generator. In fact, one can expect a wide variety and quantity

of taps, although operational requirements may limit that. Commonly wind farms and solar

plants are connected to the power system through taps, since this approach usually represents

smaller and cheaper substations (PERERA; KASZTENNY, 2014).

Source 1 Source 2

GeneratorSubstation

Figure 4.1. Transmission line tapped by a generator and a substation.
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Generator 1

Source 1 Source 2

Generator 2

Figure 4.2. Transmission line tapped by generator twice.

Among several possibilities reported in literature, the con�guration displayed in Figure 4.2

has some unique aspects that may a�ect the protection system design. Each tap consists of a

transmission line, a transformer, and a generator.

In Figure 4.2 the challenge arises at �rst sigh if grounded-star transformer are inside the

transmission line protection zone. The existence of such devices can emulate an infeed current

due the ground path. Therefore protection functions that use zero-sequence or neutral current

may reduce their sensibility greatly, i.e. directional 67N, distance 21N, and di�erential 87G

(PERERA; KASZTENNY, 2014). Indeed the biggest challenge occurs when the transformer

is energized, due the presence of high magnetization currents called inrush currents. Therefore

special strategies or separated protection functions may be required in order to guarantee

acceptable safety during such maneuvers.

Aiming to overcome this challenge, a dual protection systems arises as an interesting option,

i.e. use of two di�erent function. Among several options, the combination of di�erential and

directional functions are indeed attractive (PERERA; KASZTENNY, 2014). On the other

hand, special countermeasures have to be accounted regarding performance, starting by adjust

sensibility during inrush currents and avoid the use of zero sequence units. Besides that, another

option is to use the overreach enabled by the second zone of a distance function as a supervision

signal (PERERA; KASZTENNY, 2014).

Whenever a di�erential scheme is chosen to protect a multi-terminal transmission line, the

protection engineer has to decide whether all currents are included or not. Although this

undeniably reduces the overall sensibility and reliability of the scheme. Perera & Kasztenny

(2014) a�rms that only a single tap may be neglected, nevertheless its current magnitude has
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Generator 1

Source 1 Source 2

Generator 2

87L

Protection Zone

Figure 4.3. Example of 87L in a multi-terminal application.

to be small otherwise the protection sensibility can be drastically reduced. The optimal way

to implement di�erential protection into a multi terminal transmission line is shown in Figure

4.3. The highlighted protection zone that bounds only the transmission line, while transformers

and other devices requires their own protection system, also called in-line transformers. Perera

& Kasztenny (2014) discuss important considerations regarding protecting a transmission line

terminated on a transformer whenever it is required a single protection zone that includes both

the line and the transformer.

4.2 APPLICATION DETAILS

Figure 4.4 shows the single line diagram for the 500 kV three-terminal transmission line

evaluated in this chapter. The terminals are called Source 1, 2, and 3. They are represented

by an ideal source and a impedance. Their Thévenin equivalent impedance is de�ned based

on the SIR of each terminal. The segments between midpoint and the terminals are 100 km

long each. Similarly to application 1, the charging current compensation is estimated following

the procedure presented by (KASZTENNY et al., 2011). The transmission line was modeled

and simulated using ATP, more speci�c the Bergeron model which is a single frequency model.

The SIR in each terminal was adjusted to 0.1, i.e. SIR1 = SIR2 = SIR3 = 0.1. The CT was

speci�ed and modeled as ANSI C800 2000-5A, following guidelines from IEEE Power System

Relaying Committee in (IEEE POWER SYSTEM RELAYING COMMITTEE, 2004). The

CCVT is identical to the one presented by Pajuelo et al. (2008).
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Figure 4.4. System 2 - 500 kV three-terminal Transmission Line

The ATP simulation was performed using a time-step of 1 micro-second (1 µs). The required

current and voltages measurements are processed using an anti-aliasing low-pass third-order

Butterwoth �lter, with cuto� frequency at 180 Hz. The base frequency of all systems is 60 Hz.

Finally the signals are sampled into 16 samples per cycle (≈ 1 ms). The phasors of voltages

and currents are estimated using the discrete signal and a full-cycle cosine �lter (HART et al.,

2000).

In order to analyze application 2, a total of six cases (2.1 to 2.6) will be presented. The �rst

three cases are a transient response performance evaluation, while the other three consists in

a massive data analysis. The proposed formulation is compared with GAP strategy presented

by Miller et al. (2010). The results are shown separated for each GAP, consequently the same

identi�cation shown in Table 3.3 is applied.

4.3 TRANSIENT ANALYSIS

The proposed formulation is compared with GAP strategy reported by Miller et al. (2010),

regarding transient response due to a fault in a three-terminal transmission line. Three di�erent

cases listed in Table 4.1 are presented. The analysis follows same three criterion from previous

application, i.e. speed, reliability, and evenness. The number of required samples to cross the
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trip area represents the speed. While reliability stands for operation only when expected to.

Evenness is measured in accordance with how simple and consistent the transient response is.

In Figure 4.5 the results for case 2.1 are shown. Regarding speed of operation, GAPs II

presented fast response while GAP I was the slowest. Following to second criterion, both GAPs

successfully operated, and thus can be considered reliable. When measuring evenness GAP I

undeniably results in the most tortuous path among all. On the other hand, GAP II presented

equivalent results in regards third criterion. Case 2.2 presents 100Ω of fault resistance in the

midpoint of the power system and thus a challenge to di�erential protection. Figure 4.6 shown

the results. One can observe the slow response presented by GAP I, it took about 9 samples

(≈ 1
2
× cycle) to �nally leave the restraint area. Di�erently, formulation II operated at same

speed, but two times faster in relation to GAP I. Additionally, in regards to speed and evenness,

both GAPs were more or less equivalent.

Case 2.3 is shown in Figure 4.7. The external fault followed by heavy CT saturation may

lead to unexpected operation, and thus unnecessary power outages. Both GAPs endured the

extreme fault condition, and can therefore be considered reliable. On the other hand, GAP II

was less e�ected for CT saturation, since it presents in fewer oscillations when compared to the

other GAP, this is enabled the adjustment k∆ = 0.2 or Ψ = 2%.

Table 4.1. Application 2: Case Summary for Transient Analysis.

ATC Fault d Rf(Ω) Observation

2.1 ABC midpoint 0 Internal fault
2.2 BG midpoint 100 Small Di�erential Current
2.3 ABC external 0 Heavy CT saturation
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Figure 4.5. Case 2.1 - ABC (a) GAP I; (b) GAP II
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4.4 MASSIVE DATA ANALYSIS

The performance of the proposed formulation was further evaluated through a massive data

analysis. Same criteria from last application are used (i.e., reliability and trajectory length).

The massive data is obtained by the variation of two previously chosen variables (i.e., Fault

resistance and location). The interval of variation is listed in Table 4.2. The list of cases is

shown in Table 4.3.

Table 4.2. Variables interval of study for System 2

Variable Values

Fault Resistance (Rf )
phase-to-phase: 0, 5,..,195, 200. (Ω)

phase-to-ground: 0, 10,..,90, 1000. (Ω)

Fault Location (p) 5, 10,..,90, 95. (% of each line segment)
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Figure 4.6. Case 2.2 - BG (a) GAP I; (b) GAP II
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Table 4.3. Application 2: Case Summary for Massive Data Analysis.

Case Type p Rf(Ω)

2.4 ABC 5 to 95% of each line segment 0

2.5 AG midpoint 0 to 1k

2.6 All 5 to 95% of each line 0 to 1k

Four di�erent cases are listed in Table 4.3. Case 2.6 deserves special attention, it encom-

passes all di�erent type of faults considering every phase combination possible (i.e., phase-to-

ground, phase-to-phase, and three-phase).

In Figure 4.8 the obtained results for Case 2.4 are shown. The two GAPs successfully

operated for the whole analysis interval, and can be considered reliable for this case. In regards

of trajectory length, the plotted data allows to conclude that the trajectory were minimum,

and therefore similar for the two studied formulations. Finally, fault location was not enough

to cause trouble to any of the GAPs.

Next case is shown in Figure 4.9. The GAP I failed in �rst criterion, as one can observe in

Figure 4.9a and can therefore be considered unreliabled for some values of Rf . On the other

hand, GAP II operated �awlessly. Concerning to trajectory length, GAP I presented the

longest one, while formulation II resulted in equivalent dimension.
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Figure 4.9. Case 2.5 - AG (a) GAP I; (b) GAP II
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Figure 4.10. Case 2.6 (a) GAP I; (b) GAP II

A total of 5130 faults were simulated in Case 2.6 and are shown in Figure 4.10. The GAP

I was the one most a�ected by the fault parameters, its performance is diminished in presence

of outfeed currents. On the other hand, GAP II were capable to operate as expected, and can

therefore be considered more reliable than formulation I. It is noteworthy that Miller et al.

(2010) suggest the use of sequence elements in order to complement the unit protection of the

multi-terminal transmission line. Additionally, the settings Γf and k∆ enabled to GAP II a

well-de�ned region in the right half-plane.

4.5 SUMMARY

Indeed both GAP strategies performed well in previous analyses, it is necessary to obtain

a �nal and direct comparison among all. In Table 4.4 is listed scores (i.e., A , B , and F .)
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for each GAP in regards all six cases. The proposed one obtained the perfect �nal score1. On

the other hand, GAP I performed the worst, reaching 4.2. Finally, the GAP II was 2.3 times

better than GAP I.

Table 4.4. Application 2: Summary of Results

Case GAP I GAP II

2.1 B A

2.2 B A

2.3 B A

2.4 A A

2.5 F A

2.6 F A

score: 4.2 10

1The score was calculated by considering: A = 10; B = 5; F = 0.



CHAPTER 5

APPLICATION 3: BUSBAR ARRANGEMENT

5.1 OVERVIEW

Busbar arrangements vary in size, complexity, and number of devices. To ensure an e�ec-

tive protection scheme, valuable guidelines are presented in (IEEE C37.234TM, 2009), whereas

details regarding a wide variety of bus arrangements, possible protection schemes, and special

applications are presented. Also, it is thoroughly discussed how to adjust dynamically protec-

tion bus zones, in accordance with the disconnect switches (DS) electrical position (opened or

closed). For instance, the busbar arrangement shown in Figure 5.1 does not require dynamic

zone selection. On the other hand, some busbar arrangements (e.g. double-bus-single-breaker)

present �exible bus con�guration, in which a network element can be connected to two or even

more buses through disconnect switches. In Figure 5.2 an example of such system is shown.

Besides that, protection schemes for a non-static busbar arrangement demands breaker failure

protection (BFP) and dead zone tie breaker requirements as a byproduct (IEEE C37.234TM,

2009; IEEE C37.119TM, 2016).
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Figure 5.1. Single Bus With Bus Sectionalizer (Tie Breaker)
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Figure 5.2. Double Bus and Transfer Bus With Bus Coupler (Tie Breaker) and Outboard CTs.

Busbars are divided into protection zones, in order to reduce the disturbances footprint. The

busbar protection zones are bounded by position and polarity of CTs. Therefore, considering

the �exible arrangement shown in Figure 5.2, the scheme has to adjust and select protection

zones dynamically, in accordance with the instantaneous electrical con�guration of the busbar

(GUZMAN et al., 2005; STEENKAMP K. BEHRENDT, 2007). Thereby, each bus has its own

protection zone (ZIEGLER, 2012). Consequently, enabling �ags have to be considered when

calculating operational and restraining currents, Iop and Ires, respectively. Aiming to exemplify

that:

I
Zφ
op =

∣∣∣∣∣
n∑

k=1

fZk · Īφk

∣∣∣∣∣ , (5.1)

I
Zφ
res =

n∑

k=1

fZk ·
∣∣∣Īφk
∣∣∣ , (5.2)

where IZφop and IZφres corresponds to operational and restraining current of each phase φ, on the

zone Z; Īφk is the current phasor on phase φ of the k-th circuit; and fZk is the �ag that enables

the current to that zone.

A previous e�ort to improve protection zone selection used a method based on graph the-

ory(Bai-Lin Qin et al., 2000; QIN; GUZMAN-CASILLAS, 2002; SU et al., 2005). Bai-Lin Qin

et al. (2000) described their method as a graphical representation of bus arrangements where

prede�ned branches (e.g breaker, CT, breaker-CT, DS) are represented as edges and the other

components are vertexes. Three di�erent graph operations (e.g.contraction, ring sum and re-

moval) are executed or combined depending on the position and the logical status of disconnect
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switches, therefore the central unit relay has the duty to update in real time the zone selection

whenever a switch is operated. Logic control equations regarding protection zone supervision

and check zone are enabled by the method, besides the ability to handle faults occurring in an

�end zone� between a breaker and a series connected CT. Nevertheless selectivity and reliabil-

ity are also stickily provided based on IEEE C37.234TM (2009). However, the representation

using a single incident matrix can lead to a high order sparse matrix, either compromising

the speed and reliability of zone selection, or demanding extensive computer burden from the

microprocessor-based bus relay. Other important limitation lies on the requirement that logic

equations for supervision and check zone have to be calculated manually, which can achieve

high degree of complexity for mixed bus con�gurations.

Guzman et al. (2004) presented thoroughly a reliable protection system that includes busbar

protection and advanced zone selection based on Bai-Lin Qin et al. (2000) and Qin & Guzman-

Casillas (2002). This work considered protection zone (PZ) as an protection area formed by at

least one bus-zone (BZ), nevertheless a protection zone can include more than one bus-zone, if

there is a solid connection among them. Whenever two or more bus-zones are merged, a single

protection zone arises including all adjacency connections. Two main programmable equations

IqBZp (Terminal-to-Bus-zone) and BZpBZp determine terminals and BZ to be included in each

PZ, likewise terminals to trip in accordance to di�erential protection operation in each PZ.

In regards of protection algorithms, most of the schemes use directional and di�erential

functions (ALTUVE; SCHWEITZER, 2010). Nonetheless, each function allows several variants

(QIN et al., 2000; GUZMAN et al., 2005; KANG et al., 2005; KANG et al., 2008). Likewise

Bainy & Silva (2017) and Jena & Bhalja (2018) present the bene�ts and remarks due the

adoption of a GAP strategy with di�erential busbar protection. Wavelet transform based

algorithms have been reported as an option to reduce the protection operating time (EISSA,

2004; GAFOOR; RAO, 2011; EISSA, 2014; SILVA et al., 2018).
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5.2 APPLICATION DETAILS

The next system is the busbar arrangement shown in Figure 5.3. The con�guration is a

double bus with one breaker and �ve switches, with rated voltage of 230 kV and base frequency

of 60 Hz. The diagram comprises a substation with six feeders, in which four 180 km long

transmission lines (TL1, TL2, TL3 e TL4) and two power transformers (TF1 and TF2) are

connected. During normal operating conditions, TL1, TL3 and TF1 are connected to Bus

1, whereas TL2, TL4 and TF2 are connected to Bus 2, and Buses 1 and 2 are connected

through the bus coupler circuit breaker (CB). The transmission lines were modeled as perfectly

transposed with distributed and frequency dependent parameters (Bergeron model), whereas

power transformers were modeled using the saturable transformer model. For this analysis,

only the zone 1 was studied, also three out of six circuits are connected to bus 1. The dynamic

zone selection was implemented following the guidelines from (IEEE C37.234TM, 2009).
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Figure 5.3. System 3: Busbar Arrangement - 230 kV with six terminals.

This busbar was simulated in the ATP software and using a time-step of 1 micro-second

(1 µs). The required current are processed using an anti-aliasing low-pass third-order Butter-

woth �lter, with cuto� frequency tuned to 180 Hz. Additionally, the signals are sampled into

16 samples per cycle, and therefore the phasors of currents are estimated using the discrete

signal and a full-cycle cosine �lter (HART et al., 2000).
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Four di�erent cases are analyzed in this Section (3.1 to 3.4). The �rst two cases are a tran-

sient response performance evaluation, while from the rest consists in a massive data analysis.

The proposed formulation is compared with GAP strategy presented byMiller et al. (2010).

Finally the results are shown separated for each GAP, consequently the same identi�cation

shown in Table 3.3 is employed.

5.3 TRANSIENT ANALYSIS

The two transient analysis cases are detailed in Table 5.1. Identical three criterion from

previous application are employed (i.e., speed, reliability, and evenness).

Table 5.1. Application 3: Case Summary for Transient Analysis.

Case Fault d Rf(Ω) Fault Angle (Θ) Observation:

3.1 ABC internal 0 0◦ Internal fault
3.2 AG external 0 0◦ Heavy CT saturation

In Case 3.1 a solid three-phase internal fault occurs at bus 1, and the results are shown in

Figure 5.4.the GAP II is faster in about 3 samples when compared to GAP I, which represents

around 3 ms. In regard of reliability both formulations operated without problems, and can

therefore be considered reliable for the simulated conditions. Finally, the GAP II presented

the transient path with best evenness.
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Figure 5.4. Case 3.1 - ABC (a) GAP I; (b) GAP II
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Figure 5.5. Case 3.2 - AG (a) GAP I; (b) GAP II (c)

Figure 5.5 presents the results for Case 3.2. It is noteworthy that the external fault causes

severe CT saturation, thus a challenge for busbar di�erential protection. Both GAPs have not

operated, and can therefore be considered reliable. GAP II presented more sensitivity to the

external fault than formulation I. Situations the results in even higher CT saturation could

possibly cause a miss-operation of the GAP II.

5.4 MASSIVE DATA ANALYSIS

The massive data analysis enables further evaluation about the proposed GAP. Two main

cases are analyzed and the studied variables intervals are listed in Table 5.2. The internal fault

conditions for Case 3.3 varies in accordance with Table 5.2, while the only di�erence of Case

3.4 is that it consists of an evolutive fault (i.e., external to internal). The criteria of analysis

are identical to last application (i.e., reliability and trajectory length).

In Figure 5.6 the results for case 3.3 are shown. A total of 350 simulations were performed

using ATP for this case. In regards of reliability, GAP I misoperated 21 times thus corre-

Table 5.2. Range of Variable Values for Application 3

Simulation Variables Chosen Values

Fault Resistance
phase-to-phase (RF ): 0, 5, 10, 15, and 20 (Ω)

phase-to-ground (RG): 0, 25, 50, 75, and 100 (Ω)

Fault Angle (Θ) 0, 30, 60,...,150, and 180 (◦)

Fault type AG,...,CG, AB,...,CA, ABG,...,CAG, and ABC



5.5 � Summary 44

sponding to 6 % fail-rate. On the other hand, GAP II operated for all cases, moreover settings

Γf and k∆ settle Γ into well-de�ned region around the point (Γf ,0) in the right-half-plane.

Additionally, the trajectory length was similar for both GAPs.

Finally Case 3.4 is shown in Figure 5.7. Likewise last case, GAP I was incapable of operate

for around 10 % of all cases. In addition, another problem is the critical close proximity between

the values of Γ and the restraint characteristic. On the other hand, the proposed formulation

successfully operated for all interval of study shown in Table 5.2 thanks to the proposed settings

Γf and k∆. Indeed the settlement point control enabled by the proposed GAP has proven to

be a valuable improvement of the formulation previously reported in Silva & Bainy (2016).
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Figure 5.6. Case 3.3 (a) GAP I; (b) GAP II
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Figure 5.7. Case 3.4 (a) GAP I; (b) GAP II

5.5 SUMMARY

Both GAPs were pushed to their limits in this application, and until some degree are

adequate to protect a busbar. In Table 5.3 is listed scores (i.e., A , B , and F .) for each GAP
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in regards the four cases. The GAP II obtained the best �nal score1 8.7, and in second place

is GAP I. The proposed formulation was 2.3 better than GAP I.

Table 5.3. Application 3: Summary of Results

Case GAP I GAP II

3.1 B A

3.2 A B

3.3 F A

3.4 F A

score: 3.7 8.7

It is noteworthy to mention that particularities regarding busbar protection were not inves-

tigated in this chapter, due the uncommon use of GAP based di�erential protection schemes

to protect busbar applications. The fault conditions evaluated in this section are:

• Internal and external faults.

• Fault type.

• Fault resistance.

• Fault angle.

• CT saturation.

1The score was calculated by considering: A = 10; B = 5; F = 0.



CHAPTER 6

APPLICATION 4 - POWER TRANSFORMER

6.1 OVERVIEW

Power transformers are more often protected by di�erential schemes (ALTUVE; SCHWEITZER,

2010). Protection against internal faults is achieved by measuring input/output currents for

all three phases, and therefore de�ning a protection zone. Additionally, the transformer is pro-

tected by others unique functions that usually monitors intrinsic variables, such as oil pressure.

When protecting a transformer, some important aspects have to be considered beforehand in

order to guarantee a valid protection scheme: ratio, phase-group, CT saturation, overexcitation,

and sympathetic inrush current. The ratio is important in order to convert the measured to

the per unit (pu) system (ALTUVE; SCHWEITZER, 2010). In addition, phase compensation

can be required if the transformer has delta or zig-zag connections, since a spurious di�erential

current may arise (IEEE, 2008b).

The magnetic core of CTs can saturate during certain conditions, and thus compromise dif-

ferential protection optimum performance (ZIEGLER, 2012). Both external and internal faults

are able to cause CT saturation, the �rst a�ects security in �rst place due the high chances of

occur unnecessary operation. For internal faults, according to the relation of harmonics, the

restraining can gets so high that the protection becomes either slow or unable to operate. Both

compromises are extensively harmful to the transformer protection scheme. The magnetic �ux

insides CT's core is directly proportional to the input voltage, and inversely proportional to the

power frequency. Therefore, over-voltages and under-frequencies can cause CT saturation. One

can use the �fth harmonics current signals to detect overexcitation (BLACKBURN; DOMIN,

2014). Another challenge is due the inrush currents, it is unpredictable and may result in miso-

pearation of the protection scheme (B5.07, 2011). They are mostly expected during transformer

energization, and therefore require special settings in order to overcome false trips occurrence.
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In regards of internal faults, some of them such as interturn faults taking few turns arise as

a challenge for the protection to operate properly (KASZTENNY et al., 2010). When aiming to

overcome this drawback two options arise: negative sequence and restricted earth-fault (REF)

elements (KASZTENNY et al., 2010; GUZMAN et al., 2009; KASZTENNY et al., 2015).

Other important strategies adopted to avoid relay misoperation are: the harmonic restraint

and blocking strategies (GUZMAN et al., 2009; HAMILTON, 2013). On the other hand, these

strategies usually result in some degree of compromise regarding the protection scheme's speed

and reliability. One can expected operation delay, and even inhibit the operation for minor

internal turn-to-turn faults (GUZMAN et al., 2001b).

Methods based on symmetrical components applied to transformer protection are extremely

popular and widely used (KASZTENNY et al., 2010; RASOULPOOR; BANEJAD, 2013), their

high sensitivity to operate due unbalanced faults can be really useful for the protection scheme.

On the other hand, the symmetrical components usually have to be blocked during external

faults and transformer energization maneuvers, since those are capable to cause misoperation.

Similarly to chapter 3 the two-terminal transformer does not require a GAP formulation to use

alpha plane. In this manner, the objective of this chapter is identify the bene�ts enabled by

the proposed GAP in comparison with GAP I and II even when applied to transformers.

6.2 APPLICATION DETAILS

The System 4 consists of: two Thevenin equivalents represented by the voltage sources 1

and 2, their related impedances, connected to the primary and secondary windings of the power

transformer, respectively. The system is shown in Figure 6.1. The power transformer has ratio

of Vp : Vs = 230 : 69 kV, rated power of 100 MVA, and has the high voltage winding connected

in star with grounded neutral terminal and the low voltage winding in delta (YNd1). Aiming

to model its non-linear characteristics, the Hevia Hysteresis ATP routine was used to model the

power transformer and the windings were partitioned for simulation of incipient internal faults.

The CT installed on high voltage winding was speci�ed as ANSI C400 400-5A, while the low

voltage winding was modeled as ANSI C800 2000-5A (IEEE POWER SYSTEM RELAYING

COMMITTEE, 2004).
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Terminal 1

Source 1 Source 2CB CB

230 : 69kV

Y g : ∆

Terminal 2

CT CT

Figure 6.1. System 4: power transformer Wye-Delta (230:69kV).

The simulations were executed using the ATP, considering a time-step of 1 micro-second

(1 µs). The in/out currents are processed using an anti-aliasing low-pass third-order Butterwoth

�lter, with the cuto� frequency tuned to 180 Hz. The signals are sampled into 16 samples per

cycle (≈ 1ms). Finally, the phasors of currents are estimated using the discrete signal and a

full-cycle cosine �lter (HART et al., 2000). The base frequency of all systems is 60 Hz.

A total of four cases (4.1 to 4.4) are thoroughly analyzed using System 4. The transient

response performance evaluation is performed in the two �rst cases. Additionally, the other

two are the massive data analyses. The proposed formulation is extensively compared with

GAP reported by Miller et al. (2010). Finally the results are shown separated for each GAP,

consequently the same identi�cation shown in Table 3.3 is carried out.

6.3 TRANSIENT ANALYSIS

Two cases are presented in this section. The details for cases 4.1 and 4.2 are summarized

in Table 6.1. The three criterion from previous application are used to analyzed the transient

path of each GAP (i.e., speed, reliability, and evenness).

Table 6.1. Application 4: Case Summary for Transient Analysis.

Case Fault Type d Side

4.1 ABC turn-to-turn 50 % Wye
4.2 ABC turn-to-turn 20 % Delta
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In case 4.1 each winding (A, B, and C) undergo a turn-to-earth fault at 50% of each winding,

high voltage side (grounded Wye). Figure 6.2 highlights that both GAPs operated as expected,

although a faster detection can be identi�ed in GAP II transient response by around 3 samples.

Following to the case 4.2 where its results is shown in Figure 6.3. The fault is a turn-turn

in delta-side (low-voltage) in all three winding and 20% of each is shorten. The GAP I failed

to operate, nonetheless GAP II operated correctly. In regards of evenness, GAP II performed

better than GAP I.
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6.4 MASSIVE DATA ANALYSIS

The massive data analysis allows to identify limitations of any GAP regarding extreme

conditions. Two cases are analyzed and the studied variables intervals are listed in Table 6.2.

The criteria of analysis are identical to last application (i.e., reliability and trajectory length).
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Table 6.2. Application 4: Case Summary for Massive Data Analysis.

Case Phases Type d (%) Side

4.3 ABC turn-to-turn 1, 2,...,97, and 98 both
4.4 ABC turn-to-earth 1, 2,...,97, and 98 both

The case 4.3 results are shown in Figure 6.4. A total of 196 simulations were performed

and the GAP I failed to operate in about 25% of the simulations, while the GAP II failed

for about 0.5%. Furthermore, GAP I had more di�cult to detect small winding percentages

(below 45%) and faults in Delta side. On the other hand, the GAP II failed only in one case:

2% in Delta-side. Finally, the last case for system 4 is shown in Figure 6.5. A set of 196

simulations were presented in this case. The GAP had a lot of trouble to operate properly. It

did no operate for 91 simulations, that is around 45% of fail rate. The GAP II has proven its

reliability and speed for a wide variety os faults, and an acceptable trajectory length.
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6.5 SUMMARY

In the last application both GAPs were thoroughly analyzed and their limits tested. In

Table 6.3 is listed scores (i.e., A , B , and F .) for each GAP in regards the four cases. The

GAP I was the one with lowest score1 1.3 due a high degree of misoperations detected. Finally

the proposed formulation was the best with score of 7.5. The GAP II was 6 timer more e�ective

than GAP I, therefore proven its quality for transformer protection applications.

Table 6.3. Application 4: Summary of Results

Case GAP I GAP II

4.1 B A

4.2 F A

4.3 F F

4.4 F A

score: 1.3 7.5

It is noteworthy to mention that particularities such as transformer energization (inrush

currents) were not investigated in this chapter. In order to do so, a more re�ned GAP based

di�erential protection scheme has to be developed and tested. The GAP allows special cus-

tomization in order to overcome problems related to the inrush current, however such solutions

were not explored in this thesis and are expected to be investigated in future works. The fault

conditions evaluated in this section are:

• Internal and external faults.

• Fault location alongside the transformer coils

• Fault type.

1The score was calculated by considering: A = 10; B = 5; F = 0.



CHAPTER 7

CONCLUSIONS AND FUTURE WORK

The main topics and remarks of a di�erential protection scheme for alpha plane applications

in multi-terminal power system apparatuses has been presented. A new generalized alpha plane

strategy has been proposed for multi-terminal di�erential protection devices. The formulation

is based on Silva & Bainy (2016), but allows two settings, called Γf and k∆, to adjust the

settlement point during fault steady state. An analytical analysis is performed to preliminary

the proposed GAP response in alpha plane and the main remarks have been described.

The proposed GAP was conceived to perform a smooth transient path during faults, and

adjust the fault steady state settlement values in the alpha plane. Afterwards, it was shown

that Γf and k∆ de�ne a circumference in right-half alpha plane, which Γ will settle under fault

conditions during steady-state.

In order to test the proposed GAP, four di�erent applications were simulated using ATP

(i.e., two and three terminals transmission lines, busbar, and transformer). In addition the

proposed GAP was compared with GAP reported by (MILLER et al., 2010). The simulations

were divided into two di�erent types: transients and massive data analysis. Each GAP was

scored into with the shown results, and the �nal score is listed in Table 7.1.

The transient response and trajectories obtained by using the proposed GAP were presented

and discussed. The advantage of proposed formulation over GAP (MILLER et al., 2010)

has been shown. The smooth and direct transient path during faults was present in every

application. The main advantage of this GAP is high reliability and speed. It can mitigate

wide conditions for each application e�ciently.

One important conclusion that can be inferred is that the proposed formulation consists of

a generalization of the GAP in (SILVA; BAINY, 2016), presenting great improvements due the

proposition of adjustments Γf and k∆. Additionally, the parameter k which had no straight-

forward procedure to be adjusted, now is substituted by Γf and k∆.
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Table 7.1. Summary of Results

Application GAP I GAP II

1 4.4 8.8

2 4.2 10

3 3.7 8.7

4 1.3 7.5

�nal score: 3.4 8.8

In respect to computational burden requirements, the GAP I requires 19 �oat-point oper-

ations (FLOPs), whereas the GAP II and the proposed one requires 11 FLOPs only, attesting

its better computational e�ciency.

7.1 FUTURE WORK

The future work should include more detailed analysis of the proposed GAP for di�erent

applications and for more extreme conditions. In addition, a comparison of its performance

combined with real-life relays in a laboratory interfaced to an Real Time Digital Simulator

(RTDS).

The GAP developed in this thesis could be used as a starting point to investigate the

following:

• De�ne a new and improved restraint characteristic based in the enhanced one proposed

by Tziouvaras et al. (2002) . Moreover, specify it specially for busbar, multi-terminal

transmission lines, and transformers.

• Investigate possible advantages of using adaptive settings (i.e., Γf , k∆ and Ψ).

• Implement re�ned protection scheme that use the proposed GAP to protect di�erent

equipment considering their particularities.

• Test the method in series compensated transmission lines.

• Study an alternative restraining characteristic, such as an operational characteristic.
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7.2 PUBLICATIONS DURING PHD

A list of all publications related to this thesis are listed below:

• BAINY, R. G.; SILVA, K. M. Proteção Diferencial de Barramentos Baseada no Plano

Alfa Generalizado. In: 2016 Simpósio Brasileiro de Sistemas Elétricos (SBSE). Brasília,

Brasil: Natal-RN.

• SILVA, K. M.; BAINY, R. G. Generalized Alpha Plane for Numerical Di�erential Pro-

tection Applications. IEEE Transactions on Power Delivery, v. 31, n. 6, p. 2565�2566,

dec 2016. ISSN 0885-8977.

• BAINY, R. G.; SILVA, K. M. Generalized Alpha Plane for Numerical Di�erential Pro-

tection Applications. In: 2017 Power and Energy Society General Meting (PESGM).

Chicago, US: IEEE, 2017. p. 1�4.

• BAINY, R. G.; SILVA, K. M. Busbar di�erential protection based on generalized alpha

plane. In: 2017 Workshop on Communication Networks and Power Systems (WCNPS).

Brasilia, Brasil: IEEE, 2017. p. 1�4.
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APPENDIX A

DIFFERENTIAL PROTECTION BASICS

Power is generated and distributed over long distances in order to reach the consumers.

As a result, any system transients have the strength to impact the entire system's integrity.

Power system protection play a major role to guarantee safe and reliable energy. A defective

or inappropriate protection system can lead to catastrophic fails, or result in a huge amount

of consumers without service. Damaged devices due a protection system failure result in high

�nancial loss and, in order to be �xed, may require expensive and long labor. Therefore,

protection systems have to be carried with special attention so important aspects such speed

of operation, selectivity, and security are optimized for each project. Below it is displayed a

list of seven key-aspects to take in count when analyzing and projecting a protection system or

function (ANDERSON, 1999):

• Sensibility: operate exclusively for faults it was designed for.

• Reliability: ability to operate when expected.

• Security: capacity to avoid miss-operation during unpredictable conditions, e.g. CT

saturation.

• Selectivity: skill to disconnect the lowest possible amount of consumer in order to isolate

the faulty device or area.

• Coordination: Appropriate settings that guarantee selectivity, but also allowing multiple

relays to work together for a device or area.

• Speed: Capacity to operate as fast as possible to isolate the fault from power system.

• Simplicity: Use of minimum number of relays, measuring points, and circuits.
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A.1 DIFFERENTIAL PROTECTION FUNDAMENTALS

Mason (1956) states that the di�erential relay can be de�ned as "one that operates when the

vector di�erence of two or more similar electrical quantities exceeds a predetermined amount".

Several type of relay can be made to operate as a di�erential relay, depending on the way

they are connected. This is possible due fundamentally the di�erential function use of an

overcurrent relay (ANSI 50/51) applied to a nodal sum of currents. The Kirchho�'s current

law (KCL) is the basic concept for di�erential protection and can be applied anywhere from

a single node, a device, or even an area provided that in and out currents are measured. The

algebraic sum of all currents is ideally zero in normal operation. Di�erential protection can be

used to protect transformers, busbar, and transmission lines, although either device presents

their own challenges and strategies (ALTUVE; SCHWEITZER, 2010).

Figure A.1a illustrates the measuring zone delimited by the CTs. The basic di�erential

relaying system has three elements; one for each phase. This makes the di�erential protection

inherently phase segregated. Considering a two-terminal device (e.g. three phase transformer),

each phase has a pair of CTs installed. An advantage of di�erential protection is the allowance

of single phasing trip, allowing �exibility when the system can handle such condition. Usually

the ANSI code can be combined with the phase identi�cation, e.g. phase A of a transformer

di�erential scheme is called 87TA.

First let's focus on conditions showed in Figure A.1a. The current �ows through the primary

circuit either to a load or to a short circuit, identi�ed as an external fault in the Figure. If

the two CTs have the same ratio, and are properly connected (e.g. correct CT polarity), their

secondary currents will merely circulate between the two CTs (I1 = I2), and no current will

(a) (b)

Figure A.1. (a) Protected Zone. (b) Percentage Di�erential Relay. NR e NOP represent the number of turn
of operating and restraining coils respectively.
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�ow through the di�erential relay (Iop = 0). The secondary currents I1 and I2 phasors have

same module, but opposite phase values. But, provided that a short circuit occurs anywhere

between the two CTs, the operating current will not be zero. Upon the pickup setting (Ipk) the

di�erential function should operate (NAVARRO et al., 2003).

Although the approach showed in Figure A.1a works as intended, it presents critical limi-

tations in real life applications. Such that, percentage di�erential relays are extensively used.

The main idea is identical in both approaches, but the latter presents a di�erential circuit, as

shown in Figure A.1b. One advantage is the adjustable di�erential current required to operate,

owing to the number of turns of the restraining coil (Nr). In operating coil the di�erential

current �ows (I1 + I2), and the equivalent current in the restraining coil is proportional to

I1+I2

2
, due the operating coil been connected to the midpoint of the restraining coil. Other

main advantage of this relay is that when a short circuit occurs external to the protected zone,

the relay chances to incorrectly operate are lower (MASON, 1956). It is worthwhile to mention

that current transformers sometimes during fault condition, do not present identical secondary

currents. Slight di�erences in magnetic properties or di�erent amounts of residual magnetism

cause that problem. The decaying DC o�set commonly present in fault currents yields to even

more distortion. Notwithstanding same CT models are used, one can expect minor errors that

can cause missoperation. However, due to the rising pickup characteristic presented in per-

centage di�erential relays as the magnitude of current increases, the relay is restrained against

operating improperly.

The relation shown in Equation (A.1) represents the operation threshold of a percentage

di�erential electromechanical relay (PAITHANKAR; BHIDE, 2007):

∣∣I1 + I2

∣∣ = K

∣∣I1 − I2

∣∣
2

+K0, (A.1)

where K = Nr/Nop e K0 is the minimum torque adjusted by the restraining coil, analogous to

the pick-up current.

The relay operating current (Iop) assumes the expression
∣∣I1 + I2

∣∣,K is a constant coe�cient

representing the slope of the relay characteristic. The restraining current (Ires) is de�ned by
|I1−I2|

2
, while K0 is equivalent to a pick-up current (Ipk). Therefore Equation (A.1) becomes

(A.2).
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Anderson (1999) anounces that the relay operates upon Iop surpasses the minimum current

value Ipk summed with the portion KIres. Therefore, the restraining current represents a

mechanics to avoid miss-operation of the di�erential function (PAITHANKAR; BHIDE, 2007).

Another possible de�nition of the relay operation is by separating the condition (A.2) in two

parts, as showed in Equation (A.3). This partition improves relay sensibility (HOROWITZ et

al., 2014).

Iop > KIres + Ipk (A.2)

Iop > KIres and Iop > Ipk (A.3)

The conditions listed in Equation (A.3) are the basic de�nition of the di�erential relay

operation and can be customized according to manufacturer. The protection relay equips the

di�erential function with several di�erent logics, i.e. dual-slope, external-fault modes, CT

saturation detection, dynamic zone selection, capacitive current compensation, instantaneous

samples combined to phasors, etc. The advent of numerical relays provides a wide-variety of

mathematical de�nitions for the operating and restraining currents. Sometimes Iop is referred

as di�erential current Idif . The restraining current for instance, can be replaced by Equations

(A.5) à (A.6) (TZIOUVARAS et al., 2001):

Idif =
∣∣I1 + I2

∣∣ (A.4)

Ires = K
∣∣I1 − I2

∣∣ (A.5)

Ires = K
(∣∣I1

∣∣+
∣∣I2

∣∣) (A.6)

Ires = max
(∣∣I1

∣∣ ,
∣∣I2

∣∣) (A.7)

Ires =
√∣∣I1

∣∣ ·
∣∣I2

∣∣ cosθ (A.8)

where θ is the angle between I1 and I2.
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A.2 REPRESENTATION PLANES

Usually the percentage di�erential function is represented in a bi-dimensional plane, where

the operating and restraining currents are the axes. It is called operational plane and relay

operates in accordance with the chosen condition, such as Equation (A.3). Other popular way

of representation is through alpha plane (WARRINGTON, 1962), where the plotted variable

is called Γ and consists of the relation between currents in terminal 1 and 2 (e.g. primary and

secondary for transformers). The condition of operation is de�ned by a restraining shape, such

as the enhanced rainbow one proposed by Tziouvaras et al. (2002). If the value of Γ is outside

the restraining area, the relay operates.

The transient path from pre-fault to internal fault steady-state is showed in Figure A.2a.

Either planes presents an equivalent restraining characteristic which is called "no-trip". The

relay operates when the path cross these limits and reach the operation area,.

Figure A.3a shows the operational plane. One can observe that y-axis is represented by Iop

and x-axis by Ires. The conditions from Equation (A.3) are represented by the hatched area

above the line de�ned by K and Ipk. The relay sensibility is increased when K is decreased.

Aiming to reduce the sensibility during CT saturation, some manufacturers implement a dual-

slope setting, as showed by the dashed line in Figure A.3a. The relay is capable to adjust the

value of K upon CT saturation is detected (e.g. harmonic detection).

Warrington (1962) proposed the alpha plane. It consists of a complex Cartesian plane in

which the relation I2

I1
, called Γ, has its real and imaginary parts plotted. Currents I1 and I2

(a) (b)

Figure A.2. Transient Path. (a) Operational Plane. (b) Alfa Plane.
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(a) (b)

Figure A.3. Representation Planes: (a) Operational plane. (b) Alpha Plane.

refer to each terminal. It is worthwhile to highlight that the de�nition of Γ implies alpha plane

as inherently for two-terminal elements. The alpha plane is de�ned by the Equations (A.9) to

(A.11), and by the representation showed in Figure A.2.

I2

I1

= m+ jn = r = |r|ejθ, (A.9)

where:

|r| =
∣∣I2

∣∣
∣∣I1

∣∣ =
√
m2 + n2, θ = arctan

( n
m

)
, (A.10)

m = |r| cos θ, n = |r| sin θ. (A.11)

One way to de�ne a restraining shape in alpha plane is by using the condition (A.3) created

for operational plane. In order to so, the Equations (A.4), (A.5) and (A.9) are combined with

Equation (A.3) , leading to Equations A.12 and A.19 :

∣∣I2 + I1

∣∣ = K
∣∣I1 − I2

∣∣ (A.12)
∣∣∣∣
I2

I1

+ 1

∣∣∣∣ = K

∣∣∣∣1−
I2

I1

∣∣∣∣ (A.13)

|m+ jn+ 1| = K |−m− jn+ 1| (A.14)

√
(m+ 1)2 + n2 = K

√
(1−m)2 + n2 (A.15)

m2(1−K2) + n2(1−K2) + 2m(1 +K2) + 1−K2 = 0 (A.16)

m2 + n2 + 2m
(1 +K2)

(1−K2)
+ 1 = 0, (A.17)

Solving quadratics by completing the square:
(
m2 +

1 +K2

1−K2

)2

+ n2 =

(
1 +K2

1−K2

)2

− 1, (A.18)
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which results in a circle de�ned by the following Equations:

center :

(
−1 +K2

1−K2
, 0

)
; radius :

2K

1−K2
. (A.19)

The circular shape represents the restraining limits of the relay, thus the no-trip area. On

the other hand, the relay operates in the area outside. In Figure A.4 a comparative analysis

between the planes is showed in respect with the variation of slope K. One can observe that

the higher K value is, the smaller the restraining area will be. Furthermore increasing the relay

sensibility.

(a) (b)

Figure A.4. Representation Planes Comparison (a) Operational Plane. (b) Alpha Plane.

A.3 ENHANCED RESTRAINING CHARACTERISTIC

The slope setting of a traditional percentage di�erential element de�nes the circular restrain-

ing characteristic. A downside is that security, dependability and sensitivity cannot be adjusted

separately. The Enhanced Restraining Characteristic (ERC) designed by (TZIOUVARAS et

al., 2002) overcomes this limitation. The ERC was primarily de�ned with line di�erential ap-

plications in mind. To de�ne the shape a total of four key factors were considered: channel

time-delay compensation errors, power system impedance nonhomogeneity, CT saturation, and

low frequency oscillations in series-compensated lines.

Tziouvaras et al. (2002) de�ned ERC based on alpha plane regions areas along the real axis.

Figure A.5a shows the fault areas allowing ±30 degrees for system power angle and impedance

angle di�erence. Both the channel time-delay compensation errors and the system impedance
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(a) (b)

Figure A.5. Alpha Plane Areas. (a) Simple. (b) Rotation caused by channel time-delay compensation errors
and the system impedance nonhomogeneity.

nonhomogeneity also produce a rotation of the ideal internal fault region in the alpha plane.

Figure A.5b shows the e�ect of this rotation to alpha plane fault areas.

Two parameters de�ne the shape of ERC, the angle a and the radiusR. Their graphical e�ect

is shown on Figure A.6a. The angle a allows the ERC to be adjust in order to compensate

channel time-delay errors. Applications where measuring terminals are far from each other

(e.g. transmission lines) can su�er from misaligned samples. Tziouvaras et al. (2002) states

that such delays can vary between 3 to 5 ms and may occur rarely on lines longer than 160 km.

Therefore, a can be adjusted between 180o e 210o to overcome channel time-delay errors. The

second setting is R, adjusted to compensate CT saturation and frequency oscillations. Values

between 8 and 10 are enough to provide safety during such conditions.

The ERC presents remarkable advantages when compared to the circular restraining charac-

teristic (CRC). In short, ERC permits the bene�ts of two di�erent CRC - i.e. two adjustments

of value K - while avoiding their drawbacks. Figures A.6b and A.6c exemplify that. In �rst

�gure, both restraining characteristics are set for the same level of tolerance to outfeed. The

hatched area highlights CRC lower tolerance to channel asymmetry when compared to ERC.

An higher value of K - i.e. increase of CRC radius - compensates extreme channel asymme-

try. But it causes sensitivity problems to detect internal faults with outfeed, as showed by the

hatched area in Figure A.6c (TZIOUVARAS et al., 2002).



A.3 � Enhanced Restraining Characteristic 69

(a)

Re( / )I I
2 1

Im( / )I I
2 1

(b)

Re( / )I I
2 1

Im( / )I I
2 1

(c)

Figure A.6. (a) Enhanced restraining characteristic. (b) Equal tolerance to Outfeed. (c) Equal tolerance to
Channel time-delay.
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MILLER ET AL. (2010A) GAP DEDUCTION

The GAP proposed by Miller et al. (2010) consists in an implementation of fault detection

using alpha plane employable in protection zones de�ned by any number n of currents. The

principal characteristic of the GAP is to di�erentiate passing currents (i.e., Currents that enter

and leaves the protection zone) from internal faults. Thus, in order to the equivalent currents

truthfully represent the system's condition, they must indicate the direction of currents (i.e.,

entering or leaving the protection zone), see (ALMEIDA; SILVA, 2017). To employ the GAP,

it needs to calculate the di�erential current Idif and restraining currents Ires in accordance to

(B.1) and (B.2), adjusted to the n terminals bounding the protection zone.

Īdif =
n∑

l=1

Īl = Idif,re + jIdif,im (B.1)

Ires =
n∑

l=1

|Īl| (B.2)

GAP's philosophy can be understood by the relationship shown in Figure (B.1). In (B.1)

it can be observed that a system of n terminals will be equivalent to another system of only

two-terminals, in which the restraining and di�erential currents are equal.

Both currents ĪL and ĪR of the equivalent system will be used to calculate the di�erential

n- terminals
area

I1

I2I3

I4

In

L R

Figure B.1. GAP philosophy (MILLER et al., 2010).
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current and restriction current. Therefore, the equivalent system is written by equations (B.3)

and (B.4).

Īdif,eq = ĪL + ĪR (B.3)

Ires,eq = |ĪL|+ |ĪR| (B.4)

where ĪL = IL∠θL and ĪL = IR∠θR.

The requirement of equality for the di�erential and restraining currents, before and after

the computation of equivalent currents, implies the system of linear equations (B.5).
{

Īdif = Īdif,eq
Ires = Ires,eq,

(B.5)

Miller et al. (2010), one must chose one of the currents that de�ne the protected zone to

be the angular reference for the following derivations. The appropriate choice is the one with

largest projection over the di�erential current of system. During internal faults, all currents

present approximately the same angle, hence with little in�uence in the �nal result (ALMEIDA;

SILVA, 2017). However, in the most critical external faults in which there is saturation of one

of the CT , this assumption is the one that best approximate the passing current. Indeed, this

is the case since in this type of fault the di�erential current is constituted of the inserted error

by the saturated TC, hence the current which better approximate the di�erential current (in

phase) is at maximum 90o (extreme case of saturation) out of phase to the passing current.

To determine the angular reference ĪP we �rst determine with equation (B.6) n values for R,

which represent the projection of each current of the protected zone to the di�erential current.

The phase of the current with highest result is de�ned as β, as shown in equation (B.7).

Ri = Re
(
I i · I∗dif

)
(B.6)

β = ∠IP (B.7)

where i = {1, . . . , n}.

According to Miller et al. (2010), this choice guarantees a higher sensibility for internal

short-circuits and higher safety for external short-circuits with CTs saturation. Now we de�ne

auxiliary current ĪX , which consist of Īdif out of phase by angle −β, according to equation

(B.8):

ĪX = Īdif · 1∠(−β). (B.8)
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To determine currents ĪL e ĪR, we employ equations (B.5) and (B.3) combined with a phase

change of −β,

Īdif · 1∠(−β) =
(
ĪL + ĪR

)
· 1∠(−β) (B.9)

By manipulating equation (B.9) it is possible to identify in equation (B.10) currents ĪX and

ĪLX , the latter being current ĪL with a phase shift of −β. Furthermore, it is possible to identify
virtual current ĪR, since it has angle β, has value equal to it's absolute value IR.

Īdif · 1∠(−β)︸ ︷︷ ︸
ĪX

= ĪL · 1∠(−β)︸ ︷︷ ︸
ĪLX

+IR (B.10)

Equation (B.10) may be re-arranged in real and imaginary parts, as shown in equation (B.11):

ĪX︸︷︷︸
phasor

= (ILX,re + IR)︸ ︷︷ ︸
real part

+ jILX,im︸ ︷︷ ︸
imaginary part

(B.11)

Equation (B.11) can be presented as the set of equations (B.12), it's important to remind that

currents ĪLX has the same absolute value of current ĪL, as noted in equation (B.10).

{
IX,re = ILcos(θLX) + IR
IX,im = ILsen(θLX)

, (B.12)

The trigonometric functions sine and cosine can be isolated and squared as shown in (B.13):





cos(θLX) =
IX,re − IR

IL

sin(θLX) =
IX,im
IL

−−−−→
Squared





cos2(θLX) =

(
IX,re − IR

IL

)2

sin2(θLX) =

(
IX,im
IL

)2 , (B.13)

The squared trigonometric functions shown in equation (B.13) can be related by the trigono-

metric identity 1 = cos2 θ + sin2 θ and reorganized as in equations (B.14) and (B.15).

1 =

(
IX,re − IR

IL

)2

+

(
IX,im
IL

)2

(B.14)

I2
L = (IX,re − IR)2 + I2

X,im (B.15)

From equation (B.4), it is possible to write the relation IL = Ires−IR, which, when employed
in equation (B.15), allows the following relation:

(Ires − IR)2 = (IX,re − IR)2 + I2
X,im (B.16)

I2
res − 2IresIR + I2

R = I2
X,re − 2IX,reIR + I2

R + I2
X,im (B.17)
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Equation (B.17) may be utilized to isolate current IR, as shown in equation (B.18).

IR =
I2
res − I2

X,re − I2
X,im

2(Ires − Ix,re)
(B.18)

With the purpose to write an expression for current ĪLX , we use the set of equations B.12

and relation (B.18), generating equation (B.19)

ĪLX =
I2
X,im − (Ires − IX,re)2

2(Ires − IX,re)
+ jIX,im (B.19)

Current ĪLX may be employed in addition to relation ĪL = ĪLX · 1∠β to write equation

(B.20). Moreover, given relation IL = Ires − IR it is possible to write a relation from current

ĪR in terms of |IL|, as shown in equation (B.21).

IL =

{
Im(IX)2 −

[
Ires −Re(IX)

]2

2
[
Ires −Re(IX)

] + j · Im(IX)

}
· 1∠β, (B.20)

IR =
(
Ires − |ILeq|

)
· 1∠β. (B.21)



APPENDIX C

SILVA ET AL. (2016) GAP DEDUCTION

The di�erential protection function has often been used as a unitary protection of various

devices in the electrical system (ZIEGLER, 2012). It is generally implemented through a per-

centage di�erential element in the operational plan. However, Tziouvaras et al. (2002) presents

some particularities of the protection of transmission lines that are better solved through the

plan-α. In addition, the modi�ed restriction feature proposed by Tziouvaras et al. (2002) repre-

sents a valuable resource. The GAP proposal of Miller et al. (2010) enables a multiple terminal

element to be represented by only two terminals, so that the bene�ts of the plan-α presented

by Tziouvaras et al. (2002) are still valid in this case. Although this GAP is presented for

transmission line protection applications, it can be applied to other devices.

This GAP approach consists of a clever way to calculate the equivalent currents ĪM and ĪN ,

which is simpler than the one presented by Miller et al. (2010). The proposed GAP replaces the

87LQ and 87LG sequence units and is able to calculate trip commands segregated by phase, as

well as other bene�ts that are exposed throughout the chapter.

C.1 MATHEMATICAL FORMULATION

Consider the element shown in Figure C.1 as any n terminal device. The di�erential current

(Īdif ) and the restraining current (Ires) can be de�ned as:

If we consider the newly shown element as any n terminal device, the di�erential current

(Īdif ) and the restriction current (Ires) can be de�ned as:

Īdif =
n∑

l=1

Īl = Idif,re + jIdif,im (C.1)

Ires = k

n∑

l=1

|Īl| (C.2)
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where the superscript "−" indicates that the magnitude is a phasor; the subscripts re and

im represent whether the real and imaginary parts of the phasor, respectively; and k is a

multiplying factor.

In order to be able to use the plan-α in this n terminal device, it is necessary here to map

the set of them on only two equivalent terminals, whose virtual chains are called ĪM and ĪN .

Thus, the di�erential and restriction currents of the equivalent system can be de�ned as the

Equations (C.3) and (C.4), respectively:

Īdif,eq = ĪM + ĪN (C.3)

Īres,eq = ĪM − ĪN (C.4)

The premise here is that the equivalence of the systems is guaranteed if the di�erential and

constraint currents for both the n terminal system and the n terminal system are equal to only

two. In addition, from the Equations (C.1)-(C.4), the following linear system of equations is

obtained: 


1 0 1 0
0 1 0 1
1 0 −1 0
0 1 0 −1


 .




IM,re

IM,im

IN,re
IN,im


 =




Idif,re
Idif,im
Ires
0


 (C.5)

In the GAP proposed by Miller et al. (2010), the restriction current of the equivalent system

is calculated through the sum of magnitudes of ĪM and ĪN (pure real number), resulting in

a possible and indeterminate linear system of equations with one degree of freedom , being

necessary to eliminate one of the variables by giving it an arbitrary value. On the other hand,

the proposed GAP, due to the fact that Ires,eq is a complex quantity calculated in Equation (C.4),

the linear system of equations is possible and determined, greatly simplifying the formulation

Area with
n Terminals

Terminal 1

Terminal 2
Terminal 3

Terminal 4

Terminal n

Figure C.1. Multi-terminal equipment.
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of GAP. The solution of the linear system of equations (C.5) is presented below:

ĪM = 0.5 [(Idif,re + Ires) + jIdif,im] (C.6)

ĪN = 0.5 [(Idif,re − Ires) + jIdif,im] (C.7)

After that, the value drawn in the plan-α is calculated using the complex magnitude Γ, and

the ratio between the chains ĪM and ĪN is as follows:

Γ =
ĪM
ĪN

= Γre + jΓim (C.8)

It is important to note that some special measures are necessary in order to ensure the safest

operation of the GAP during the eventual saturation of TCs for external short circuits. To this

end, an external fault detection logic is essential. In addition, the harmonic components can

be added to the restriction current Ires, making the algorithm more restricted in the presence

of harmonics and external fault, so the Equation (C.2) can be rewritten as (KASZTENNY et

al., 2011):

Ires = k
n∑

l=1

|Īl|+ EFD · kh
∣∣Īdif,h

∣∣ (C.9)

in which EFD is a �ag whose value is obtained from the output of the external fault detection

logic (KASZTENNY et al., 2011); kh is a multiplicative factor; and
∣∣Īdif,h

∣∣ is the magnitude of
the order h harmonic current.



APPENDIX D

SHORT-CIRCUIT CONTRIBUTIONS

This appendix presents the deduction of the short circuit contributions used in Chapter2.

The approach is developed for a short line, represented only by the its serial impedance. The

components that make up the system are: the voltage sources V S and V R, Thevenin equivalent

impedances, ZS and SR, and the line serial impedance, ZL. The contributions IS e IR, provided

by each of the sources during a shortage, have two parts: the load current and the contribution

to the pure fault current. By the superposition theorem, if the load current is considered

constant, it can be calculated, independently, by analysing the system on a permanent basis

before and during the absence. The pre-fault sequence circuits are obtained as a function of

the F point of fault application. These are illustrated in Figures D.1b to D.1d, in which the

impedances of the sequence of sources and the impedance of the line, segmented into two parts

at the location of the fault. The subscripts 0, 1 or 2 refer to the zero, positive and negative

sequences respectively, and the parameter d indicates the percentage of the line in relation to

bar S where the defect occurs. To simplify the analysis, denote the impedances shown in (D.1):

Z0M = ZS0 + d · ZL0 Z0N = ZR0 + (1− d) · ZL0 (D.1a)

Z1M = ZS1 + d · ZL1 Z1N = ZR1 + (1− d) · ZL1 (D.1b)

Z2M = ZS2 + d · ZL2 Z2N = ZR2 + (1− d) · ZL2 (D.1c)

In steady state, only the positive sequence is present, so that the load current ILD is given

by (D.2):

ILD =
V S1 − V R1

Z1M + Z1N

(D.2)

To calculate the fault currents, the Thévenin equivalents of the sequence circuits are required.

By analyzing the Figura D.1c, the prefault voltage at point F can be obtained from (D.3).

V F = V S − ILD · Z1M (D.3)
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Figure D.1. Uni�liars diagrams. (a) Short line model. (b) Zero sequence diagram. (c) Positive sequence
diagram. (d) Negative sequence diagram.

The equivalent impedances at the point of fault correspond to the parallel between ZM and

ZN of the respective sequence circuits and can be calculated according to (D.4):

Z0 =
Z0M · Z0N

Z0M + Z0N

Z1 =
Z1M · Z1N

Z1M + Z1N

Z2 =
Z2M · Z2N

Z2M + Z2N

(D.4)

Equivalents are shown in Figure D.1. The connection between them depends on the type of

short-circuit analyzed and allows the calculation of fault currents IF1, IF2 and IF0 at the fault

location.

For steady state's evaluation of the fault, the voltage sources are removed and a current

source, with a value identical to the fault current, is inserted in point F of each sequence circuit,

resulting in the diagrams of Figura D.3.

In these circuits, identi�ed by the superscript �CC�, the contributions of each terminal to

the pure fault current are represented. These components are calculated by current divider

formula from the fault circuits of the Figura D.3. For this purpose, the current distributions
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factors are shown in (D.5):

C0 =
Z0N

Z0M + Z0N

C1 =
Z1N

Z1M + Z1N

C2 =
Z2N

Z2M + Z2N

(D.5)
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Figure D.2. Thévenin equivalents. (a) Zero sequence. (b) Positive sequence. (c) Negative sequence.
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Figure D.3. Sequence circuits during a fault. (a) Zero sequence. (b) Positive sequence. (c) Negative sequence.

Thus, pure fault contributions are acquired according to (D.6):

I
CC

S0 = C0 · IF0 I
CC

R0 = (1− C0) · IF0 (D.6a)

I
CC

S1 = C1 · IF1 I
CC

R1 = (1− C1) · IF1 (D.6b)

I
CC

S2 = C2 · IF2 I
CC

R2 = (1− C2) · IF2 (D.6c)

The only pre-fault component corresponds to ILD, present only in the positive sequence of

each terminal. Therefore, the total contribution of the positive sequence is the sum of these



D.1 � Three-Phase Short-Circuit 80

two plots, while the remaining sequences are composed only of the missing portion, as shown

in (D.7):

IS0 = C0 · IF0 IR0 = (1− C0) · IF0 (D.7a)

IS1 = C1 · IF1 + ILD IR1 = (1− C1) · IF1 − ILD (D.7b)

IS2 = C2 · IF2 IR2 = (1− C2) · IF2 (D.7c)

The conversion of the sequence contributions to the phase domain is done through the

Fortescue transform, applying the transformation matrix [F] to the sequence currents, as indi-

cated in (D.8):



ISA
ISB
ISC


 =




1 1 1
1 a2 a
1 a a2


 ·



IS0

IS1

IS2






IRA
IRB
IRC


 =




1 1 1
1 a2 a
1 a a2


 ·



IR0

IR1

IR2


 (D.8)

D.1 THREE-PHASE SHORT-CIRCUIT

The three-phase sequence fault currents are given by (D.9), in which the subscript 3ϕ

indicates the three-phase short.

IF1,3ϕ =
V F

Z1 +RF

IF2,3ϕ = 0 IF0,3ϕ = 0 (D.9)

Therefore, the contributions of each terminal result in (D.10):

IS1 = C1 · IF1,3ϕ + ILD IS2 = 0 IS0 = 0 (D.10a)

IR1 = (1− C1) · IF1,3ϕ − ILD IR2 = 0 IR0 = 0 (D.10b)

Applying (D.8) to (D.10) leads to the three-phase phase currents presented in Tabela D.1.

Table D.1. Three-phase short-circuit Currents.

Currents at terminal S Currents at terminal R

ISA = C1 · IF1,3ϕ + ILD IRA = (1− C1) · IF1,3ϕ − ILD

ISB = a2C1 · IF1,3ϕ + a2ILD IRB = a2(1− C1) · IF1,3ϕ − a2ILD

ISC = aC1 · IF1,3ϕ + aILD IRC = a(1− C1) · IF1,3ϕ − aILD
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D.2 SINGLE-PHASE SHORT-CIRCUIT: AG

The single-phase sequence fault currents are given by (D.11), in which the subscript 1ϕ

designates the monophasic fault.

IF1,1ϕ =
V F

Z1 + Z2 + Z0 + 3RF

IF2,1ϕ = IF1,1ϕ IF0,1ϕ = IF1,1ϕ (D.11)

In this way, the contributions of each terminal can be obtained from (D.12)

IS1 = C1 · IF1,1ϕ + ILD IS2 = C2 · IF1,1ϕ IS0 = C01 · IF1,1ϕ (D.12a)

IR1 = (1− C1) · IF1,1ϕ − ILD IR2 = (1− C2) · IF1,1ϕ IR0 = (1− C0) · IF1,1ϕ (D.12b)

Applying the Fortescue transformation to the (D.12), the monophasic phase currents pre-

sented in the Tabela D.2 are arrived at.
Table D.2. Single-phase short-circuit Currents.

Currents at terminal S

ISA = (C0 + C1 + C2) · IF1,1ϕ + ILD
ISB =

(
C0 + a2C1 + aC2

)
· IF1,1ϕ + a2ILD

ISC =
(
C0 + aC1 + a2C2

)
· IF1,1ϕ + aILD

Currents at terminal R

IRA = (3− C0 − C1 − C2) · IF1,1ϕ − ILD
IRB =

[
1− C0 + a2(1− C1) + a(1− C2)

]
· IF1,1ϕ − a2ILD

IRB =
[
1− C0 + a(1− C1) + a2(1− C2)

]
· IF1,1ϕ − aILD

D.3 PHASE-TO-PHASE SHORT-CIRCUIT: BC

The two-phase fault sequence currents are calculated by means of (D.13), where the sub-

script 2, ϕ indicates the two-phase short.

IF1,2ϕ =
V F

Z1 + Z2 +RF

IF2,2ϕ = −IF1,2ϕ IF0,2ϕ = 0 (D.13)

Then follows in (D.14) the contributions from each terminal:

IS1 = C1 · IF1,2ϕ + ILD IS2 = −C2 · IF1,2ϕ IS0 = 0 (D.14a)

IR1 = (1− C1) · IF1,2ϕ − ILD IR2 = −(1− C2) · IF1,2ϕ IR0 = 0 (D.14b)



D.4 � Phase-to-Phase-to-Ground Short-Circuit: BCT 82

Applying (D.8) to (D.14) gives the two-phase phase currents shown in Tabela D.3.

Table D.3. phase-to-phase short-circuit Currents.

Currents at terminal S

ISA = (C1 − C2) · IF1,2ϕ + ILD
ISB =

(
a2C1 − aC2

)
· IF1,2ϕ + a2ILD

ISC =
(
aC1 − a2C2

)
· IF1,2ϕ + aILD

Currents in terminal R

IRA = (C2 − C1) · IF1,2ϕ − ILD
IRB =

[
a2(1− C1)− a(1− C2)

]
· IF1,2ϕ − a2ILD

IRC =
[
a(1− C1)− a2(1− C2)

]
· IF1,2ϕ − 2ILD

D.4 PHASE-TO-PHASE-TO-GROUND SHORT-CIRCUIT: BCT

The sequence currents for the phase-to-phase-to-ground fault are given by (D.15):

IF1,2ϕ−T =
V F

Z1 + RF
2

+
[
Z2 + RF

2

]
·D

IF2,2ϕ−T = −IF1,2ϕ−T ·D (D.15)

IF0,2ϕ−T = −IF1,2ϕ−T · (1−D)

where:

D =
Z0 + RF

2
+ 3RG

Z0 + Z2 + 3RG +RF

(D.16)

where RG corresponds to the ground resistance, RF to the resistance between the a�ected

phases and the subscribed 2ϕ − T identi�es the BCT fault. Thus, the contributions of each

terminal result in (D.17).

IS1 = C1 · IF1,2ϕ−T + ILD IR1 = (1− C1) · IF1,2ϕ−T − ILD (D.17a)

IS2 = −C2 · IF1,2ϕ−T ·D IR2 = −(1− C2) · IF1,2ϕ ·D (D.17b)

IS0 = −C0 · IF1,2ϕ−T · (1−D) IR0 = −(1− C0) · IF1,2ϕ−T · (1−D) (D.17c)

Applying Fortescue's transform to (D.17), one arrives at the monophasic phase currents

presented in Tabela D.4.
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Table D.4. Biphasic-earth short current

Currents at terminal S

ISA = [−C0(1−D) + C1 − C2D] · IF1,2ϕ−T + ILD
ISB =

[
−C0(1−D) + a2C1 − aC2D

]
· IF1,2ϕ−T + a2ILD

ISC =
[
−C0(1−D) + aC1 − a2C2D

]
· IF1,2ϕ−T + aILD

Currents at terminal R

IRA = [−(1− C0)(1−D) + (1− C1)− (1− C2)D] · IF1,2ϕ−T − ILD
IRB =

[
−(1− C0)(1−D) + a2(1− C1)− a(1− C2)D

]
· IF1,2ϕ−T − a2ILD

IRC =
[
−(1− C0)(1−D) + a(1− C1)− a2(1− C2)D

]
· IF1,2ϕ−T − aILD
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