
❇❡❛♠❢♦r♠✐♥❣ ❚❡❝❤♥✐q✉❡s ❢♦r ◆❡①t
●❡♥❡r❛t✐♦♥ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❙②st❡♠s

❉✐ss❡rt❛t✐♦♥

③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ❛❦❛❞❡♠✐s❝❤❡♥ ●r❛❞❡s
❞❡s ❉♦❦t♦r✲■♥❣❡♥✐❡✉r ✭❉r✳✲■♥❣✳✮

✈♦♥✿ ▼✳ ❙❝✳ ❘✐❝❛r❞♦ ❑❡❤r❧❡ ▼✐r❛♥❞❛

❣❡❜♦r❡♥ ❛♠✿ ✶✵✳ ✶✷✳ ✶✾✽✺ ✐♥ ❇r❛sí❧✐❛✱ ❇r❛s✐❧✐❡♥

▼❛tr✐❦❡❧♥✉♠♠❡r✿ ❚❯ ■❧♠❡♥❛✉✿ ✺✻✾✽✹✱ ❯♥❇✿ ✶✸✴✵✶✻✸✼✽✸

●✉t❛❝❤t❡r✿ ✶✳ ❯♥✐✈✳✲Pr♦❢✳ ❉r✳✲■♥❣✳ ●✐♦✈❛♥♥✐ ❉❡❧ ●❛❧❞♦

✷✳ Pr♦❢✳ ❉r✳✲■♥❣✳ ❏♦ã♦ P❛✉❧♦ ❈❛r✈❛❧❤♦ ▲✉st♦s❛

❞❛ ❈♦st❛

✸✳ Pr♦❢✳ ❉r✳ ❏✉❛♥ ❏♦sé ▼✉r✐❧❧♦✲❋✉❡♥t❡s
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✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❆✉ss♣r❛❝❤❡✿ ✷✼✳ ✵✸✳ ✷✵✶✼
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❆❈❑◆❖❲▲❊❉●▼❊◆❚❙

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡♥t♦rs✿

▼② ❛❞✈✐s❡r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❇r❛sí❧✐❛✱ ♣r♦❢✳ ❉r✳✲■♥❣✳ ❏♦ã♦ P❛✉❧♦ ❈❛r✈❛❧❤♦ ▲✉st♦s❛

❞❛ ❈♦st❛✱ ❢♦r ❦✐♥❞❧② ✐♥✈✐t✐♥❣ ♠❡ t♦ ❜❡ ❤✐s st✉❞❡♥t ❛♥❞ ♦✛❡r✐♥❣ ❛ ❤❛♥❞❢✉❧ ♦❢ ♦♣♣♦rt✉♥✐t✐❡s✳

❯♥✐✈✳✲Pr♦❢✳ ❉r✳✲■♥❣✳ ●✐♦✈❛♥♥✐ ❉❡❧ ●❛❧❞♦✱ ♠② ❛❞✈✐s❡r ❛t t❤❡ ❚❯ ■❧♠❡♥❛✉✱ ❢♦r ❤✐s s✉♣♣♦rt

❛♥❞ ❛❝❝❡♣t✐♥❣ ♠❡ ❛s ❛ ❞✉❛❧ ❞❡❣r❡❡ st✉❞❡♥t ❛t t❤❡ ❚❯ ■❧♠❡♥❛✉✳ ▼② ❝♦✲❛❞✈✐s❡r ❛t ❜♦t❤ t❤❡

❯♥❇ ❛♥❞ t❤❡ ❚❯ ■❧♠❡♥❛✉ ❉r✳✲■♥❣✳ ❋❧♦r✐❛♥ ❘♦❡♠❡r ❢♦r ❤✐s ♣❛t✐❡♥t ❛♥❞ ❞❡t❛✐❧❡❞ ❝♦♠♠❡♥ts

♦♥ t❤✐s ✇♦r❦✳ Pr♦❢✳ ❉r✳ ❆♥❞ré ▲✐♠❛ ❋érr❡r ❞❡ ❆❧♠❡✐❞❛ ❢♦r ❤✐s ❝♦♥str✉❝t✐✈❡ ❝♦♠♠❡♥ts ❛♥❞

❦✐♥❞ s✉♣♣♦rt✳ Pr♦❢✳ ❉r✳✲■♥❣✳ ❋❡❧✐① ❆♥tr❡✐❝❤ ❢♦r ❤❛✈✐♥❣ ♠❡ ❛t t❤❡ ●❡r♠❛♥ ❆❡r♦s♣❛❝❡ ❈❡♥t❡r

❛♥❞ ♣r❡s❡♥t✐♥❣ ♠❡ ✇✐t❤ ♥❡✇ t❡❝❤♥✐q✉❡s✳ Pr♦❢✳ ❉r✳ ❊❞✐s♦♥ P✐❣♥❛t♦♥ ❞❡ ❋r❡✐t❛s ❢♦r ❤✐s

s✉♣♣♦rt✳ ❉r✳ ❚❛❦❛s❤✐ ❍✐r❛♠❛ts✉✱ ❨✉②❛ ◆❛❦❛♠✉r❛ ❛♥❞ ❚❛❦❛s❤✐ ❊✐s❤✐♠❛ ❢♦r t❤❡✐r ♠❡♥t♦r✐♥❣

♦♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s❛t❡❧❧✐t❡ s②st❡♠s✳ Pr♦❢✳ ❉r✳ ❘✐❝❛r❞♦ ❩❡❧❡♥♦✈s❦② ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡

t♦ t❤❡ ❛rr❛② s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ✜❡❧❞ ❛♥❞ ♣r♦❢✳ ▲❡♦♥❛r❞♦ ❘✳❆✳❳✳ ❞❡ ▼❡♥❡③❡s ❢♦r ✐♥tr♦❞✉❝✐♥❣

♠❡ t♦ t❤❡ ✉♥s❝❡♥t❡❞ tr❛♥s❢♦r♠❛t✐♦♥✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣♦♥s♦rs✿

❚❤❡ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✭❈❆P❊❙✮ ✉♥❞❡r t❤❡

P❱❊ ❣r❛♥t ♥✉♠❜❡r ✽✽✽✽✶✳✵✸✵✸✷✴✷✵✶✸✲✵✶ ❢♦r t❤❡ s❝❤♦❧❛rs❤✐♣ ♥✉♠❜❡r ✽✽✽✽✼✳✶✶✺✻✾✷✴✷✵✶✻✲✵✵

❛♥❞ t❤❡ ❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ P❡sq✉✐s❛ ❡ ❉❡s❡♥✈♦❧✈✐♠❡♥♦ ❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦ ✭❈◆Pq✮

❢♦r t❤❡ s❝❤♦❧❛rs❤✐♣ ♥✉♠❜❡r ✷✸✷✷✶✽✴✷✵✶✹✲✺✳ ❚❤❡ ❇r❛③✐❧✐❛♥ ❙♣❛❝❡ ❆❣❡♥❝② ✭❆❊❇✮ ❢♦r t❤❡✐r

✐♥❞✐❝❛t✐♦♥ ❛♥❞ s✉♣♣♦rt✳ ❚❤❡ ❋✉♥❞❛çã♦ ❞❡ ❆♣♦✐♦ à P❡sq✉✐s❛ ❞♦ ❉✐str✐t♦ ❋❡❞❡r❛❧ ✭❋❆P❉❋✮

❢♦r t❤❡ tr❛✈❡❧✐♥❣ ❣r❛♥ts ♥✉♠❜❡r ✶✾✸✳✵✵✵✳✾✵✸✴✷✵✶✸✱ ✶✾✸✳✵✵✵✳✷✼✵✴✷✵✶✹ ❛♥❞ ✶✾✸✳✵✵✵✳✼✶✺✴✷✵✶✺✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❢❛♠✐❧②✱ ❣✐r❧❢r✐❡♥❞✱ ❢r✐❡♥❞s ❛♥❞ ❝♦❧❧❡❛❣✉❡s ❢♦r t❤❡✐r ✉♥❝♦♥❞✐t✐♦♥❛❧

s✉♣♣♦rt✱ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ❢♦r t❤❡ ✉♥❝♦✉♥t❛❜❧❡ ❡♥❥♦②❛❜❧❡ ♠♦♠❡♥ts✳





❆❇❙❚❘❆❈❚

❉✐❣✐t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❡✐t❤❡r ✈♦✐❝❡✱ ♠❡ss❛❣✐♥❣✱ ✈✐❞❡♦ ♦r ♦t❤❡r ♠❡❞✐❛ ❝♦♥t❡♥t✱ ❤❛✈❡ ❜❡❝♦♠❡

❛♥ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢ t❤❡ ♠♦❞❡r♥ s♦❝✐❡t②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❛❞✈❛♥❝❡❞ ❞✐❣✐t❛❧

❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s ✐s ✐♥❝r❡❛s✐♥❣✳ ❈✉rr❡♥t❧②✱ ♠♦❜✐❧❡ ♥❡t✇♦r❦s ❤❛✈❡ ❛ t♦t❛❧ ♦❢ ✼✳✸ ❜✐❧❧✐♦♥

s✉❜s❝r✐♣t✐♦♥s ✇♦r❧❞✇✐❞❡✱ ❢r♦♠ ✇❤✐❝❤ ✶✳✹ ❜✐❧❧✐♦♥ ❜❡❧♦♥❣ t♦ t❤❡ ❧❛t❡st ❢♦✉rt❤ ❣❡♥❡r❛t✐♦♥ ✭✹●✮

♥❡t✇♦r❦✳ ■♥ ✷✵✷✷✱ ✽✳✾ ❜✐❧❧✐♦♥ s✉❜s❝r✐♣t✐♦♥s ❛r❡ ❡①♣❡❝t❡❞✱ ❜❡✐♥❣ ✹✳✸ ❜✐❧❧✐♦♥ ❢♦r ✹●✳ ▼♦r❡♦✈❡r✱

❛♣♣❧✐❝❛t✐♦♥s t❤❛t r❡q✉✐r❡ ❛ ❤✐❣❤ t❤r♦✉❣❤♣✉t s✉❝❤ ❛s ✈✐rt✉❛❧ r❡❛❧✐t② ✭❱❘✮ ❛r❡ ❛❧s♦ ❢♦r❡s❡❡♥✳

❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s s❤♦✉❧❞ ❛❧s♦ ✜t ✐♥❝r❡❛s✐♥❣ ❞❡♠❛♥❞s ♦❢ ♠❛❝❤✐♥❡ t♦ ♠❛❝❤✐♥❡ ❝♦♠✲

♠✉♥✐❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ■♥t❡r♥❡t ♦❢ t❤✐♥❣s ✭■♦❚✮ ❛♥❞ ✈❡❤✐❝✉❧❛r ❛❞ ❤♦❝ ♥❡t✇♦r❦s ✭❱❆◆❊❚s✮✱

s✉❝❤ ❛s ✈❡❤✐❝❧❡ t♦ ✈❡❤✐❝❧❡ ✭❱✷❱✮ ❛♥❞ ✈❡❤✐❝❧❡ t♦ ✐♥❢r❛str✉❝t✉r❡ ✭❱✷■✮ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❚♦

s✉♣♣♦rt t❤✐s ❞❡♠❛♥❞✱ ❛ ✶✵✵ ❢♦❧❞ ✐♥❝r❡❛s❡ ✐♥ ❞❛t❛ r❛t❡ ✐s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡q✉✐r❡♠❡♥t

❢♦r ❢✉t✉r❡ ✜❢t❤ ❣❡♥❡r❛t✐♦♥ ✭✺●✮ st❛♥❞❛r❞s✱ ✇❤♦s❡ ❞❡♣❧♦②♠❡♥t st❛rts ❛s ❡❛r❧② ❛s ✷✵✷✵✳

❖♥❡ ♦❢ t❤❡ ❦❡② t❡❝❤♥♦❧♦❣✐❡s t♦ ❛❧❧♦✇ ❢♦r ❛ ❜❡tt❡r ❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ s❝❛r❝❡ s♣❡❝tr✉♠ ✐s t❤❡

✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❛♥t❡♥♥❛ ❛rr❛②s ✐♥t♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✇♦r❦ ❢♦❝✉s

♦♥ ❜❡❛♠❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡s t❤❛t ❝❛♥ ✈✐rt✉❛❧❧② ❛❞❛♣t t❤❡ ✐rr❛❞✐❛t✐♦♥ ♣❛tt❡r♥ ♦❢ t❤❡ ❛♥t❡♥♥❛

❛rr❛② ❜❛s❡❞ ❞❡✈✐❝❡ ✐♥ ♦r❞❡r t♦ ❛♠♣❧✐❢② t❤❡ s✐❣♥❛❧s ❢r♦♠ ❛ ❞❡s✐r❡❞ ❞✐r❡❝t✐♦♥ ❛♥❞ t♦ ❝❛♥❝❡❧ ♦✉t

t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❢r♦♠ ♦t❤❡r ❛♥❣❧❡s✳ ❚❤❡r❡❢♦r❡✱ ❜❡❛♠❢♦r♠✐♥❣ ♣r♦✈✐❞❡s t❤❡ s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥

♦❢ ♠✉❧t✐♣❧❡ s♦✉r❝❡s s❤❛r✐♥❣ t❤❡ s❛♠❡ s♣❡❝tr✉♠ ❜❛♥❞✱ ❛♥❞ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠✐t✐❣❛t❡

❥❛♠♠✐♥❣ ❛♥❞ r❛❞✐♦ ✐♥t❡r❢❡r❡♥❝❡✳

■♥ t❤✐s ✇♦r❦ ❜❡❛♠❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ ❢r❛♠❡✇♦r❦s t♦ ❞❡❛❧ ✇✐t❤ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✱

✉♥✐❢♦r♠ r❡❝t❛♥❣✉❧❛r ❛rr❛②s ✭❯❘❆✮ ❛♥❞ ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦s ❛r❡ ❞❡✈❡❧♦♣❡❞✳ ❋♦r ❝♦❧♦r❡❞

♥♦✐s❡ s❝❡♥❛r✐♦s✱ ♣r❡✇❤✐t❡♥✐♥❣ t❡❝❤♥✐q✉❡s✱ r❛♥❦ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ ❛ tr❛♥s❢♦r♠❛t✐♦♥

❛r❡ ✉s❡❞✳ ❋♦r t❤❡ ❯❘❆ ❛♥❞ t❤❡ ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦s✱ ❛ t❡♥s♦r ♥♦t❛t✐♦♥ ✐s ❛❞♦♣t❡❞ ❛♥❞

t❤❡ ♣❛r❛❧❧❡❧ ❢❛❝t♦r ❛♥❛❧②s✐s ✭P❆❘❆❋❆❈✮ t❡♥s♦r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉s❡❞ ❛❧♦♥❣ ✇✐t❤ ❢r❡q✉❡♥❝②

✐♥✈❛r✐❛♥t ❜❡❛♠❢♦r♠❡rs ✭❋■❇s✮✳ ❋✐♥❛❧❧②✱ ❛ ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❡✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞ t❤❛t

✉s❡s t❤❡ ✉♥s❝❡♥t❡❞ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❞❡✈❡❧♦♣❡❞✳





❑❯❘❩❋❆❙❙❯◆●

❉✐❡ ❞✐❣✐t❛❧❡ ❑♦♠♠✉♥✐❦❛t✐♦♥ ✐st ✐♥ ✐❤r❡♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❋♦r♠❡♥ ③✉ ❡✐♥❡♠ ✇❡s❡♥t❧✐❝❤❡♥ ❚❡✐❧

❞❡s ❆❧❧t❛❣s ✉♥s❡r❡r ●❡s❡❧❧s❝❤❛❢t ❣❡✇♦r❞❡♥✳ ❉✐❡s ❤❛t ❞✐❡ ③✉♥❡❤♠❡♥❞❡ ◆❛❝❤❢r❛❣❡ ♥❛❝❤ ❞✐❣✲

✐t❛❧❡♥ ◆❛❝❤r✐❝❤t❡♥s②st❡♠❡♥ ③✉r ❋♦❧❣❡✳ ▼♦❜✐❧❢✉♥❦♥❡t③❡ ❤❛❜❡♥ ❞❡r③❡✐t✐❣ ✐♥s❣❡s❛♠t ✼✱✸ ▼✐❧✲

❧✐❛r❞❡♥ ❆❜♦♥❡♥♥t❡♥ ✇❡❧t✇❡✐t✱ ✇♦✈♦♥ ✶✱✹ ▼✐❧❧✐❛r❞❡♥ ③✉r ❛❦t✉❡❧❧st❡♥ ▼♦❜✐❧❢✉♥❦t❡❝❤♥♦❧♦❣✐❡

❞❡r ✈✐❡rt❡♥ ●❡♥❡r❛t✐♦♥ ✭✹●✮ ❣❡❤ör❡♥✳ ❇✐s ✷✵✷✷ s♦❧❧ ❞✐❡ ●❡s❛♠t♠❡♥❣❡ ❞❡r ❆❜♦♥❡♥♥t❡♥ ❛✉❢

❡t✇❛ ✽✱✾ ▼✐❧❧✐❛r❞❡♥ ✉♥❞ ❢ür ✹● ❛✉❢ ✹✱✸ ▼✐❧❧✐❛r❞❡♥ ❛♥✇❛❝❤s❡♥✳ ❋❡r♥❡r ✇❡r❞❡♥ ❆♥✇❡♥❞✉♥❣❡♥✱

❞✐❡ ❡✐♥❡♥ ❤♦❤❡♥ ❉❛t❡♥❞✉r❝❤s❛t③ ❜❡♥öt✐❣❡♥✱ ✇✐❡ ③✳❇✳ ✈✐rt✉❡❧❧❡ ❘❡❛❧✐tätss♦❢t✇❛r❡✱ ✈♦r❛✉s❣❡s❡✲

❤❡♥✳ ❉✐❡ ❑♦♠♠✉♥✐❦❛t✐♦♥ss②st❡♠❡ s♦❧❧t❡♥ ❞✐❡ ❡❜❡♥❢❛❧❧s ❛♥st❡✐❣❡♥❞❡ ◆❛❝❤❢r❛❣❡ ♥❛❝❤ ♠❛❝❤✐♥❡

t♦ ♠❛❝❤✐♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛❜❞❡❝❦❡♥✳ ❉❛r✉♥t❡r s✐♥❞ ■♥t❡r♥❡t ❞❡r ❉✐♥❣❡ ✭■♦❚✮ ✉♥❞ ✈❡❤✐❝✲

✉❧❛r ❛❞ ❤♦❝ ♥❡t✇♦r❦s ✭❱❆◆❊❚s✮ ❡❜❡♥s♦ ❡✐♥❜❡③♦❣❡♥ ✇✐❡ ❞✐❡ ❋❛❤r③❡✉❣✲③✉✲❋❛❤r③❡✉❣ ✭❱✷❱✮

✉♥❞ ❋❛❤r③❡✉❣✲③✉✲■♥❢r❛str✉❦t✉r ✭❱✷■✮ ❑♦♠♠✉♥✐❦❛t✐♦♥✳ ❯♠ ❡✐♥❡ ❞❡r❛rt✐❣❡ ◆❛❝❤❢r❛❣❡ ✉♥t❡r✲

stüt③❡♥ ③✉ ❦ö♥♥❡♥✱ ✇✐r❞ ❡✐♥ ❲❛❝❤st✉♠ ❞❡r ❉❛t❡♥ü❜❡rtr❛❣✉♥❣sr❛t❡ ✐♥ ❞❡r ●röÿ❡♥♦r❞♥✉♥❣

✈♦♥ ✶✵✵ ❞❡r③❡✐t ❛❧s ❆♥❢♦r❞❡r✉♥❣ ❢ür ❞✐❡ ❙t❛♥❞❛r❞s ❞❡r ❢ü♥❢t❡ ●❡♥❡r❛t✐♦♥ ✭✺●✮✱ ❞✐❡ ❜❡r❡✐ts

✷✵✷✵ ✐♠ ❊✐♥s❛t③ s❡✐♥ s♦❧❧t❡♥✱ ❜❡tr❛❝❤t❡t✳

❯♠ ❡✐♥❡ ❜❡ss❡r❡ ❆✉s♥✉t③✉♥❣ ❞❡s ❦♥❛♣♣❡♥ ❙♣❡❦tr✉♠s ③✉ ❡r♠ö❣❧✐❝❤❡♥✱ ❜✐❡t❡t s✐❝❤ ❞❡r

❊✐♥❜❛✉ ✈♦♥ ▼❡❤r❛♥t❡♥♥❡♥s②st❡♠❡♥ ✐♥ ❑♦♠♠✉♥✐❦❛t✐♦♥s❣❡rät❡ ❛❧s ❙❝❤❧üss❡❧t❡❝❤♥♦❧♦❣✐❡ ❛♥✳

❉✐❡ ✈♦r❧✐❡❣❡♥❞❡ ❆r❜❡✐t ❧❡❣t ❞❡♥ ❙❝❤✇❡r♣✉♥❦t ❜❡s♦♥❞❡rs ❛✉❢ ❇❡❛♠❢♦r♠✐♥❣✲❚❡❝❤♥✐❦❡♥✱ ❞✐❡

❞❛s ❙tr❛❤❧✉♥❣s♠✉st❡r ❞❡s ✐♥ ▼❡❤r❛♥t❡♥♥❡♥s②st❡♠❡♥ ❛♥❣❡♦r❞♥❡t❡♥ ●❡rät❡ ✈✐rt✉❡❧❧ ❛♥♣❛ss❡♥

❦ö♥♥❡♥✱ ✉♠ ❞❛s ❙✐❣♥❛❧ ❛✉s ❡✐♥❡r ❡r✇ü♥s❝❤t❡♥ ❘✐❝❤t✉♥❣ ③✉ ✈❡rstär❦❡♥ ❜❡③✐❡❤✉♥❣s✇❡✐s❡ ❞✐❡

❙tör✉♥❣ ❛✉s ✇❡✐t❡r❡♥ ❲✐♥❦❡❧♥ ③✉ ♥❡✉tr❛❧✐s✐❡r❡♥✳ ❇❡❛♠❢♦r♠✐♥❣ ❡r♠ö❣❧✐❝❤t s♦♠✐t ❞✐❡ rä✉♠✲

❧✐❝❤❡ ❚r❡♥♥✉♥❣ ✈♦♥ ♠❡❤r❡r❡♥ ◗✉❡❧❧❡♥✱ ❞✐❡ ❞❛ss❡❧❜❡ ❙♣❡❦tr✉♠ t❡✐❧❡♥✱ ✉♥❞ ❦❛♥♥ ❡❜❡♥s♦ ✈❡r✲

✇❡♥❞❡t ✇❡r❞❡♥✱ ✉♠ ❡❧❡❦tr♦♥✐s❝❤❡ ❙tör❡r ✉♥❞ ■♥t❡r❢❡r❡♥③q✉❡❧❧❡♥ ❛❜③✉s❝❤✇ä❝❤❡♥✳

■♥ ❞❡r ✈♦r❧✐❡❣❡♥❞❡♥ ❆r❜❡✐t ✇✉r❞❡♥ ❇❡❛♠❢♦r♠✐♥❣✲❱❡r❢❛❤r❡♥ ✉♥❞ ❋r❛♠❡✇♦r❦s ❡♥t✇✐❝❦❡❧t✱

✉♠ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❋ä❧❧❡ ❞❡s ❢❛r❜✐❣❡♥ ❘❛✉s❝❤❡♥✱ ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ▼❡❤r❛♥t❡♥♥❡♥s②st❡♠❡♥

✭❯❘❆✮ ✉♥❞ ❜r❡✐t❜❛♥❞✐❣❡♥ ❙✐❣♥❛❧❡♥ ③✉ ✉♥t❡rs✉❝❤❡♥✳ ❋ür ❙②st❡♠❡♥ ♠✐t ❢❛r❜✐❣❡♥ ❘❛✉s❝❤❡♥

✇✉r❞❡♥ Pr❡✇❤✐t❡♥✐♥❣✱ ❘❛♥❦ ❘❡❞✉❝t✐♦♥ ✉♥❞ ❡✐♥❡ ❚r❛♥s❢♦r♠❛t✐♦♥ ✈❡r✇❡♥❞❡t✳ ❋ür ❯❘❆ ✉♥❞

❜r❡✐t❜❛♥❞✐❣❡ ❙②st❡♠❡♥ ✇✉r❞❡ ❞✐❡ ❚❡♥s♦r❞❛rst❡❧❧✉♥❣ ❜❡♥✉t③t ✉♥❞ ❞❛❜❡✐ ✐st ❞✐❡ ❚❡♥s♦r③❡r✲

❧❡❣✉♥❣ ❛♥❤❛♥❞ ❞❡r P❛r❛❧❧❡❧ ❋❛❝t♦r ❆♥❛❧②s✐s ✭P❆❘❆❋❆❈✮ ③✉s❛♠♠❡♥ ♠✐t ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t



❜❡❛♠❢♦r♠❡rs ✭❋■❇s✮ ✈❡r✇❡♥❞❡t ✇♦r❞❡♥✳ ❩✉❧❡t③t ✇✉r❞❡ ♠✐tt❡❧s ❞❡r ❯♥s❝❡♥t❡❞ ❚r❛♥s❢♦r♠❛✲

t✐♦♥ ♠✐t ❣❡r✐♥❣❡♠ ❘❡❝❤❡♥❛✉❢✇❛♥❞ ❡✐♥❡ ❊✈❛❧✉❛t✐♦♥s♠❡t❤♦❞❡ ❡♥t✇✐❝❦❡❧t✳



❘❊❙❯▼❖

❈♦♠✉♥✐❝❛çõ❡s ❞✐❣✐t❛✐s✱ s❡❥❛ ♣♦r ✈♦③✱ ♠❡♥s❛❣❡♥s ✐♥st❛♥tâ♥❡❛s✱ ✈í❞❡♦ ♦✉ ♦✉tr♦ ❝♦♥t❡ú❞♦ ❞❡

♠í❞✐❛✱ s❡ t♦r♥❛r❛♠ ✉♠❛ ♣❛rt❡ ❡ss❡♥❝✐❛❧ ❞❛ s♦❝✐❡❞❛❞❡ ♠♦❞❡r♥❛✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛ ❞❡✲

♠❛♥❞❛ ♣♦r s✐st❡♠❛s ❛✈❛♥ç❛❞♦s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡stá ❛✉♠❡♥t❛❞♦✳ ❆t✉❛❧♠❡♥t❡✱ ❛s r❡❞❡s ❞❡

❝♦♠✉♥✐❝❛çã♦ ♠ó✈❡❧ tê♠ ✉♠ t♦t❛❧ ❞❡ ✼✱✸ ❜✐❧❤õ❡s ❞❡ ❛ss✐♥❛t✉r❛s ❡♠ t♦❞♦ ♦ ♠✉♥❞♦✱ ❞❛s q✉❛✐s

✶✱✹ ❜✐❧❤ã♦ ♣❡rt❡♥❝❡♠ à r❡❞❡ ♠❛✐s ♥♦✈❛ ❞❛ q✉❛rt❛ ❣❡r❛çã♦ ✭✹●✮✳ P❛r❛ ✷✵✷✷✱ sã♦ ❡s♣❡r❛❞❛s

✽✱✾ ❜✐❧❤õ❡s ❞❡ ❛ss✐♥❛t✉r❛s✱ s❡♥❞♦ ✹✱✸ ❜✐❧❤õ❡s ❞❡ ❛ss✐♥❛t✉r❛s ✹●✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ sã♦

♣r❡✈✐st❛s ❛♣❧✐❝❛çõ❡s q✉❡ r❡q✉❡r❡♠ ✉♠❛ ❛❧t❛ t❛①❛ ❞❡ tr❛♥s♠✐ssã♦ ❝♦♠♦ ❛ r❡❛❧✐❞❛❞❡ ✈✐rt✉❛❧

✭❱❘✮✳ ❖s s✐st❡♠❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦ t❛♠❜é♠ ❞❡✈❡♠ ❛❧♦❝❛r ❛ ❝r❡s❝❡♥t❡ ❞❡♠❛♥❞❛ ❞❡ ❝♦♠✉✲

♥✐❝❛çõ❡s ♠áq✉✐♥❛ ❛ ♠áq✉✐♥❛✱ ✐♥❝❧✉✐♥❞♦ ❛ ✐♥t❡r♥❡t ❞❛s ❝♦✐s❛s ✭■♦❚✮✱ r❡❞❡s ✈❡✐❝✉❧❛r❡s ❡ ❛❞

❤♦❝ ✭❱❆◆❊❚s✮✱ ❝♦♠♦ ❛s r❡❞❡s ✈❡í❝✉❧♦ ❛ ✈❡í❝✉❧♦ ✭❱✷❱✮ ❡ ❝♦♠✉♥✐❝❛çõ❡s ✈❡í❝✉❧♦ ❛ ✐♥❢r❛❡str✉✲

t✉r❛ ✭❱✷■✮✳ P❛r❛ s✉♣♦rt❛r ❡st❛ ❞❡♠❛♥❞❛✱ ✉♠ ❛✉♠❡♥t♦ ♥❛ ❡s❝❛❧❛ ❞❡ ✶✵✵ ✈❡③❡s ❡stá s❡♥❞♦

❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ r❡q✉✐s✐t♦ ♣❛r❛ ♦s ♣❛❞rõ❡s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❞❛ ❢✉t✉r❛ q✉✐♥t❛ ❣❡r❛çã♦

✭✺●✮✱ à q✉❛❧ t❡♠ s❡✉ ❡♠♣r❡❣♦ ♣r❡✈✐st♦ ♣❛r❛ ✷✵✷✵✳

❯♠❛ ❞❛s t❡❝♥♦❧♦❣✐❛s ❝❤❛✈❡s ♣❛r❛ ♣❡r♠✐t✐r ✉♠❛ ♠❡❧❤♦r ❡①♣❧♦r❛çã♦ ❞♦ ❡s❝❛rç♦ ❡s♣❡❝tr♦ é

❛ ✐♥❝♦r♣♦r❛çã♦ ❞❡ ❛rr❛♥❥♦s ❞❡ ❛♥t❡♥❛s ❛♦s ❞✐s♣♦s✐t✐✈♦s ❞❡ ❝♦♠✉♥✐❝❛çã♦✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱

❡st❡ tr❛❜❛❧❤♦ t❡♠ ❢♦❝♦ ❡♠ té❝♥✐❝❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❢❡✐①❡✱ q✉❡ ♣♦❞❡♠ ✈✐rt✉❛❧♠❡♥t❡ ❛❞❛♣t❛r

♦ ♣❛❞rã♦ ❞❡ ✐rr❛❞✐❛çã♦ ❞❡ ✉♠ ❛rr❛♥❥♦ ❞❡ ❛♥t❡♥❛s ❞❡ ❢♦r♠❛ ❛ ❛♠♣❧✐✜❝❛r s✐♥❛✐s ✈✐♥❞♦s ❞❡

✉♠❛ ❞✐r❡çã♦ ❞❡s❡❥❛❞❛ ❡ ❝❛♥❝❡❧❛r s✐♥❛✐s ✈✐♥❞♦s ❞❡ ♦✉tr♦s â♥❣✉❧♦s✳ P♦rt❛♥t♦✱ ❢♦r♠❛❞♦r❡s ❞❡

❢❡✐①❡ ♣r♦♠♦✈❡♠ ❛ s❡♣❛r❛çã♦ ❡s♣❛❝✐❛❧ ❞❡ ♠ú❧t✐♣❧❛s ❢♦♥t❡s ❞❡ s✐♥❛❧✱ q✉❡ ❝♦♠♣❛rt✐❧❤❛♠ ✉♠❛

♠❡s♠❛ ❜❛♥❞❛ ❞♦ ❡s♣❡❝tr♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s ♣❛r❛ ♠✐t✐❣❛çã♦ ❞❡

✐♥t❡r❢❡rê♥❝✐❛✳

◆❡st❡ tr❛❜❛❧❤♦✱ té❝♥✐❝❛s ❡ ❢r❛♠❡✇♦r❦s ❞❡ ❢♦r♠❛❞♦r❡s ❞❡ ❢❡✐①❡ sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ❧❡✈❛♥❞♦

❡♠ ❝♦♥t❛ r✉í❞♦ ❝♦❧♦r✐❞♦✱ ❛rr❛♥❥♦s ✉♥✐❢♦r♠❡s r❡t❛♥❣✉❧❛r❡s ✭❯❘❆s✮ ❡ s✐♥❛✐s ❜❛♥❞❛ ❧❛r❣❛✳ P❛r❛

❝❡♥ár✐♦s ❝♦♠ r✉í❞♦s ❝♦❧♦r✐❞♦s✱ té❝♥✐❝❛s ❞❡ ❜r❛♥q✉❡❛♠❡♥t♦✱ r❡❞✉çã♦ ❞❡ ♣♦st♦ ❡ ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ sã♦ ✉t✐❧✐③❛❞❛s✳ P❛r❛ ❛ ❯❘❆ ❡ ❝❛s♦s ❜❛♥❞❛ ❧❛r❣❛ é ✉t✐❧✐③❛❞❛ ✉♠❛ ♥♦t❛çã♦ t❡♥s♦r✐❛❧ ❡

❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦r ♠❡✐♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ❢❛t♦r❡s ♣❛r❛❧❡❧♦s ✭P❆❘❆❋❆❈✮ é ❛♣❧✐❝❛❞❛ ❥✉♥t❛♠❡♥t❡

❝♦♠ ❢♦r♠❛❞♦r❡s ❞❡ ❢❡✐①❡ ✐♥✈❛r✐❛♥t❡s ❡♠ ❢r❡q✉ê♥❝✐❛ ✭❋■❇s✮✳ P♦r ✜♠✱ ✉♠ ♠ét♦❞♦ ❞❡ ❛✈❛❧✐❛çã♦

❝♦♠ ❜❛✐①♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ♠❡✐♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❛ ✐♥❝❡rt❡③❛ ✭❯❚✮✳
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❧❛t❡st ❧♦♥❣ t❡r♠ ❡✈♦❧✉t✐♦♥ ✭▲❚❊✮ ♦r ❢♦✉rt❤ ❣❡♥❡r❛t✐♦♥ ✭✹●✮ t❡❝❤♥♦❧♦❣② ❬✶✷❪✳ ❊✈❡♥ t❤♦✉❣❤
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♥❛✈✐❣❛t✐♦♥ ❛❝❝✉r❛❝② ❛♥❞ r❡❧✐❛❜✐❧✐t② ✇✐❧❧ st✐❧❧ ❣r♦✇ ❛t ❛♥ ❡st✐♠❛t❡❞ ♣❛❝❡ ♦❢ ✺ ✪ t♦ ✶✵ ✪ ❛

②❡❛r ❛♥❞ ✐t ✐s ❡①♣❡❝t❡❞ t♦ r❡❛❝❤ t❤❡ ♠❛r❦ ♦❢ ✽✳✾ ❜✐❧❧✐♦♥ s✉❜s❝r✐♣t✐♦♥s ❜② ✷✵✷✷✱ ❢r♦♠ ✇❤✐❝❤
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s②st❡♠s✳ ❚❤✐s s♣❡❝tr✉♠ ❝❛♥ ♦♥❧② ♣r♦✈✐❞❡ ❝❤❛♥♥❡❧s ✇✐t❤ ❜❛♥❞s ♥♦t ✇✐❞❡r t❤❛♥ ✷✵ ▼❍③✳ ■♥

♦r❞❡r t♦ ✐♥❝r❡❛s❡ ❜❛♥❞✇✐❞t❤✱ t❤❡ ✺● ♥❡①t ❣❡♥❡r❛t✐♦♥ st❛♥❞❛r❞ ✐s s✉❣❣❡st✐♥❣ t❤❡ ✉s❡ ♦❢ ❤✐❣❤

❢r❡q✉❡♥❝② s♣❡❝tr✉♠ ❛❜♦✈❡ ✷✵ ●❍③✳ ❆t t❤✐s ❢r❡q✉❡♥❝② r❛♥❣❡✱ t❤❡ ✇❛✈❡❧❡♥❣t❤s ❛r❡ ✈❡r② s♠❛❧❧✱

♦♥❧② ♦❢ ❛ ❢❡✇ ♠✐❧❧✐♠❡t❡rs ❛♥❞✱ t❤✉s✱ ✐s t❤❡ ❛♥t❡♥♥❛ s✐③❡✳ ❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ s✐③❡ r❡❞✉❝❡s

t❤❡ ❛♠♦✉♥t ♦❢ ♣♦✇❡r r❡❝❡✐✈❡❞ ❜② t❤❡ ❛♥t❡♥♥❛✱ ❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ ♣❛t❤❧♦ss ✐s ❣r❡❛t❡r ❛t t❤✐s

❢r❡q✉❡♥❝② r❡❣✐♦♥✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❛♥t❡♥♥❛ s✐③❡ r❡❞✉❝t✐♦♥ ❛♥❞ ♣❛t❤❧♦ss✱

❛♥t❡♥♥❛ ❛rr❛②s ❝❛♥ ❜❡ ✉s❡❞✳ ❚❤❡ ❡♥✈✐s✐♦♥❡❞ ♥❡①t ❣❡♥❡r❛t✐♦♥ ♠♦❜✐❧❡ ♥❡t✇♦r❦ ✐s ❡①♣❡❝t❡❞ t♦

st❛rt ✐ts ❞❡♣❧♦②♠❡♥t ✐♥ ✷✵✷✵ ❛♥❞ t❤❡ ✉s❛❣❡ ♦❢ t❡♥s ♦r ❡✈❡♥ ❤✉♥❞r❡❞s ♦❢ ❛♥t❡♥♥❛s ✐s ✉♥❞❡r

❞✐s❝✉ss✐♦♥ ❬✺✻✱ ✼✺❪✳ ❲❤❡♥ ♠✉❧t✐♣❧❡ ❛♥t❡♥♥❛s ❛r❡ ♣r❡s❡♥t ♦♥ ❜♦t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡♥❞s✱ t❤❡
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s②st❡♠ ✐s ♦❢t❡♥ ❝❛❧❧❡❞ ❛ ♠✉❧t✐♣❧❡ ✐♥♣✉t ♠✉❧t✐♣❧❡ ♦✉t♣✉t ✭▼■▼❖✮ s②st❡♠✳ ❲❤❡♥ t❤❡ ♥✉♠❜❡r

♦❢ ❛♥t❡♥♥❛s ✐s ❤✐❣❤✱ t❤❡ s②st❡♠ ✐s ❝❛❧❧❡❞ ❛ ♠❛ss✐✈❡ ▼■▼❖ s②st❡♠✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s

✐s ✐♥❝r❡❛s❡❞ t♦✇❛r❞s ❛ ♠❛ss✐✈❡ ▼■▼❖ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧t❛♥❡♦✉s tr❛♥s♠✐ss✐♦♥s

t♦ ✈❛r✐♦✉s ✉s❡rs ❛❧s♦ ✐♥❝r❡❛s❡s ❬✺✺❪✳

❆ ❦❡② t❡❝❤♥♦❧♦❣② ✐♥ ❛♥t❡♥♥❛ ❛rr❛②s ✐s ❜❡❛♠❢♦r♠✐♥❣✳ ■♥ ❡ss❡♥❝❡✱ ❜❡❛♠❢♦r♠❡rs ♣❡r❢♦r♠

❞❡❧❛② ❛♥❞ s✉♠ ♦♣❡r❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ❝r❡❛t❡ ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ t♦✇❛r❞s ❛ ❞❡s✐r❡❞

s✐❣♥❛❧ ❞✐r❡❝t✐♦♥ ❬✽✷❪✳ ❚❤❡ ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ t♦✇❛r❞s ❛ ❞❡s✐r❡❞ s✐❣♥❛❧ ✐s t❤❡ s♦ ❝❛❧❧❡❞

❜❡❛♠✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✐♥t❡r❢❡r❡♥❝❡ ♣♦s✐t✐♦♥ ♦r st❛t✐st✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥

❡①tr❛❝t❡❞ ❢r♦♠ r❡❝❡✐✈❡❞ s✐❣♥❛❧s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ t♦✇❛r❞s

t❤❡ ♥♦♥ ❞❡s✐r❡❞ s✐❣♥❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ✉s❛❣❡ ♦❢ ❜❡❛♠❢♦r♠❡rs ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s st✐❧❧

❤❛✈❡ s♦♠❡ ❝❤❛❧❧❡♥❣❡s s✉❝❤ ❛s ❝❛s❡s ✇❤❡r❡ t❤❡ s✐❣♥❛❧s ❛r❡ ❝♦rr✉♣t❡❞ ❜② ♥♦✐s❡✱ ❜❡tt❡r ✇❛②s t♦

❞❡❛❧ ✇✐t❤ ❜✐❣ ❛rr❛②s✱ ♦r ❡✈❡♥ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧s✳ ❊❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ❝❤❛❧❧❡♥❣❡s ❛r❡ ❞❡♣✐❝t❡❞

✐♥ ❙❡❝t✐♦♥ ✶✳✶✳

❚❤✐s ❝❤❛♣t❡r ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ✜✈❡ s❡❝t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✶✳✶ ♠❛❦❡s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ ❛❜♦✉t

❜❡❛♠❢♦r♠❡rs✱ t❤❡✐r ❝❤❛❧❧❡♥❣❡s ❛♥❞ ❤♦✇ t❤❡② ❛r❡ ❡①♣❧♦✐t❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❙❡❝t✐♦♥ ✶✳✷ ❞❡✲

s❝r✐❜❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛♥ ❛♥t❡♥♥❛ ❛rr❛② s②st❡♠ ❡✈❛❧✉❛t✐♦♥ ❛♥❞ ❤♦✇ ✐t ✐s ❛♣♣r♦❛❝❤❡❞ ✐♥

t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ✇❤✐❧❡ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ✇♦r❦ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳ ❙❡❝t✐♦♥ ✶✳✹

❞❡s❝r✐❜❡s ❤♦✇ t❤✐s ✇♦r❦ ✐s ❞✐✈✐❞❡❞✳ ❙❡❝t✐♦♥ ✶✳✺ s❤♦✇s t❤❡ ✉s❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♥♦t❛t✐♦♥✳

✶✳✶ ❇❡❛♠❢♦r♠✐♥❣

❇❡❛♠❢♦r♠❡rs ✇♦r❦ ❢r♦♠ t❤❡ s✐♠♣❧❡ ✐❞❡❛ ♦❢ s✉♠♠✐♥❣ ✉♣ s✐♠✐❧❛r ✇❛✈❡❢♦r♠s ❢r♦♠ ❞✐✛❡r❡♥t

❛♥t❡♥♥❛s t❤❛t ✐♥ ♣r✐♥❝✐♣❧❡ ❞✐✛❡r ♦♥❧② ❜② ❛ ❞❡❧❛②✳ ❚❤❡ ❞❡❧❛②s ❝❛♥ ❜❡ ❡❧❡❝tr♦♥✐❝❛❧❧② ♦r ❞✐❣✲

✐t❛❧❧② ❛❞❥✉st❡❞ ❝r❡❛t✐♥❣ ❝♦♥str✉❝t✐✈❡ ❛♥❞ ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡

❞❡s✐r❡❞ s✐❣♥❛❧✬s q✉❛❧✐t②✳ ❋✐❣✉r❡ ✶✳✶ s❤♦✇s ❜❡❛♠s ❢♦r♠❡❞ ❢r♦♠ ❛ ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ♦❢

✻ ❛♥t❡♥♥❛s✳

❚❤❡ s✐♠♣❧❡st ✐s t❤❡ ❞❡❧❛② ❛♥❞ s✉♠ ✭❉❙✮ ❜❡❛♠❢♦r♠❡r ❬✽✷❪ ✇❤✐❝❤✱ ❛s ✐ts ♥❛♠❡ s✉❣❣❡sts✱

♣r♦♣❡r❧② ❞❡❧❛②s t❤❡ s✐❣♥❛❧ ❛❝q✉✐r❡❞ ❜② ❡❛❝❤ ❛♥t❡♥♥❛ ❛♥❞ s✉♠s t❤❡♠ ✉♣ ✐♥ ♦r❞❡r t♦ ❢♦r♠ ❛

❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧✳ ▼♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❜❡❛♠❢♦r♠✲

✐♥❣ s♦❧✉t✐♦♥s ❛r❡ ❢♦✉♥❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❧✐♥❡❛r❧② ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✉♠ ✈❛r✐❛♥❝❡ ✭▲❈▼❱✮✱

❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❈❛♣♦♥ ❜❡❛♠❢♦r♠❡r ❬✶✾❪ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s✐❞❡❧♦❜❡ ❝❛♥❝❡❧❧❡r ✭●❙❈✮

❜❡❛♠❢♦r♠❡rs ❬✹✵❪✳ ❚❤❡ ❧❛st t✇♦ ❜❡❛♠❢♦r♠❡rs r❡q✉✐r❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛✲

tr✐❝❡s ♦❢ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❜❡❛♠❢♦r♠✐♥❣ ✜❧t❡rs✳ ■♥ t❤❡ s②st❡♠ ❞❡s✐❣♥

t❤❡s❡ ❜❡❛♠❢♦r♠❡rs r❡❣❛r❞ t❤❡ ♥♦✐s❡ ❛s ✉♥❝♦rr❡❧❛t❡❞ ✇❤✐t❡ ♥♦✐s❡✱ ✇❤❡r❡ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡② ❝❛♥

❛❧s♦ ❜❡ ❝♦rr❡❧❛t❡❞ ❬✷✺❪✱ ❝❛✉s✐♥❣ t❤❡✐r ❞❡❣r❛❞❛t✐♦♥✳ ❚❤✐s ✇♦r❦ t❛❝❦❧❡s ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✲

✐♦s ❢♦r ❜❡❛♠❢♦r♠✐♥❣ ❜② ✉s✐♥❣ ♣r❡✇❤✐t❡♥✐♥❣ t❡❝❤♥✐q✉❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣r❡✇❤✐t❡♥✐♥❣

t❡❝❤♥✐q✉❡s ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡ s②st❡♠s ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ❚❤❡r❡❢♦r❡ ❛ ❜❧♦❝❦ ✇✐s❡
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✭❛✮ ❇❡❛♠❢♦r♠✐♥❣ ❢♦r ❛ ❉❖❆ ❛t ✲✸✵◦ ✭❜✮ ❇❡❛♠❢♦r♠✐♥❣ ❢♦r ❛ ❉❖❆ ❛t ✵◦

✭❝✮ ❇❡❛♠❢♦r♠✐♥❣ ❢♦r ❛ ❉❖❆ ❛t ✺✺◦

❋✐❣✉r❡ ✶✳✶✿ ❙❡♥✉s♦✐❞❛❧ ✇❛✈❡s ✇❡r❡ ❣❡♥❡r❛t❡❞ ❛t ✺ ❍③ ❛♥❞ ✈✐rt✉❛❧❧② st❡❡r❡❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢
✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠❢♦r♠✐♥❣✳ ❚❤❡ ❝♦♥str✉❝t✐✈❡ ♣❛tt❡r♥s ❛r❡ ❝❧❡❛r❧② ✈✐s✐❜❧❡
❛♥❞ ❛♣♣❡❛r ✐♥ ❞❛r❦ r❡❞✳

●❙❈ ❛❧❣♦r✐t❤♠ ✐s ❞❡✈❡❧♦♣❡❞ t♦ ❛❧❧♦✇ ❢♦r ♠♦r❡ ✢❡①✐❜✐❧✐t② ❛♥❞ ❝♦♥tr♦❧ ♦❢ t❤❡ ✜♥❛❧ s②st❡♠s

❝♦♠♣❧❡①✐t② ❜② ❝❤♦♦s✐♥❣ ❛ ❜❧♦❝❦ s✐③❡ ❛♥❞ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

❚❤✐s ✇♦r❦ s❤♦✇s t❤❛t ✇❤❡♥ t❤❡ ❛rr❛② ❤❛s ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ s❡♣❛r❛❜❧❡ str✉❝t✉r❡ s✉❝❤ ❛s

❛♥ ✉♥✐❢♦r♠ r❡❝t❛♥❣✉❧❛r ❛rr❛② ✭❯❘❆✮ ❬✼✸❪✱ ❜❡❛♠❢♦r♠❡rs ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣✉t❡❞ s❡♣❛r❛t❡❧②✳

❲❤❡♥ t❤❡ str✉❝t✉r❡ ✐s s❡♣❛r❛t❡❞✱ t❤❡ ❡❛❝❤ ❝♦❧✉♠♥ ♦❢ t❤❡ ❛rr❛② ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s s♥❛♣s❤♦t

❝♦♥t❛✐♥✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ y✲❞✐r❡❝t✐♦♥ ❛♥❞ ❡❛❝❤ r♦✇ ❛s ❛ s♥❛♣s❤♦t ❝♦♥t❛✐♥✐♥❣ s❛♠♣❧❡s ♦❢

t❤❡ x✲❞✐r❡❝t✐♦♥✳ ❚❤✐s ✈✐rt✉❛❧❧② ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ s♥❛♣s❤♦ts ❛t t❤❡ ♣r✐❝❡ ♦❢ r❡s♦❧✉t✐♦♥

t❤❛t ♠❛② ❜❡ ❞❡s✐r❛❜❧❡ ✐♥ ♠❛ss✐✈❡ ▼■▼❖ s❝❡♥❛r✐♦s ❬✼✺❪✳ ❚❤✐s ✇♦r❦ ❛❧s♦ s❤♦✇s t❤❛t ❜❡s✐❞❡s

✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s♥❛♣s❤♦ts ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❡♥❤❛♥❝✐♥❣ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❡st✐♠❛t✐♦♥✱

t❤❡ ✉s❡ ♦❢ t✇♦ s♠❛❧❧❡r ♠❛tr✐❝❡s ✐♥st❡❛❞ ♦❢ ❛ ❜✐❣❣❡r ♦♥❡ ❝❛♥ ❛❧s♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

t✐♠❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜❡❛♠❢♦r♠✐♥❣ ❛❧❣♦r✐t❤♠s✳

❋♦r ♠♦st ❜❡❛♠❢♦r♠❡rs ✐♥ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ t❤❡ ♥❛rr♦✇❜❛♥❞ ❛ss✉♠♣t✐♦♥ ✐s ✉s❡❞ ❢♦r t❤❡
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❜❡❛♠❢♦r♠❡r ❞❡s✐❣♥✳ ■♥ ❝❛s❡s ✇❤❡r❡ t❤❡ ♥❛rr♦✇❜❛♥❞ s❝❡♥❛r✐♦ ♥♦ ❧♦♥❣❡r ❤♦❧❞s✱ t❤❡ s✐❣♥❛❧

❜❛♥❞ ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ✐♥t♦ s❤♦rt❡r ❜❛♥❞ ♦♥❡s s♦ t❤❛t ❡❛❝❤ s♠❛❧❧❡r ❜❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞

❛s ♥❛rr♦✇ ❬✻✹❪✳ ❚♦ ❛✈♦✐❞ t❤❡ ✐♥❝r❡❛s❡❞ ❝♦♠♣❧❡①✐t②✱ ❡①tr❛ ❛♥t❡♥♥❛s✱ s✉❝❤ ❛s ✐♥ t❤❡ ♦❢ ♠❛s✲

s✐✈❡ ▼■▼❖ s❝❤❡♠❡s✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝r❡❛t❡ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t ❜❡❛♠❢♦r♠❡rs ✭❋■❇s✮ ❬✼✻❪✳

❚❤❡ ♦✉t♣✉t ♦❢ s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t ❋■❇s ❝♦♥t❛✐♥s ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s✱ s✐♠✐❧❛r t♦ t❤♦s❡

❢♦✉♥❞ ✐♥ ♥❛rr♦✇❜❛♥❞ s❝❡♥❛r✐♦s✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ♦✉t♣✉ts ❝❛♥ s❡r✈❡ ❛s ✐♥♣✉t t♦ ♥❛rr♦✇❜❛♥❞

❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❤❛✈❡ r✐❝❤ ❧✐t❡r❛t✉r❡ ❬✺✵❪✳

Pr❡✈✐♦✉s ✇♦r❦s ✉s✐♥❣ ❛ ❜❛♥❦ ♦❢ ❋■❇s ❤❛✈❡ t❛❝❦❧❡❞ t❤❡ ♥❛rr♦✇❜❛♥❞ ❜❡❛♠❢♦r♠✐♥❣ st❡♣

✉s✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ✭■❈❆✮ ❛❧❣♦r✐t❤♠s✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ ■❈❆ ✐s ❜❛s❡❞ ♦♥ t❤❡

♠❡❛s✉r❡ ♦❢ t❤❡ ●❛✉ss✐❛♥✐t② ❝♦♠♣✉t❡❞ ✈✐❛ ❑✉rt♦s✐s✱ ❛♥❞✱ ❞✉❡ t♦ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✱

t❤❡ ❣r❡❛t❡r ✐s t❤❡ ❑✉rt♦s✐s✱ t❤❡ ♠♦r❡ s❡♣❛r❛t❡❞ ❛r❡ t❤❡ ♦✉t♣✉t s✐❣♥❛❧s ❬✺✵❪✳ ❙✐♥❝❡ t❤❡

●✉❛ss✐❛♥✐t② ✐s ✉s❡❞ t♦ s❡♣❛r❛t❡ t❤❡ s✐❣♥❛❧s✱ t❤❡♥ t❤❡ st❛♥❞❛r❞ ■❈❆ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ❢♦r

●❛✉ss✐❛♥ ❞✐str✐❜✉t❡❞ s✐❣♥❛❧s✳

❖♥❡ ✇❛② t♦ ❛✈♦✐❞ t❤❡ ●❛✉ss✐❛♥✐t② ♠❡❛s✉r❡♠❡♥t ♣r♦❜❧❡♠ ✐s t♦ ✉s❡ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ t❤❡

♥♦♥✲✇❤✐t❡♥❡ss ♦❢ t❤❡ s✐❣♥❛❧✳ ❲❤❡♥ ❛ s✐❣♥❛❧ ✐s ✉♥❝♦rr❡❧❛t❡❞✱ ✐✳❡✳ t❤❡r❡ ✐s ♥♦ t✐♠❡ ❞❡♣❡♥❞❡♥❝②

❜❡t✇❡❡♥ ✐ts s❛♠♣❧❡s✱ t❤❡ s✐❣♥❛❧ ✐s s❛✐❞ t♦ ❜❡ ✇❤✐t❡✱ s✐♥❝❡ ✐ts s♣❡❝tr✉♠ s❤♦✉❧❞ ❤❛✈❡ ❛❜♦✉t t❤❡

s❛♠❡ ♣♦✇❡r ❢♦r ❛❧❧ ❢r❡q✉❡♥❝✐❡s✳ ❲❤❡♥ t❤❡r❡ ✐s ❛ t✐♠❡ ❝♦rr❡❧❛t✐♦♥✱ t❤❡ s✐❣♥❛❧ ✐s✱ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ s❛✐❞ t♦ ❜❡ ♥♦♥✲✇❤✐t❡✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ●❛✉ss✐❛♥✐t② ♠❡❛s✉r❡ ♣r♦❜❧❡♠ ✐s ❛✈♦✐❞❡❞ ❜②

t❤❡ ✉s❡ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❡①♣❧♦✐ts ♥♦♥✲✇❤✐t❡♥❡ss ❬✺✼❪✳

■♥ ❬✺✼❪ t❤❡ ♥♦♥✲✇❤✐t❡♥❡ss ✐s ❡①♣❧♦✐t❡❞ ✜rst❧② ❜② st❛❝❦✐♥❣ t✐♠❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ♦♥❡

♦♥ t❤❡ s✐❞❡ ♦❢ t❤❡ ♦t❤❡r ✐♥ ♦r❞❡r t♦ ❢♦r♠ ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ s♦ ❝❛❧❧❡❞

t❡♥s♦r✱ ❛s ✐❧❧✉str❛t❡ ✐♥ ❋✐❣✉r❡ ✶✳✷✳ ❙❡❝♦♥❞❧②✱ t❤✐s t❡♥s♦r ✐s ❞❡❝♦♠♣♦s❡❞ ✈✐❛ t❤❡ ♣❛r❛❧❧❡❧

❢❛❝t♦rs ❛♥❛❧②s✐s ✭P❆❘❆❋❆❈✮ ♠✉❧t✐❧✐♥❡❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❬✹✻❪✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❝❛♥♦♥✐❝❛❧

❞❡❝♦♠♣♦s✐t✐♦♥ ✭❈❆◆❉❊❈❖▼P✮ ❬✷✶❪✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧ts ✐♥ ❢❛❝t♦r ♠❛tr✐❝❡s t❤❛t

❝♦♥t❛✐♥ ❡st✐♠❛t♦rs ❢♦r t❤❡ ❞❡s✐r❡❞ ❜❡❛♠❢♦r♠✐♥❣ ✇❡✐❣❤ts✳

❋✐❣✉r❡ ✶✳✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ♠❛tr✐① ♦❢ s✐③❡M×N ❛♥❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ t❡♥s♦r ♦❢ s✐③❡M×N×P

■♥ t❤✐s ✇♦r❦✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ✐ts t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❬✺✼❪ t♦ ♦♥❧✐♥❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❧❡✈❡❧s✱

❛♥ ❛❞❛♣t✐✈❡ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ❬✼✵❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✼✵❪ ✇❛s ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ t♦
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s✐❣♥❛❧s t❤❛t ❤❛✈❡ ✐ts st❛t✐st✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❝❤❛♥❣✐♥❣ ♦✈❡r t✐♠❡✱ ✐✳❡✳ ♥♦♥✲st❛t✐♦♥❛r②✳ ❍❡♥❝❡✱

t❤✐s ✇♦r❦ ♣r♦♣♦s❡s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❛❞❛♣t✐✈❡ P❆❘❆❋❆❈ ❛❧❣♦r✐t❤♠s t♦ ❜❡ ✐♥❝♦r♣♦r❛t❡❞

t♦ ❜❡❛♠❢♦r♠✐♥❣ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ♥♦♥✲✇❤✐t❡♥❡ss ♣r♦♣❡rt②✳

✶✳✷ ▲♦✇ ❈♦♠♣❧❡①✐t② ❆rr❛② ❊✈❛❧✉❛t✐♦♥

❚❤❡ ❜❡❛♠❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡s s❤♦✉❧❞ ❜❡ ❡✈❛❧✉❛t❡❞ ❢♦r ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳ ❋♦r ✐♥st❛♥❝❡✱

s❝❡♥❛r✐♦s ✇✐t❤ ❝♦❧♦r❡❞ ♥♦✐s❡ ❛♥❞ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ♦❢ t❤❡ ❛rr❛② ❛ss❡♠❜❧② s❤♦✉❧❞ ❜❡ t❛❦❡♥

✐♥t♦ ❛❝❝♦✉♥t✳ ❲✐t❤ t❤❛t ✐♥ ♠✐♥❞✱ ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ st✉❞② t❤❡ ✐♠♣❛❝t t❤❛t ✐♠♣❡r❢❡❝t✐♦♥s ❢r♦♠

♥♦♥ ✐❞❡❛❧ ❡q✉✐♣♠❡♥t ✇✐❧❧ ❝❛✉s❡ t♦ ❛ ❜❡❛♠❢♦r♠❡r✳ ❚❤✐s t❛s❦✱ ❤♦✇❡✈❡r✱ ♠❛② r❡q✉✐r❡ ❛ ❧♦t ♦❢

❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r✳ ❖♥❡ ✇❛② t♦ ♦✈❡r❝♦♠❡ t❤✐s ❝♦♠♣❧❡①✐t② ✐s t♦ ♠❛❦❡ ✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧

❛♥❛❧②s✐s t♦ s✐♠♣❧✐❢② t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳

❖♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t ✐♠♣❡r❢❡❝t✐♦♥s t❤❛t ❛r✐s❡s ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❜❡❛♠✲

❢♦r♠❡rs ✐s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ✭❉❖❆✮✳ ■♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❜❡❛♠✲

❢♦r♠❡rs✱ ❡♥❣✐♥❡❡rs ✉s✉❛❧❧② ❝♦♥s✐❞❡r t❤❡ ❉❖❆ ❛s ❦♥♦✇♥✱ ❤♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ❉❖❆

❡st✐♠❛t✐♦♥ ✐s ♥♦t ♣❡r❢❡❝t ❛♥❞ ❤❛s ❡rr♦rs ❛ss♦❝✐❛t❡❞ t♦ ✐t✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ❉❖❆ ❡st✐♠❛t✐♦♥

✐♠♣❛❝t ♦♥ t❤❡ ❙■◆❘ ✐s ❡✈❛❧✉❛t❡❞ ❜② ✉s❛❣❡ ♦❢ t❤❡ ✉♥s❝❡♥t❡❞ tr❛♥s❢♦r♠❛t✐♦♥ ✭❯❚✮ ♥✉♠❡r✐❝❛❧

t♦♦❧ ❢♦r ✈❡r② ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ✈❡r② ♣♦♣✉❧❛r ▼♦♥t❡ ❈❛r❧♦

s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❣♦♦❞ r❡s✉❧ts ❬✽❪✳

❆♥♦t❤❡r ♣r♦❜❧❡♠ ❢r♦♠ ❛rr❛② ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s t❤❡ ♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❛rr❛② ❡❧❡♠❡♥ts t❤❛t

❛❧s♦ ❜r✐♥❣s ❛❧♦♥❣ ♣♦s✐t✐♦♥✐♥❣ ❞❡✈✐❛t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ♦❝❝✉r ❢♦r ❛❧❧ t❤❡ ❡❧❡✲

♠❡♥ts✱ ❢♦r t❤✐s ❝♦♠♣✉t❛t✐♦♥✱ ❛♥ ❛♠♦✉♥t ♦❢ ✈❛r✐❛❜❧❡s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❛rr❛② ❡❧❡♠❡♥ts

❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❝r❡❛t✐♥❣ ❛ ♠✉❧t✐✲✈❛r✐❛t❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❯❚✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ♠✉❧t✐✲

✈❛r✐❛t❡ ❝♦♠♣❧❡①✐t② ✐s ✐♥❝r❡❛s❡❞✱ t❤✐s ✇♦r❦ s❤♦✇s t❤❛t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡✈✐❛t✐♦♥ ❝❛✉s❡❞ ❜②

t❤❡s❡ ✐♠♣❡r❢❡❝t✐♦♥s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s✱ t❤❡ ❧♦✇ ❝♦♠♣❧❡①✐t② ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡

❯❚ ✐s st✐❧❧ ❛❞✈❛♥t❛❣❡♦✉s✳

✶✳✸ ❖❜❥❡❝t✐✈❡s

◆❡①t ❣❡♥❡r❛t✐♦♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s ❛r❡ ♣r❡❞✐❝t❡❞ t♦ ❤❛✈❡ ❛♥ ✐♥❝r❡❛s❡❞ ♥✉♠❜❡r ♦❢ ❛♥✲

t❡♥♥❛ ❡❧❡♠❡♥ts✳ ❚❤❡ ❜r♦❛❞ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ✐♥❝r❡❛s❡ ❝✉rr❡♥t ✇✐r❡❧❡ss s②st❡♠s ❞❛t❛

r❛t❡s ✈✐❛ ❜❡❛♠❢♦r♠✐♥❣✳ ❇❡❛♠❢♦r♠✐♥❣ ❛❧❧♦✇s ❢♦r ❜❡tt❡r s✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦ ❛♥❞ ✐♥t❡r❢❡r❡♥❝❡

♠✐t✐❣❛t✐♦♥✳

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❜❡❛♠❢♦r♠❡rs ✐♥ r❡❛❧ s❝❡♥❛r✐♦s ❤❛s s♦♠❡ ❝❤❛❧❧❡♥❣❡s✳ ❖♥❡ ♦❢ t❤❡♠

✐s t♦ ♠❛✐♥t❛✐♥ ♣r♦♣❡r ❢✉♥❝t✐♦♥ ✉♥❞❡r ❝♦❧♦r❡❞ ♥♦✐s❡✳ ■♥ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✱ t❤❡ ♥♦✐s❡

❢r♦♠ ❡❛❝❤ ❛♥t❡♥♥❛ ✐s ❝♦rr❡❧❛t❡❞ t♦ t❤❡ ♦t❤❡r✱ ❛ s✐t✉❛t✐♦♥ t❤❛t s❤♦✉❧❞ ❜❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥

♣r❛❝t✐❝❛❧ ❛rr❛②s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜rst s♣❡❝✐✜❝ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡✈❡❧♦♣ ❜❡❛♠✲
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❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡s t❤❛t ✇♦r❦ ✉♥❞❡r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ✉s❛❣❡ ♦❢ t✇♦

♣r❡✇❤✐t❡♥✐♥❣ t❡❝❤♥✐q✉❡s t♦ ♠✐t✐❣❛t❡ t❤❡ ❝♦❧♦r❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♥♦✐s❡ ✐s ♣r♦♣♦s❡❞✳

❙✐♥❝❡ t❤❡ ♣r❡✇❤✐t❡♥✐♥❣ st❡♣ ✐♥❝r❡❛s❡s t❤❡ ❝♦♠♣❧❡①✐t②✱ ❛ ❜❧♦❝❦✲✇✐s❡ ♣r♦❝❡ss✐♥❣ ❜❡❛♠❢♦r♠✐♥❣

t❡❝❤♥✐q✉❡ ✐s ♣r♦♣♦s❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ s②st❡♠ ❞❡s✐❣♥ ✢❡①✐❜✐❧✐t② ✐♥ t❡r♠s ♦❢ ❝♦♠♣❧❡①✐t②✳

❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ✐♥❝r❡❛s❡s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛❧s♦ ❣r♦✇s✳ ❚❤❡r❡✲

❢♦r❡✱ t❤❡ s❡❝♦♥❞ s♣❡❝✐✜❝ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✇❤❡♥

❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ✐s ❛✈❛✐❧❛❜❧❡✱ ②❡t✱ ♠❛✐♥t❛✐♥✐♥❣ ❛ ❣♦♦❞ ✐♥t❡r❢❡r❡♥❝❡ ♠✐t✐❣❛t✐♦♥✳ ❋♦r

t❤❛t✱ t✇♦ s❝❤❡♠❡s ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ❝♦♠♣✉t❡s s♠❛❧❧❡r ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s

❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❡❛♠❢♦r♠❡r ✐s ❝♦♠♣✉t❡❞✳ ❚❤❡♥✱ t❤❡ ❜❡❛♠❢♦r♠✲

❡rs ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ❛r❡ ❝♦♠❜✐♥❡❞✳ ❚❤❡ s❡❝♦♥❞ s❝❤❡♠❡ ❝♦♥s✐❞❡rs ❛ ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦

❛♥❞ ❝♦♥✈❡rts ✐t ✐♥t♦ ❛ ♥❛rr♦✇❜❛♥❞ ♦♥❡ ❜② ✉s✐♥❣ ❛ ❜❛♥❦ ♦❢ ❋■❇s✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤✐s ❜❛♥❦ ♦❢

❋■❇s ✐s ✉s❡❞ t♦ ❝r❡❛t❡ ❛ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞✳ ❙✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥

❣❡♥❡r❛t❡s ❛ ❞❡♠✐①✐♥❣ ♠❛tr✐① t❤❛t ✐s ✉s❡❞ t♦ ❢♦r♠ ❛ ✜♥❛❧ ❜r♦❛❞❜❛♥❞ ❜❡❛♠❢♦r♠❡r✳

❋✐♥❛❧❧②✱ ❜❡❛♠❢♦r♠❡rs s❤♦✉❧❞ ❜❡ r♦❜✉st ❛❣❛✐♥st ❡st✐♠❛t✐♦♥ ❡rr♦rs ♦❢ t❤❡ s♦✉r❝❡ ❞✐r❡❝t✐♦♥ ♦❢

❛rr✐✈❛❧ ✭❉❖❆✮ ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥s ♦♥ t❤❡ ♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❛rr❛② ❡❧❡♠❡♥ts✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡

❛ss❡ss♠❡♥t ♦❢ ❜❡❛♠❢♦r♠❡rs ❢♦r ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s ❝❛♥ ❜❡ t✐♠❡ ❞❡♠❛♥❞✐♥❣✳ ❚❤❡r❡❢♦r❡✱ t❤❡

✜♥❛❧ s♣❡❝✐✜❝ ♦❜❥❡❝t✐✈❡ ✐s t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❜❡❛♠❢♦r♠✐♥❣ ✐♥

t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ♣♦s✐t✐♦♥✐♥❣ ❡st✐♠❛t✐♦♥ ❡rr♦r✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡

❡✈❛❧✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ❯❚ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✐s ♣r♦♣♦s❡❞✳

✶✳✹ ❖✈❡r✈✐❡✇ ❛♥❞ ❈♦♥tr✐❜✉t✐♦♥s

❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ✜✈❡ ❝❤❛♣t❡rs ✐♥❝❧✉❞✐♥❣ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✳ ❈❤❛♣t❡r ■■ ❝♦♥t❛✐♥s

❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛♥t❡♥♥❛ ❛rr❛②s ✐♥ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s ❛♥❞ ❤♦✇ t♦ r❡❞✉❝❡ ✐ts ❡✛❡❝ts

♦♥ ❛❞❛♣t✐✈❡ ❜❡❛♠❢♦r♠✐♥❣✳ ▼♦r❡♦✈❡r✱ r❡❞✉❝❡❞ ❝♦♠♣❧❡①✐t② ✐s ❛❧s♦ ❛❝❤✐❡✈❡❞ ❛❢t❡r ❞❡r✐✈✐♥❣

❛ ❜❧♦❝❦✲✇✐s❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ❢♦✉♥❞ ✐♥ ❈❤❛♣t❡r ■■ ❛r❡ t❤❡

✉s❛❣❡ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ♣r✐♦r t♦ t❤❡ ❜❡❛♠❢♦r♠❡r✱ t❤❡ ✉s❛❣❡ ♦❢

t❤❡ ❱❛♥❞❡r♠♦♥❞❡ ✐♥✈❛r✐❛♥t tr❛♥s❢♦r♠❛t✐♦♥ ✭❱■❚✮ t♦ ✐♥❝r❡❛s❡ ❜❡❛♠❢♦r♠✐♥❣ ❛❝❝✉r❛❝② ❛♥❞

t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ❜❧♦❝❦✲✇✐s❡ ●❙❈ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② r❡❞✉❝t✐♦♥✳

❈❤❛♣t❡r ■■■ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ❞❛t❛ r❡❝❡✐✈❡❞ ❢r♦♠ s❡♣❛r❛❜❧❡ ❛rr❛②s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✐♥t♦ ❛

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ✉s✐♥❣ t❤❡ t❡♥s♦r ♥♦t❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇✐t❤ t❤❡ ✐♥s✐❣❤ts ❡❛s❡❞ ❜② t❤❡

✉s❡ ♦❢ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡ ✐s ✉s❡❞ t♦ ✈✐rt✉❛❧❧② ✐♥❝r❡❛s❡ t❤❡ ❛♠♦✉♥t

♦❢ s❛♠♣❧❡s ✐♠♣r♦✈✐♥❣ ❜❡❛♠❢♦r♠✐♥❣ ✜❧t❡r q✉❛❧✐t② ❛♥❞ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ■♥

❈❤❛♣t❡r ■■■✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s t❤❡ ❛❞♦♣t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛rr❛② s❡♣❛r❛❜✐❧✐t② ❛❧❧♦✇✐♥❣

❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♦♣❡r❛t✐♦♥s t♦ ✈✐rt✉❛❧❧② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠✲

♣❧❡s✳ ❆❧s♦✱ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♦♣❡r❛t✐♦♥s ❣❡♥❡r❛t❡ ❛ ❣r♦✉♣ ♦❢ s♠❛❧❧❡r ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s

✐♥st❡❛❞ ♦❢ ❛ ❜✐❣ ♦♥❡✱ ✇❤✐❝❤ ✐♥ t✉r♥✱ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❜❛t❝❤ ❛❧❣♦r✐t❤♠s✳
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❈❤❛♣t❡r ■❱ r❡✈✐❡✇s t❤❡ ❝♦♥❝❡♣t ♦❢ ❋■❇s ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s ❛s ❛ ❜❛♥❦ ♦❢ ❋■❇s✳ ❚❤❡

P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❛❧s♦ r❡✈✐❡✇❡❞ ❛♥❞ ✐t ✐s ❛♣♣❧✐❡❞ ✇✐t❤ t❤❡ ❜❛♥❦ ♦❢ ❋■❇s ❝♦♥❝❡♣t✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ ❈❤❛♣t❡r ■❱ ✐s ❝r❡❛t✐♦♥ ♦❢ ❛ ❢r❛♠❡✇♦r❦ t❤❛t ❛♣♣❧✐❡s ❛ ❜❛♥❦ ♦❢ ❋■❇s

✇✐t❤ t❤❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ❛❧s♦ ✐♥❝❧✉❞❡s ❛ ♥♦✈❡❧ ✇❛② t♦ ❝r❡❛t❡ t❤❡

❛❞❛♣t✐✈❡ t❡♥s♦r ❛♥❞ ❛♥ ❛❞❛♣t✐✈❡ ✜❧t❡r ❡st✐♠❛t✐♦♥ st❡♣ ✐s ❛❞❞❡❞ t♦ t❤❡ ❛❞❛♣t✐✈❡ P❆❘❆❋❆❈

tr❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝②✳

❈❤❛♣t❡r ❱ ❡✈❛❧✉❛t❡s t❤❡ ✐♠♣❛❝t ♦❢ ✐♠♣❡r❢❡❝t✐♦♥s ♦♥ ❜❡❛♠❢♦r♠❡rs✳ ■♥ ❈❤❛♣t❡r ❱✱ t❤❡ ❡❢✲

❢❡❝ts ♦❢ t❤❡s❡ ✐♠♣❡r❢❡❝t✐♦♥s ❛r❡ ♠♦❞❡❧❡❞ ✐♥ ❛ ♥♦✈❡❧ ♠❛♥♥❡r ❜② ✉s✐♥❣ t❤❡ ✉♥s❝❡♥t❡❞ tr❛♥s❢♦r✲

♠❛t✐♦♥ ✭❯❚✮✳ ❚❤❡ ♣r♦♣♦s❡❞ ❯❚ ❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ❛ss❡ss♠❡♥t s❤♦✇s ❛ ❝♦♥s✐❞❡r❛❜❧❡ r❡❞✉❝t✐♦♥

✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ❛♥t❡♥♥❛ ❛rr❛② s②st❡♠s✳

❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ❱■ ❞r❛✇s t❤❡ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t t❤✐s ✇♦r❦✳

✶✳✺ ◆♦t❛t✐♦♥

❆❧♦♥❣ t❤✐s ✇♦r❦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✐s ✉s❡❞✳ ❙❝❛❧❛rs ❛r❡ ❞❡♥♦t❡❞ ❜② ❧♦✇❡r✲❝❛s❡ ❧❡tt❡rs

(a, b, · · · )✱ ✈❡❝t♦rs ❛r❡ ✇r✐tt❡♥ ❛s ❜♦❧❞❢❛❝❡ ❧♦✇❡r✲❝❛s❡ ❧❡tt❡rs (a,b, · · · )✱ ♠❛tr✐❝❡s ❛s ❜♦❧❞❢❛❝❡

❝❛♣✐t❛❧s (A,B, · · · )✱ ❛♥❞ t❡♥s♦rs ❛s ❜♦❧❞❢❛❝❡ ❝❛❧❧✐❣r❛♣❤✐❝ ❧❡tt❡rs (A,B, · · · )✳ ❚❤❡ s✉♣❡rs❝r✐♣ts
❚,❍✱ ❛♥❞ ∗ r❡♣r❡s❡♥t tr❛♥s♣♦s❡✱ ❍❡r♠✐t✐❛♥ tr❛♥s♣♦s❡ ❛♥❞ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ ❛ ♠❛tr✐①✱

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♥♦t❛t✐♦♥ A(:, ✐) ∈ C
R×1 r❡♣r❡s❡♥ts ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ❞❡♥♦t✐♥❣ t❤❡ i✲t❤

❝♦❧✉♠♥ ♦❢ A ∈ C
R×I ✳ ❚❤❡ ♦♣❡r❛t♦r ✈❡❝(A) r❡s✉❧ts ✐♥ ❛ ✈❡❝t♦r ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ t❤❡ ❝♦❧✉♠♥s

♦❢ t❤❡ ♠❛tr✐①A ♦♥❡ ♦♥ t♦♣ ♦❢ t❤❡ ♦t❤❡r✳ ❚❤❡ ♥♦t❛t✐♦♥ [TTT ](r) ✐s t❤❡ r✲♠♦❞❡ ♠❛tr✐① ✉♥❢♦❧❞✐♥❣ ♦❢

TTT ❛♥❞ T ×rA ✐s t❤❡ r−t❤ ♠♦❞❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ t❡♥s♦r T ❛♥❞ t❤❡ ♠❛tr✐①A✳ ▼♦r❡♦✈❡r✱

t❤❡ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ❛♥❞ ♦✉t❡r ♣r♦❞✉❝t ♦♣❡r❛t♦rs ❛r❡ ❞❡♥♦t❡❞ ❜② ⊗ ❛♥❞ ◦✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❑❤❛tr✐✲❘❛♦ ♦♣❡r❛t♦r ❞❡♥♦t❡❞ ❛s ⋄ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦❧✉♠♥✲✇✐s❡ ❑r♦❡♥❡❝❦❡r ♣r♦❞✉❝t✳❚❤❡

♦♣❡r❛t♦r E{·} st❛♥❞s ❢♦r t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦♣❡r❛t✐♦♥✳
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❙✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ✐s ❛♥ ✐♠♣♦rt❛♥t ✜❡❧❞ ✐♥ ♠❛♥② ❛r❡❛s s✉❝❤ ❛s s❛t❡❧❧✐t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❬✺✱✼❪✱

♥❛✈✐❣❛t✐♦♥ ❬✼✼❪✱ s♣❡❡❝❤ ❬✸✱ ✶✵✱ ✶✶✱ ✼✽❪✱ ❘❆❉❆❘ ❬✽✼❪ ❛♥❞ ♠❛♥② ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s ✐♥✲

❝❧✉❞✐♥❣ ❛♥t❡♥♥❛ ❛rr❛② ❝♦♠♠✉♥✐❝❛t✐♦♥s ❬✻✱✹✼✱✻✹❪✱ ✐♥ ✇❤✐❝❤ ❜❡❛♠❢♦r♠✐♥❣ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t

r♦❧❡ ❬✹✽✱ ✻✾✱ ✽✵✱ ✽✼❪✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❞❛♣t❛t✐♦♥s ♦❢ ❉✐r❡❝t✐♦♥ ♦❢ ❆rr✐✈❛❧

✭❉❖❆✮ ❡st✐♠❛t✐♦♥ s❝❤❡♠❡s ❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s ❬✷✺✱ ✷✽✱ ✹✹❪✱ s✐♥❝❡ t❤❡ ❉❖❆ ✐♥❢♦r♠❛✲

t✐♦♥ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❜❡❛♠❢♦r♠❡r✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ s✉❝❤ ❝♦♥str❛✐♥ts ❧❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣✲

♠❡♥t ♦❢ ❜❡❛♠❢♦r♠❡rs s✉❝❤ ❛s t❤❡ ❉✐r❡❝t ❋♦r♠ Pr♦❝❡ss♦r ✭❉❋P✮✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ▲✐♥✲

❡❛r❧② ❈♦♥str❛✐♥❡❞ ▼✐♥✐♠✉♠ ❱❛r✐❛♥❝❡ ✭▲❈▼❱✮ ❛♥❞ ▲✐♥❡❛r❧② ❈♦♥str❛✐♥❡❞ ❈♦♥st❛♥t ▼♦❞✉❧✉s

✭▲❈❈▼✮ ❬✽✹❪✱ ❛♥❞ t❤❡ ●❡♥❡r❛❧✐③❡❞ ❙✐❞❡❧♦❜❡ ❈❛♥❝❡❧❡r ✭●❙❈✮ ❬✹✼❪✳ ❋♦r r❡❛❧ t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✱

t❤❡ ♥❡❝❡ss✐t② ❢♦r ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s ❣r♦✇s ❛♥❞✱ ✇✐t❤ t❤✐s ♥❡❡❞✱ ❛❞❛♣t✐✈❡ ✈❡rs✐♦♥s ♦❢ t❤❡

●❙❈ ✇❡r❡ ♣r♦♣♦s❡❞ ✐♥ ❡❛r❧✐❡r ✇♦r❦s ❬✷✸✱✽✹✱✽✺❪✳

❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ ❛ s❡♥s♦r ❛rr❛② ✐s ❤✐❣❤ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❛r❡

♠♦r❡ ❛♥t❡♥♥❛s ❛t t❤❡ r❡❝❡✐✈❡r t❤❛♥ ✉s❡rs✱ ❡✳❣✳ ✐♥ ❢✉t✉r❡ ✺● ♥❡t✇♦r❦s✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s s✉✛❡r

❢r♦♠ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐♥❝r❡❛s❡✳ ❚❤❡r❡❢♦r❡✱ r❡❝❡♥t❧②✱ ❛❞❛♣t✐✈❡ r❡❞✉❝❡❞ r❛♥❦ ❉❋P

❛♥❞ ●❙❈ s❝❤❡♠❡s ✇❡r❡ ❛❧s♦ ♣r♦♣♦s❡❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❛❞❛♣t✐✈❡

✜❧t❡rs✳ ❚❤❡ r❛♥❦ r❡❞✉❝t✐♦♥ st❡♣ ❛❧s♦ ❤❛s ❛ ♥♦✐s❡ r❡♠♦✈❛❧ ❡✛❡❝t✱ t❤✉s s❤♦✇✐♥❣ ❛♥ ❡♥❤❛♥❝❡❞

♣❡r❢♦r♠❛♥❝❡ ❬✽✹✱✽✺❪✳ ❚❤❡s❡ ✇♦r❦s ✉s❡ t❤❡ ❝♦♥st❛♥t ♠♦❞✉❧✉s ✭❈▼✮ ❝♦st ❢✉♥❝t✐♦♥ ❬✷✸❪ ❞✉❡ t♦

✐ts ✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝② ❢♦r ❝♦♥st❛♥t ❡♥✈❡❧♦♣❡ s✐❣♥❛❧s✳ ❨❡t✱ ❛❞❛♣t✐✈❡ ❜❡❛♠❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡s

✉s✐♥❣ t❤❡ ●❙❈ ✉s✉❛❧❧② ❛ss✉♠❡ ✉♥❝♦rr❡❧❛t❡❞ ✇❤✐t❡ ♥♦✐s❡ ✐♥ t❤❡ r❡❝❡✐✈❡rs✱ ✇❤✐❝❤ ✐s ♥♦t r❡❛❧✐st✐❝

s✐♥❝❡ ♥♦✐s❡ ✐s ✉s✉❛❧❧② ❝♦❧♦r❡❞✱ ✐✳❡✳ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ❬✷✺❪✳

❋♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✱ ♣r❡✇❤✐t❡♥✐♥❣ s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ✐♥ ❝♦♠✲

❜✐♥❛t✐♦♥ ✇✐t❤ ❉❖❆ ❡st✐♠❛t✐♦♥ ❬✷✽✱ ✹✹❪ ❛♥❞ ❛✉❞✐♦ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ s❝❤❡♠❡s ❬✹✺❪✳ ❚❤❡

♣r❡✇❤✐t❡♥✐♥❣ s❝❤❡♠❡s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ st♦❝❤❛st✐❝ ❬✹✹✱✹✺❪ ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❬✷✽❪✳

■♥ ❞❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣✱ t❤❡ ♥♦✐s❡ ♠❛② ❤❛✈❡ ❛ s♣❡❝✐✜❝ str✉❝t✉r❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞✱
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✇❤✐❧❡ ✐♥ t❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣✱ ♥♦ str✉❝t✉r❡ ✐s ❛ss✉♠❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ ❛❧s♦ ♠✉❧✲

t✐❞✐♠❡♥s✐♦♥❛❧ ♣r❡✇❤✐t❡♥✐♥❣ s❝❤❡♠❡s ❢♦r t❤❡ ❝❛s❡ t❤❛t t❤❡ ❞❛t❛ ❤❛s ❛ t❡♥s♦r str✉❝t✉r❡ ❬✷✻❪✳

■♥ t❤✐s ✇♦r❦✱ t❤❡ ❧❡❛st ♠❡❛♥ sq✉❛r❡s ●❙❈ ✭▲▼❙✲●❙❈✮ ❛♥❞ t❤❡ ❘❡❞✉❝❡❞ ❘❛♥❦ ▲▼❙✲●❙❈

✭❘❘✲▲▼❙✲●❙❈✮ ❛r❡ ❡①t❡♥❞❡❞ ❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛ ♣r❡✇❤✐t❡♥✐♥❣

st❡♣✳ ❚❤❡ ♣r❡✇❤✐t❡♥❡❞ ●❙❈ s❝❤❡♠❡s ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❬✷✽❪ ❛♥❞

t❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❬✹✹✱✹✺❪ ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ ✐s ✉s✉❛❧❧② ❝♦♥❝❡♥tr❛t❡❞

✐♥ ❝❡rt❛✐♥ ❞✐r❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t♦ ❢✉rt❤❡r ❡♥❤❛♥❝❡ t❤❡ ●❙❈✱ t❤❡ ❱❛♥❞❡r♠♦♥❞❡ ■♥✈❛r✐❛♥❝❡

❚r❛♥s❢♦r♠❛t✐♦♥ ✭❱■❚✮ ❬✺✶❪ ✐s ❛❧s♦ ❛♣♣❧✐❡❞ ❛s ❛ ♣r❡♣r♦❝❡ss✐♥❣ st❡♣✳ ❚❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ ❝❛♥

❜❡ ❛❧s♦ ❝♦♥❝❡♥tr❛t❡❞ ❝❧♦s❡ t♦ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❞✐r❡❝t✐♦♥✱ t❤❡r❡❢♦r❡ ❛ ♣r❡✇❤✐t❡♥✐♥❣ st❡♣ ✐s

❛❧s♦ st✐❧❧ ♥❡❡❞❡❞ ❛❧♦♥❣ t❤❡ ❱■❚✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ♥❡❡❞s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♦♥❡

❙❱❉ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣✱ t❤❡

❜❧♦❝❦✲✇✐s❡ r❡❞✉❝❡❞ r❛♥❦ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ●❙❈ ✭❇❲✲❘❘✲●❙❈✮ ❜❡❛♠❢♦r♠❡r ✐s ♣r♦♣♦s❡❞✳

❚❤✐s ❝❤❛♣t❡r ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❢♦✉r s❡❝t✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✳ ❙❡❝t✐♦♥ ✷✳✶ ❞❡s❝r✐❜❡s

t❤❡ ✉s❡❞ ❞❛t❛ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❜❡❛♠❢♦r♠❡rs ❛r❡ r❡✈✐❡✇❡❞✳ ■♥

❙❡❝t✐♦♥ ✷✳✸ ❛ ❤✐❣❤ ❛❝❝✉r❛❝② ❛♥❞ ❧♦✇ ❝♦♠♣❧❡①✐t② ●❙❈ s❝❤❡♠❡s ❛r❡ ♣r♦♣♦s❡❞ ❜② ✐♥❝♦r♣♦r❛t✐♥❣

♣r❡✇❤✐t❡♥✐♥❣ st❡♣s✱ t❤❡ ❱■❚ ❛♥❞ ❛ ❜❧♦❝❦✲✇✐s❡ ♠♦❞✐✜❝❛t✐♦♥ ❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✳ ■♥

❙❡❝t✐♦♥ ✷✳✹✱ s✐♠✉❧❛t✐♦♥s ❛r❡ s❤♦✇♥ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ❞r❛✇♥✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✷✳✺ ♠❛❦❡s

t❤❡ ❝♦♥❝❧✉s✐♦♥s✳

✷✳✶ ❉❛t❛ ▼♦❞❡❧

❲❡ ❛ss✉♠❡ t❤❛t d s♦✉r❝❡s ❛r❡ tr❛♥s♠✐tt✐♥❣ ❞✐✛❡r❡♥t s②♠❜♦❧s ❛t t❤❡ n✲t❤ t✐♠❡ ✐♥st❛♥t✳ ❙✐♥❝❡

t❤❡ s♦✉r❝❡s ❛r❡ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ r❡❝❡✐✈❡r✱ t❤❡ ♥❛rr♦✇❜❛♥❞ ✇❛✈❡ ❢r♦♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ♣❧❛♥❛r✳

❆ ✉♥✐❢♦r♠ ❧✐♥❡❛r ❛rr❛② ✭❯▲❆✮ ✐s ❛ss✉♠❡❞ ❛♥❞ ❝♦♥t❛✐♥s M ✐s♦tr♦♣✐❝ s❡♥s♦r ❡❧❡♠❡♥ts ✇✐t❤ ❛♥

✐♥t❡r✲❡❧❡♠❡♥t s♣❛❝✐♥❣ ♦❢ ∆ ✇❛✈❡❧❡♥❣t❤s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡❝❡✐✈❡❞ s②♠❜♦❧s ❛r❡ ♠❛t❤❡♠❛t✐❝❛❧❧②

r❡♣r❡s❡♥t❡❞ ❛s

x(t) = a(θ0)s(t) +Aint(θint)sint(t) + n(c)(t), ✭✷✳✶✮

✇❤❡r❡ x(t) = [x0(t), . . . , xM−1(t)]
T ✐s t❤❡ ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ r❡❝❡✐✈❡❞ s②♠❜♦❧s ❛t t✐♠❡

✐♥st❛♥t t✱ s(t) ✐s t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧✱ sint(t) ✐s ❛ ✈❡❝t♦r ✇✐t❤ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s②♠❜♦❧s ❢r♦♠ t❤❡

d− 1 ✐♥t❡r❢❡r❡s ❛♥❞ n(c)(t) ❝♦♥t❛✐♥s ❝♦❧♦r❡❞ ♥♦✐s❡ s❛♠♣❧❡s ❛t t❤❡ s❡♥s♦r ❡❧❡♠❡♥ts✳ ◆♦t❡ t❤❛t

n(c)(t) = Ln(t)✱ ✇❤❡r❡ n(t) ❝♦♥t❛✐♥s ✐✳✐✳❞✳ ♥♦✐s❡ s❛♠♣❧❡s ✇✐t❤ ❝✐r❝✉❧❛r❧② s②♠♠❡tr✐❝ ❝♦♠♣❧❡①

●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ♠❛tr✐① L ∈ C
M×M st❛♥❞s ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢❛❝t♦r ♠❛tr✐①✳

❋♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ L ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① t❤❡ ♥♦✐s❡ ❜❡❝♦♠❡s ✇❤✐t❡ ❛t t❤❡ s❡♥s♦rs✳

❚❤❡ ✈❡❝t♦r a(θ0) ✐s t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r ✇✐t❤ ❛ ❱❛♥❞❡r♠♦♥❞❡ str✉❝t✉r❡

a(θ0) = [1, ejφ0 , ej2φ0 , . . . , ej(M−1)φ0 ]T, ✭✷✳✷✮



✷✳✷ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚ ❇❊❆▼❋❖❘▼❊❘❙ ✷✺

✇❤❡r❡ θ0 ✐s t❤❡ ❛③✐♠✉t❤ ♦❢ t❤❡ ❉❖❆ ❛♥❞ j =
√
−1✳ ❚❤❡ ♠❛tr✐① Aint(θint) ✐s t❤❡ st❡❡r✐♥❣

♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ st❡❡r✐♥❣ ✈❡❝t♦rs ♦❢ t❤❡ ✐♥t❡r❢❡r✐♥❣ s✐❣♥❛❧s

Aint(θint) =























1 1 . . . 1

ejφ1 ejφ2 . . . ejφd−1

ej2φ1 ej2φ2 . . . ej2φd−1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

ej(M−1)φ1 ej(M−1)φ2 . . . ej(M−1)φd−1























∈ C
M×d−1, ✭✷✳✸✮

✇❤❡r❡ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❉❖❆s ❛r❡ ❝♦♠♣r✐s❡❞ ✐♥ t❤❡ ✈❡❝t♦r θint ∈ C
d−1×1 ❛♥❞ t❤❡ ❉❖❆s ❛r❡

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s♣❛t✐❛❧ ❢r❡q✉❡♥❝✐❡s✱ ✐✳❡✳ s♣❛t✐❛❧❧② r❡❧❛t❡❞ ♣❤❛s❡ ❞❡❧❛②s✱ φ0 = −2π∆sin θ0

❛♥❞ φint = −2π∆sinθint ∈ C
d−1×1✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛ss✉♠✐♥❣ ❛ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ✐♥ ✇❤✐❝❤ ❛t t✐♠❡ t ❛ s♥❛♣s❤♦t ♦❢ t❤❡ ❝✉rr❡♥t

❛♥❞ t❤❡ N − 1 ♣r❡✈✐♦✉s❧② tr❛♥s♠✐tt❡❞ s②♠❜♦❧s ❛r❡ ❛❧❧♦❝❛t❡❞ ✐♥t♦ ❛ ✈❡❝t♦r s ❛♥❞ ❝♦❧❧❡❝t✐♥❣

t❤❡ ✐♥t❡r❢❡r✐♥❣ s✐❣♥❛❧s ✐♥t♦ ❛ ♠❛tr✐① Sint(t) ∈ C
N×d−1✱ t❤❡ ♠♦❞❡❧ ✐s r❡✇r✐tt❡♥ ✐♥ ❛ ❝♦♠♣❛❝t

❢♦r♠❛t

X(t) = a(θ)s
T(t) +Aint(θint)S

T
int(t) +N

(c) ∈ C
M×N , ✭✷✳✹✮

✇❤❡r❡ X(t) = [x(t − N + 1), . . . ,x(t)] ❛♥❞ N(c) = L ·N ∈ C
M×N ✳ ❚❤❡ ♠❛tr✐① N ∈ C

M×N

❝♦♥t❛✐♥s t❤❡ N ✇❤✐t❡ ♥♦✐s❡ s❛♠♣❧❡s ❢♦r ❛❧❧ M s❡♥s♦rs ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s X ❝♦♥t❛✐♥s N

s✐❣♥❛❧ ♣❧✉s ♥♦✐s❡ s❛♠♣❧❡s ❢r♦♠ t❤❡ M s❡♥s♦rs✳ ❚❤❡ ✈❛r✐❛❜❧❡ s(t) ∈ C
N×1 ❤❛s t❤❡ N ❧❛t❡st

s❛♠♣❧❡s ❢♦r t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❛♥❞ Sint(t) ∈ C
N×d−1 ❤❛s t❤❡ N ❧❛t❡st s❛♠♣❧❡s ❢♦r t❤❡ d − 1

✐♥t❡r❢❡r✐♥❣ s♦✉r❝❡s✳

❍❡r❡✱ t❤❡ r❡❝❡✐✈❡❞ s②♠❜♦❧s X(t) ❛♥❞ t❤❡ ❉❖❆ ♦❢ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ θ0 ❛r❡ ❛ss✉♠❡❞ ❛s

❦♥♦✇♥ ❜② t❤❡ r❡❝❡✐✈❡r ❛♥❞ ✐t ✐s ❞❡s✐r❡❞ t♦ ✜♥❞ ŝ(t)✱ ✇❤✐❝❤ ✐s ❛♥ ❡st✐♠❛t❡ ♦❢ s(t)✳ ❚♦ ✜♥❞ t❤❡

❉❖❆✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✶✱✷✺✱✷✽✱✹✹❪ ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ♣♦s✐t✐♦♥

♦❢ t❤❡ tr❛♥s♠✐tt❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❝❡✐✈❡r ✐s ❦♥♦✇♥✳

✷✳✷ ❙t❛t❡✲♦❢✲t❤❡✲❛rt ❜❡❛♠❢♦r♠❡rs

✷✳✷✳✶ ❇❛t❝❤ ●❙❈

❚❤❡ ●❙❈ ❛❧❣♦r✐t❤♠ t✉r♥s ❛ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠ ✐♥t♦ ❛♥ ✉♥❝♦♥str❛✐♥❡❞ ♦♥❡ ❜② ✐♥tr♦❞✉❝✐♥❣

❛ ❜❧♦❝❦✐♥❣ ♠❛tr✐①✱ ✇❤✐❝❤ ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ❝♦♥str❛✐♥t a(θ0)✳ ■♥ t❤✐s ❝❛s❡✱

t❤❡ ❝♦♥str❛✐♥t ✐s ❢♦r♠❡❞ ❜❛s❡❞ ♦♥ t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r ♦❢ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧✱ ❢♦r♠❡❞ ✇✐t❤ t❤❡

❉❖❆ ❡st✐♠❛t❡✳

❚❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ ❬✹✵❪ ❜❧♦❝❦ ❞✐❛❣r❛♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✳
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+

-

+

❋✐❣✉r❡ ✷✳✶✿ ❇❛t❝❤ ●❙❈ ❜❧♦❝❦ ❞✐❛❣r❛♠

❋✐rst✱ ✐♥ t❤❡ ✉♣♣❡r ♣❛rt ♦❢ ❋✐❣✉r❡ ✷✳✶✱ t❤❡ s✐❣♥❛❧ d(t) = aH(θ0)x(t) ✐s ❡①tr❛❝t❡❞ ❜② ❛ ❞❡❧❛②

❛♥❞ s✉♠ ✜❧t❡r a(θ0) ✇✐t❤ t❛♣s ❝♦♠♣✉t❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✭✷✳✸✮ ❛♥❞ st❡❡r❡❞ ✐♥ t❤❡

❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ s(t)✳ ❚❤✐s s✐❣♥❛❧ ✐s ❝♦♥s✐❞❡r❡❞ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧✱ t❤✉s t❤❡ ♥♦t❛t✐♦♥

d(t)✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ d − 1 s✐❣♥❛❧s ❛r❡ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s✐❣♥❛❧s ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ ❙❡❝t✐♦♥

✷✳✶✳

■♥ t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ ❋✐❣✉r❡ ✷✳✶✱ ❛ ❜❧♦❝❦✐♥❣ ♠❛tr✐①B ∈ C
(M−1)×M ✱ s✉❝❤ t❤❛tB·a(θ0) = 0✱

✐s ✉s❡❞ t♦ ❡①tr❛❝t t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s✐❣♥❛❧s xB(t) = B·x(t)✳ ❈♦♥s❡q✉❡♥t❧②✱ B ❜❧♦❝❦s t❤❡ ❞❡s✐r❡❞

s✐❣♥❛❧ ❛♥❞ ❧❡ts ✐❞❡❛❧❧② ♦♥❧② Aint(θint)sint(t) ♣❛ss✳ ❉❡t❛✐❧s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦✐♥❣

♠❛tr✐① B ❛r❡ s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ✻✳✷✳ ■♥ ❛♥ ✐❞❡❛❧ s②st❡♠✱ t❤❡ ✜❧t❡r w ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡

❲✐❡♥❡r s♦❧✉t✐♦♥ ♦❢ |d(t)−wHxB(t)|2 t♦ ❣✐✈❡ ❛♥ ✐♥t❡r❢❡r❡♥❝❡✲r❡♠♦✈✐♥❣✱ ♦r s✐❞❡❧♦❜❡ ❝❛♥❝❡❧❧❡r✱

✜❧t❡r✿

w = R−1
xB

rxBd, ✭✷✳✺✮

✇❤❡r❡✱ RxB
❛♥❞ rxBd ❛r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ xB(t) ❛♥❞ t❤❡ ❝r♦ss ❝♦rr❡❧❛t✐♦♥ ✈❡❝t♦r

❜❡t✇❡❡♥ xB(t) ❛♥❞ d(t)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t♦t❛❧ ✜❧t❡r ✐s

wgsc = a(θ0)−BHw, ✭✷✳✻✮

t❤✉s t❤❡ ❧❡❢t✲❤❛♥❞ ♣❛rt ♦❢ ❋✐❣✉r❡ ✷✳✶ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ a(θ0) ❛♥❞ B ❛r❡ t❤❡ st❛t✐❝ ♣❛rt ♦❢ t❤❡

s②st❡♠ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ ♣❛rt ❝♦rr❡s♣♦♥❞✐♥❣ t♦ w ✐s ❛❞❛♣t✐✈❡✳

❚❤❡ ❜❛t❝❤ ●❙❈ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✷✳✺✱ ❜✉t r❡♣❧❛❝❡s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ ❝r♦ss

❝♦rr❡❧❛t✐♦♥ ✇✐t❤ t❤❡✐r ❡st✐♠❛t❡s ✉s✐♥❣ N s❛♠♣❧❡s✿

R̂−1
xB

=
1

N
BX(t)XH(t)BH, ✭✷✳✼✮

r̂xBd =
1

N
BX(t)d(t)∗, ✭✷✳✽✮

✇❤❡r❡ d(t) = [d(t−N +1), . . . , d(t)]T✳ ❚❤❡ ❜❛t❝❤ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡✐t❤❡r ❛❞❛♣t❡❞ s♥❛♣s❤♦t

❜② s♥❛♣s❤♦t ✈✐❛ ❛ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ♦r ✐♥ ❛ ❜❧♦❝❦✲✇✐s❡ ♠❛♥♥❡r ❜② st♦r✐♥❣ s♥❛♣s❤♦ts✳



✷✳✷ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚ ❇❊❆▼❋❖❘▼❊❘❙ ✷✼

✷✳✷✳✷ ▲❡❛st ▼❡❛♥ ❙q✉❛r❡s ●❙❈ ✭▲▼❙✲●❙❈✮

❚❤❡ ▲❡❛st ▼❡❛♥ ❙q✉❛r❡s ●❙❈ ✭▲▼❙✲●❙❈✮ ✐s s✐♠✐❧❛r t♦ t❤❡ ❜❛t❝❤ ●❙❈ ❡①❝❡♣t t❤❛t t❤❡

❝♦rr❡❧❛t✐♦♥ ❛♥❞ ❝r♦ss ❝♦rr❡❧❛t✐♦♥ ❛r❡ r♦✉❣❤❧② ❡st✐♠❛t❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ s♥❛♣s❤♦t✳ ■♥ ❋✐❣✳

✷✳✷✱ t❤❡ ✐♥♣✉t s✐❣♥❛❧ x(t) ♣❛ss❡s t❤r♦✉❣❤ ❛ ❜❡❛♠ ♣♦✐♥t❡❞ ❛t t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❞✐r❡❝t✐♦♥ θ0

❣❡♥❡r❛t✐♥❣ d(n) = aH(θ0)x(t)✳ ❚❤❡ s❛♠❡ ✐♥♣✉t s✐❣♥❛❧ ❛❧s♦ ♣❛ss❡s t❤r♦✉❣❤ ❛ ❜❧♦❝❦✐♥❣ ♠❛tr✐①

B ✇❤✐❝❤ ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ❝♦♥str❛✐♥t a(θ0)✳ ❚❤❡ ✜❧t❡r w s❤♦✉❧❞ t❤❡♥ ❜❡

❛❞❥✉st❡❞ s♦ t❤❛t ✐t ❣❡♥❡r❛t❡s t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s✐❣♥❛❧ y(t) t❤❛t ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❞❡s✐r❡❞

s✐❣♥❛❧ d(t)✳ +- +adaptive algorithm
❋✐❣✉r❡ ✷✳✷✿ ▲▼❙✲●❙❈ ❜❧♦❝❦ ❞✐❛❣r❛♠

■♥ ❋✐❣✳ ✷✳✷✱ y(t) ✐s ❣✐✈❡♥ ❜②

y(n) = wHxB(n), ✭✷✳✾✮

✇❤❡r❡ xB(n) = Bx(t)✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷✱ t❤❡ ❡rr♦r s✐❣♥❛❧ e(t) ✐s ✉s❡❞ ❜② t❤❡ ❛❞❛♣t✐✈❡

❛❧❣♦r✐t❤♠ t♦ ❛❞❥✉stw✳ ❖♥❝❡w ❝♦♥✈❡r❣❡s✱ ŝ(t) = e(t)✳ ◆♦t❡ t❤❛t e(t) ✐s ❢r❡❡ ❢r♦♠ ✐♥t❡r❢❡r❡♥❝❡

✐s ❛❧s♦ t❤❡ s②st❡♠✬s ♦✉t♣✉t s✐❣♥❛❧✳

❚❤❡ ❛❞❛♣t❛t✐♦♥ ♦❢ w ✐s ❝♦♠♣✉t❡❞ ✈✐❛ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦st ❢✉♥❝t✐♦♥

Jlms(w) = E
{

|d(t)−wHxB(t)|2
}

✭✷✳✶✵✮

✇❤✐❝❤ ❣✐✈❡s t❤❡ ✉♣❞❛t❡ r✉❧❡ ❢♦r t❤❡ ❛❞❛♣t✐✈❡ ♣❛rt

w(t+ 1) = w(t) + µlms∇wJlms(w) ✭✷✳✶✶✮

✇✐t❤ µlms ❜❡✐♥❣ t❤❡ st❡♣ s✐③❡ ❢♦r t❤❡ ▲▼❙✲●❙❈✳

❲❡ ✉s❡ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❡st✐♠❛t❡s R̂xx = x(n)xH(n) ❛♥❞ r̂dx = d(n)x(n) ❬✹✼❪ t♦ ✜♥❞ t❤❡

st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t✿

∇̂wJlms = 2Bx(t)xH(t)BHw − 2Bd(t)x(t). ✭✷✳✶✷✮
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◆♦✇ t❤❡ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ✐s ✐♥s❡rt❡❞ ✐♥t♦ ▲▼❙ ✉♣❞❛t❡ r✉❧❡ ❢♦r t❤❡ ●❙❈ ❬✹✼❪✿

w(n+ 1) = w(n) + µlmsBx(n)xH(n)
(

a(θ0)−BHw
)

. ✭✷✳✶✸✮

✷✳✷✳✸ ❘❡❞✉❝❡❞ ❘❛♥❦ ▲❡❛st ▼❡❛♥ ❙q✉❛r❡s ●❙❈ ✭❘❘✲▲▼❙✲●❙❈✮

❘❡❣✉❧❛r ▲▼❙ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ t♦ ❤❛✈❡ ❛ s❧♦✇ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ❤✐❣❤ ♥✉♠❜❡r

♦❢ s❡♥s♦r ❡❧❡♠❡♥ts M ❬✽✺❪✳ ❚♦ ♦✈❡r❝♦♠❡ t❤❡s❡ ❞r❛✇❜❛❝❦s✱ ❛ r❡❞✉❝❡❞ r❛♥❦ ✭❘❘✮ ❛❞❛♣t✐✈❡

❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ●❙❈ s❝❤❡♠❡ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✽✹✱ ✽✺❪ ❛♥❞ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✸✳ ❚❤❡-+ +adaptive algorithm
❋✐❣✉r❡ ✷✳✸✿ ❘❘✲▲▼❙✲●❙❈ ❜❧♦❝❦ ❞✐❛❣r❛♠

♣r♦❝❡ss ✐s s✐♠✐❧❛r t♦ t❤❛t ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷✱ ❡①❝❡♣t t❤❛t t❤❡ ❜❧♦❝❦❡❞ s✐❣♥❛❧ ♣❛ss❡s

t❤r♦✉❣❤ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① T ∈ C
(M−1)×r t❤❛t ♣❡r❢♦r♠s ❛ ❞✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥

♣r✐♦r ❢r♦♠ ❜❡✐♥❣ ✜❧t❡r❡❞ ❜② ❛ r❡❞✉❝❡❞ ✜❧t❡r✳ ❆s ❞❡r✐✈❡❞ ✐♥ ❬✷✸❪✱ x̃(t) = e∗rr(t)x(t) ✐s ✉s❡❞

✐♥st❡❛❞ ♦❢ x(t) ❢♦r t❤❡ ✐♥♣✉t s✐❣♥❛❧✱ ✇❤❡r❡ err(t) = wH(t)x(t) ✐s t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ❢♦r t❤❡

❘❘ ❛❧❣♦r✐t❤♠ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ s✉❜s❝r✐♣t ❛♥❞ w(t) = a(θ0)−BHT(t)w(t)✳ ❚❤❡ ❈▼ ❡rr♦r

❛♥❞ ✐ts q✉❛❞r❛t✐❝ ♠❡❛♥ ❞❡s❝r✐❜❡s t❤❡ ❈▼ ❝♦st ❢✉♥❝t✐♦♥✿

Jcm(w) = E
{

|wHx̃(t)− ν|2
}

, ✭✷✳✶✹✮

✇❤❡r❡ ν ✐s ❝♦♥st❛♥t s❡t t♦ ✶ ❢♦r ✉♥✐t ✈❛r✐❛♥❝❡ s✐❣♥❛❧s✳ ❚❤❡ ✜❧t❡r w ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥

t❡r♠s ♦❢ t✐♠❡ ❡✈♦❧✈✐♥❣ T(t) ❛♥❞ w(t) ❢♦r t❤❡ ❛❞❛♣t❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✉s✱ t❤❡ ❡①♣❛♥❞❡❞ ❝♦st

❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s

Jcm
(

T(t),w(t)
)

= E
{

|[a(θ0)−BHT(t)w(t)]Hx̃(t)− ν|2
}

, ✭✷✳✶✺✮

✇✐t❤ w(t) ❜❡✐♥❣ t❤❡ r❡❞✉❝❡❞ r❛♥❦ ✜❧t❡r ♦❢ s✐③❡ r✱ ✇❤❡r❡ d ≤ r < M ✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥

❜❡ ❝❧❡❛r❧② s❡❡♥ t❤❛t t❤❡r❡ ✐s ❛ tr❛❞❡ ♦✛ ❜❡t✇❡❡♥ t❤❡ r❡❞✉❝❡❞ r❛♥❦ s✐③❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❆s s❤♦✇♥ ✐♥ ❬✽✹✱ ✽✺❪✱ t❤❡ ❝❤♦✐❝❡ ♦❢ r ❢♦r ✈❛❧✉❡s ❡q✉❛❧ ♦r s❧✐❣❤t❧②

❛❜♦✈❡ d ❣✐✈❡s t❤❡ ❜❡st r❡s✉❧ts✱ ✇❤❡r❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ d ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② s❡✈❡r❛❧

♠❡t❤♦❞s ❬✷✼✱ ✷✾✱ ✸✵❪✳ ❚❤❡ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝♦st ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦
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T(t) ❛♥❞ w(t) ❣✐✈❡s t❤❡✐r ▲▼❙ ✉♣❞❛t❡ r✉❧❡s r❡s♣❡❝t✐✈❡❧②

T(t+ 1) = T(t) + µTe
∗
cm(t)x̃B(t)w

H(t), ✭✷✳✶✻✮

w(t+ 1) = w(t) + µwe
∗
cm(t)xB(t), ✭✷✳✶✼✮

✇❤❡r❡ ecm = 1−w(t)Hx̃(t) ✐s t❤❡ ❈▼ ❡rr♦r✳ ❆❧s♦ ♥♦t❡ t❤❛t ❛ ♥❡✇ ✈❛r✐❛❜❧❡ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥

✭✷✳✶✼✮ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜❧t❡r ✐♥♣✉t s✐❣♥❛❧ xB(t) = THx̃B(t)✱ ✐✳❡✳ ❛❢t❡r t❤❡ ❜❧♦❝❦❡❞

s✐❣♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥✳

✷✳✸ Pr♦♣♦s❡❞ ❙♦❧✉t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ❞✐✛❡r❡♥t ✈❛r✐❛t✐♦♥s ❢♦r t❤❡ ♣r❡✇❤✐t❡♥❡❞ ❛❞❛♣t✐✈❡ ●❙❈ ❛♥❞ ♣r❡✇❤✐t❡♥❡❞ ❛❞❛♣✲

t✐✈❡ ❘❘✲●❙❈ ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡ ❍✐❣❤ ❆❝❝✉r❛❝② ❙t♦❝❤❛st✐❝ Pr❡✇❤✐t❡♥✐♥❣ ✭❍❆❙P✮ ♠❡t❤♦❞

t❤❛t ♠❛❦❡s ✉s❛❣❡ ♦❢ ♦♥❡ ❙❱❉ ♣❡r s❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✳ ❚❤❡ ❱■❚ ✐s ❛❧s♦ ✉s❡❞

❛❧♦♥❣ t❤❡ ❍❆❙P t♦ ❝r❡❛t❡ t❤❡ ❱■❚✲❍❆❙P s♦❧✉t✐♦♥✳ ■♥ t❤❡ ♣❤❛s❡ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❱■❚

❦❡❡♣s t❤❡ ❱❛♥❞❡r♠♦♥❞❡ str✉❝t✉r❡ ✐♥ ❛ ❞❡s✐r❡❞ ❞✐r❡❝t✐♦♥ ❛♥❞ ❝❤❛♥❣❡s t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡

✐♥t❡r❢❡r❡♥t s♦✉r❝❡s✳ ❋r♦♠ t❤❡ s♣❛t✐❛❧ ♣♦✇❡r s❡♥s❡✱ ✐t ❛❝ts ❛s ❜❡❛♠❢♦r♠❡r ❝♦♥s❡r✈✐♥❣ ♣♦✇❡r

❛t ❛ ❞✐r❡❝t✐♦♥ ♦❢ ✐♥t❡r❡st ❛♥❞ r❡❞✉❝❡s t❤❡ ♣♦✇❡r ✐♥ ♦t❤❡r ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❱■❚ r❡s✉❧ts ✐♥

❛ ✈✐rt✉❛❧ ❛rr❛② t❤❛t ✐s ❢✉rt❤❡r ✉s❡❞ ❜② t❤❡ ❛❞❛♣t✐✈❡ ●❙❈✳ ❙✐♥❝❡ t❤❡ ❞✐r❡❝t✐♦♥ ✇❤❡r❡ t❤❡

♥♦✐s❡ ♣♦✇❡r ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐s ♥♦t ❦♥♦✇♥✱ ✐t ❝❛♥ ❜❡ ❝❧♦s❡ t♦ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ♠❛❦✐♥❣ t❤❡

♣r❡✇❤✐t❡♥✐♥❣ st✐❧❧ r❡q✉✐r❡❞✱ t❤✉s ❢♦r♠✐♥❣ t❤❡ ❱■❚✲❍❆❙P✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸✳✸✱ t❤❡ ❉❡t❡r♠✐♥✐st✐❝

Pr❡✇❤✐t❡♥✐♥❣ ✭❉P✮ ♠❡t❤♦❞ ✐s s❤♦✇♥ ❢♦r t❤❡ ❝❛s❡s ✇❤❡r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡

♥♦✐s❡ ✐s ❦♥♦✇♥✳ ❙✐♥❝❡ t❤❡ ♣r❡✇❤✐t❡♥✐♥❣ st❡♣ r❡q✉✐r❡s ♦♥❡ ❙❱❉ ♣❡r s❛♠♣❧❡ ❢♦r s❛♠♣❧❡✲✇✐s❡

❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s✱ ❛ ♥❡✇ ❜❧♦❝❦✲✇✐s❡ r❡❞✉❝❡❞ r❛♥❦ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ●❙❈ ❜❡❛♠❢♦r♠❡r

✭❇❲✲❘❘✲❙●✲●❙❈✮✱ ✇❤✐❝❤ r❡q✉✐r❡s ♦♥❧② ♦♥❡ ❙❱❉ ♣❡r ❜❧♦❝❦✱ ✐s ❛❧s♦ ♣r❡s❡♥t❡❞✳

✷✳✸✳✶ ❍✐❣❤ ❆❝❝✉r❛❝② ❙t♦❝❤❛st✐❝❛❧❧② Pr❡✇❤✐t❡♥❡❞ ▲▼❙✲●❙❈

✭❍❆❙P✲▲▼❙✲●❙❈✮

❲❡ st❛rt ✇✐t❤ t❤❡ tr❛❞✐t✐♦♥❛❧ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♥♦✐s❡

❝♦rr❡❧❛t✐♦♥ ❢❛❝t♦r ♠❛tr✐① ❛♥❞ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝ts ♦❢ ❝♦❧♦r❡❞ ♥♦✐s❡ ❛s ♣r♦♣♦s❡❞ ❜② ❬✹✺❪✳

❋✐rst✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t s❛♠♣❧❡s ❛r❡ ❢r❡❡ ❢r♦♠ s✐❣♥❛❧ ❝♦♠♣♦♥❡♥ts✱ ✐✳❡✳✱ ♦♥❧② ✇✐t❤ ♥♦✐s❡✱ s♦

t❤❛t t❤❡ ♥♦✐s❡ s❛♠♣❧❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❝❛♥ ❜❡ ❣✐✈❡♥ ❛s

R̂NN =
1

Nsf

N(c)′ · (N(c)′)H, ✭✷✳✶✽✮

✇❤❡r❡ Nsf st❛♥❞s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ s✐❣♥❛❧ ❢r❡❡ s❛♠♣❧❡s ❛♥❞ N(c)′ ✐s t❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ s♥❛♣✲

s❤♦ts ♠❛tr✐①✳ ❙✐♥❝❡ R̂NN ✐s ❍❡r♠✐t✐❛♥ ❛♥❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥
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❜❡ ♣❡r❢♦r♠❡❞ s✉❝❤ t❤❛t

R̂NN = L̂ · L̂H
, ✭✷✳✶✾✮

✇✐t❤ t❤❡ ❡st✐♠❛t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢❛❝t♦r ♠❛tr✐① L̂ ♦♥❡ ❝❛♥ ♣❡r❢♦r♠ ❛ ♣r❡✇❤✐t❡♥✐♥❣ tr②✐♥❣ t♦

r❡✈❡rt t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❝♦rr❡❧❛t❡❞ ♥♦✐s❡ ✐♥ ✭✷✳✶✮ ❜② s✐♠♣❧② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❞❛t❛ ❜② t❤❡

✐♥✈❡rs❡ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢❛❝t♦r ♠❛tr✐①✿

X′(t) = L̂−1 ·X(t), ✭✷✳✷✵✮

✇❤❡r❡ X′(t) ✐s t❤❡ ♣r❡✇❤✐t❡♥❡❞ ♠❛tr✐① ♦❢ X(t)✳ ❖♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐❣♥❛❧s d ✐s ❦♥♦✇♥✱

❛♥ ❙❱❉ ❧♦✇ r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦♥ X′(t) ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ r❡s✉❧t✐♥❣ t♦ X[s](t)✳ ■♥ ♦r❞❡r

t♦ ❡st✐♠❛t❡ d✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ♠♦❞❡❧ ♦r❞❡r s❡❧❡❝t✐♦♥ s❝❤❡♠❡s ❬✷✼✱ ✷✾✱ ✸✵❪✳ ■t ✐s

✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤✐s ❧♦✇ r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t r❡❧❛t❡❞ t♦ t❤❡ r❛♥❦ r❡❞✉❝t✐♦♥ st❡♣

♣❡r❢♦r♠❡❞ ❜② t❤❡ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s✳ ❋✐♥❛❧❧②✱ t❤❡ ♥♦✐s❡ ❛♥❞ s✐❣♥❛❧ s✉❜s♣❛❝❡ ❛r❡ s❡♣❛r❛t❡❞

✉s✐♥❣ t❤❡ ❞❡✇❤✐t❡♥✐♥❣ st❡♣✱ ✇❤✐❝❤ ♠❡❛♥s ♠✉❧t✐♣❧②✐♥❣ ✐t ❜② t❤❡ ❡st✐♠❛t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢❛❝t♦r

♠❛tr✐① L̂✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ✜♥❛❧ ✐♥♣✉t ❞❛t❛✿

X[s]′(t) = L̂ ·X[s](t). ✭✷✳✷✶✮

■♥ ❋✐❣✳ ✷✳✹✱ ✭✷✳✹✮ ✐s ✉s❡❞ ❛s ✐♥♣✉t ♦❢ t❤❡ s②st❡♠ ❢♦r t❤❡ ❍❆❙P s♦❧✉t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❙❱❉

✐s ❛♣♣❧✐❡❞ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ✇✐t❤ t❤❡ ♣✉r♣♦s❡ ♦❢ ❞❡✇❤✐t❡♥✐♥❣✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ ❞❡✇❤✐t❡♥❡❞

❞❛t❛ ✈❡❝t♦r x[s]′(t)✳ ❚❤❡ ❞❡✇❤✐t❡♥❡❞ ❞❛t❛ ❝❛♥ ♥♦✇ ❜❡ ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ ❛❞❛♣t✐✈❡ ▲▼❙✲●❙❈

♦r ❘❘✲▲▼❙✲●❙❈ t❤❛t ✇✐❧❧ ✉♣❞❛t❡ t❤❡ ❜❡❛♠❢♦r♠✐♥❣ ✜❧t❡r✳prewhitening SVD low rankapproximation dewhiteningnoisy samples 1 2 3 beamformingfilteradaptive GSC4
❋✐❣✉r❡ ✷✳✹✿ ❍✐❣❤ ❛❝❝✉r❛❝② st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❜❧♦❝❦ ❞✐❛❣r❛♠

■❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❡❧❡♠❡♥t✲✇✐s❡ ❛❞❛♣t✐✈❡✱ t❤❡♥ ♦♥❧② t❤❡ ❧❛t❡st ❞❡✇❤✐t❡♥❡❞ s♥❛♣s❤♦t x[s]′(t)

✐s ✉s❡❞ ❛t t❤❡ ✐t❡r❛t✐♦♥ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t X[s]′(t) = [x[s]′(t − N + 1), · · · ,x[s]′(t)]✳ ❚❤✐s

s♥❛♣s❤♦t ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ ✉♣❞❛t❡ r✉❧❡ ✭✷✳✶✶✮ ❛♥❞ ✉♣❞❛t❡ r✉❧❡s ✭✷✳✶✼✮ ❛♥❞

✭✷✳✶✻✮✳ ❚❤❡ ❜❧♦❝❦✲✇✐s❡ ❛❞❛♣t❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✹ ✉s❡s ❛❧❧ t❤❡ N s♥❛♣s❤♦ts✳



✷✳✸ P❘❖P❖❙❊❉ ❙❖▲❯❚■❖◆❙ ✸✶

✷✳✸✳✷ ❱❛♥❞❡r♠♦♥❞❡ ■♥✈❛r✐❛♥❝❡ ❚r❛♥s❢♦r♠❛t✐♦♥ ✭❱■❚✮ ❜❛s❡❞

❍❆❙P✲▲▼❙✲●❙❈

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❱■❚ ✐s t♦ tr❛♥s❢♦r♠ t❤❡ ✐♥♣✉t s✐❣♥❛❧ ✐♥ ❛ ✇❛② t❤❛t t❤❡ ❱❛♥❞❡r♠♦♥❞❡

str✉❝t✉r❡ ✐s ♣r❡s❡r✈❡❞ ❬✺✶❪✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ❛❧✇❛②s ✐♠♣❡r❢❡❝t✐♦♥s ♦♥ t❤❡ ❛rr❛②✱ t❤❡ r❡❛❞❡r

✐s r❡❢❡rr❡❞ t♦ ❬✻✻❪ ❢♦r ❛rr❛② ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡ s✉❝❤ ✐♠♣❡r❢❡❝t✐♦♥s✳ ❋✐rst✱

t❤❡ ❱■❚ ♠❛tr✐① Tvit ∈ C
M×M ✐s ❞❡✜♥❡❞ ❛♥❞ ✐t ✐s ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ ❛ ✈❡❝t♦r t❤❛t ❤❛s ❛

❱❛♥❞❡r♠♦♥❞❡ str✉❝t✉r❡ v = [1, ejφ, . . . , ej(M−1)φ]T✳ ■♥ ❬✺✶❪ ✐t ✐s s❤♦✇♥ t❤❛t

v̌ = Tvit · v =

(

ejφ − κ

1− κ

)M−1

·













1

ejν

✳✳✳

ej(M−1)ν













, ✭✷✳✷✷✮

✇❤❡r❡ κ ✐s ❛ ❝♦♠♣❧❡① ♣❛r❛♠❡t❡r t❤❛t ♦r✐❣✐♥❛t❡s ❛ ♣❤❛s❡ ❣❛✐♥✳ ❋r♦♠ ❊q✳ ✭✷✳✷✷✮ ✐t ✐s ✐♥❢❡rr❡❞

t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ♣❤❛s❡ φ ✐s ♠❛♣♣❡❞ ✐♥t♦ ❛ ♥❡✇ ♣❤❛s❡ ν✱ ❜✉t t❤❡ ❱❛♥❞❡r♠♦♥❞❡ str✉❝t✉r❡ ✐s

st✐❧❧ ♣r❡s❡♥t✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♥❡✇ ✈✐rt✉❛❧ ♣❤❛s❡ ✐s

ν = arctan

(

2K · sinφ
1−K2 + (1 +K2) · cosφ

)

, ✭✷✳✷✸✮

✇❤❡r❡ K = (κ+1)/(κ−1)✳ ❋r♦♠ ✭✷✳✷✸✮ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣❤❛s❡ r❡♠❛✐♥s t❤❡ s❛♠❡ ❢♦r φ = 0✳

❘❡❧❛t✐♥❣ t❤❡s❡ ♣❤❛s❡s t♦ t❤❡ s♣❛t✐❛❧ ❢r❡q✉❡♥❝✐❡s φ0 ❛♥❞ φint✱ ♦♥❡ s❤❛❧❧ s❤✐❢t t❤❡ s♦✉r❝❡s ♣r✐♦r

t♦ ❛♣♣❧②✐♥❣ t❤❡ ❱■❚ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ✐♥♣✉t s✐❣♥❛❧ ❜②Pφ0 = diag([1, e−jφ0 , . . . , e−j(M−1)φ0 ])✱

s♦ t❤❛t t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ✈✐rt✉❛❧❧② ✐♠♣✐♥❣❡s ❢r♦♠ ✵o ❛♥❞ ♥♦ ♣❤❛s❡ ❛♠♣❧✐✜❝❛t✐♦♥ ✐s ♥♦t✐❝❡❞✳

❚❤❡r❡❢♦r❡✱ t❤❡ s❤✐❢t ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ❛r❡ ❛♣♣❧✐❡❞ t♦ ✭✷✳✶✮ ❧❡❛❞✐♥❣ t♦

x̌(t) = TvitPφ0a(θ0)s(t) +TvitPφ0Aint(θint)sint(t) +TvitPφ0n
(c)(t) ✭✷✳✷✹✮

= ǎ(θ0)s(t) + Ǎint(θint)sint(t) + ň(c)(t). ✭✷✳✷✺✮

❚❤❡ ✈❡❝t♦r ǎ(θ0) ❛♥❞ t❤❡ ♠❛tr✐① Ǎint(θint) st✐❧❧ ❤❛✈❡ ❛ ❱❛♥❞❡r♠♦♥❞❡ str✉❝t✉r❡ ❛♥❞ ň(c)(t)

✐s st✐❧❧ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ ✇✐t❤ ✐ts ♦r✐❣✐♥❛❧ ❝♦❧♦r ❝❤❛♥❣❡❞ ❜② t❤❡ ❱■❚ s♦ t❤❛t ň(c)(t) = L′ · n(t)
❛♥❞ L′ = Tvit · Pφ0 · L✳ ❆s s❤♦✇♥ ✐♥ ❬✺✶❪✱ ❊q✉❛t✐♦♥ ✭✷✳✷✷✮ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❛♠♣❧✐t✉❞❡

♦❢ v ❛t φ = 0 ❜✉t ✐t ✐s ❝❤❛♥❣❡❞ ❢♦r φ 6= 0✳ ❇② s❡tt✐♥❣ K < 1 t❤❡ ❛♠♣❧✐t✉❞❡ ❛✇❛② ❢r♦♠ 0o ✐s

❞✐♠✐♥✐s❤❡❞ ♠❛❦✐♥❣ t❤❡ ❱■❚ t♦ ♦♣❡r❛t❡ ❛s ❛ ❜❡❛♠❢♦r♠❡r✳ ❚❤✉s✱ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❛♥❞ ♥♦✐s❡

♥♦t ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ✐s r❡❞✉❝❡❞✳

❚❤❡ ♥♦✐s❡ ❝❛♥ ❤❛✈❡ ♠♦st ♦❢ ✐ts ♣♦✇❡r ❝❧♦s❡ t♦ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❛♥❞ t❤✉s ♦♥❧② ❜❡✐♥❣

♣❛rt✐❛❧❧② r❡♠♦✈❡❞ ❜② t❤❡ ❱■❚✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✉s❛❣❡ ♦❢ ♣r❡✇❤✐t❡♥✐♥❣ ✐s st✐❧❧ ♥❡❡❞❡❞✳ ❲✐t❤

t❤❡ tr❛♥s❢♦r♠❡❞ ♥♦✐s❡ ❝♦rr❡❧❛t✐♦♥ ♠♦❞❡❧✱ t❤❡ ❍❆❙P ❝❛♥ ♥♦✇ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ ✉s✐♥❣ t❤❡



✸✷ ■■ ❇❊❆▼❋❖❘▼■◆● ■◆ ❈❖▲❖❘❊❉ ◆❖■❙❊ ❙❈❊◆❆❘■❖❙

❡st✐♠❛t❡

L̂′ = Tvit ·Pφ0 · L̂. ✭✷✳✷✻✮

❋✐❣✉r❡ ✷✳✺ s✉♠♠❛r✐③❡s t❤❡ ❱■❚✲❍❆❙P ♣r♦❝❡ss✳ ❋✐rst t❤❡ ♥♦✐s② s✐❣♥❛❧ ✐s s❤✐❢t❡❞ ❜② Pφ0 ✳ ❆tPhase shift VIT HASP noisy samples 1 2 3 beamformingfilteradaptive GSC4
❋✐❣✉r❡ ✷✳✺✿ ❱■❚✲❍❆❙P ❜❧♦❝❦ ❞✐❛❣r❛♠

❙t❡♣ ✷ t❤❡ ❱■❚ ✐s ✐♥❝♦r♣♦r❛t❡❞✳ ❆❢t❡r t❤❛t✱ t❤❡ s✐❣♥❛❧ ✐s r❡❛❞② t♦ ♣❛ss t❤r♦✉❣❤ t❤❡ ♠♦❞✐✜❡❞

❍❆❙P✱ ✇❤❡r❡ L̂′ ✐s ✉s❡❞ ✐♥ ♣❧❛❝❡ ♦❢ L̂✳ ❚❤❡ r❡s✉❧t ✐s ❛ ❞❡✇❤✐t❡♥❡❞ ❞❛t❛ x̌[s]′(t) t♦ ❜❡ ✉s❡❞ ❛s

✐♥♣✉t t♦ t❤❡ ❛❞❛♣t✐✈❡ ●❙❈ ❛❧❣♦r✐t❤♠s✳ ❉❡t❛✐❧s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Tvit ❛r❡ ❢♦✉♥❞ ✐♥ ❬✺✶❪✳

✷✳✸✳✸ ❉❡t❡r♠✐♥✐st✐❝ Pr❡✇❤✐t❡♥✐♥❣ ✭❉P✮

■♥ ❙✉❜s❡❝t✐♦♥s ✷✳✸✳✶ ❛♥❞ ✷✳✸✳✷✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♥♦✐s❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ✉♥❦♥♦✇♥✳

❍♦✇❡✈❡r✱ ❢♦r ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ❡♥✈✐r♦♥♠❡♥ts ❛♥❞ ❢♦r ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡✱ ❛ ❞❡t❡r✲

♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✭❉P✮ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ✇✐t❤ t❤❡ ❡①♣❡♥s❡ ♦❢ ♦♥❡ s❡♥s♦r ❛s ❡①♣❧❛✐♥❡❞

✐♥ ❬✷✽❪✳ ■♥ ❋✐❣✳ ✷✳✻ s✐❣♥❛❧✲❢r❡❡ s❛♠♣❧❡s ❛r❡ ✜rst ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ s②st❡♠ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡

t❤❡ ♥♦✐s❡ str✉❝t✉r❡ ✇✐t❤ ✐ts ❝♦rr❡❧❛t✐♦♥ ❧❡✈❡❧✳ ❲✐t❤ t❤❡ ♥♦✐s❡ str✉❝t✉r❡ ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ❧❡✈❡❧

✐♥ st❡♣ ✷ ♦❢ ❋✐❣✳ ✷✳✻✱ t❤❡ ♣r❡✇❤✐t❡♥✐♥❣ ♠❛tr✐① ✐♥ st❡♣ ✸ ♦❢ ❋✐❣✳ ✷✳✻ ❝❛♥ ❜❡ ❜✉✐❧t✳ ■♥ t❤❡ ❧❛st

st❡♣ t❤❡ ✐♥♣✉t ❞❛t❛ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❣❡♥❡r❛t❡❞ ♠❛tr✐① t♦ ♣r♦❞✉❝❡ t❤❡ ✇❤✐t❡♥❡❞ ❞❛t❛✳

❍❡r❡✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ♥♦✐s❡ ✐s ❝♦rr❡❧❛t❡❞ ❛s ♣r♦♣♦s❡❞ ❜② ❬✷✷❪✿

n
(c)
m+1(t) = ρ · nm(t) +

√

1− |ρ|2 · nm+1(t), ✭✷✳✷✼✮

✇❤❡r❡ 0 6 ρ < 1 st❛♥❞s ❢♦r t❤❡ ♥♦✐s❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❖♥❝❡ t❤❡ ♥♦✐s❡ ❝♦rr❡❧❛t✐♦♥



✷✳✸ P❘❖P❖❙❊❉ ❙❖▲❯❚■❖◆❙ ✸✸find prewhiteningequation estimate equationparameters build prewhitening matrix Dsignal-freesamples 1 2 3 whitened datadatawhitening4
❋✐❣✉r❡ ✷✳✻✿ ❉❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❞✐❛❣r❛♠✳

str✉❝t✉r❡ ✭✷✳✷✼✮ ✐s ❦♥♦✇♥✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢❛❝t♦r L ✐s ❜✉✐❧t

L(k) =



















1 0 0 . . . 0

ρ
√

1− |ρ|2 0 0

ρ2 ρ
√

1− |ρ|2
√

1− |ρ|2 ✳ ✳ ✳ 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳

ρM−1 ρM−2
√

1− |ρ|2 ρM−3
√

1− |ρ|2 . . .
√

1− |ρ|2



















. ✭✷✳✷✽✮

❋♦r t❤❡ ❦♥♦✇♥ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ t❤❡ s✉♣❡rs❝r✐♣t (k) ✐s ✐♥s❡rt❡❞✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ ❛

♠❛tr✐① D t❤❛t ✇✐❧❧ ❞❡❝♦rr❡❧❛t❡ t❤❡ ♥♦✐s❡✳ ■♥ t❤✐s ✇♦r❦✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ s❛♠❡ str✉❝t✉r❡

♦❢ t❤❡ ♥♦✐s❡ ❛s s❤♦✇♥ ✐♥ ❬✷✽❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r❡✇❤✐t❡♥✐♥❣ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜②

D = J2 · −ρ · J1, ✭✷✳✷✾✮

✇❤❡r❡ J2 ❛♥❞ J1 ❛r❡ t❤❡ s❡❧❡❝t✐♦♥ ♠❛tr✐❝❡s [0(M−1)×1 IM−1] ❛♥❞

[IM−1 0(M−1)×1] ❢♦r t❤❡ ❧❛st M − 1 s❡♥s♦rs ❛♥❞ t❤❡ ✜rst M − 1 s❡♥s♦rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❇②

❛♣♣❧②✐♥❣ t❤❡ ♠❛tr✐① ❉ ♦♥ t❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ ♠❛tr✐①✱ t❤❡ ♣r❡✇❤✐t❡♥❡❞ ♥♦✐s❡ ❜❡❝♦♠❡s ✇❤✐t❡

❜✉t ✇✐t❤ ❛ s♠❛❧❧❡r ♣♦✇❡r ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❢❛❝t♦r
√

1− |ρ|2✳

N′ = D ·N(c) = D · L(k) ·N ✭✷✳✸✵✮

= J2 · L(k) ·N− ρ · L(k) · J1 ✭✷✳✸✶✮

=
√

1− |ρ|2 · J2 ·N. ✭✷✳✸✷✮

❊q✉❛t✐♦♥ ✭✷✳✸✵✮ s❤♦✇s t❤❛t t❤❡ ♥♦✐s❡ ✐s ♥♦t ♦♥❧② ✇❤✐t❡ ❜✉t ❤❛s ✐ts ✈❛r✐❛♥❝❡ r❡❞✉❝❡❞✳ ■t
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❝❛♥ ❛❧s♦ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ ❱❛♥❞❡r♠♦♥❞❡ str✉❝t✉r❡ ♦❢ t❤❡ st❡❡r✐♥❣ ✈❡❝t♦rs ❛♥❞ t❤❡ r❡❧❛t✐✈❡

♣♦✇❡r ♦❢ t❤❡ s♦✉r❝❡s ❛r❡ ♣r❡s❡r✈❡❞ ❬✷✺❪✳ ❚❤❡ ♠❛tr✐① J2 ♦♥ t❤❡ ❧❛st ❧✐♥❡ ♦❢ ✭✷✳✸✵✮ s❤♦✇s

t❤❛t ♦♥❡ s❡♥s♦r ✐s s❛❝r✐✜❝❡❞ ❛s ❛ ❝♦st ❢♦r t❤❡ ❞❡✇❤✐t❡♥✐♥❣ ♣r♦❝❡ss✳ ❋♦r ❛♣♣❧②✐♥❣ t❤❡ ❉P t❤❡

✇❤♦❧❡ ❞❛t❛ ✈❡❝t♦r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❉P ♠❛tr✐①✳ ❚❤✐s r❡s✉❧ts ✐♥ t❤❡ ♣r❡✇❤✐t❡♥❡❞ ✐♥♣✉t

❞❛t❛ ✈❡❝t♦r

x′(t) = D · x(t). ✭✷✳✸✸✮

✷✳✸✳✹ ❇❧♦❝❦✲✇✐s❡ ❘❡❞✉❝❡❞ ❘❛♥❦ ❙t♦❝❤❛st✐❝ ●r❛❞✐❡♥t ●❙❈

✭❇❲✲❘❘✲❙●✲●❙❈✮

■♥ t❤✐s s❡❝t✐♦♥✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❝♦♠♣✉t❡ t❤❡ r❡❞✉❝❡❞ r❛♥❦ ●❙❈ ❜❡❛♠❢♦r♠❡r ✐s s❤♦✇♥

❜② ✉s✐♥❣ t❤❡ ✇❤♦❧❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ ♦♥❡ ❜❧♦❝❦ t♦ ❡st✐♠❛t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ❛♥❞

❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❞♦✐♥❣ ❜❧♦❝❦✲✇✐s❡❧② ❝♦♠♣✉t❛t✐♦♥s ✐s t♦ r❡❞✉❝❡ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐♥ t❤❡ ♣r❡✇❤✐t❡♥✐♥❣ st❡♣s✳ ❚❤❡ ♣r❡✇❤✐t❡♥✐♥❣ r❡q✉✐r❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥

♦❢ t❤❡ ❙❱❉✱ ❛s s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ●❙❈ ✐♥ ❜❧♦❝❦s r❡❞✉❝❡s t❤❡ ❛♠♦✉♥t

♦❢ ❙❱❉s t♦ ♦♥❡ ♣❡r ❜❧♦❝❦✳

❋✐rst t❤❡ ❈▼ ✐♥♣✉t s✐❣♥❛❧ ❜❧♦❝❦ ✐s ❞❡✜♥❡❞ ❛s

X̃m = Xm · diag(em), ✭✷✳✸✹✮

✇❤❡r❡ Xm = X(mN), em = [err(N(m − 1) + 1), . . . , err(mN)]H ❛♥❞ m ❞❡♥♦t❡s t❤❡ ❜❧♦❝❦

✐♥❞❡①✳ ❚❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s ❛r❡ ✉s❡❞ t♦ ✇r✐t❡ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛♥❞

❡①♣❡❝t❡❞ ✈❛❧✉❡s x̃(t)

R̂x̃x̃ =
1

L
X̃mX̃

H

m, ✭✷✳✸✺✮

Ê
{

x̃
}

=
1

L
X̃m · 1N , ✭✷✳✸✻✮

✇❤❡r❡ 1N ✐s ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ ♦♥❡s ♦❢ ❧❡♥❣t❤ N ✳ ■♥s❡rt✐♥❣ t❤❡ ❡st✐♠❛t❡s ✐♥t♦ t❤❡ ❣r❛❞✐❡♥t

♦❢ ✭✷✳✶✺✮✱ ♦♥❡ ❝❛♥ ✇r✐t❡ t❤❡ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ✭❙●✮ ❢♦r ❜♦t❤ T ❛♥❞ w✿

∇̂TJcm = − 2

L
BX̃m

(

em + 1L

)

wH, ✭✷✳✸✼✮

∇̂wJcm = − 2

L
THBX̃m

(

em + 1N

)

. ✭✷✳✸✽✮

❇② ❞❡✜♥✐♥❣ ❛♥ ✐♥❝r❡♠❡♥t❡❞ ❡rr♦r em = em + 1N ✱ ✭✷✳✸✼✮ ❛♥❞ ✭✷✳✸✽✮ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞
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t♦ ❣❡♥❡r❛t❡ t❤❡ ❇❲✲❘❘✲❙●✲●❙❈ ✉♣❞❛t❡ r✉❧❡s ✭✷✳✸✾✮ ❛♥❞ ✭✷✳✹✵✮✳

T(t+ 1) = T(t) + µT X̃Bemw
H, ✭✷✳✸✾✮

w(t+ 1) = w(t) + µwT
HX̃Bem, ✭✷✳✹✵✮

✇❤❡r❡ X̃B = BX̃m✳ ❚❤❡ ❢✉❧❧ ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ✻✳✷✳ ❚❤❡ ❱■❚ ❛♥❞

♣r❡✇❤✐t❡♥✐♥❣ s❝❤❡♠❡s ❞❡♣✐❝t❡❞ ✐♥ ❙❡❝t✐♦♥s ✷✳✸✳✶✲✷✳✸✳✸ ✇♦r❦ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❢♦r t❤❡

❜❧♦❝❦✲✇✐s❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ✇❤♦❧❡ ❞❛t❛ ❢r♦♠ t❤❡ ♦✉t♣✉t ♠❛tr✐① ✐s

✉s❡❞ ✐♥ t❤❡ ❍❆❙P ❛♥❞ ❱■❚✲❍❆❙P s♦❧✉t✐♦♥s✳ ❚❤❡ ❙● ♥♦♠❡♥❝❧❛t✉r❡ ✐s ✉s❡❞ ✐♥ t❤✐s t❡❝❤♥✐q✉❡

❢♦r ❞✐st✐♥❝t✐♦♥ ✇✐t❤ t❤❡ s❛♠♣❧❡✲✇✐s❡ ▲▼❙ ❛❧❣♦r✐t❤♠s t②♣❡s✳

✷✳✸✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t② ❆♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t✐❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥s ❛r❡

❝♦♠♣❛r❡❞✳ ❙✉♠s ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t②

❝♦st✳ ❚❤❡ s✉♠ ♦❢ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ s✉♠s ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✢♦♣s✱ ✇❤✐❝❤ ✐s

t❤❡ ✉s❡❞ ♠❡❛s✉r❡ ✉♥✐t② ❬✸✽❪✳ ■♥ ♣r❡✈✐♦✉s ✇♦r❦s ❬✽✹✱✽✺❪✱ t❛❜❧❡s ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ❛❞❞✐t✐♦♥s ❛♥❞

♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❢♦r ✈❛r✐♦✉s ●❙❈ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s✳ ❚❛❜❧❡ ■ s❤♦✇s t❤❡ ❝♦♠♣❧❡①✐t②

♣❡r s❛♠♣❧❡ ♦❢ t❤❡ ✉s❡❞ ❛❧❣♦r✐t❤♠s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❝r✐t❡r✐❛ ❛♥❞ ♠❡t❤♦❞s ❢♦✉♥❞ ✐♥ ❬✸✽❪✳

❚❤❡ ▲▼❙✲●❙❈ ❛♥❞ ❇❲✲❘❘✲▲▼❙✲●❙❈ ❛❧❣♦r✐t❤♠s ✐♥ ❚❛❜❧❡ ■■✳✶ ❤❛✈❡ ♥♦ ❝♦❧♦r❡❞ ♥♦✐s❡

tr❡❛t♠❡♥t ❛♥❞ ❤❛✈❡ ❛ q✉❛❞r❛t✐❝ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s✳ ❇② ✉s✐♥❣ ❛ ❉P✱ ♦♥❡ ♠❛tr✐① ✈❡❝t♦r

♦♣❡r❛t✐♦♥ ✐s ❛❞❞❡❞ r❡s✉❧t✐♥❣ ✐♥ 2M2 − 2M ✢♦♣s✱ t❤✉s ❦❡❡♣✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❝♦♠♣❧❡①✐t②

❛s s❡❡♥ ✐♥ ❧✐♥❡s ❉P✲▲▼❙✲●❙❈ ❛♥❞ ❉P✲▲▼❙✲●❙❈✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❍❆❙P ❛❧❣♦r✐t❤♠s

❛r❡ ✉s❡❞✱ t❤❡ ❙❱❉ ❛♥❞ ❛ ❢❡✇ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡

❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❜❡❝♦♠❡s ❝✉❜✐❝✳ ❚❤❡ ❙❱❉ ❛❧♦♥❡ ❝♦sts 4M2N + 22N3 ❬✸✽❪✳

❚❤❡ ❇❲✲❘❘✲▲▼❙✲●❙❈ ❛❧❧❡✈✐❛t❡s t❤❡ ❙❱❉ ❝♦st ❡✛❡❝t✳ ❙✐♥❝❡ t❤❡ ✜❧t❡r ✐s ✉♣❞❛t❡❞ ❜❧♦❝❦✲

✇✐s❡❧②✱ ♦♥❧② ♦♥❡ ❙❱❉ ♣❡r ❜❧♦❝❦ ✐s ♥❡❡❞❡❞✳ ■❢ ib ✐t❡r❛t✐♦♥s ♣❡r ❜❧♦❝❦ ❛r❡ s❡t✱ t❤❡♥ ♦♥❡

s❤♦✉❧❞ ♣r♦❝❡ss ✐♥ ❛✈❡r❛❣❡ ib/N ❙❱❉s ♣❡r s❛♠♣❧❡✳ ■♥ s❝❤❡♠❡s ❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈ ❛♥❞

❱■❚✲❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈ ✐♥ ❚❛❜❧❡ ■■✳✶✱ ✐❢ ib = N ✱ t❤❡ ❝✉❜✐❝ ❢❛❝t♦rs ✈❛♥✐s❤ r❡❞✉❝✐♥❣

❞r❛st✐❝❛❧❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳

✷✳✹ ❙✐♠✉❧❛t✐♦♥s ❛♥❞ ❘❡s✉❧ts

❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ❛ ❯▲❆ ✇✐t❤ ✸✷ ❡❧❡♠❡♥ts ✇❛s ❝♦♥s✐❞❡r❡❞ ❛♥❞ r❛♥❞♦♠ ✉♥✐❢♦r♠❧② ❞✐s✲

tr✐❜✉t❡❞ ◗❆▼ s✐❣♥❛❧s ✇✐t❤ ✉♥✐t❛r② l2✲♥♦r♠ ❢♦r s❡✈❡♥ s♦✉r❝❡s ✇❡r❡ ❣❡♥❡r❛t❡❞✱ ♦♥❡ r❡❧❛t✐✈❡

t♦ ❞❡s✐r❡❞ s✐❣♥❛❧ ♣♦s✐t✐♦♥❡❞ ❛♥❞ s✐① r❡❧❛t✐✈❡ t♦ t❤❡ ✐♥t❡r❢❡r❡s✳ ❚❤❡ s♦✉r❝❡ ❛♥❞ ✐♥t❡r❢❡r❡s ❛r❡



✸✻ ■■ ❇❊❆▼❋❖❘▼■◆● ■◆ ❈❖▲❖❘❊❉ ◆❖■❙❊ ❙❈❊◆❆❘■❖❙

❚❛❜❧❡ ■■✳✶✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ✐♥ ✢♦♣s

❆❧❣♦r✐t❤♠ ❈♦st

▲▼❙✲●❙❈
❙❡❝t✐♦♥ ✷✳✷✳✷

4M2 + 4M − 4

❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥ ✷✳✷✳✸

8M2 + 4M + 14Mr − 10r + 2

❉P✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✷✳✷ ❛♥❞ ✷✳✸✳✸

6M2 + 2M − 4

❍❆❙P✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✷✳✷ ❛♥❞ ✷✳✸✳✶

8M2N +2dMN +22N3+2dM +4M2+
4M − 4

❱■❚✲❍❆❙P✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✸✳✷ ❛♥❞ ✷✳✷✳✷

8M2N +2dMN +22N3+2dM +4M2+
4M − 4

❉P✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✷✳✸ ❛♥❞ ✷✳✸✳✸

10M2 + 2M + 14Mr − 10r + 2

❍❆❙P✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥ ✷✳✷✳✷ ❛♥❞ ✷✳✸✳✶

8M2N +22N3+2dMN +2dM +8M2+
4M + 14Mr − 10r + 2

❇❲✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥ ✷✳✸✳✹

8M2 + 8Mr + 4MN + 2M − 6r − 2N

❱■❚✲❍❆❙P✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✷✳✸ ❛♥❞ ✷✳✸✳✷

8M2N +22N3+2dMN +2dM +8M2+
4M + 14Mr − 10r + 2

❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✸✳✶ ❛♥❞ ✷✳✸✳✹
ib ✐t❡r❛t✐♦♥s ♣❡r ❜❧♦❝❦

1
ib

· (8M2N + 22N3 + 2dMN + 2dM) +
ib
N
·(8M2+8Mr+4MN+2M−6r−2N)

❱■❚✲❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✸✳✷ ❛♥❞ ✷✳✸✳✹
ib ✐t❡r❛t✐♦♥s ♣❡r ❜❧♦❝❦

1
ib

· (8M2N + 22N3 + 2dMN + 2dM) +
ib
N
·(8M2+8Mr+4MN+2M−6r−2N)

❍❆❙P✲❇❲✲❘❘✲❙●✲●❙❈
❙❡❝t✐♦♥s ✷✳✸✳✶ ❛♥❞ ✷✳✸✳✹
N ✐t❡r❛t✐♦♥s ♣❡r ❜❧♦❝❦

16M2+22N2+2dM +2dM/N +8Mr+
4MN + 2M − 6r − 2N

❱■❚✲❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈
❙❡❝t✐♦♥s ✷✳✸✳✷ ❛♥❞ ✷✳✸✳✹
N ✐t❡r❛t✐♦♥s ♣❡r ❜❧♦❝❦

16M2+22N2+2dM +2dM/N +8Mr+
4MN + 2M − 6r − 2N

♣♦s✐t✐♦♥❡❞ ❛t ✶✵o✱ ✲✻✸o✱ ✲✹✸o✱ ✲✷✶o✱ ✷✽o✱ ✸✾o ❛♥❞ ✻✶o✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❛❧❧ s✐♠✉❧❛t✐♦♥s✱ ✻✵✵

s❛♠♣❧❡s ✇❡r❡ ❣❡♥❡r❛t❡❞✳ ❆❧s♦✱ ✇❤✐t❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ✐s ❛❞❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✮ ❛♥❞ ✐s ❧❛tt❡r

❝♦rr❡❧❛t❡❞ ❜② ✉s✐♥❣ t❤❡ str✉❝t✉r❡ s❡❡♥ ✐♥ ✭✷✳✷✽✮✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥ ✐s s❡t t♦ ρ = 0.2 ❛♥❞ ρ = 0.9

❛♥❞ t❤❡ s✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦ ✭❙◆❘✮ ✐s ✜①❡❞ ❛t ✶✵ ❞❇✳ ❚❤❡ r❡❞✉❝❡❞ r❛♥❦ ✐s s❡t t♦ r = 10 ❛♥❞

t❤❡ r❡s✉❧ts ❛r❡ ❡✈❛❧✉❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ✭❘▼❙❊✮✿

RMSE(t) =
√

E
{

|s(t)− ŝ(t)|2
}

. ✭✷✳✹✶✮

❚❛❜❧❡ ■■✳✷ s✉♠♠❛r✐③❡s t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❧❡❣❡♥❞s ♦❢ ✜❣✉r❡s ♦❢ t❤✐s s❡❝t✐♦♥✳ ■t ✐s

✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❜② ❞❡❢❛✉❧t ❝♦❧♦r❡❞ ♥♦✐s❡ ✐s ✉s❡❞✳ ❲❤❡♥ ✇❤✐t❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ✐s ✉s❡❞ t❤❡

t❡r♠ ✏✇❤✐t❡ ♥♦✐s❡✑ ✐s ✇r✐tt❡♥ ❛❢t❡r t❤❡ ❛❜❜r❡✈✐❛t✐♦♥✳

❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❛ ▼♦♥t❡ ❈❛r❧♦ ❢❛s❤✐♦♥ ❛❢t❡r ✶✵✵✵ tr✐❛❧s✳ ❋♦r ❝♦♠♣❛r✐s♦♥ ❞r❛✇

t❤❡ ❘▼❙❊ ❢♦r t❤❡ ▲▼❙✲●❙❈ ✐♥ ❜♦t❤ ✇❤✐t❡ ❛♥❞ ❝♦❧♦r❡❞ ♥♦✐s❡ ✐s ❞r❛✇♥✳ ❚❤❡ ❙t❛♥❞❛r❞

▲▼❙✲●❙❈ ✐s ✉s❡❞ s✐♥❝❡ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡r❡ ✐s ♥♦ st❛t❡✲♦❢✲t❤❡✲❛rt ❜❡❛♠❢♦r♠❡r



✷✳✹ ❙■▼❯▲❆❚■❖◆❙ ❆◆❉ ❘❊❙❯▲❚❙ ✸✼

❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ ❡♥✈✐r♦♥♠❡♥ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥♦✐s❡ str✉❝t✉r❡ ❣✐✈❡♥ ❜② ✭✷✳✷✽✮ ✐s ❛ss✉♠❡❞✳

Pr❡✈✐♦✉s ✇♦r❦s ❝♦♥s✐❞❡r ♥♦✐s❡ ❛s ❞✐r❡❝t✐♦♥❛❧ ✐♥t❡r❢❡r❡♥❝❡ ❬✶✸✱ ✻✽❪ ♦r ❜❡❛♠❢♦r♠❡rs ❞❡s✐❣♥❡❞

✇✐t❤ ❦♥♦✇♥ ✐♥t❡r❢❡r❡♥❝❡ ❞✐r❡❝t✐♦♥ ❬✻✶❪✳ ❚❤❡ st❡♣ s✐③❡ ✐s s❡t t♦ µlms = 0.0006 ✐♥ ♦r❞❡r t♦ ❣✐✈❡

❛ s✐♠✐❧❛r ❝✉r✈❡s ❛s ✐♥ ❬✽✹✱ ✽✺❪ ❛♥❞ ②❡t ♥♦t t♦ ❞✐✈❡r❣❡ ✐♥ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✳ ❚❤❡ s❛♠❡

µlms ✐s ❛❞♦♣t❡❞ ❢♦r t❤❡ ♦t❤❡r s✐♠✉❧❛t✐♦♥s ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤✐s s❛♠❡ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ❢♦r

st❡♣ s✐③❡ ❝❤♦✐❝❡ ✐♥ t❤❡ ♦t❤❡r s✐♠✉❧❛t✐♦♥s s❡❡♥ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ µlms ❢♦r

❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s ✐s ❛ t♦♣✐❝ ❢♦r ❛ ❢✉t✉r❡ ✇♦r❦✳ ❘❡s✉❧ts ❢♦r t❤❡ ▲▼❙✲●❙❈ ❛❧❣♦r✐t❤♠s

❛r❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✼✳
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✭❛✮ ❘▼❙❊ ❢♦r ρ = 0.2

samples
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✭❜✮ ❘▼❙❊ ❢♦r ρ = 0.9

❋✐❣✉r❡ ✷✳✼✿ ❘▼❙❊ ♦❢ t❤❡ ▲▼❙✲●❙❈ t②♣❡ ❛❧❣♦r✐t❤♠s ✈❡rs✉s s❛♠♣❧❡s ❢♦r N = 50 ❛♥❞ ❛♥ ❙◆❘
♦❢ ✶✵ ❞❇

◆♦t❡ t❤❛t ✐♥ ❋✐❣✉r❡ ✷✳✼❜✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ▲▼❙✲●❙❈ ✇❤✐t❡ ♥♦✐s❡ t♦

t❤❡ ▲▼❙✲●❙❈✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤ ❝✉r✈❡s ✐s t❤❛t ✐♥ ▲▼❙✲●❙❈ ✇❤✐t❡ ♥♦✐s❡✱

t❤❡ ♥♦✐s❡ ❝♦rr❡❧❛t✐♦♥ ✐s ✵ ❛♥❞✱ ✐♥ ▲▼❙✲●❙❈✱ t❤❡ ♥♦✐s❡ ❝♦rr❡❧❛t✐♦♥ ✐s ✵✳✾✳ ■❢ ♥♦✐s❡✲♦♥❧② s❛♠♣❧❡s

❛r❡ ❛✈❛✐❧❛❜❧❡✱ t❤❡ ♣r♦♣♦s❡❞ ❍❆❙P s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛r❦ ❜❧✉❡ ❝✉r✈❡ ❝❛♥ ❜❡ ✉s❡❞✳

❚❤❡ ❘▼❙❊ ♦❢ t❤❡ ❍❆❙P✲▲▼❙✲●❙❈ s❝❤❡♠❡ ✐s ❞r❛st✐❝❛❧❧② r❡❞✉❝❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡

st❛♥❞❛r❞ ▲▼❙✲●❙❈✳ ❋♦r ❛ ❱■❚✲❍❆❙P s♦❧✉t✐♦♥ ❛♥ ❡✈❡♥ ❢✉rt❤❡r r❡❞✉❝t✐♦♥ ♦❢ ❘▼❙❊ ❝❛♥ ❜❡

♦❜s❡r✈❡❞✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ t❤❡ ❜❛t❝❤ ●❙❈ s♦❧✉t✐♦♥ ✐s ♣❧♦tt❡❞✱ ✐✳❡✳ t❤❡ ♥♦♥✲❛❞❛♣t✐✈❡ s♦❧✉t✐♦♥

✉s✐♥❣ ❛❧❧ t❤❡ s❛♠♣❧❡s t♦ ❡st✐♠❛t❡ ❜❡❛♠❢♦r♠✐♥❣ ✜❧t❡r ❬✹✼❪✳ ❆s t❤❡ s②st❡♠ ❡✈♦❧✈❡s ✐♥ t✐♠❡✱

t❤❡ ♣r♦♣♦s❡❞ ❱■❚✲❍❆❙P✲▲▼❙✲●❙❈✱ ✇❤✐❝❤ r✉♥ ✐♥ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦✱ ❛❧♠♦st r❡❛❝❤❡s t❤❡

❜❛t❝❤ ●❙❈ ✇❤✐t❡ ♥♦✐s❡ ❝✉r✈❡✳ ❆♣♣❧②✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ❉P✲▲▼❙✲●❙❈ ❢♦r ❛ ❦♥♦✇♥ ❝♦rr❡❧❛t✐♦♥
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❚❛❜❧❡ ■■✳✷✿ ◆♦t❛t✐♦♥ ♦❢ t❤❡ ❧❡❣❡♥❞s ✉s❡❞ ✐♥ t❤❡ ✜❣✉r❡s

❆❜❜r❡✈✐❛t✐♦♥ ❉❡s❝r✐♣t✐♦♥

❇❛t❝❤ ●❙❈ ✇❤✐t❡ ♥♦✐s❡ ❙t❛t❡✲♦❢✲t❤❡✲❛rt ●❙❈ ✉s✐♥❣ ❛❧❧ s❛♠♣❧❡s t♦ ❡st✐♠❛t❡
w ✐♥ ❛ ✇❤✐t❡ ♥♦✐s❡ s❝❡♥❛r✐♦

▲▼❙✲●❙❈ ✇❤✐t❡ ♥♦✐s❡ ❙t❛t❡✲♦❢✲t❤❡✲❛rt ❛❞❛♣t✐✈❡ ●❙❈ ✐♥ ❛ ✇❤✐t❡ ♥♦✐s❡ s❝❡✲
♥❛r✐♦

▲▼❙✲●❙❈ ❙t❛t❡✲♦❢✲t❤❡✲❛rt ❛❞❛♣t✐✈❡ ●❙❈ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡✲
♥❛r✐♦

Pr♦♣♦s❡❞ ❉P✲▲▼❙✲●❙❈ ❆❞❛♣t✐✈❡ ●❙❈ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✐♥ ❛
❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦

Pr♦♣♦s❡❞ ❍❆❙P✲▲▼❙✲●❙❈ ❆❞❛♣t✐✈❡ ●❙❈ ✇✐t❤ ❤✐❣❤ ❛❝❝✉r❛❝② st♦❝❤❛st✐❝
♣r❡✇❤✐t❡♥✐♥❣ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦

Pr♦♣♦s❡❞ ❱■❚✲❍❆❙P✲▲▼❙✲●❙❈ ❆❞❛♣t✐✈❡ ●❙❈ ✇✐t❤ ❱❛♥❞❡r♠♦♥❞❡ ✐♥✈❛r✐❛♥❝❡ tr❛♥s✲
❢♦r♠❛t✐♦♥ ❜❛s❡❞ ❤✐❣❤ ❛❝❝✉r❛❝② st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✲
✐♥❣ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦

❘❘✲▲▼❙✲●❙❈ ✇❤✐t❡ ♥♦✐s❡ ❙t❛t❡✲♦❢✲t❤❡✲❛rt r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ✐♥ ❛
✇❤✐t❡ ♥♦✐s❡ s❝❡♥❛r✐♦

❘❘✲▲▼❙✲●❙❈ ❙t❛t❡✲♦❢✲t❤❡✲❛rt r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ✐♥ ❛ ❝♦❧✲
♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦

❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❆❞❛♣t✐✈❡ r❡❞✉❝❡❞ r❛♥❦ ●❙❈ ✇✐t❤ ❤✐❣❤ ❛❝❝✉r❛❝②
st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦

❱■❚✲❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❆❞❛♣t✐✈❡ r❡❞✉❝❡❞ r❛♥❦ ●❙❈ ✇✐t❤ ❱❛♥❞❡r♠♦♥❞❡
✐♥✈❛r✐❛♥❝❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❛s❡❞ ❤✐❣❤ ❛❝❝✉r❛❝②
st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦

Pr♦♣♦s❡❞ ❇❲✲❘❘✲▲▼❙✲●❙❈
✇❤✐t❡ ♥♦✐s❡

❇❧♦❝❦✲✇✐s❡ r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ✐♥ ❛ ✇❤✐t❡
♥♦✐s❡ s❝❡♥❛r✐♦

Pr♦♣♦s❡❞ ❍❆❙P✲❇❲✲❘❘✲❙●✲●❙❈ ❇❧♦❝❦✲✇✐s❡ r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ✇✐t❤ ❤✐❣❤ ❛❝✲
❝✉r❛❝② st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡✲
♥❛r✐♦

Pr♦♣♦s❡❞ ❱■❚✲❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈ ❇❧♦❝❦✲✇✐s❡ r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ✇✐t❤ ❱❛♥✲
❞❡r♠♦♥❞❡ ✐♥✈❛r✐❛♥❝❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❛s❡❞ ❤✐❣❤ ❛❝✲
❝✉r❛❝② st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡✲
♥❛r✐♦
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str✉❝t✉r❡ ♠❛❦❡s t❤❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ ✐♥ ❛ ✇❤✐t❡ ♥♦✐s❡ ❡♥✈✐r♦♥♠❡♥t✱ s✐♥❝❡ t❤❡

♥♦✐s❡ ✐s r❡❞✉❝❡❞✳

■♥ ❋✐❣✉r❡ ✷✳✽✱ t❤❡ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❘❘ ❛❧❣♦r✐t❤♠s ❛r❡ r❡r✉♥✳ ❚❤❡ st❡♣ s✐③❡s ❛r❡ s❡t t♦

µw = 0.0001 ❛♥❞ µT = 0.00001✳ ❆❧s♦ t❤❡ st❛♥❞❛r❞ ❘❘✲▲▼❙✲●❙❈ ✐s ✉s❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥✳

❋♦r t❤❡ ❜❧♦❝❦✲✇✐s❡ ❛❧❣♦r✐t❤♠ µw = 0.0001/N ❛♥❞ µT = 0.00001/N ✳ ❋♦r t❤❡ ❱■❚✲❍❆❙P

s❝❤❡♠❡s t❤❡ st❡♣ s✐③❡s ✇❡r❡ s❧✐❣❤t❧② ❞❡❝r❡❛s❡❞ t♦ µw = 0.00005 ❛♥❞ µT = 0.000008 ❢♦r s❛❦❡ ♦❢

✐♠♣❧❡♠❡♥t❛t✐♦♥ st❛❜✐❧✐t②✳ ■♥ ❋✐❣✉r❡ ✷✳✽✱ ✐t ✐s ❛❧s♦ s❡❡♥ t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❘❘ s❝❤❡♠❡s ❤❛✈❡

❛ s✉♣❡r✐♦r ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡✱ t❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ ♣r♦✈♦❦❡s ❛ ❧❛r❣❡ r❡❞✉❝t✐♦♥ ♦❢ ♣❡r❢♦r♠❛♥❝❡

❛♥❞ s❤♦✇s ❛ ❝❧❡❛r ♥❡❝❡ss✐t② ♦❢ ✇❤✐t❡♥✐♥❣ t❤❡ ♥♦✐s❡✳ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❤❛s ❛

♣♦s✐t✐✈❡✱ ❜✉t ♥♦t ❧❛r❣❡✱ ❡✛❡❝t ❜② ❞❡❝r❡❛s✐♥❣ ❘▼❙❊✳ ❚❤❡ ♣r♦♣♦s❡❞ ❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ✇❛s

s❤♦✇♥ t♦ ♦✉t♣❡r❢♦r♠ t❤❡ ♦t❤❡r ♠❡t❤♦❞s✳ ❚❤❡ ❝♦♠❜✐♥❡❞ ❱■❚✲❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❤❛s ❛♥

❡✈❡♥ s♠❛❧❧❡r ❘▼❙❊ ♦✉t♣❡r❢♦r♠✐♥❣ t❤❡ ❍❆❙P✲❘❘✲▲▼❙✲●❙❈✳
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✭❛✮ ❘▼❙❊ ❢♦r ρ = 0.2

samples
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✭❜✮ ❘▼❙❊ ❢♦r ρ = 0.9

samples
0 200 400 600
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Batch GSC white noise

RR-LMS-GSC white noise

RR-LMS-GSC colored noise

Proposed HASP-RR-LMS-GSC

Proposed VIT-RR-LMS-GSC

Proposed DP-RR-LMS-GSC

Proposed HASP-BW-RR-SG-GSC

Proposed VIT-HASP-BW-RR-SG-GSC

❋✐❣✉r❡ ✷✳✽✿ ❘▼❙❊ ♦❢ t❤❡ ❘❘✲▲▼❙✲●❙❈ t②♣❡ ❛❧❣♦r✐t❤♠s ✈❡rs✉s s❛♠♣❧❡s ❢♦r N = 50 ❛♥❞ ❛♥
❙◆❘ ♦❢ ✶✵ ❞❇

❙✐♥❝❡ t❤❡ ❙❱❉ ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s

✉s✐♥❣ ❛ ❍❆❙P s♦❧✉t✐♦♥✱ t❤❡ ❇❲✲❘❘✲❙●✲●❙❈ ✐s ❛❧s♦ s❤♦✇♥ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❤❡♥ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ♣♦✇❡r ✐s ♥♦t s✉✣❝✐❡♥t❧② ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s❛✈✐♥❣s ❝♦♠❡ ❛t t❤❡ ❝♦st ♦❢

r❡s♣♦♥s❡ t✐♠❡✳ ❚❤❡ ❜❧♦❝❦ s✐③❡ ✐s ❝❤♦s❡♥ t♦ N = 50 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇✐t❤✐♥ ❡❛❝❤
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❜❧♦❝❦ ✐s 2N ✳ ❊✈❡♥ t❤♦✉❣❤ ❛ s❧♦✇❡r ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t✐❝❡❞✱ t❤❡ ❍❆❙P✲❇❲✲❘❘✲❙●✲●❙❈ ❣❡ts

❝❧♦s❡ t♦ t❤❡ ❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ♦♥ t❤❡ ✜♥❛❧ ❘▼❙❊✳ ❆❧s♦✱ t❤❡ ❱■❚ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t

r♦❧❡ ✐♥ r❡❞✉❝✐♥❣ t❤❡ ❘▼❙❊✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✽✱ t❤❡ ❱■❚ ❞♦❡s ♠♦st ♦❢ t❤❡ ✜❧t❡r✐♥❣ t❛s❦

❛♥❞ t❤❡ ❣❛✐♥ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ●❙❈ ❜❡❝♦♠❡s s♠❛❧❧❡r✳ ❚❤❡ st❡❡♣ ❞❡s❝❡♥t s❡❡♥ ♦♥ t❤❡ ✜rst

✺✵ s❛♠♣❧❡s ♦❢ t❤❡ ❱■❚✲❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❝✉r✈❡ ✐s ❜❛s✐❝❛❧❧② ❞✉❡ t❤❡ ❞❛t❛ ❧❡♥❣t❤ ✇❤❡♥

♣❡r❢♦r♠✐♥❣ t❤❡ ❧♦✇ r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❖♥❝❡ t❤❡ ❞❛t❛ r❡❛❝❤❡s ✐ts ❧✐♠✐t✱ ❤❡r❡ s❡t t♦ ✺✵✱ t❤❡

❘▼❙❊ r❡♠❛✐♥s ❛❧♠♦st ❝♦♥st❛♥t✳

samples
0 100 200 300 400 500 600
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✭❛✮ ❘▼❙❊ ❢♦r ρ = 0.2

samples
0 100 200 300 400 500 600

R
M

S
E

10-1
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Proposed BW-RR-LMS-GSC white

Proposed HASP-RR-LMS-GSC

Proposed VIT-RR-LMS-GSC

Proposed HASP-BW-RR-LMS-GSC

Proposed VIT-HASP-BW-RR-LMS-GSC

✭❜✮ ❘▼❙❊ ❢♦r ρ = 0.9

❋✐❣✉r❡ ✷✳✾✿ ❘▼❙❊ ❢♦r ▲▼❙✲●❙❈ t②♣❡ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ✈❛r②✐♥❣ N ❛♥❞ ❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇

■♥ ❋✐❣✉r❡ ✷✳✾✱ t❤❡ ❇❲✲❘❘✲❙●✲●❙❈ ✐♥ ✇❤✐t❡ ♥♦✐s❡ s❝❡♥❛r✐♦s ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❍❆❙P✲

❇❲✲❘❘✲▲▼❙✲●❙❈ ❛♥❞ t❤❡ ❱■❚✲❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈✳ ❚❤❡ ❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❛♥❞

t❤❡ ❱■❚✲❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❝✉r✈❡s ❛r❡ ❧❡❢t ❢♦r r❡❢❡r❡♥❝❡✳ ❚❤❡ ❇❲✲❘❘✲❙●✲●❙❈ ❞♦❡s ♥♦t

✐♠♣r♦✈❡ ❘▼❙❊ ✐♥ ❛ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦ ✇✐t❤ ρ = 0.9✳ ■♥ ❋✐❣✉r❡ ✷✳✾✱ t❤❡ ❍❆❙P✲❇❲✲

❘❘✲❙●✲●❙❈ ❤❛s ❛ s✐♠✐❧❛r ❘▼❙❊ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❇❲✲❘❘✲❙●✲●❙❈ ✐♥ ❛ ✇❤✐t❡ ♥♦✐s❡

❡♥✈✐r♦♥♠❡♥t ❛♥❞ t❤❡ ❱■❚✲❍❆❙P✲❇❲✲❘❘✲▲▼❙✲●❙❈ ❤❛s ❛ s✐♠✐❧❛r ❘▼❙❊ t♦ t❤❡ ❱■❚✲❍❆❙P✲

❘❘✲▲▼❙✲●❙❈✳

■♥ ❋✐❣✉r❡ ✷✳✶✵❛ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❘▼❙❊ ✐♥ t❡r♠s ♦❢ ❜❧♦❝❦ s✐③❡ ✐s s❤♦✇♥ ❢♦r t❤❡ ❢✉❧❧

r❛♥❦ ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ❍❆❙P✲▲▼❙✲●❙❈ ❤❛s ❛ ❜❡tt❡r ❘▼❙❊ t❤❛♥ t❤❡ ❉P✲▲▼❙✲●❙❈ ✇❤❡♥

N > 80 ❛♥❞ t❤❡ ❱■❚✲❍❆❙P✲▲▼❙✲●❙❈ ❤❛s ✐ts ❘▼❙❊ ❛❧♠♦st ✉♥❝❤❛♥❣❡❞ ❢♦r N > 50✳ ■♥

❋✐❣✉r❡ ✷✳✶✵❜✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❘▼❙❊ ✐♥ t❡r♠s ♦❢ ❜❧♦❝❦ s✐③❡ ✐s s❤♦✇♥ ❢♦r t❤❡ r❡❞✉❝❡❞ r❛♥❦

❛❧❣♦r✐t❤♠s✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✵❜✱ t❤❡ ❜❧♦❝❦ s✐③❡ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ r❡❞✉❝❡❞

r❛♥❦ ❛❧❣♦r✐t❤♠s✱ s♣❡❝✐❛❧❧② ❢♦r t❤❡ ❍❆❙P✲♦♥❧② ♣r❡✇❤✐t❡♥✐♥❣ s❝❤❡♠❡s✳ ❚❤❡ ❱■❚ ❜❛s❡❞ ❍❆❙P

❛❧❣♦r✐t❤♠s ❤❛✈❡ t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♦t❤❡r s❝❤❡♠❡s✳ ❚❤❡ ✜♥❛❧ ♣❧♦ts

s❤♦✇s t❤❡ ✜♥❛❧ ❘▼❙❊ ❛❢t❡r ✻✵✵ s♥❛♣❤♦ts ❢♦r ❛ ✈❛r②✐♥❣ ❝♦rr❡❧❛t✐♦♥ ρ ✐♥ ❋✐❣✉r❡ ✷✳✶✶✳ ❋✐❣✉r❡
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Batch GSC white noise
Proposed DP-LMS-GSC
Proposed HASP-LMS-GSC
Proposed VIT-HASP-LMS-GSC

✭❛✮ ❘▼❙❊ ❢♦r ▲▼❙ t②♣❡ ❛❧❣♦r✐t❤♠s
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RRGSC colored noise
Proposed DP-RR-LMS-GSC
Proposed HASP-RR-SG-GSC
Proposed VIT-RR-LMS-GSC
Proposed HASP-BW-RR-SG-GSC
Proposed VIT-HASP-BW-RR-SG-GSC

✭❜✮ ❘▼❙❊ ❢♦r ❘❘ t②♣❡ ❛❧❣♦r✐t❤♠s

❋✐❣✉r❡ ✷✳✶✵✿ ❋✐♥❛❧ ❘▼❙❊ ❢♦r ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ✈❛r②✐♥❣ N ✱ ❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇ ❛♥❞ ρ = 0.9✳

✷✳✶✶❛ s❤♦✇s t❤❛t t❤❡ ❘▼❙❊ ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❉P✲▲▼❙✲●❙❈ r❡♠❛✐♥s ❜❛s✐❝❛❧❧② ❝♦♥st❛♥t ✇✐t❤

t❤❡ ✐♥❝r❡❛s❡ ✐♥ ρ✳ ❚❤❡ ♣r♦♣♦s❡❞ ❍❆❙P✲▲▼❙✲●❙❈ ❤❛s ✈❡r② ❧♦✇ ❘▼❙❊ ❛♥❞ ✐♥❝r❡❛s❡s ✇✐t❤

t❤❡ ✐♥❝r❡❛s❡ ♦❢ ρ✱ ❜✉t st✐❧❧ ❡♥❞✐♥❣ ✇✐t❤ ❛♥ ❘▼❙❊ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❛t ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ❝❛s❡✳

❋✐❣✉r❡ ✷✳✶✶❜ s❤♦✇s t❤❡ ❘▼❙❊ ❢♦r t❤❡ r❡❞✉❝❡❞ r❛♥❦ ❛❧❣♦r✐t❤♠s✳ ■♥ ❋✐❣✉r❡ ✷✳✶✶❜✱ ✐t ✐s s❡❡♥

;
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

F
in

a
l 
R

M
S

E

10-1

100

Batch GSC white noise
LMS-GSC white noise
LMS-GSC colored noise
Proposed DP-LMS-GSC
Proposed HASP-LMS-GSC

✭❛✮ ❘▼❙❊ ❢♦r ▲▼❙ t②♣❡ ❛❧❣♦r✐t❤♠s

;
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RRGSC white noise
RRGSC colored noise
Proposed DP-RR-LMS-GSC
Proposed HASP-RR-SG-GSC
Proposed HASP-BW-RR-SG-GSC
Proposed VIT-HASP-BW-RR-SG-GSC
Proposed VIT-RR-LMS-GSC

✭❜✮ ❘▼❙❊ ❢♦r ❘❘✲▲▼❙ t②♣❡ ❛❧❣♦r✐t❤♠s

❋✐❣✉r❡ ✷✳✶✶✿ ❋✐♥❛❧ ❘▼❙❊ ❛❢t❡r N = 600 s♥❛♣s❤♦ts ✇✐t❤ ❛ ✈❛r②✐♥❣ ρ ❛♥❞ ❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇

t❤❛t ❜❡s✐❞❡s t❤❡ ❉P ❝❛s❡✱ ❛❧❧ t❤❡ ♣r♦♣♦s❡❞ s❝❤❡♠❡s ♦♣❡r❛t❡ ✇✐t❤ ❘▼❙❊ ❧❡✈❡❧s ❜❡❧❧♦✇ ♦❢ t❤❛t

✐♥ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ❝❛s❡✳
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✷✳✺ ❙✉♠♠❛r②

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❛❞❛♣t✐✈❡ ●❙❈ ❛♥❞ t❤❡ r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ❛r❡ ❡①t❡♥❞❡❞ ❢♦r

❝♦❧♦r❡❞ s❝❡♥❛r✐♦s✳ ❆s s❤♦✇♥ ✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ ❞❡❣r❛❞❡s s✐❣♥✐✜❝❛♥t❧② t❤❡

♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ●❙❈ ❛♥❞ ❘❘✲●❙❈ ❛❧❣♦r✐t❤♠s✳ ❚♦ r❡❞✉❝❡❞ ❘▼❙❊ ✐♥ t❤❡s❡ s❝❡♥❛r✐♦s✱

t❤❡ ❉P✲▲▼❙✲●❙❈✱ t❤❡ ❍❆❙P✲▲▼❙✲●❙❈ ❛♥❞ t❤❡ ❱■❚✲❍❆❙P✲▲▼❙✲●❙❈ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡

❢✉❧❧ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ❛♥❞ t❤❡ ❉P✲❘❘✲▲▼❙✲●❙❈✱ ❍❆❙P✲❘❘✲▲▼❙✲●❙❈ ❛♥❞ ❱■❚✲❘❘✲

▲▼❙✲●❙❈ ❢♦r t❤❡ r❡❞✉❝❡❞ r❛♥❦ ❛❞❛♣t✐✈❡ ●❙❈ ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s❡❞ ♦♥

t❤❡ ❉P✱ ♦♥ t❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❛♥❞ ♦♥ t❤❡ ❱■❚✳ ❚❤❡ ❉P ✐s ✉s❡❞ ✇❤❡♥ t❤❡ ❝♦rr❡❧❛t✐♦♥

str✉❝t✉r❡ ♦❢ t❤❡ ♥♦✐s❡ ✐s ❦♥♦✇♥ ❛♥❞ t❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ✇❤❡♥ ✐t ✐s ✉♥❦♥♦✇♥✳ ❚❤❡

❱■❚ ❛❝ts ❛s ❛ ♣r❡✲❜❡❛♠❢♦r♠❡r r❡❞✉❝✐♥❣ t❤❡ ♣♦✇❡r t❤❛t ✐s ♥♦t ✐♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞❡s✐r❡❞

s✐❣♥❛❧✳

❚❤❡ st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ r❡q✉✐r❡s ♦♥❡ ❙❱❉ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ s❛♠♣❧❡✳ ❚♦ r❡❞✉❝❡

t❤❡ ♥✉♠❜❡r ♦❢ ❙❱❉ ❝♦♠♣✉t❛t✐♦♥s✱ ❛ ❜❧♦❝❦✲✇✐s❡ ❙●✲❘❘✲●❙❈ ✇❛s ♣r♦♣♦s❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠

❛❞❛♣ts ✐ts ✜❧t❡r ❜❧♦❝❦ ❜② ❜❧♦❝❦ ♠❛❦✐♥❣ ♦♥❧② ♦♥❡ ❙❱❉ ♣❡r ❜❧♦❝❦ ♥❡❝❡ss❛r② r❡❞✉❝✐♥❣ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ❝♦st✳ ❚❤❡ ❜❧♦❝❦✲✇✐s❡ ❙●✲❘❘✲●❙❈ ✐♥ ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s ❧❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t

♦❢ t❤❡ ❍❆❙P✲❇❲✲❘❘✲❙●✲●❙❈ ❛♥❞ ❱■❚✲❇❲✲❘❘✲❙●✲●❙❈ ❛❧❣♦r✐t❤♠s✳

❚❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ♣r❡✇❤✐t❡♥✐♥❣ s❝❤❡♠❡s tr❛♥s❢♦r♠s ❜❛❝❦ t❤❡ ❝♦❧♦r❡❞ ♥♦✐s❡ ✐♥t♦ ✇❤✐t❡

♥♦✐s❡ ❛❧❧♦✇✐♥❣ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ●❙❈ ❛♥❞ ❘❘✲●❙❈✳ ❇❛s❡❞ ♦♥ t❤❛t✱ s❡✈❡r❛❧

❛❧❣♦r✐t❤♠s ✇❡r❡ ♣r♦♣♦s❡❞ ❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✳ ❆ ❜❧♦❝❦✲✇✐s❡ ❛❧❣♦r✐t❤♠ ✇❛s ♣r♦♣♦s❡❞

t♦ r❡❞✉❝❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ❙❱❉ ❝♦♠♣✉t❛t✐♦♥s t♦ ♦♥❡ ♣❡r ❜❧♦❝❦✳ ❇② ♠❡❛♥s ♦❢ s✐♠✉❧❛t✐♦♥✱ ❛

❧♦✇❡r ❘▼❙❊ ✇❛s ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ✜♥❛❧ r❡s✉❧t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❛♠♣❧❡✲✇✐s❡ ♠❡t❤♦❞s✳
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❇❊❆▼❋❖❘▼❊❘ ❋❖❘ ❙❊P❆❘❆❇▲❊

❆❘❘❆❨❙

❚❤❡ t❡♥❞❡♥❝② ❢♦r ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ✐♥ ✺● st❛♥❞❛r❞s ♠❛② ❝r❡❛t❡ ♠❛♥② ♣r❛❝t✐❝❛❧

❝❛s❡s ✐♥ ✇❤✐❝❤ ❛♥t❡♥♥❛ ❛rr❛②s ❤❛✈❡ str✉❝t✉r❡s t❤❛t ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ ✈✐❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

t❡❝❤♥✐q✉❡s✳ ■❢ t❤❡ ❛rr❛② ♠❛♥✐❢♦❧❞ ✐s s❛✐❞ t♦ ❜❡ s❡♣❛r❛❜❧❡✱ ✐✳❡✳ ✐t ❝❛♥ ❜❡ ❜✉✐❧t ❢r♦♠ ♦✉t❡r

♣r♦❞✉❝ts ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❛rr❛②s✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ♥❛t✉r❛❧ ❛♥❞ ❝♦♥✈❡♥✐❡♥t ❢♦r♠ ❬✼✸❪✳ ❆

♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡ ✇✐t❤ t❤✐s str✉❝t✉r❡ ✐s t❤❡ ✉♥✐❢♦r♠ r❡❝t❛♥❣✉❧❛r ❛rr❛② ✭❯❘❆✮✳ ❚❤❡ ❝❧❛ss✐❝❛❧

❛♣♣r♦❛❝❤ t♦ ❜❡❛♠❢♦r♠✐♥❣ ✐❣♥♦r❡s t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❞❛t❛ ❜② ✈❡❝t♦r✐③✐♥❣

t❤❡ ❛rr❛② ♣r✐♦r t♦ ❛♣♣❧②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❬✹✱✽✷❪✳

❊✈❡♥ t❤♦✉❣❤ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ t❡♥s♦r str✉❝t✉r❡ ♦❢ t❤❡ ❞❛t❛ r❡❞✉❝❡s ♣❛r❛♠❡t❡r ❡s✲

t✐♠❛t✐♦♥ ❡rr♦r ❬✷✺✱ ✹✸❪✱ t❤❡r❡ ❤❛s ♦♥❧② ❜❡❡♥ ✈❡r② ❧✐tt❧❡ ♣r✐♦r ✇♦r❦ ♦♥ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ❢♦r ❜❡❛♠❢♦r♠✐♥❣✳ ■♥ ❬✸✾❪✱ ❛ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t ❛rr❛② ✐s ❝♦♥s✐❞❡r❡❞

❢♦r ❝r❡❛t✐♥❣ ❛ t❡♥s♦r✳ ❚❤❡♥✱ ❛ ♣❛r❛❧❧❡❧ ❢❛❝t♦r ✭P❆❘❆❋❆❈✮ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬✺✹❪ ✐s ❛♣♣❧✐❡❞

t♦ ✜♥❞ t❤❡ ✜❧t❡r ✇❡✐❣❤ts ✐♥ ❛ ❝♦♥str❛✐♥❡❞ ✜❧t❡r✐♥❣ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞

s✐❞❡❧♦❜❡ ❝❛♥❝❡❧❧❡r ✭●❙❈✮ ❬✹✵❪ ✐s ✉s❡❞✳ ❚❤❡ ●❙❈ s♦❧✈❡s ❛ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠ ❜② ❞❡❝♦✉✲

♣❧✐♥❣ t❤❡ ❝♦♥str❛✐♥ts s♦ t❤❛t t❤❡ ❛❞❛♣t✐✈❡ ♣❛rt ♦❢ t❤❡ ✜❧t❡r✐♥❣ ✐s ✉♥❝♦♥str❛✐♥❡❞✳ ▼♦r❡♦✈❡r✱

t❤❡ s❡✈❡r❛❧ t❡♥s♦r ❞❛t❛ r❡❛rr❛♥❣❡♠❡♥ts✱ ✉♥❢♦❧❞✐♥❣s✱ ❛r❡ ❥♦✐♥t❧② ✉s❡❞✱ t❤❡r❡❜②✱ ❡①♣❧♦✐t✐♥❣ t❤❡

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❡♣❛r❛❜❧❡ str✉❝t✉r❡✳ ❚❤✐s ❜r❡❛❦s t❤❡ s♦❧✉t✐♦♥ ✐♥t♦ R s♠❛❧❧❡r ❞✐♠❡♥s✐♦♥

●❙❈s✱ r❡❞✉❝✐♥❣ t❤❡ ♦✈❡r❛❧❧ s②st❡♠ ❝♦♠♣❧❡①✐t②✳ ❋✐♥❛❧❧②✱ t❡♥s♦r ✉♥❢♦❧❞✐♥❣s ❛r❡ ✉s❡❞ t♦ ✈✐r✲

t✉❛❧❧② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s✱ t❤✉s ❡♥❤❛♥❝✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❜❡❛♠❢♦r♠❡r ❛♥❞

❝r❡❛t✐♥❣ ❛ ♥♦✈❡❧ ❛♣♣r♦❛❝❤ t♦ ❜❡❛♠❢♦r♠✐♥❣✱ t❤❡ ♣r♦♣♦s❡❞ R✲❉✐♠❡♥s✐♦♥❛❧ ●❙❈ ✭R✲❉ ●❙❈✮✳

❚❤✐s ❝❤❛♣t❡r ✐s ❞✐✈✐❞❡❞ ✐♥t♦ s✐① s❡❝t✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✳ ❙❡❝t✐♦♥ ✸✳✶ s❤♦✇s t❤❡

❞❛t❛ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸✳✷ ❞❡s❝r✐❜❡s t❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ ❛❧❣♦r✐t❤♠✳ ❚❤❡♥✱ ❙❡❝t✐♦♥ ✸✳✸ ♣r❡s❡♥ts

t❤❡ ♣r♦♣♦s❡❞ R✲❉ ●❙❈ ❢♦r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❛rr❛② ♣r♦❝❡ss✐♥❣✳ ❙✐♠✉❧❛t✐♦♥s ❛♥❞ r❡s✉❧ts ❛r❡
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s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ❱✳ ❋✐♥❛❧❧②✱ ❛ s✉♠♠❛r② ✐s ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ❱■✳

✸✳✶ ❉❛t❛ ▼♦❞❡❧

❈♦♥s✐❞❡r ❛ ✈❡❝t♦r si = [si(1), ..., si(N)]T ❝♦♥t❛✐♥✐♥❣ t❤❡ tr❛♥s♠✐tt❡❞ s②♠❜♦❧s si(t) ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ i✲t❤ s♦✉r❝❡✳ ❚❤❡s❡ s②♠❜♦❧s r❡❛❝❤ t❤❡ ❛♥t❡♥♥❛s ♦❢ ❛♥ R✲❞✐♠❡♥s✐♦♥❛❧ ❛rr❛②✳ ❋♦r

❝❧❛r✐t② ♦❢ ✐❧❧✉str❛t✐♦♥✱ ❛ ✉♥✐❢♦r♠ r❡❝t❛♥❣✉❧❛r ❛rr❛② ✭❯❘❆✮ ✐s ✉s❡❞✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✳

▲❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❡①t❡♥s✐♦♥ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ ❛rr❛②s ✇✐❧❧ ❜❡ ♠❛❞❡✳

❋✐❣✉r❡ ✸✳✶✿ ❊❧❡✈❛t✐♦♥ φi ❛♥❞ ❛③✐♠✉t❤ θi ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ♦❢ t❤❡ i✲t❤ s♦✉r❝❡

❆♥ ✐♠♣✐♥❣✐♥❣ ♣❧❛♥❛r ✇❛✈❡❢r♦♥t ❢r♦♠ t❤❡ i✲t❤ s♦✉r❝❡ r❡❛❝❤❡s t❤❡ ❛rr❛② ✇✐t❤ ❛③✐♠✉t❤ θi

❛♥❞ ❡❧❡✈❛t✐♦♥ φi ❝❛✉s✐♥❣ t❤❡♠ t♦ ❜❡ r❡❝❡✐✈❡❞ ✇✐t❤ ♣❤❛s❡✲❞❡❧❛②s

a
(m1,m2)
i = e−j(m1ϕ

(1)
i +m2ϕ

(2)
i ), ✭✸✳✶✮

ϕ
(1)
i = ∆x cos(θi) cos(φi), ✭✸✳✷✮

ϕ
(2)
i = ∆y sin(θi) cos(φi), ✭✸✳✸✮

✇❤❡r❡ m1 ❛♥❞ m2 ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥t❡♥♥❛ ♣♦s✐t✐♦♥s ✐♥ t❤❡ x ❛♥❞ y ❞✐r❡❝t✐♦♥s r❡s♣❡❝✲

t✐✈❡❧②✱ ❛♥❞ ∆x ❛♥❞ ∆y ❛r❡ t❤❡ ✐♥t❡r✲❡❧❡♠❡♥t s♣❛❝✐♥❣s✳ ❚❤❡ ♣❤❛s❡s ❢♦r ❛ ❯❘❆ ♦❢ s✐③❡M1×M2

❛r❡ ❣r♦✉♣❡❞ ✐♥ t❤❡ ♠❛tr✐① Ai ∈ C
M1×M2 ♦❢ t❤❡ s❛♠❡ s✐③❡✳ ■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ d s♦✉r❝❡s✱ t❤❡

r❡❝❡✐✈❡❞ s✐❣♥❛❧ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

X(t) =
d−1
∑

i=0

Aisi(t) +V(t) ∈ C
M1×M2 , ✭✸✳✹✮

✇❤❡r❡ V(t) ❝♦♥t❛✐♥s ③❡r♦ ♠❡❛♥ ❝♦♠♣❧❡① ✇❤✐t❡ ●❛✉ss✐❛♥ ✭❩▼❈❲●✮ ♥♦✐s❡✳ ❆s s❤♦✇♥ ✐♥

❙❡❝t✐♦♥ ✸✳✷✱ ❝❧❛ss✐❝❛❧ s②st❡♠s ❢r❡q✉❡♥t❧② ✉s❡ t❤❡ ✈❡❝t♦r✐③❡❞ ❢♦r♠ ♦❢ X(t)✱

x(t) = vec(X(t)), ✭✸✳✺✮
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❛s ✐♥♣✉t ♦❢ t❤❡ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✷✲❉✐♠❡♥s✐♦♥❛❧ s②st❡♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ✉♥✐❞✐✲

♠❡♥s✐♦♥❛❧ ♦♥❡✳

❚♦ ❛✈♦✐❞ ✈❡❝t♦r✐③❛t✐♦♥ ❛♥❞ ♦❜t❛✐♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t ♥♦t❛t✐♦♥✱ d st❡❡r✐♥❣ ♠❛tr✐❝❡s Ai ❝❛♥ ❜❡

st❛❝❦❡❞ ❛❧♦♥❣ t❤❡ ✸rd ❞✐♠❡♥s✐♦♥ t♦ ❢♦r♠ ❛ st❡❡r✐♥❣ t❡♥s♦r A ∈ C
M1×M2×d✳ ❆❧s♦✱ ❝♦♥s❡❝✉t✐✈❡

s✐❣♥❛❧ s②♠❜♦❧s ❛r❡ ❢✉rt❤❡r ❣r♦✉♣❡❞ ✐♥ t❤❡ ♠❛tr✐① S = [s0, ..., sd−1]
T ∈ C

d×N ✳ ❚❤❡ r❡❝❡✐✈❡❞

s✐❣♥❛❧ ♠♦❞❡❧ ✭✸✳✹✮ ❝❛♥ ❜❡ t❤❡♥ ❡①t❡♥❞❡❞ t♦ ❛ t❡♥s♦r ♠♦❞❡❧

X = A×3 S
T + V ∈ C

M1×M2×N , ✭✸✳✻✮

✇❤❡r❡ V ✐s t❤❡ M1 ×M2 ×N ♥♦✐s❡ t❡♥s♦r ❝♦♥t❛✐♥✐♥❣ ❩▼❈❲● ♥♦✐s❡✳ ❋✐❣✉r❡ ✸✳✷ ✐❧❧✉str❛t❡s

t❤❡ ♣r♦❝❡ss ♦❢ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ r❡❝❡✐✈❡❞ t❡♥s♦r✳

...

...

......

...

URA

❋✐❣✉r❡ ✸✳✷✿ ❯s✐♥❣ ❛ ❯❘❆ t♦ ❢♦r♠ ❛ ✸✲❉ ❞❛t❛ t❡♥s♦r

❋♦r ✭✸✳✻✮ t♦ ❜❡ ✈❛❧✐❞ t❤❡ ❛♥t❡♥♥❛ ❛rr❛② ♠✉st ❜❡ s❡♣❛r❛❜❧❡ ❬✼✸❪✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t ♦❢

s❛②✐♥❣ t❤❛t t❤❡ st❡❡r✐♥❣ ♠❛tr✐① Ai ❝❛♥ ❜❡ ❢♦r♠❡❞ ❜② t❤❡ ♦✉t❡r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t✇♦ ✈❡❝t♦rs✳

❋r♦♠ ❊q✉❛t✐♦♥ ✭✸✳✶✮ ✐t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t ❯❘❆s ❤❛✈❡ ❛ s❡♣❛r❛❜❧❡ str✉❝t✉r❡ s✐♥❝❡ Ai =

ai(ϕ
(1)) ◦ ai(ϕ

(2))✱ ✇❤❡r❡ ai(ϕ
(1)) = [a

(0,0)
i , ..., a

(M1−1,0)
i ] ❛♥❞ ai(ϕ

(2)) = [a
(0,0)
i , ..., a

(0,M2−1)
i ]

❛r❡ t❤❡ ✈❡❝t♦rs ❢♦r♠❡❞ ❜② ✈❛r②✐♥❣ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ③❡r♦✐♥❣ t❤❡ ♦t❤❡rs✳ ❚♦ ❣❡♥❡r❛❧✐③❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡r✐✈❛t✐♦♥s✱ t❤❡ ❞❛t❛ ♠♦❞❡❧ ✐s ❡①t❡♥❞❡❞ t♦ ❛rr❛②s ✇✐t❤ R ❞✐♠❡♥s✐♦♥s✱ ✐✳❡✳

Ai = ai(ϕ
(1)) ◦ ai(ϕ

(2)) ◦ ... ◦ ai(ϕ
(R))✱ t❤❡ r❡❝❡✐✈❡❞ t❡♥s♦r ♠♦❞❡❧ ✐♥ ❊q✉❛t✐♦♥ ✭✸✳✻✮ ❝❛♥ ❜❡

❢✉rt❤❡r ❡①t❡♥❞❡❞ t♦

X = A×R+1 S
T + V ∈ C

M1×M2×...×MR×N , ✭✸✳✼✮

✇❤❡r❡ t❤❡ st❡❡r✐♥❣ t❡♥s♦r A ❤❛s s✐③❡ M1 ×M2 × ...×MR × d✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡

♦❢ ❛♥t❡♥♥❛ ❛rr❛②s✱ R ≤ 3✳

✸✳✷ ❇❛t❝❤ ●❙❈ ❢♦r ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❜❛t❝❤ ●❙❈ t♦ ❛ ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥ ❛♥t❡♥♥❛

❛rr❛② ✐s s❤♦✇♥✳ ❚❤✉s✱ t❤❡ s❛♠❡ st❡♣s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✶ ❛r❡ r❡♣❡❛t❡❞ ✇✐t❤ ❛ s❧✐❣❤t
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♥♦t❛t✐♦♥ ❝❤❛♥❣❡ t♦ s✉♣♣♦rt ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ ❬✹✵❪ ❜❧♦❝❦ ❞✐❛❣r❛♠ ✐s

❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✸✳

+

-

+

❋✐❣✉r❡ ✸✳✸✿ ❈❧❛ss✐❝❛❧ ●❙❈ ❢♦r R ❞✐♠❡♥s✐♦♥s✳

❋✐rst✱ ✐♥ t❤❡ ✉♣♣❡r ♣❛rt ♦❢ ❋✐❣✉r❡ ✸✳✸✱ t❤❡ s✐❣♥❛❧ d(t) = aH(ϕ
(1)
0 , ..., ϕ

(R)
0 )x(t) ✐s ❡①tr❛❝t❡❞

❜② ❛ ❞❡❧❛② ❛♥❞ s✉♠ ✜❧t❡r a(ϕ
(1)
0 , ..., ϕ

(R)
0 ) ✇✐t❤ t❛♣s ❝♦♠♣✉t❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✭✸✳✶✮

❛♥❞ st❡❡r❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ s0(t)✳ ❚❤✐s s✐❣♥❛❧ ✐s ❝♦♥s✐❞❡r❡❞ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧✱

t❤✉s t❤❡ ♥♦t❛t✐♦♥ d(t)✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ d − 1 s✐❣♥❛❧s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥t❡r❢❡r❡♥❝❡✳ ❚❤❡

♣❤❛s❡✲❞❡❧❛②s ϕ
(1)
0 ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t❡❞ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ✭❉❖❆✮ ❛♥❣❧❡s✱ ❡✳❣✳

θ0 ❛♥❞ φ0✳ ❋♦r ❡st✐♠❛t✐♥❣ t❤❡ ❉❖❆ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✹✸❪✳

■♥ t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ ❋✐❣✉r❡ ✸✳✸✱ ❛ ❜❧♦❝❦✐♥❣ ♠❛tr✐① B ∈ C
(M1M2...MR−1)×M1M2...MR ✱ s✉❝❤

t❤❛t B · a(ϕ(1)
0 , ..., ϕ

(R)
0 ) = 0✱ ✐s ✉s❡❞ t♦ ❡①tr❛❝t t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s✐❣♥❛❧s xB = B · x(t)✳ ■♥ ❛♥

✐❞❡❛❧ s②st❡♠✱ t❤❡ ✜❧t❡r w ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ❲✐❡♥❡r s♦❧✉t✐♦♥ ♦❢ |d(t) − wHxB(t)|2 t♦ ❣✐✈❡

❛♥ ✐♥t❡r❢❡r❡♥❝❡✲r❡♠♦✈✐♥❣✱ ♦r s✐❞❡❧♦❜❡ ❝❛♥❝❡❧❧❡r✱ ✜❧t❡r✿

w = R−1
xB

rxBd, ✭✸✳✽✮

✇❤❡r❡✱ RxB
❛♥❞ rxBd ❛r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ xB(t) ❛♥❞ t❤❡ ❝r♦ss ❝♦rr❡❧❛t✐♦♥ ✈❡❝t♦r

❜❡t✇❡❡♥ xB(t) ❛♥❞ d(t)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t♦t❛❧ ✜❧t❡r ✐s

wgsc = a(ϕ
(1)
0 , ϕ

(2)
0 , . . . , ϕ

(R)
0 )−BHw, ✭✸✳✾✮

t❤✉s t❤❡ ✉♣♣❡r ♣❛rt ♦❢ ❋✐❣✉r❡ ✸✳✸ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ st❛t✐❝ ♣❛rt ♦❢ t❤❡ s②st❡♠ ❛♥❞ t❤❡

❜♦tt♦♠ ♣❛rt ✐s ❛❞❛♣t✐✈❡✳

❋♦r ♣r❛❝t✐❝❛❧ ❛❧❣♦r✐t❤♠s✱ t❤❡ ✐❞❡❛❧ ❲✐❡♥❡r s♦❧✉t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭✸✳✽✮ ✐s ♥♦t r❡❛❝❤❡❞✳

■♥st❡❛❞✱ ❜❛t❝❤ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ RxB
❜② ❝❛♣t✉r✐♥❣ N s♥❛♣s❤♦ts✳ ❚❤✐s ✐s

❡q✉✐✈❛❧❡♥t t♦ ✉s✐♥❣ t❤❡ (R + 1)✲t❤ ♠♦❞❡ ✉♥❢♦❧❞✐♥❣ ♦❢ t❤❡ t❡♥s♦r X ✱ s✐♥❝❡

[X ](R+1) =













vec
(

X (:, :, ..., 1)
)T

vec
(

X (:, :, ..., 2)
)T

✳✳✳

vec
(

X (:, :, ..., N)
)T













∈ C
N×M1M2...MR . ✭✸✳✶✵✮
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❍❡♥❝❡✱ t❤❡ ❡st✐♠❛t❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

R̂xB
=

1

N
B[X ]H(R+1)[X ](R+1)B

H, ✭✸✳✶✶✮

r̂xBd =
1

N
B[X ]T(R+1)d

∗, ✭✸✳✶✷✮

✇❤❡r❡ d = [d(1), d(2), ..., d(N)]T✳

✸✳✸ Pr♦♣♦s❡❞ R✲❉✐♠❡♥s✐♦♥❛❧ ●❙❈

❚❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ ✉s❡s t❤❡ ✈❡❝t♦r✐③❡❞ ❢♦r♠ x(t) ♦❢ X ❛♥❞ ✐♥ t❤✐s ♣r♦❝❡ss ✐t ❧♦s❡s ✐ts ♠✉❧✲

t✐❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡✳ ❚♦ t❛❦❡ ❢✉❧❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ t❡♥s♦r str✉❝t✉r❡ ♦❢ t❤❡ ❞❛t❛✱ ♦♥❡

❝❛♥ ❛♥❛❧②③❡ t❤❡ ✉♥❢♦❧❞✐♥❣s ♦❢ X ✳ ❚❤✐s ✐s ❞♦♥❡ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s✱

s♠❛❧❧❡r s✐③❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥s ❛♥❞ t♦ ✈✐rt✉❛❧❧② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s✳ ■♥ t❤❡ ❯❘❆

❝❛s❡✱ ✐t ✐s ❛♥❛❧②③❡❞ t❤❛t t❤❡ ✶✲st ❛♥❞ ✷✲♥❞ ♠♦❞❡ ✉♥❢♦❧❞✐♥❣s ❛r❡

[X ](1) = [X (:, 1, 1), ..,X (:, 1, N),X (:, 2, 1), ...,X (:,M2, N)], ✭✸✳✶✸✮

[X ](2) = [X (1, :, 1), ..,X (M1, :, 1),X (2, :, 2), ...,X (M1, :, N)]. ✭✸✳✶✹✮

❆❧♦♥❣ t❤❡ ❝♦❧✉♠♥s ♦❢ ✭✸✳✶✸✮ ❛♥❞ ✭✸✳✶✹✮✱ t❤❡ ♣❤❛s❡ ❞❡❧❛②s ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮ ❛r❡ ♣r❡s❡r✈❡❞✱ ✐♥

t❤❛t ♦r❞❡r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦❧✉♠♥s ♦❢ ✭✸✳✶✸✮ ❛♥❞ ✭✸✳✶✹✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❡♣❛r❛t❡❧② ❝♦♠♣✉t❡

R ❝♦♠♣♦♥❡♥ts ♦❢ ❛♥ ❡♥❤❛♥❝❡❞ ♥❡✇ ✜❧t❡r✳ ❚❤✐s ❡♥❤❛♥❝❡♠❡♥t ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢

s♥❛♣s❤♦ts ✐s ✈✐rt✉❛❧❧② ✐♥❝r❡❛s❡❞ t♦
∑

r NMr ❛❣❛✐♥st N s♥❛♣s❤♦ts ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ●❙❈✳

❚❤❡ ❜❛s✐❝ ❝♦♥❝❡♣t ❜❡❤✐♥❞ t❤❡ R✲❉ ●❙❈ ✐s t♦ ✉s❡ t❤❡ R+1 ♠♦❞❡ ✉♥❢♦❧❞✐♥❣s ♦❢ t❤❡ t❡♥s♦r

X t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ t❡♥s♦r str✉❝t✉r❡ ♦❢ t❤❡ ❞❛t❛✳ ❋✐❣✉r❡ ✸✳✹ s❤♦✇s t❤❡ R✲❉ ●❙❈

❜❧♦❝❦ ❞✐❛❣r❛♠ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❢❡❛t✉r❡✳1-D GSC1-D GSC1-D GSC
❋✐❣✉r❡ ✸✳✹✿ ❇❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ t❤❡ R✲❉ ●❙❈ ❛❧❣♦r✐t❤♠
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❋✐rst✱ t❤❡ t❡♥s♦r X ✐s ✉♥❢♦❧❞❡❞ ✐♥t♦ ✐ts R+1 ♠♦❞❡s✳ R ❝❧❛ss✐❝❛❧ ●❙❈ ❜❧♦❝❦s✱ ❛s ❡①♣❧❛✐♥❡❞

✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ❛r❡ ❢❡❞ ❝♦❧✉♠♥s ♦❢ t❤❡ ♦❢ t❤❡ r✲t❤ ♠♦❞❡ ✉♥❢♦❧❞✐♥❣s [X ](r) ✐♥❞❡①❡❞ ❜② k(r)✳

❚❤✐s ❝♦♥tr❛sts ✇✐t❤ t❤❡ ✇✐t❤ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❤❡r❡ ♦♥❧② t✐♠❡ s❛♠♣❧❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✐♥♣✉t

t♦ t❤❡ s②st❡♠✳ ❚❤❡ ✶✲❉ ●❙❈ ❜❧♦❝❦s ✇♦✉❧❞ ✐❞❡❛❧❧② ✜♥❞ t❤❡ ❲✐❡♥❡r s♦❧✉t✐♦♥s ♦❢ |d(r)(kr) −
[w(r)]Hx

(r)
B (kr)|2 ❢♦r ❡❛❝❤ r✲t❤ ❞✐♠❡♥s✐♦♥✿

w(r) = [R(r)]−1r(r), ✭✸✳✶✺✮

✇❤❡r❡ x
(r)
B (k(r)) = B(r)[X ](r)(:, kr)✱ R

(r) ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ x
(r)
B (k(r)) ❛♥❞ r(r) ✐s t❤❡

❝r♦ss❝♦rr❡❧❛t✐♦♥ ✈❡❝t♦r ❜❡t✇❡❡♥ x
(r)
B (k(r)) ❛♥❞ d(r)(kr)✳ ❙✐♠✐❧❛r❧② ❛s ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ d(r)(kr)

✐s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❞❡❧❛② ❛♥❞ s✉♠ ✜❧t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❡①tr❛❝t❡❞ ❢r♦♠

t❤❡ r✲t❤ ♠♦❞❡ ✉♥❢♦❧❞✐♥❣✳ ❚❤❡ t♦t❛❧ ✜❧t❡rs ❛r❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s

w(r)
gsc = a(ϕ

(r)
0 )− [B(r)]Hw(r). ✭✸✳✶✻✮

❚♦ ❡st✐♠❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ❛♥❞ t❤❡ ❝r♦ss❝♦rr❡❧❛t✐♦♥ ✈❡❝t♦rs ❢♦r t❤❡ ❜❛t❝❤ ●❙❈

❛❧❣♦r✐t❤♠s✱ t❤❡ ✉♥❢♦❧❞✐♥❣s [X ](r) ❛r❡ ❝♦♠♣✉t❡❞ ❛♥❞ t❤❡♥ ❛♣♣❧✐❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✐♥

✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✷✮ ❡①❝❡♣t ❜② t❤❡ ❍❡r♠✐t✐❛♥ ❛♥❞ tr❛♥s♣♦s❡ ♦♥ t❤❡ ✉♥❢♦❧❞✐♥❣s✿

R̂(r) =
1

N
B(r)[X ](r)[X ]H(r)[B

(r)]H, ✭✸✳✶✼✮

r̂(r) =
1

N
B(r)[X ](r)[d

(r)]∗. ✭✸✳✶✽✮

❖♥❝❡ t❤❡ R ✜❧t❡rs ❛r❡ ❝♦♠♣✉t❡❞✱ t❤❡② s❤♦✉❧❞ ❜❡ ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠ t❤❡ ✜♥❛❧ ✜❧t❡r ✇✐t❤

❧❡♥❣t❤ M1M2...MR✳ ❙✐♥❝❡ ❛ s❡♣❛r❛❜❧❡ ❛rr❛② ✐s ❝♦♥s✐❞❡r❡❞✱ t❤❡ ✜♥❛❧ ✜❧t❡r ❝♦♠♣✉t❡❞ ❛s t❤❡

❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ♦❢ ❜♦t❤ st❛t✐❝ ❛♥❞ ❛❞❛♣t✐✈❡ ♣❛rt ✐s ♣r♦♣♦s❡❞✿

wrd = a(ϕ
(1)
0 )⊗ a(ϕ

(2)
0 )⊗ · · · ⊗ a(ϕ

(R)
0 ) −

[B(1)]Hw(1) ⊗ [B(2)]Hw(2) ⊗ · · · ⊗ [B(R)]Hw(R). ✭✸✳✶✾✮

❇❡s✐❞❡s ✈✐rt✉❛❧❧② ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s✱ t❤✐s s❝❤❡♠❡ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢

❛❧❧♦✇✐♥❣ ❡❛❝❤ t❡r♠ [R̂(r)]−1r̂(r) t♦ ❜❡ ❝♦♠♣✉t❡❞ s❡♣❛r❛t❡❧②✳ ❚❤✐s ❣✐✈❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢

♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s ✐♥ r❡❝❡✐✈❡rs ✇✐t❤ s✉❝❤ ❝❛♣❛❜✐❧✐t②✱ t❤✉s r❡❞✉❝✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳

❆❧s♦✱ t❤❡r❡ ✐s ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ✐♥ ✉s✐♥❣ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡ ❞✉❡ t❤❡

❝♦♠♣❧❡①✐t② ♦❢ ♠❛tr✐① ✐♥✈❡rs✐♦♥s✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ r❡q✉✐r❡s t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ ❛ ♠❛tr✐① ✇✐t❤

s✐③❡ M1M2...MR ×M1M2...MR✳ ❇② ❡①♣❧♦✐t✐♥❣ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❞❛t❛✱ t❤❡ R✲❉

●❙❈ r❡q✉✐r❡s R ♠❛tr✐① ✐♥✈❡rs✐♦♥s ♦❢ s✐③❡ Mr ×Mr✳
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✸✳✹ ❉✐❛❣♦♥❛❧ ▲♦❛❞✐♥❣

■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❜❡❛♠❢♦r♠✐♥❣ ❛♥❞ s②♠❜♦❧ ❡st✐♠❛t✐♦♥ ✐♥ ❛♥t❡♥♥❛ ❛rr❛② s②st❡♠s✱ ♠❛tr✐①

✐♥✈❡rs✐♦♥ ♦♣❡r❛t✐♦♥ ❛r❡ t②♣✐❝❛❧❧② ♥❡❝❡ss❛r②✳ ■♥ ❛♥ ❛♥t❡♥♥❛ ❛rr❛② s②st❡♠✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢

s♥❛♣s❤♦ts ✐s s♠❛❧❧ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❡st✐♠❛t❡

t❡♥❞s t♦ ❜❡ ❜❛❞ ❝♦♥❞✐t✐♦♥❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✻✵❪✱ t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ ❛ ❜❛❞ ❝♦♥❞✐t✐♦♥❡❞ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐① ❝❛✉s❡s ♥♦✐s❡ ✭♦r ❝❧✉tt❡r✮ ❛♠♣❧✐✜❝❛t✐♦♥✱ ❞❡❣r❛❞✐♥❣ t❤❡ ✜❧t❡r q✉❛❧✐t②✳ ❉✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣

❛❧❧❡✈✐❛t❡s t❤✐s ❜❛❞ ❝♦♥❞✐t✐♦♥✐♥❣ ❜② ❛❞❞✐♥❣ ❛ ❝♦♥st❛♥t✱ ♦r ❧♦❛❞✐♥❣ ❧❡✈❡❧✱ t♦ t❤❡ ❡❧❡♠❡♥ts ♦❢

t❤❡ ❞✐❛❣♦♥❛❧ t♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❡st✐♠❛t❡ ❬✷✵❪✳ ■♥ ♠❛ss✐✈❡ ▼■▼❖ s❝❡♥❛r✐♦s✱ s✉❝❤ ♥♦✐s❡

❛♠♣❧✐✜❝❛t✐♦♥ ❜❡❝♦♠❡s ❡✈❡♥ str♦♥❣❡r ❞✉❡ t♦ t❤❡ s♠❛❧❧ ♥✉♠❜❡r ♦❢ s♥❛♣s❤♦ts ✐♥ ❝♦♠♣❛r✐s♦♥

✇✐t❤ t❤❡ ❛♠♦✉♥t ♦❢ ❛♥t❡♥♥❛s

❚❤❡ ❞✐❛❣♦♥❛❧❧② ❧♦❛❞❡❞ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ✐s ❝r❡❛t❡❞ ❜② s✉♠♠✐♥❣ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① t♦ t❤❡

❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❬✸✻❪

RL = R+ I · l, ✭✸✳✷✵✮

✇❤❡r❡ I ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ R ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❛♥❞ l ✐s t❤❡ ❧♦❛❞✐♥❣ ❧❡✈❡❧✳ ❚❤❡

❧♦❛❞ r❡❞✉❝❡s t❤❡ ❡✐❣❡♥✈❛❧✉❡ s♣r❡❛❞ ❜② ❛❝t✐♥❣ ❛s ✐❢ ♣♦✇❡r ✇❛s ❛❞❞❡❞ ✐♠♣✐♥❣✐♥❣ ❢r♦♠ ❡✈❡r②

❞✐r❡❝t✐♦♥✳ ❚♦ ❛♥❛❧②③❡ t❤❡ ❞✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❜❡❛♠ s❤❛♣❡✱ t❤❡ s♣❛t✐❛❧ r❡s♣♦♥s❡ ♦❢

t❤❡ ❝♦♠♣✉t❡❞ ✜❧t❡r ✐s ❝♦♠♣✉t❡❞ ❛❢t❡r ❞✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣ ✐s ❛♣♣❧✐❡❞✿

P (θ, φ) = |wH
gsca(θ, φ)|. ✭✸✳✷✶✮

❚❤❡ ❡✛❡❝t ♦❢ ❞✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣ ♦♥ t❤❡ ●❙❈✬s s♣❛t✐❛❧ ♣♦✇❡r r❡s♣♦♥s❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✺✳
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✭❛✮ ❙♣❛t✐❛❧ r❡s♣♦♥s❡ ✇✐t❤♦✉t ❞✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣
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✭❜✮ ❙♣❛t✐❛❧ r❡s♣♦♥s❡ ✇✐t❤ ❛ ❞✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣ ♦❢
l = 0.8

❋✐❣✉r❡ ✸✳✺✿ ▼❛❣♥✐t✉❞❡ ♦❢ t❤❡ s♣❛t✐❛❧ r❡s♣♦♥s❡ ♦❢ t❤❡ ●❙❈ ✜❧t❡r

■♥ ❋✐❣✉r❡ ✸✳✺❛✱ ✐t ✐s s❡❡♥ t❤❛t t❤❡ ✜❧t❡r s✉❝❝❡❡❞s ✐♥ r❡❞✉❝✐♥❣ ♣♦✇❡r ❢r♦♠ t❤❡ ✐♥t❡r❢❡r❡♥❝❡✳

❚❤❡ ❝♦♥str❛✐♥t ❛❧s♦ s❡ts P (θ, φ) = 1 ✐♥ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❞✐r❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❜❡❛♠❢♦r♠❡r

✜❧t❡r s♣❛t✐❛❧ ♣♦✇❡r r❡s♣♦♥s❡ ✐s ❤✐❣❤ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥s ✇❤❡r❡ ♥♦ s♦✉r❝❡ ✐s ♣r❡s❡♥t ✇❤❛t ❝❛♥

❞❡❣r❛❞❡ s✐❣♥❛❧ q✉❛❧✐t②✳ ▼♦r❡♦✈❡r✱ t❤❡ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ✐s ♥♦t ❛t t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❞✐r❡❝t✐♦♥



✺✵ ■■■ ▼❯▲❚■❉■▼❊◆❙■❖◆❆▲ ❇❊❆▼❋❖❘▼❊❘ ❋❖❘ ❙❊P❆❘❆❇▲❊ ❆❘❘❆❨❙

✇❤❛t ❝❛♥ ❝❛✉s❡ t❤❡r♠❛❧ ♥♦✐s❡ ❛♠♣❧✐✜❝❛t✐♦♥✳ ❋✐❣✉r❡ ✸✳✺❜ s❤♦✇s P (θ, φ) ❛❢t❡r ❛ ❞✐❛❣♦♥❛❧

❧♦❛❞✐♥❣ ✐s ❛♣♣❧✐❡❞✳ ■♥ ❋✐❣✉r❡ ✸✳✺❜ t❤❡ s♣❛t✐❛❧ ♣♦✇❡r r❡s♣♦♥s❡ ✐s ❛s ❡①♣❡❝t❡❞ ✇✐t❤ ❛ ♠❛①✐♠✉♠

❛t t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❞✐r❡❝t✐♦♥✱ ✈❡r② ❧♦✇ ♣♦✇❡r ✐♥ t❤❡ ✐♥t❡r❢❡r❡♥❝❡s ❞✐r❡❝t✐♦♥s ❛♥❞ ❧♦✇ ♣♦✇❡r

❡❧s❡✇❤❡r❡✳

❆s ❧♦♥❣ ❛s t❤❡ ❧♦❛❞✐♥❣ ❧❡✈❡❧ ✐s ❝♦♥s✐❞❡r❛❜❧② ❧♦✇❡r t❤❡ s♦✉r❝❡s r❡❧❛t❡❞ ❡✐❣❡♥✈❛❧✉❡s ✐♥ t❤❡

❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①✱ t❤❡ ❧♦❛❞✐♥❣ s❤♦✉❧❞ ♥♦t ❣r❡❛t❧② ❛✛❡❝t t❤❡ s②st❡♠s ❝❛♣❛❜✐❧✐t② ♦❢ ♠✐t✐❣❛t✐♥❣

✐♥t❡r❢❡r❡♥❝❡ ❬✸✻❪✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❛t ❞✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣s ❝❛♥ ❜❡ ✉s❡❞ ✇❤❡♥ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧

q✉❛❧✐t② ✐s ♥♦t ❛s ❡①♣❡❝t❡❞ ❛♥❞ t❤❡ s♣❛t✐❛❧ ♣♦✇❡r r❡s♣♦♥s❡ ✐s s✐♠✐❧❛r t♦ t❤❛t s❤♦✇♥ ✐♥ ❋✐❣✉r❡

✸✳✺❛✳ ❚❤❡r❡❢♦r❡✱ t❤✐s t❡❝❤♥✐q✉❡ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✺✳

✸✳✺ ❙✐♠✉❧❛t✐♦♥s ❛♥❞ ❘❡s✉❧ts

❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ❛ ❯❘❆ ✇✐t❤ s✐③❡ 8× 8 ✐s ✉s❡❞ ❛♥❞ ◗P❙❑ s❛♠♣❧❡s ❛r❡ ❝r❡❛t❡❞✳ ❚❤❡♥✱ ✺

✉♥❝♦rr❡❧❛t❡❞ s✐❣♥❛❧s ✇✐t❤ ✉♥✐t❛r② ✈❛r✐❛♥❝❡ ❛r❡ ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ s✐♠✉❧❛t✐♦♥ s❝❡♥❛r✐♦✿ ♦♥❡ ❞❡✲

s✐r❡❞ ❛♥❞ ✹ ✐♥t❡r❢❡r❡rs ❛t (θi, φi) ∈ {(0o, 45o); (−75o, 55o); (35o, 80o); (−20o, 10o); (80o, 35o)}✳
❚❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ❉❖❆ (θ0, φ0) ✐s ❝♦♥s✐❞❡r❡❞ ❦♥♦✇♥ ✐♥ ♦r❞❡r ✜♥❞ ϕ

(1)
0 ❛♥❞ ϕ

(2)
0 ❢♦r t❤❡

❝♦♠♣✉t❛t✐♦♥ ♦❢ ❜♦t❤ ❈❧❛ss✐❝ ❛♥❞ R✲❉ ●❙❈ ❛♣♣r♦❛❝❤❡s✳ ◆♦✐s❡ ✐s ❛❞❞❡❞ ❛♥❞ t❤❡ s✐❣♥❛❧ t♦

♥♦✐s❡ r❛t✐♦ ✭❙◆❘✮ ✐s s❡t t♦ ✵ ❞❇✳ ❚♦ ✈❡r✐❢② t❤❡ ❛❧❣♦r✐t❤♠s t❤❡ s✐❣♥❛❧ t♦ ✐♥t❡r❢❡r❡♥❝❡ ❛♥❞ ♥♦✐s❡

r❛t✐♦ ✭❙■◆❘✮ ❢♦r ✉♥❝♦rr❡❧❛t❡❞ s✐❣♥❛❧s ✇✐t❤ ✉♥✐t❛r② ✈❛r✐❛♥❝❡ ✐s ❝♦♠♣✉t❡❞ ❛s✿

SINR =
wH

rd[A](3)(:, 1)[A]H(3)(:, 1)wrd

wH
rd([A](3)(:, 2 : d)[A]H(3)(:, 2 : d) + σ2

vI)wrd

, ✭✸✳✷✷✮

✇❤❡r❡ σ2
v ✐s t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡✳ ❉✐❛❣♦♥❛❧ ❧♦❛❞✐♥❣ ✇❛s ❛♣♣❧✐❡❞ ❬✷✵❪ t♦ R̂xB

❛♥❞ R̂(r) ✇✐t❤ ❛

❧♦❛❞✐♥❣ ❧❡✈❡❧ l = 0.8 ❢♦r t❤❡ ●❙❈ ❛♥❞ l =
√
0.8 ❢♦r ❡❛❝❤ R✲❉ ●❙❈ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①✳

❚❤❡ ♣❧♦t ♦❢ t❤❡ ❙■◆❘ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ ❛♥❞ R−❉ ●❙❈ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✻ ✇✐t❤

❛ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s N ✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ●❙❈ s❤♦✇s ❛ ❧♦✇ ❙■◆❘ ❧❡✈❡❧ ❢♦r s♠❛❧❧ N ✱

✇❤✐❧❡ t❤❡ R−❉ ●❙❈ ✐s ❛❜♦✈❡ ✽❞❇ ❛t N = 20✳

❚❤❡♥✱ t❤❡ s❛♠❡ s❝❡♥❛r✐♦ ❛s ♣r❡✈✐♦✉s❧② ✐s ❦❡♣t ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ s❛♠♣❧❡s ✐s ✜①❡❞ t♦

N = 100 ❛♥❞ t❤❡ ❙◆❘ ✐s ✈❛r✐❡❞ ❢r♦♠ ✵ t♦ ✻✵ ❞❇✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✼✳ ❋✐❣✉r❡

✸✳✼ s❤♦✇s t❤❛t t❤❡ ❙■◆❘ ✐s ❜❡tt❡r ❢♦r t❤❡ R✲❉ ●❙❈ ✇❤❡♥ t❤❡ ❙◆❘ ✐s ✈❡r② ♦r ❤✐❣❤ ❛♥❞ ❛❜♦✉t

t❤❡ s❛♠❡ ❜❡t✇❡❡♥ ✶✵ ❞❇ ❛♥❞ ✷✵ ❞❇✳

❋♦r t❤❡ t❤✐r❞ s✐♠✉❧❛t✐♦♥✱ t❤❡ ♣r❡✈✐♦✉s s❝❡♥❛r✐♦ ✐s ❦❡♣t ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s ✐s ✜①❡❞

t♦ N = 50 s❛♠♣❧❡s✳ ❚❤❡♥✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❛rr❛② ✐s ✈❛r✐❡❞ ❦❡❡♣✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s ✇✐t❤ s❛♠❡

❧❡♥❣t❤ M1 = M2✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✽✳ ❋♦r t❤✐s s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝❧❛ss✐❝❛❧

●❙❈ ❙■◆❘ st❛rts ❛t ✼✳✻ ❞❇ ❛♥❞ s❡tt❧❡s r♦✉❣❤❧② ❛t ✶✷ ❞❇ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ✐s

✐♥❝r❡❛s❡❞✳ ❋♦r t❤❡ R−❉ ●❙❈✱ s✐♥❝❡ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✜♥❛❧ ✜❧t❡r wrd ❛r❡ ❝♦♠♣✉t❡❞

s❡♣❛r❛t❡❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s ❧✐♠✐t❡❞ t♦ t❤❡ Mr − 1 ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳
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❋✐❣✉r❡ ✸✳✻✿ ❊✛❡❝t✐✈❡ ❙■◆❘ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ ✷✲❉ ●❙❈ ❢♦r ❛ ✈❛r②✐♥❣
♥✉♠❜❡r ♦❢ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts N
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❋✐❣✉r❡ ✸✳✼✿ ❊✛❡❝t✐✈❡ ❙■◆❘ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ ✷✲❉ ●❙❈ ❢♦r ❛ ✈❛r②✐♥❣
❙◆❘

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣❡r❧② ❛tt❡♥✉❛t❡s t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s♦✉r❝❡s ✇❤❡♥ Mr > d✱

❛s ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✽✳ ❋♦r M1 = M2 ≤ 5✱ t❤❡ R−❉ ●❙❈ ❙■◆❘ ✐s ❜❡❧♦✇ ✽ ❞❇✳ ❍♦✇❡✈❡r✱

❢♦r M1 = M2 > 5✱ t❤❡ R−❉ ●❙❈ ❝❛♥ r❡❛❝❤ ❙■◆❘s ♦❢ ♠♦r❡ t❤❛♥ ✷✵ ❞❇✳

❚♦ ✈❡r✐❢② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤ s❝❤❡♠❡s✱ t❤❡ s❛♠❡ s❝❡♥❛r✐♦ ✐s

❦❡♣t ❛♥❞ ◆ ✐s ✈❛r✐❡❞✳ ❆❧s♦ t✇♦ ❝❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❖♥❡ ✇❤❡♥ t❤❡ ✉♥❢♦❧❞✐♥❣s ❛r❡ ❛❧r❡❛❞②

❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❤❛r❞✇❛r❡ ✇✐t❤ s✉❝❤ ❛ ❝❛♣❛❜✐❧✐t② ❛♥❞ ❛ s❡❝♦♥❞ ✇❤❡r❡ t❤❡ ✉♥❢♦❧❞✐♥❣s ❛r❡

❝♦♠♣✉t❡❞ ✈✐❛ s♦❢t✇❛r❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✾✳
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Classical GSC
2D-GSC

❋✐❣✉r❡ ✸✳✽✿ ❊✛❡❝t✐✈❡ ❙■◆❘ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ ✷✲❉ ●❙❈ ❢♦r ❛ ✈❛r②✐♥❣
❛rr❛② s✐③❡✳ ❇♦t❤ ❞✐♠❡♥s✐♦♥s ❧❡♥❣t❤s ❛r❡ ❦❡♣t ❡q✉❛❧
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Classical GSC

2D-GSC

Classical GSC plus unfolding

2D-GSC plus unfolding

❋✐❣✉r❡ ✸✳✾✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✈❡rs✉s N

■♥ ❋✐❣✉r❡ ✸✳✾✱ t❤❡ ❞❛s❤❡❞ ❝✉r✈❡s s❤♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ✉♥❢♦❧❞✲

✐♥❣s ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛ s♦❢t✇❛r❡✳ ❚❤❡ R✲❉ ●❙❈ s❤♦✇s ❛ ♠❡❛♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✸✵✪ ❢❛st❡r

t❤❛♥ t❤❡ ❈❧❛ss✐❝❛❧ ●❙❈✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ s❛♠♣❧❡s ❛r❡ ❞❡❧✐✈❡r❡❞ ❛❧r❡❛❞② ✉♥❢♦❧❞❡❞ ❜② t❤❡

❤❛r❞✇❛r❡✱ t❤❡ R✲❉ ●❙❈ s❤♦✇s ❛ ♠❡❛♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✹✸✪ ❧♦✇❡r t❤❡♥ t❤❡ ❈❧❛ss✐❝❛❧

●❙❈✳
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✸✳✻ ❙✉♠♠❛r②

❆s t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ❛♥❞ ❛rr❛② ❞✐♠❡♥s✐♦♥s ❛t t❤❡ r❡❝❡✐✈❡rs ✐♥❝r❡❛s❡✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢

✉s✐♥❣ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❝❤❡♠❡s ❛r✐s❡s✳ ❚❤✐s ❝❤❛♣t❡r s❤♦✇s ❤♦✇ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ✐♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❜❡❛♠❢♦r♠❡rs✳ ❆❧s♦✱ ❜② ✉s❛❣❡ ♦❢

R ♠♦❞❡ ✉♥❢♦❧❞✐♥❣s ❛❧❧♦✇s ❢♦r ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s ♦❢ r❡❞✉❝❡❞ s✐③❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥s✱ ❣✐✈✐♥❣

❛ ❧♦✇❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② t♦ t❤❡ s②st❡♠✳ ❲✐t❤ t❤✐s ❣♦❛❧✱ t❤❡ R✲❉✐♠❡♥s✐♦♥❛❧ ●❙❈

✇❛s ♣r❡s❡♥t❡❞✳ ❚❤✐s s❝❤❡♠❡ ✉s❡s R ♠♦❞❡ ✉♥❢♦❧❞✐♥❣s t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥✲

s✐♦♥❛❧✐t② ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts s❤♦✇ t❤❡ ❙■◆❘ ✇✐t❤ ❛ ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s

❛♥❞ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛ ❡❧❡♠❡♥ts✳ ❚❤❡ r❡s✉❧ts s❤♦✇ ❙■◆❘ ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ✇❤❡♥ t❤❡

♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡ s✐❣♥❛❧s✳

■♥ t❤❡ ❢✉t✉r❡ t❤❡ ❧✐♠✐t❛t✐♦♥ ❞✉❡ t♦ t❤❡ r❡❞✉❝❡❞ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢

❛♥t❡♥♥❛s ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡ s✐❣♥❛❧s✱ s❤♦✉❧❞ ❜❡ ❛❞❞r❡ss❡❞✳

❆❧s♦✱ t❤❡ R✲❉ ●❙❈ s❤♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ✐ts ❛❞❛♣t✐✈❡ ❢♦r♠ ❣✐✈✐♥❣ ♠♦r❡ ✢❡①✐❜✐❧✐t② ❛♥❞

tr❛❝❦✐♥❣ ❝❛♣❛❜✐❧✐t② t♦ t❤❡ ❜❡❛♠❢♦r♠❡r✳
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❚❘❆◆❙❋❖❘▼❆❚■❖◆ ❆◆❉ P❆❘❆❋❆❈
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❋r❡q✉❡♥t❧②✱ ❜❡❛♠❢♦r♠❡rs ❛ss✉♠❡ ♥❛rr♦✇❜❛♥❞ s✐❣♥❛❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❞♦♣t✐♦♥ ♦❢ ❝♦❣♥✐t✐✈❡

r❛❞✐♦ ✐♠♣❧✐❡s ✐♥t♦ t❤❡ ♦♣♣♦rt✉♥✐st✐❝ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ❢r❡q✉❡♥❝② s❧♦ts r❡q✉✐r✐♥❣ ❛ ❜r♦❛❞✲

❜❛♥❞ ❜❡❛♠❢♦r♠✐♥❣✳ ▼♦r❡♦✈❡r✱ ♠✐❧❧✐♠❡t❡r ✇❛✈❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s s❤♦✉❧❞ ❛❧s♦ ❞❡❛❧

✇✐t❤ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧s✳ ❋✐♥❛❧❧②✱ ▼■▼❖✲❖❋❉▼ s②st❡♠s ❛ss✉♠❡ ♦♥❧② ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢

❖❋❉▼ ❝❤❛♥♥❡❧s s♦ t❤❛t t❤❡ ❝❤❛♥♥❡❧ ❝❛♥ ❜❡ ❛ss✉♠❡❞ ❛s ✢❛t✳ ❚❤❡r❡❢♦r❡✱ ❜r♦❛❞❜❛♥❞ ❜❡❛♠✲

❢♦r♠✐♥❣ ❝❛♥ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ ▼■▼❖✲❖❋❉▼ s②st❡♠s ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡✐r t❤r♦✉❣❤✲

♣✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ❢r❡q✉❡♥❝② s❧♦ts✳ ■♥ t❤❡ ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦✱ t❤❡

t✐♠❡ ❞❡❧❛②s ❝❛♥♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♣✉r❡ ♣❤❛s❡ ❞❡❧❛②s✱ ❜✉t ❛s t✐♠❡ ❞❡❧❛②s r❡♣r❡s❡♥t❡❞ ❜②

t✐♠❡ ❝♦♥✈♦❧✉t✐♦♥s ❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s✐❣♥❛❧ ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❚❡❝❤♥✐q✉❡s ❞❡✲

s✐❣♥❡❞ ❢♦r ♥❛rr♦✇❜❛♥❞ s✐❣♥❛❧s ❛r❡ ♥♦t s✉✐t❛❜❧❡ ❢♦r ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦s✳ ❚❤❡r❡❢♦r❡✱ ❜❛♥❦

♦❢ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t ❜❡❛♠❢♦r♠❡rs ✭❋■❇s✮ ❬✼✻❪ ✐s ❛♣♣❧✐❡❞ ❢♦r ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦s✳ ❚❤❡

♦✉t♣✉t s✐❣♥❛❧s ♦❢ s✉❝❤ ❜❛♥❦ ♦❢ ❋■❇s ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s✱ ❛♥❞✱ ❛s ❛

❝♦♥s❡q✉❡♥❝❡✱ s✐♠♣❧❡r s❡♣❛r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s ❝❛♥ ❜❡ ✉s❡❞✳

❚❤✐s ❝❤❛♣t❡r ♣r♦♣♦s❡s ❛ ❢r❛♠❡✇♦r❦ ❝♦♠♣♦s❡❞ ♦❢ ❛ ❜❛♥❦ ♦❢ ❋■❇s ❬✻✺❪✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡

P❆❘❆❋❆❈ t❡♥s♦r ❞❡❝♦♠♣♦s✐t✐♦♥s ❬✹✻✱ ✺✹❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢r❛♠❡✇♦r❦ ❡①♣❧♦✐ts t❤❡ ❛❞❛♣t✐✈❡

P❆❘❆❋❆❈ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s tr❛❝❦✐♥❣ ✭❘❙▲❚✮ t❡❝❤♥✐q✉❡ ❬✼✵❪ ✐♥ ♦r❞❡r t♦ ❛❞❛♣t✐✈❡❧②

tr❛❝❦ t❤❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥✳

❚❤❡ ♦r✐❣✐♥❛❧ P❆❘❆❋❆❈ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s tr❛❝❦✐♥❣ ✭❘▲❙❚✮ t❡❝❤♥✐q✉❡ ♣r♦♣♦s❡❞

✐♥ ❬✼✵❪ ✇❛s ❞❡s✐❣♥❡❞ t♦ ❡①♣❧♦✐t ❛ t✐♠❡ ❣r♦✇✐♥❣ t❡♥s♦r✱ r❡q✉✐r✐♥❣ t❤❡ s♦✉r❝❡s t♦ ❜❡ ♥♦♥✲

st❛t✐♦♥❛r②✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ✐s ❜✉✐❧t ✐♥ ❛ ♥♦✈❡❧ ❝②❝❧✐❝❛❧ ♠❛♥♥❡r✱ s♦ t❤❛t
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t❤❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ♥♦♥✲✇❤✐t❡ s♦✉r❝❡s ❬✺✼❪ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ ❛❞❛♣t✐✈❡❧②✳

❋✐♥❛❧❧②✱ ❛ r❡❝✉rs✐✈❡ ♣s❡✉❞♦✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ st❡❡r✐♥❣ ♠❛tr✐① ✐s ♣r♦♣♦s❡❞ ✈✐❛ t❤❡

❇❡♥✲■sr❛❡❧ ❛♥❞ ❈♦❤❡♥ ✐t❡r❛t✐✈❡ ♣s❡✉❞♦✐♥✈❡rs✐♦♥ ♠❡t❤♦❞ ❬✶✻❪ ❛♥❞ ✐t ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡

✇✐❞❡❧② ✉s❡❞ ♠✐♥✐♠✉♠ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ❋r♦st ❬✸✺❪✳

✹✳✶ ❇r♦❛❞❜❛♥❞ ❙✐❣♥❛❧ ▼♦❞❡❧

❋✐❣✉r❡ ✹✳✶ ✐❧❧✉str❛t❡s ❛ s❝❡♥❛r✐♦ ❝♦♥t❛✐♥✐♥❣ t✇♦ r❛❞✐♦ ❜❛s❡ st❛t✐♦♥s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥t❡♥♥❛

❛rr❛②s s✉❝❤ ❛s t❤♦s❡ ❢♦✉♥❞ ✐♥ ❈❤❛♣t❡rs ■■ ❛♥❞ ■■■✳ ❊❛❝❤ ❛♥t❡♥♥❛ r❡❝❡✐✈❡s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢

UR
A

ULA

SOI

Interference

❋✐❣✉r❡ ✹✳✶✿ ❙❝❡♥❛r✐♦ ❝♦✐♥t❛✐♥❣ ❛ ❯❘❆ ❛♥❞ ❛ ❯▲❆✳ ❊❛❝❤ s✐❣♥❛❧ ❤❛s ❛ s✐♥❣❧❡ ♣❛t❤ t♦ ❡❛❝❤
❛♥t❡♥♥❛✳

t❤❡ s✐❣♥❛❧ ♦❢ ✐♥t❡r❡st ✭❙❖■✮ ❛♥❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡✳ ❚❤❡ s✐❣♥❛❧s ❤❛✈❡ ❜❛♥❞✇✐❞t❤ B ❛♥❞✱ s✐♥❝❡

t❤❡✐r ❞✐r❡❝t✐♦♥s ♦❢ ❛rr✐✈❛❧ ❛r❡ ❞✐✛❡r❡♥t✱ t❤❡✐r r❡❧❛t✐✈❡ ❞❡❧❛②s ❛r❡ ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ ❛♥t❡♥♥❛✳

❚❤❡r❡❢♦r❡✱ t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ❛t t❤❡ m✲t❤ ❛♥t❡♥♥❛ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢ t✐♠❡✲❞❡❧❛②❡❞

s✐❣♥❛❧s

xm(t) =
d−1
∑

i=0

si(t− τi,m) + vm(t), ✭✹✳✶✮

✇❤❡r❡ τi,m ✐s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡❧❛② ❜❡t✇❡❡♥ s♦✉r❝❡ i ❛♥❞ t❤❡ ❛♥t❡♥♥❛m ❛♥❞ vm(t) ✐s ❛❞❞✐t✐✈❡

●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡✳ ❚❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✜❧t❡r❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡



✹✳✶ ❇❘❖❆❉❇❆◆❉ ❙■●◆❆▲ ▼❖❉❊▲ ✺✼

♦r✐❣✐♥❛❧ s✐❣♥❛❧s✱ ✇❤❡r❡ t❤❡ ✜❧t❡rs r❡♣r❡s❡♥t ♣✉r❡ ❞❡❧❛②s

xm(t) =
d−1
∑

i=0

si(t) ∗ δ(t− τi,m) + vm(t), ✭✹✳✷✮

✇❤❡r❡ ∗ ❞❡♥♦t❡s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❛♥❞ δ(t = 0) = 1✱ ✇❤✐❧❡ δ(t 6= 0) = 0✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✭✹✳✷✮ ❛♥❞ t❤❡ ♠♦❞❡❧s ♦♥ ❈❤❛♣t❡rs ■■ ❛♥❞ ■■■ ✐s t❤❛t t❤❡ ❞❡❧❛② ✐s ❝❛✉s❡❞

❜② t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ δ(t− τ) ✐♥st❡❛❞ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ♣❤❛s❡ s❤✐❢t✐♥❣ t❡r♠✳

❲❤❡♥ ❞❡s✐❣♥✐♥❣ ❜❡❛♠❢♦r♠❡rs✱ t❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ ❛♥ ❡st✐♠❛t❡ ŝi(t) ❢♦r ❡❛❝❤ si(t) s♦✉r❝❡

❛t t❤❡ ♦✉t♣✉ts yi(t) ♦❢ t❤❡ ❜❡❛♠❢♦r♠❡r✳ ❙✐♠♣❧❡ ♥❛rr♦✇❜❛♥❞ ♠♦❞❡❧s r❡❣❛r❞ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞❡❧❛② ❛s ❛ ♣❤❛s❡ ❞❡❧❛② ❛♥❞✱ t❤❡r❡❢♦r❡✱ s❤♦✉❧❞ ❜❡ ✈❛❧✐❞ ♦♥❧② ❢♦r ❛ s♣❡❝✐✜❡❞ ❢r❡q✉❡♥❝②✳ ❙✐♥❝❡ ✐♥

t❤✐s ❝❛s❡ t❤❡ s♦✉r❝❡ s✐❣♥❛❧ ❤❛s ❛ ❜❛♥❞ B = [ωmin, ωmax]✱ ❛❧❧ ❢r❡q✉❡♥❝✐❡s ✇✐t❤✐♥ B s❤♦✉❧❞ ❜❡

t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❖♥❡ ✇❛② t♦ ❛❝❤✐❡✈❡ t❤✐s ✐♥ t❤❡ ❞✐❣✐t❛❧ ❞♦♠❛✐♥ ✐s t♦ ❛♣♣r♦①✐♠❛t❡

t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ ❞✐s❝r❡t❡ ✜❧t❡r✐♥❣ ♣r♦❝❡ss✳ ❚❤❡ ✜❧t❡r✐♥❣ ✐s ❛❝❤✐❡✈❡❞ ✉s✐♥❣ t❛♣✲❞❡❧❛② ❧✐♥❡s

❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳

+ + +

+ + +

+ + +

+

❋✐❣✉r❡ ✹✳✷✿ ❚❛♣✲❞❡❧❛② ❧✐♥❡✳ ❊❛❝❤ ❛♥t❡♥♥❛ m r❡❝❡✐✈❡s ❛ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧ ✜❧t❡r❡❞ ❜② ❛♥ ❋■❘
✜❧t❡r ❝♦♥t❛✐♥✐♥❣ L t❛♣s✳

❋♦r ❡❛❝❤ s❡♥s♦r ❛♥❞ ❞❡❧❛②✱ ❛ ❣r♦✉♣ ♦❢ ✇❡✐❣❤ts wm,l✱ ❢♦r l = 0, . . . , L − 1 ❛♥❞ M =

0, . . . ,M − 1✱ ❝r❡❛t❡s M ✜♥✐t❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ✭❋■❘✮ ✜❧t❡rs ♦❢ ❧❡♥❣t❤ L✳ ❲✐t❤ t❤❡ ✇❡✐❣❤ts✱

t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧s ❝❛♥ ❜❡ ❛tt❡♠♣t❡❞

yi(t) =
M−1
∑

m=0

L−1
∑

l=0

xm(t− lTs)× wm,l, ✭✹✳✸✮
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✇❤❡r❡ Ts ✐s t❤❡ s❛♠♣❧✐♥❣ r❛t❡✱ M ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ❛♥❞ L ✐s t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡

❞❡❧❛② ❧✐♥❡✳ ❚♦ ❛❧❧♦✇ ❢♦r ❛ ❝♦♠♣❛❝t ♥♦t❛t✐♦♥✱ ❛ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ♠❛tr✐① ✐s ✐♥tr♦❞✉❝❡❞ ❛s

X(t) =



















x0(t) x0(t− Ts) . . . x0(t− (L− 1)Ts)

x1(t) x1(t− Ts) . . . x1(t− (L− 1)Ts)

x1(t) x2(t− Ts) . . . x2(t− (L− 1)Ts)
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

xM−1(t) xM−1(t− Ts) . . . xM−1(t− (J − 1)Ts)



















∈ C
M×J . ✭✹✳✹✮

❊✈❡♥ t❤♦✉❣❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✹✮ ❤❛s ❛ ♠♦r❡ ♥❛t✉r❛❧ ❢♦r♠ s✐♥❝❡ ✐t ❝❧❡❛r❧②

❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡✲❞❡❧❛② ❞✐♠❡♥s✐♦♥s✱ ❛ ✈❡❝t♦r ♥♦t❛t✐♦♥ ✐s ✉s✉❛❧❧②

♠♦r❡ ♣r❛❝t✐❝❛❧ ✇❤❡r❡✱ ✐♥st❡❛❞✱ ❛ r❡❝❡✐✈❡❞ ✈❡❝t♦r x(t) = vec(X(t))✳ ❚❤❡ ♦♣❡r❛t♦r vec(·)
✈❡❝t♦r✐③❡s ✐ts ❛r❣✉♠❡♥t ❜② st❛❝❦✐♥❣ ✐ts ❝♦❧✉♠♥s✳ ■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ ❛ ✈❡❝t♦r wi ❝♦♥t❛✐♥✐♥❣

❛❧❧ ✜❧t❡r ❝♦❡✣❝✐❡♥ts wm,l ✐s ❝r❡❛t❡❞ t♦ ✇r✐t❡ t❤❡ ❝♦♠♣❛❝t ❢♦r♠ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✸✮✳

yi(t) = wH
i x(t). ✭✹✳✺✮

❋r♦♠ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ r❡♣r❡s❡♥t❛t✐♦♥✱ ❊q✉❛t✐♦♥ ✭✹✳✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❜② r❡❣❛r❞✐♥❣

t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡❧❛②s ❛s ❛ ❞✐✛❡r❡♥t ♣❤❛s❡ ❞❡❧❛② ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ❜✐♥

Xm,l(ω) =
d−1
∑

i=0

am,l(pi, ω)Si(ω) + Vm(ω), ✭✹✳✻✮

✇❤❡r❡ ω ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❛rr❛② ✐s ❛t t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱

t❤❡ i✲t❤ s♦✉r❝❡ ✐s ❛t ♣♦s✐t✐♦♥ pi ❛♥❞ am,l(pi, ω) ❛r❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r ❞❡✜♥❡❞

❛s

a(pi, ω) = vec
(

A(pi, ω)
)

∈ C
ML×1, ✭✹✳✼✮

A(pi, ω) =













e−jωτi,0 e−jω(τi,0+Ts) . . . e−jω(τi,0+(L−1)Ts)

e−jωτi,1 e−jω(τi,1+Ts) . . . e−jω(τi,1+(L−1)Ts)

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

e−jωτi,M−1 e−jω(τi,M−1+Ts) . . . e−jω(τi,M−1+(L−1)Ts)













∈ C
M×L. ✭✹✳✽✮

❋♦r ❛ ❯▲❆✱ a(pi, ω) ✐s ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❉❖❆ θi ✐♥st❡❛❞ ♦❢ t❤❡ t❤r❡❡ ❞✐✲

♠❡♥s✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡ pi ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ωτm = m∆xλ
−12π sin θ✳ ❋♦r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢

t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ♦♥❡ ♠❛② ❛❧s♦ ✉s❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ❢r❡q✉❡♥❝② Ω = ωTs ❛♥❞ ♠❛❦❡ t❤❡
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s✉❜st✐t✉t✐♦♥ µ = ∆x/(cTs) t♦ r❡✇r✐t❡ ❊q✉❛t✐♦♥ ✭✹✳✽✮ ❛s

A(θi, ω) =













1 e−jΩ . . . e−jΩ(J−1)

e−jµΩsin θi e−jΩ(µ sin θi+1) . . . e−jΩ(µ sin θi+(L−1))

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

e−jµΩsin θi(M−1) e−jµΩ(sin θi(M−1)+1) . . . e−jµΩ(sin θi(M−1)+(L−1))













∈ C
M×L.

✭✹✳✾✮

❊✈❡♥ t❤♦✉❣❤ ❊q✉❛t✐♦♥s ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮ ❛r❡ ♥♦t ♣r❛❝t✐❝❛❧ ❢♦r t❤❡ ❝r❡❛t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥

s❝❡♥❛r✐♦s✱ t❤❡② ❛r❡ ✉s❡❢✉❧ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ t❤❡

❞❡s✐❣♥❡❞ ✜❧t❡r w✿

P (θ, ω) = wHa(θ, ω). ✭✹✳✶✵✮

❆s ❛♥ ❡①❛♠♣❧❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ✜❧t❡r w = 1
4
[0 0 0 0 0 0 0 0 1 1 1 1

0 0 0 0 0 0 0 0]T ✐♥ ❋✐❣✉r❡ ✹✳✸ ❢♦r M = 4 ❛♥❞ L = 5✳ ❚♦ ♦❜❡② t❤❡ ◆②q✉✐st t❤❡♦r❡♠✱

Ts = 0.5Tmin ❛♥❞ ∆x = 0.5λmin✱ ✇❤❡r❡ Tmin ✐s t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝② ❝♦♠♣♦♥❡♥t

❛♥❞ λmin ✐ts ✇❛✈❡❧❡♥❣t❤✱ t❤✉s µ = 1✳ ❋✐❣✉r❡ ✹✳✸ ❝❧❡❛r❧② s❤♦✇s t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝②

✭❛✮ ❚♦♣ ✈✐❡✇ ✭❜✮ ❆♥❣❧❡ ✈✐❡✇

❋✐❣✉r❡ ✹✳✸✿ ❙♣❛t✐❛❧ ❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ w st❡❡r❡❞ t♦ 0◦

♦❢ t❤❡ ❜r♦❛❞❜❛♥❞ ❜❡❛♠❢♦r♠❡r✳ ❙❡❝t✐♦♥ ✹✳✷ r❡✈✐❡✇s ❛ t❡❝❤♥✐q✉❡ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢

❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t ❜❡❛♠❢♦r♠❡rs✳
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✹✳✷ ▼✉❧t✐✲❉✐♠❡♥s✐♦♥❛❧ ■♥✈❡rs❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠

❋r❡q✉❡♥❝② ■♥✈❛r✐❛♥t ❇❡❛♠❢♦r♠❡r ✭❋■❇✮ ❉❡s✐❣♥

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ✇♦r❦ ✜rst ♣r♦♣♦s❡❞ ✐♥ ❬✼✻❪ t❤❛t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✐♥✈❡rs❡

❉❋❚ ✭■❉❋❚✷✮ ✐s r❡✈✐❡✇❡❞✳ ❉❡t❛✐❧❡❞ ❡①t❡♥s✐♦♥s ❢♦r ♠♦r❡ ❞✐♠❡♥s✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻✹❪✳

❚♦ r❡✈✐❡✇ t❤❡ ♠❡t❤♦❞ ✐♥ ❬✼✻❪ ❧❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✲❜❛s❡❞ r❡s♣♦♥s❡ ♦❢ ❛

❝♦♥t✐♥✉♦✉s s♣❛❝❡ ❛♥❞ t✐♠❡ ❜❡❛♠❢♦r♠❡r w(x, t) ❢♦r ❛♥❞ ❯▲❆

P (θ, ω) =

∫ ∞

−∞

∫ ∞

−∞

w(x, t)e−jω 1
c
sin θ xe−jωtdxdt, ✭✹✳✶✶✮

✇❤❡r❡ c ✐s t❤❡ ✇❛✈❡ s♣❡❡❞ ❛♥❞ x r❡♣r❡s❡♥ts s❡♥s♦r ❧♦❝❛t✐♦♥ ❛❧♦♥❣ ❛ ❧✐♥❡❛r ❛①✐s✳ ❚❤❡ ❜❛s✐❝

✐❞❡❛ ✐s t♦ ❞❡s✐❣♥ ✜❧t❡r w(x, t) ❜② ❞❡✜♥✐♥❣ ❛ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t r❡s♣♦♥s❡ P (θ, ω) ❛♥❞ t❛❦❡

✐ts ❜✐❞✐♠❡♥s✐♦♥❛❧ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ t♦ ✜♥❞ t❤❡ ❞❡s✐r❡❞ t❛♣✲❞❡❧❛② ✇❡✐❣❤ts ❬✼✻❪✳ ❚❤❡

♣r♦❝❡ss ❝❛♥ ❜❡ ❢❛❝✐❧✐t❛t❡❞ ❜② t❤❡ s✉❜st✐t✉t✐♦♥s

ω1 = ωc−1 sin θ ✭✹✳✶✷✮

ω2 = ω ✭✹✳✶✸✮

✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ s♣❛t✐❛❧✲t❡♠♣♦r❛❧ s♣❡❝tr✉♠ t❤❛t ❛❧❧♦✇s ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡

❜✐❞✐♠❡♥s✐♦♥❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠✿

P (ω1, ω2) =

∫ ∞

−∞

∫ ∞

−∞

w(x, t)e−jω1xe−jω2tdxdt. ✭✹✳✶✹✮

❇② ❛♥❛❧②③✐♥❣ t❤❡ ❡q✉❛❧✐t② ❢♦r♠❡❞ ❢r♦♠ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮ ω1 = ω2c
−1 sin θ✱ ✐t ✐s ❡❛s✐❧②

✈❡r✐✜❡❞ t❤❛t

−1

c
≤ ω1

ω2

≤ 1

c
. ✭✹✳✶✺✮

●✐✈❡♥ t❤❛t ❛ s✐❣♥❛❧ ✐s ❜❛♥❞ ❧✐♠✐t❡❞ ❛t ♠❛①✐♠✉♠ ❢r❡q✉❡♥❝② ♦❢ ωmax✱ ♦♥❡ ♠❛② ❢✉rt❤❡r ❧✐♠✐t

t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ s♣❡❝tr✉♠ t♦ t❤❡ r❡❣✐♦♥ ω2 ≤ ωmax✳ ❆❧s♦✱ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ω ❤❛s

t♦ ❜❡ ❡❧✐♠✐♥❛t❡❞ s♦ t❤❛t t❤❡ r❡s♣♦♥s❡ ✐s ❢r❡q✉❡♥❝② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s ✐♥❞❡♣❡♥❞❡♥❝❡ ❝❛♥

❜❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ s♣❡❝tr✉♠ ♦❜❡②s t❤❡ r❡❧❛t✐♦♥ P (ω1, ω2) = P (cω1/ω2)✳ ❚❤✐s r❡s✉❧ts ✐♥

cω1/ω2 = sin θ✱ t❤✉s✱ ❛ss❡rt✐♥❣ t❤❛t t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ s♣❡❝tr✉♠ ✐s ♦♥❧② ❞❡♣❡♥❞❡♥t ♦♥ θ✳

❋♦r t❤❡ ❞✐s❝r❡t❡ ❝❛s❡✱ t❤❡ ❢r❡q✉❡♥❝② ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ♥♦r♠❛❧✐③❡❞ ❢r❡q✉❡♥❝② Ω = ωTs ❛♥❞

t❤❡ ✐♥t❡❣r❛❧ ❜② ❞✐s❝r❡t❡ s✉♠s

P (θ,Ω) =
∞
∑

m=−∞

∞
∑

n=−∞

w[m,n]e−jΩmµ sin θe−jΩn, ✭✹✳✶✻✮
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✇❤❡r❡ m ✐s t❤❡ ❛♥t❡♥♥❛ ✐♥❞❡①✱ n ✐s t❤❡ ❞✐s❝r❡t❡ t✐♠❡ ✐♥❞❡① ❛♥❞ t❤❡ ❜r❛❝❦❡ts ❬·❪ ❛r❡ ✉s❡❞ t♦

♣♦✐♥t ♦✉t t❤❡ ❞✐s❝r❡t❡ ❢✉♥❝t✐♦♥✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✐♥ ✭✹✳✶✹✮✱ s✉❜st✐t✉t✐♦♥s ❛r❡ ♠❛❞❡ ❢♦r

Ω1 = Ωµ sin θ ❛♥❞ Ω2 = Ω ❧❡❛❞✐♥❣ t♦ t❤❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❉❋❚ ❢♦r♠ ♦❢ t❤❡ s♣❛t✐❛❧✲t❡♠♣♦r❛❧

r❡s♣♦♥s❡

P (Ω1,Ω2) =
∞
∑

m=−∞

∞
∑

n=−∞

w[m,n]e−jΩ1me−jΩ2n. ✭✹✳✶✼✮

❇② ❝❤♦♦s✐♥❣ ∆x = 0.5λmin ❛♥❞ Ts = 0.5Tmin✱ ✐t ✐s ❢♦✉♥❞ t❤❛t µ = 1 ❛♥❞ Ωmax = π✳

❚❤❡r❡❢♦r❡✱ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✺✮ r❡❞✉❝❡s t♦ −1 ≤ (Ω1/Ω2) ≤ 1✳ ❚❤✐s r❡❣✐♦♥ ♦❢ ❡①✐st❡♥❝❡ ✐s

❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✹✳

❋✐❣✉r❡ ✹✳✹✿ ❘❡❣✐♦♥ ♦❢ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ r❡s♣♦♥s❡

❚❤❡ ✜♥❛❧ ❞❡s✐r❡❞ s♣❛t✐❛❧✲t❡♠♣♦r❛❧ r❡s♣♦♥s❡ ♦❢ t❤❡ ❜❡❛♠❢♦r♠❡r ✐s

P (Ω1,Ω2) =



















F (Ω1/Ω2) ✐❢ |Ω1/Ω2| ≤ 1,

α(Ω1,Ω2) ✐❢ |Ω1/Ω2| > 1,

α(0, 0) ✐❢ Ω1 = Ω2 = 0.

✭✹✳✶✽✮

❆ ❝♦♠♠♦♥ ❝❤♦✐❝❡ ❢♦r F (Ω1/Ω2) ✐s t❤❡ ♥❛rr♦✇❜❛♥❞ ❞❡❧❛② ❛♥❞ s✉♠ ✜❧t❡r ❬✽✷❪ ❛s ❛ ♣r♦t♦t②♣❡

✜❧t❡r✿

F (Ω1/Ω2) =
1

Mprot

⌊Mprot/2⌋
∑

m=−⌈Mprot/2⌉

e−jmπ sin θ, ✭✹✳✶✾✮

✇❤❡r❡ ⌈·⌉ ✐s t❤❡ r♦✉♥❞✐♥❣ ♦♣❡r❛t♦r t♦ t❤❡ ❜✐❣❣❡st ♥❡✐❣❤❜♦r ✐♥t❡❣❡r ❛♥❞ ⌊·⌋ ✐s t❤❡ r♦✉♥❞✐♥❣

♦♣❡r❛t♦r t♦ t❤❡ s♠❛❧❧❡st ♥❡✐❣❤❜♦r ✐♥t❡❣❡r✳ ❙✐♥❝❡ α(Ω1,Ω2) ❧✐❡s ♦✉ts✐❞❡ t❤❡ r❡❣✐♦♥ ♦❢ ❡①✐st❡♥❝❡

♦❢ P (Ω1,Ω2)✱ ✐t ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✳ ❆t t❤❡ ♣♦✐♥t Ω1 = Ω2 = 0✱ t❤❡ ❉❈ ❝♦♠♣♦♥❡♥t✱
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✇❤✐❝❤ ✐s ✉s✉❛❧❧② r❡♠♦✈❡❞✱ ✐s ❢♦✉♥❞ ❛♥❞ ✐t ❝❛rr✐❡s ♥♦ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡

s❡t t♦ ③❡r♦✳ ❚❤❡ r❡s✉❧t❛♥t ❜❡❛♠❢♦r♠❡r ✐s t❤❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✐♥✈❡rs❡ ❞✐s❝r❡t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠

✭■❉❋❚✷✮ ♦❢ P (Ω1,Ω2) s❛♠♣❧❡❞ ❛❧♦♥❣ Ω1,Ω2 ❛♥❞ s❡t t♦ ♣r♦♣❡r ✈❛❧✉❡s ♦❢ α(Ω1,Ω2) ♦✉ts✐❞❡

t❤❡ r❡❣✐♦♥ ♦❢ ❡①✐st❡♥❝❡✳

❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ IDFT2(P (Ω1,Ω2)) ♦❢ s✐③❡ 32×32 ✐s ❝♦♠♣✉t❡❞ ❢♦r M = 10 ❛♥❞ L = 20

❛♥❞ s❡t α(Ω1,Ω2) = 0✳ ❚❤❡ ❜❡❛♠❢♦r♠❡r ❝♦❡✣❝✐❡♥ts w[m,n] ❛r❡ ♦❜t❛✐♥❡❞ ✈✐❛ tr❛♥s❧❛t✐♦♥ ❛♥❞

tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ 32× 32 r❡s✉❧t ♦❢ t❤❡ ■❉❋❚✷ t♦ t❤❡ ❞❡s✐r❡❞ M ×L s✐③❡✳ ❆❢t❡r ❛ss✐❣♥✐♥❣ t❤❡

❝♦❡✣❝✐❡♥ts ♣r♦♣❡r❧② ✐♥s✐❞❡ t❤❡ ✈❡❝t♦r w✱ t❤❡ r❡s♣♦♥s❡ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✶✵✮✳

❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✺✳

✭❛✮ ❚♦♣ ✈✐❡✇
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❋✐❣✉r❡ ✹✳✺✿ ❙♣❛t✐❛❧ ❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ ❛ ❋■❇

■♥ ❋✐❣✉r❡ ✹✳✺✱ ✐t ✐s ✈❡r✐✜❡❞ t❤❛t t❤❡ ❢r❡q✉❡♥❝② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❡s✐❣♥❡❞ ✜❧t❡r ✉♣ t♦

Ω = 0.4π✳ ❋♦r r❡❢❡r❡♥❝❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✻✳

✹✳✸ ❇❛♥❦ ♦❢ ❋■❇s ❛s ❛ ❱✐rt✉❛❧ ❆rr❛② ♦❢

■♥st❛♥t❛♥❡♦✉s ▼✐①t✉r❡s

❇② ✉s✐♥❣ t❤❡ ❝♦♥❝❡♣ts ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✐t ✐s s❤♦✇♥ ❤♦✇ ❛ ❜❛♥❦ ♦❢ ❋■❇s ❝❛♥ ❜❡ ❝r❡❛t❡❞ ❢♦r

s♣❛t✐❛❧ ✜❧t❡r✐♥❣ ♦❢ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧s✳ ❇② ❝r❡❛t✐♥❣ ❛ ❜❛♥❦ ♦❢ ❋■❇s t❤❛t ❤❛s ✐♥❞❡♣❡♥❞❡♥t

❋■❇ r❡s♣♦♥s❡s✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ♦✉t♣✉t ❢r♦♠ ❡❛❝❤ ❋■❇ ❛s ✈✐rt✉❛❧ ❛rr❛② ❡❧❡♠❡♥t✱ ✇❤❡r❡ t❤❡

❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝②✱ ✐✳❡✳ ❜r♦❛❞❜❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐s r❡♠♦✈❡❞✳ ❍❡♥❝❡✱ t❤❡ ♦✉t♣✉t ❢r♦♠

t❤❡ ❜❛♥❦ ♦❢ ❋■❇s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✈✐rt✉❛❧ ❛rr❛② ❝♦♥t❛✐♥✐♥❣ ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s

✐♥st❡❛❞ ♦❢ ❝♦♥✈♦❧✉t✐✈❡ ♦♥❡s ❬✻✸✕✻✺❪✳ ❚♦ ❡❧❛❜♦r❛t❡ t❤✐s ♠♦❞❡❧✱ t❤❡ t✇♦ r❡s♣♦♥s❡s s❤♦✇♥ ✐♥
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✭❜✮ ❋r♦♥t ✈✐❡✇

❋✐❣✉r❡ ✹✳✻✿ ❚❛♣s ♦❢ t❤❡ ✜❧t❡r w[m,n]

❋✐❣✉r❡ ✹✳✼ ❛r❡ ❝♦♥s✐❞❡r❡❞✳

✭❛✮ ❋■❇ ❢♦❝✉s❡❞ ❛t sin(θ) = 0 ✭❜✮ ❋■❇ ❢♦❝✉s❡❞ ❛t sin(θ) = −0.4

❋✐❣✉r❡ ✹✳✼✿ ❘❡s♣♦♥s❡s ♦❢ ❋■❇s ✐♥s✐❞❡ t❤❡ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t r❡❣✐♦♥❀ ✭❛✮ ❣❛✐♥ ❛t sin(θ) = −0.4
✐s ❛❧♠♦st ✲✸✺ ❞❇ ❛♥❞ ✵ ❞❇ ❛t sin(θ) = 0✳ ✭❜✮ t❤❡ ❣❛✐♥ ❛t sin(θ) = 0 ✐s r♦✉❣❤❧②
✲✸✵ ❞❇ ❛♥❞ ✵ ❞❇ ❛t sin(θ) = −0.4✳

■♥ ❋✐❣✉r❡ ✹✳✼❛✱ t❤❡ ❧✐♥❡s s❤♦✇ t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦✈❡r t❤❡ ✐♥✈❛r✐❛♥t ❢r❡q✉❡♥❝✐❡s ❢♦r ❛

❋■❇ ❢♦❝✉s❡❞ ❛t sin θ = 0 ✱ ✇❤✐❧❡ ❋✐❣✉r❡ ✹✳✼❜ s❤♦✇s t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦✈❡r t❤❡ ✐♥✈❛r✐❛♥t

❢r❡q✉❡♥❝✐❡s ❢♦r ❛ ❋■❇ ❢♦❝✉s❡❞ ❛t sin θ = 0.4✳ ❲❤❡♥ t✇♦ s✐❣♥❛❧s ✐♠♣✐♥❣✐♥❣ ♦♥ t❤❡ ❛rr❛② ❢r♦♠

t❤❡s❡ ❡①❛❝t s❛♠❡ ❛♥❣❧❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ s✐♥❝❡ t❤❡ r❡s♣♦♥s❡s ❛r❡ ♣r❛❝t✐❝❛❧❧② ❢r❡q✉❡♥❝②



✻✹
■❱ ❇❘❖❆❉❇❆◆❉ ❇❊❆▼❋❖❘▼■◆● ❱■❆ ❋❘❊◗❯❊◆❈❨ ■◆❱❆❘■❆◆❈❊

❚❘❆◆❙❋❖❘▼❆❚■❖◆ ❆◆❉ P❆❘❆❋❆❈ ❉❊❈❖▼P❖❙■❚■❖◆ ❚❘❆❈❑■◆●

✐♥✈❛r✐❛♥t ♦✈❡r t❤❡ s✐❣♥❛❧ s♣❡❝tr✉♠✱ t❤❡ ♦✉t♣✉t ❢r♦♠ ❡❛❝❤ ❋■❇ ✐s ❛♥ ✐♥st❛♥t❛♥❡♦✉s s✉♠ ♦❢

t❤❡ s♦✉r❝❡ s✐❣♥❛❧s

xfib:0(t) = P0,0s0(t) + P1,0s1(t), ✭✹✳✷✵✮

xfib:1(t) = P0,1s0(t) + P1,1s1(t), ✭✹✳✷✶✮

✇❤❡r❡ xfib:k(t) ✐s t❤❡ k✲t❤ ❋■❇ ♦✉t♣✉t s✐❣♥❛❧✳ ●❡♥❡r❛❧✐③✐♥❣ ❢♦r K ❋■❇s✱ ♦♥❡ ❝❛♥ r❡✇r✐t❡ ✭✹✳✷✵✮

❛♥❞ ✭✹✳✷✶✮ ✐♥ ❛ ❝♦♠♣❛❝t ♠❛tr✐① ❢♦r♠

xfib(t) = P · s(t) ∈ C
K×1, ✭✹✳✷✷✮

✇❤❡r❡ P ✐s t❤❡ ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣❛✐♥ ❝♦❡✣❝✐❡♥ts Pi,k✳ ❚❤✐s ♠♦❞❡❧ ✐s ✈❡r② s✐♠✐❧❛r t♦

♠♦❞❡❧s ♦♥❡ ♠❛② ✜♥❞ ✐♥ ♥❛rr♦✇❜❛♥❞ s❝❡♥❛r✐♦s s✉❝❤ ❛s t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s

♠✐①t✉r❡ ♠♦❞❡❧ ❬✺✵❪✳ ❚❤❡r❡❢♦r❡✱ ♥❛rr♦✇❜❛♥❞ ❛❧❣♦r✐t❤♠s ♠❛② ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤ ❧✐tt❧❡ ♦r ♥♦

♠♦❞✐✜❝❛t✐♦♥s✳ ❋✐❣✉r❡ ✹✳✽ s❤♦✇s ❛ ❜❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ ❛ ♥❛rr♦✇❜❛♥❞ ❛❧❣♦r✐t❤♠ ✇♦r❦✐♥❣ ✈✐❛ ❛

❜❛♥❦ ♦❢ ❋■❇s ♦r t❤❡ s♦ ❝❛❧❧❡❞ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥❝❡ tr❛♥s❢♦r♠❛t✐♦♥✳FIB 1FIB 2FIB 3FIB Bank of FIBs Virtual array adaptive algorithm
❋✐❣✉r❡ ✹✳✽✿ ❉✐❛❣r❛♠ ♦❢ ❛ ✜❧t❡r✐♥❣ s❝❤❡♠❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ ❜❛♥❦ ♦❢ ❋■❇s ❛♥❞ ♥❛rr♦✇❜❛♥❞

❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠

❆❝❝♦r❞✐♥❣ t♦ ❬✼✻❪✱ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❋■❇s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❛♥❞ st✐❧❧ ❛ss✉r❡ ✐♥❞❡✲

♣❡♥❞❡♥❝❡ ✐s Kmax = ⌊M/3⌋✳ ▲✐✉ ❡t✳ ❛❧✳ ❬✻✺❪ ❞❡✈❡❧♦♣❡❞ ❛ t❡❝❤♥✐q✉❡ t♦ s❤✐❢t t❤❡ r❡s♣♦♥s❡s
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❛♣♣r♦♣r✐❛t❡❧② t♦ ❝♦♥str✉❝t ✐♥❞❡♣❡♥❞❡♥t ❋■❇s✱ ❛✈♦✐❞✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡♠♣✐r✐❝❛❧ ♠❡t❤♦❞ ❬✼✻❪✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐s ✐♠♣♦rt❛♥t s✐♥❝❡ ❛♥ ✐♥❝r❡❛s❡❞ ♥✉♠❜❡r ♦❢ ❋■❇s ✇✐t❤ ❞❡♣❡♥❞❡♥t

r❡s♣♦♥s❡s♦✉❧❞ ❝❛✉s❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✇✐t❤♦✉t ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧✲

❧❛t✐♦♥ ❣❛✐♥✳ ▲✐✉ ❡t✳ ❛❧✳ ❬✻✺❪ ❛❧s♦ s❤♦✇❡❞ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

♦❢ t❤❡ ♣r♦t♦t②♣❡ ✜❧t❡r s❤♦✉❧❞ ❜❡ Mprot = min{⌊M/3⌋, ⌊L/3⌋}✳ ▲✐✉✬s ♠❡t❤♦❞ t♦ ♣r♦✈✐❞❡

✐♥❞❡♣❡♥❞❡♥t r❡s♣♦♥s❡s ❝♦♥s✐sts ♦♥ s❤✐❢t✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ❛①✐s ♦❢ t❤❡ k✲t❤ ❋■❇ ❜② 2πk
K
✱ ✇❤✐❝❤

❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❜② t❤❡ ❉❋❚ ❝♦❡✣❝✐❡♥ts e−j 2πk
K ♦❢

❛ ❉❋❚ ♦❢ s✐③❡ K✳ ❆ ✇❛② t♦ ❛❝❝♦♠♣❧✐s❤ t❤❡ ✐♥✈❛r✐❛♥❝❡ ✐s t♦ s❤✐❢t t❤❡ ♣r♦t♦t②♣❡ ✜❧t❡r ✭✹✳✶✾✮

❛❝❝♦r❞✐♥❣❧②

F (Ω1/Ω2) =
1

Mprot

⌊Mprot/2⌋
∑

m=−⌈Mprot/2⌉

e−jmπ(sin θ−sin θ0), ✭✹✳✷✸✮

✇❤❡r❡ θ0 ✐s t❤❡ ❞✐r❡❝t✐♦♥ t♦ ✇❤✐❝❤ t❤❡ ♠❛✐♥ ❜❡❛♠ ✐s s❤✐❢t❡❞✳ ❯s✐♥❣ t❤❡ ❉❋❚ ♠❡t❤♦❞✱ t❤❡

k✲t❤ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t ♣r♦t♦t②♣❡ ✜❧t❡r ✐s

Fk(Ω1/Ω2) =
1

Mprot

⌊Mprot/2⌋
∑

m=−⌈Mprot/2⌉

e−jmπ sin θe−jm 2πk
K , ✭✹✳✷✹✮

❆s ❛♥ ❡①❛♠♣❧❡✱ ❛ ❜❛♥❦ ♦❢K = 5 ❋■❇s ✐s ❝♦♠♣✉t❡❞ ❛♥❞ t❤❡ ❋■❇s ❛r❡ ♣❧♦tt❡❞ s✐♠✉❧t❛♥❡♦✉s❧②

✐♥ ❋✐❣✉r❡ ✹✳✾ ❢♦r ❛ s✐♥❣❧❡ ❢r❡q✉❡♥❝② ✐♥s✐❞❡ t❤❡ ✐♥✈❛r✐❛♥❝❡ r❡❣✐♦♥✳

sin( 3)
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❋✐❣✉r❡ ✹✳✾✿ ❘❡s♣♦♥s❡ ♦❢ ❛ ❜❛♥❦ ♦❢ ✺ ❋■❇s ❛t ❛ ❢r❡q✉❡♥❝② ✐♥s✐❞❡ t❤❡ ✐♥✈❛r✐❛♥t r❛♥❣❡
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✹✳✹ ❚❡♥s♦r ❉❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❙t❡❡r✐♥❣ ▼❛tr✐①

❊st✐♠❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ P❆❘❆❋❆❈ t❡♥s♦r ♠♦❞❡❧✴❞❡❝♦♠♣♦s✐t✐♦♥ ✐s r❡✈✐❡✇❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✶ ❛♥❞

❛ t❡❝❤♥✐q✉❡ t♦ ❡st✐♠❛t❡ st❡❡r✐♥❣ ♠❛tr✐❝❡s ✉s✐♥❣ s✉❝❤ ♠♦❞❡❧ ✐s r❡✈✐s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✷✳

✹✳✹✳✶ ❆ ❘❡✈✐❡✇ ♦♥ t❤❡ P❆❘❆❋❆❈ ❚❡♥s♦r ❉❡❝♦♠♣♦s✐t✐♦♥

❙❡✈❡r❛❧ t❡♥s♦r ❞❡❝♦♠♣♦s✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ s❡✈❡r❛❧ ②❡❛rs ❛♥❞ ❤❛✈❡ ❜❡❡♥

r❡✈✐s❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ❬✺✹✱ ✼✸❪✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐s t❤❡ P❆❘❆❋❆❈

❞❡❝♦♠♣♦s✐t✐♦♥✳ ❖♥❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦s ♦♥ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✼✵ ❬✹✻❪

❛♥❞ ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ t❤❡ ♣s②❝❤♦♠❡tr✐❝s ✜❡❧❞ ✉♥❞❡r t❤❡ ♥❛♠❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

✭❈❆◆❉❊❈❖▼P ♦r ❈P✮ ❬✷✶❪✳ ❆ ✸✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❦ d P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❛ s✉♠

♦❢ t❤❡ ♦✉t❡r ♣r♦❞✉❝ts ♦❢ ✈❡❝t♦rs ✭r❛♥❦✲✶ t❡♥s♦rs✮ ✐♥ ❛❧❧ ✸ ❞✐♠❡♥s✐♦♥s

X =
d
∑

r=1

f (1)r ◦ f (2)r ◦ f (3)r , ✭✹✳✷✺✮

✇❤❡r❡ f
(l)
r ∈ C

Ml×1✳ ❚❤❡ ♣r♦❝❡ss ✐s ❛❧s♦ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✵✳

=

❋✐❣✉r❡ ✹✳✶✵✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ✭♦r t❤r❡❡✲✇❛②✮
❛rr❛②

■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ r❛♥❦ ♦❢ t❤❡ t❡♥s♦r ✐s ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ r❛♥❦ ♦❢

❛ ♠❛tr✐①✱ ✇❤❡r❡ ✐ts ♠❛①✐♠✉♠ r❛♥❦ ✐s dmax = min{M1,M2}✳ ❋♦r ❛ t❡♥s♦r✱ ♦♥❧② ❛♥ ✉♣♣❡r

❜♦✉♥❞ ✐s ❦♥♦✇♥ ✇❤✐❝❤ st❛t❡s t❤❛t dmax ≥ min{M1,M2,M3}✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛rr❛② s✐❣♥❛❧

♣r♦❝❡ss✐♥❣✱ t❤✐s ❧♦♦s❡ ✉♣♣❡r ❜♦✉♥❞ ♠❛② ❛❧❧♦✇ ❢♦r ❛♥ ✉♥❞❡r❞❡t❡r♠✐♥❡❞ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✳

❙✐♥❝❡ ✐♥ t❤❡ ❡♥❞ ♠❛tr✐❝❡s ❛r❡ ✇❤❛t ✐s ✉s✉❛❧❧② ❡st✐♠❛t❡❞✱ ❛♥♦t❤❡r ✉s❡❢✉❧ ✇❛② t♦ ✇r✐t❡ t❤❡
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P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✐♥ ❛ r✲♠♦❞❡ ♣r♦❞✉❝t ♥♦t❛t✐♦♥ ❬✼✸❪

X = I3 ×1 F
(1) ×2 F

(2) ×3 F
(3) ∈ C

M1×M2×M3 , ✭✹✳✷✻✮

✇❤❡r❡ I3 ✐s ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ✐❞❡♥t✐t② t❡♥s♦r ♦❢ s✐③❡ r ❛♥❞ F(l) ❛r❡ t❤❡ ❢❛❝t♦r ♠❛tr✐❝❡s ❝♦♥t❛✐♥✲

✐♥❣ ❛❧❧ r ✈❡❝t♦rs ✐♥ ✐ts ❝♦❧✉♠♥s✳ ❆♥♦t❤❡r ✉s❡❢✉❧ ♥♦t❛t✐♦♥ t❤❛t ❛❧❧♦✇s ❢♦r s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣

✐♥s✐❣❤ts ✐s ❛ st❛❝❦❡❞ ♠❛tr✐❝❡s ✈❡rs✐♦♥

X = [F(1) · diag([F(3)]1,:) · F(2) ⊔3 · · · ⊔3 F
(1) · diag([F(3)]M3,:), ·F(2)] ✭✹✳✷✼✮

✇❤❡r❡ [F(3)]m,: ❛r❡ t❤❡ r♦✇s ♦❢ F
(3) ❛♥❞ ⊔3 ❞❡♥♦t❡s ❝♦♥❝❛t❡♥❛t✐♦♥ ♦✈❡r t❤❡ ✸✲r❞ ❞✐♠❡♥s✐♦♥✳

✹✳✹✳✷ ❆❧t❡r♥❛t❡ ▲❡❛st ❙q✉❛r❡s ❢♦r ❙t❡❡r✐♥❣ ▼❛tr✐① ❊st✐♠❛t✐♦♥

❲❤❡♥ tr②✐♥❣ t♦ ❆ ✈❡r② ❞✐✛✉s❡❞ ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ t❤❡ ❢❛❝t♦r ♠❛tr✐❝❡s ♦❢ t❤❡ P❆❘❆❋❆❈

❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t♦ ✉s❡ t❤❡ ❛❧t❡r♥❛t❡ ❧❡❛st sq✉❛r❡s ✭❆▲❙✮ ❛❧❣♦r✐t❤♠ ❬✺✹❪✳ ■ts ♠❛✐♥ ✐❞❡❛ ✐s t♦

✇r✐t❡ t❤❡ ❉✲❞✐♠❡♥s✐♦♥❛❧ t❡♥s♦r ✐♥t♦ ❉ ♠❛tr✐① ❢♦r♠s ✭✉♥❢♦❧❞✐♥❣s✮ ❛♥❞ ❛♣♣❧② t❤❡ ❧❡❛st sq✉❛r❡s

s♦❧✉t✐♦♥s ✐♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✳ ❋♦r ❛ ✸r❞ ♦r❞❡r t❡♥s♦r t❤❡s❡ ♠❛tr✐❝❡s ❝♦✉❧❞ ❜❡

[X ](1) = F(1) · (F(2) ⋄ F(3))T ∈ C
M1×M2·M3 , ✭✹✳✷✽✮

[X ](2) = F(2) · (F(3) ⋄ F(1))T ∈ C
M2×M3·M1 , ✭✹✳✷✾✮

[X ](3) = F(3) · (F(1) ⋄ F(2))T ∈ C
M3×M1·M2 , ✭✹✳✸✵✮

✇❤❡r❡ ⋄ ✐s t❤❡ ❑❤❛tr✐✲❘❛♦ ♦♣❡r❛t♦r✱ ✐✳❡✳ ❛ ❝♦❧✉♠♥✲✇✐s❡ ❑r♦❡♥❡❝❦❡r ♣r♦❞✉❝t✳

❚❤❡♥✱ ❛❢t❡r ❛ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢❛❝t♦rs ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❧❡❛st sq✉❛r❡s

s♦❧✉t✐♦♥ ❢♦r ❡❛❝❤ ❢❛❝t♦r ✐♥ ❛♥ ❛❧t❡r♥❛t❡ ♠❛♥♥❡r✿

F(1) = [X ](1) · [(F(2) ⋄ F(3))T]+, ✭✹✳✸✶✮

F(2) = [X ](2) · [(F(3) ⋄ F(1))T]+, ✭✹✳✸✷✮

F(3) = [X ](3) · [(F(1) ⋄ F(2))T]+. ✭✹✳✸✸✮

❙t❡♣s ✭✹✳✸✶✮ t♦ ✭✹✳✸✸✮ r✉♥ ✐t❡r❛t✐✈❡❧② ✉♥t✐❧ ❛ t❤r❡s❤♦❧❞ ❝♦♥❞✐t✐♦♥ ǫ ✐s r❡❛❝❤❡❞

∥

∥X − I3 ×1 F
(1) ×2 F

(2) ×3 F
(3)
∥

∥

2

H
≤ ǫ, ✭✹✳✸✹✮

✇❤❡r❡ ‖ · ‖2H ✐s t❤❡ ❤✐❣❤❡r ♦r❞❡r ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ❛♥❞ ✐t ✐s ❡q✉❛❧ t♦ t❤❡

❋r♦❜❡♥✐✉s ♥♦r♠ ♦❢ ❛♥② ♦❢ t❤❡ ✉♥❢♦❧❞✐♥❣s ✭✹✳✷✽✮ ✲ ✭✹✳✸✵✮✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ✐s t♦ ✉s❡ tr❛♥s♣♦s❡❞ ❢♦r✇❛r❞ ❝②❝❧✐❝❛❧ ✉♥❢♦❧❞✐♥❣s ❬✼✸❪ ❧❡❛❞✐♥❣ t♦ t❤❡ s❛♠❡
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r❡s✉❧ts

[X ]�T
(1) = (F(1) ⋄ F(3)) · [F(2)]T ∈ C

M1·M3×M2 , ✭✹✳✸✺✮

[X ]�T
(2) = (F(2) ⋄ F(1)) · [F(3)]T ∈ C

M2·M1×M3 , ✭✹✳✸✻✮

[X ]�T
(3) = (F(3) ⋄ F(2)) · [F(1)]T ∈ C

M3·M2×M1 , ✭✹✳✸✼✮

✇❤❡r❡✱ [·]�(r) ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❢♦r✇❛r❞ ❝②❝❧✐❝❛❧ ❢♦r♠ ♦❢ t❤❡ r✲t❤ ♠♦❞❡ ✉♥❢♦❧❞✐♥❣✳ ❚❤✐s

❢♦r♠ ♦❢ ✉♥❢♦❧❞✐♥❣ ✐s s♣❡❝✐❛❧❧② ✉s❡❢✉❧ t♦ ❞❡r✐✈❡ ❛❞❛♣t✐✈❡ tr❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠s ♦❢ t❤❡ P❆❘❆❋❆❈

❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳

◆♦✇ ❧❡t ✉s ✇r✐t❡ t❤❡ s❛♠♣❧❡❞ t✐♠❡✲❞❡❧❛② ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ♦❢ t❤❡ ♥♦✐s❡❧❡ss ❞❛t❛ ♠♦❞❡❧

✭✹✳✷✷✮

R(τ) =
1

N
Xfib(t)X

H
fib(t− τ) ∈ C

K×K , ✭✹✳✸✽✮

R(τ) = P ·Rs(τ) ·PH. ✭✹✳✸✾✮

✇❤❡r❡ Xfib(t) = [xfib(t) xfib(t− 1) . . . xfib(t−N + 1)] ❛♥❞ Rs(τ) ✐s t❤❡ s❛♠♣❧❡❞ t✐♠❡✲❞❡❧❛②

❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ s♦✉r❝❡ s✐❣♥❛❧s✳ ■♥ t❤❡ ❝❛s❡ t❤❛t t❤❡ s♦✉r❝❡ s✐❣♥❛❧s ❛r❡ ♥♦♥✲✇❤✐t❡✱

✐✳❡✳ s✐❣♥❛❧s ❛r❡ t✐♠❡ ❝♦rr❡❧❛t❡❞✱ s❡t ♦❢ J t✐♠❡✲❞❡❧❛② ❝♦rr❡❧❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥































R(τ1) = P ·Rs(τ1) ·PH,

R(τ2) = P ·Rs(τ2) ·PH,
✳✳✳

✳✳✳

R(τJ) = P ·Rs(τJ) ·PH.

✭✹✳✹✵✮

❇② ❝♦♥s✐❞❡r✐♥❣ t❤❛t Rs(τ) ✐s ❛♣♣r♦①✐♠❛t❡❧② ❞✐❛❣♦♥❛❧✱ ❛ ❞✐r❡❝t ❧✐♥❦ t♦ t❤❡ P❆❘❆❋❆❈

♠♦❞❡❧ ✈✐❛ ✭✹✳✷✼✮ ❝❛♥ ❜❡ ♠❛❞❡ ❜② ❝♦♥s✐❞❡r✐♥❣ F(1) = P,F(2) = PH ❛♥❞ F(3) = C✱ ✇❤❡r❡

[C]j,: = diag
(

Rs(τj)
)

❬✺✼❪✳ ❍❡♥❝❡✱ ❊q✉❛t✐♦♥ ✭✹✳✹✵✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡♥s♦r ❢♦r♠ ❛s

R = I ×1 P×2 P
H ×3 C ∈ C

K×K×J . ✭✹✳✹✶✮

■♥ ♣r❛❝t✐❝❡✱ ❛ ♥♦✐s❡ ❝♦rr❡❧❛t✐♦♥ t❡r♠ ✇✐❧❧ ❜❡ ❛❞❞❡❞ t♦ R s✉❝❤ t❤❛t Rnoisy = R + V ✳

❍♦✇❡✈❡r✱ ✐❢ V ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡ ❆▲❙ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♠❡❛♥s ♦❢ ✭✹✳✸✶✮✱ ✭✹✳✸✷✮

❛♥❞ ✭✹✳✸✸✮ ✐♥ ♦r❞❡r t♦ ✜♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❢❛❝t♦r ♠❛tr✐❝❡s✳
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✹✳✺ Pr♦♣♦s❡❞ ❆❞❛♣t✐✈❡ ❋r❛♠❡✇♦r❦ ❢♦r ❇r♦❛❞❜❛♥❞

❙✐❣♥❛❧s

❚❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ P❆❘❆❋❆❈ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s

tr❛❝❦✐♥❣ ✭❘▲❙❚✮ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ◆✐♦♥ ❛♥❞ ❙✐❞✐r♦♣♦✉❧♦s ❬✼✵❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❬✼✵❪

✐s s✉✐t❡❞ ❢♦r ♥♦♥✲st❛t✐♦♥❛r② ♥❛rr♦✇❜❛♥❞ s✐❣♥❛❧s✳ ❚❤❡r❡❢♦r❡✱ ❛ ♠♦❞✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡

s✐❣♥❛❧s ❝❛♥ ❜❡ st❛t✐♦♥❛r② ②❡t ❤❛✈✐♥❣ t❤❡✐r ♥♦♥✲✇❤✐t❡♥❡ss ❡①♣❧♦r❡❞ ✐s ♣r♦♣♦s❡❞✳ ❚❤❡ r❡s✉❧t

✐s ❛ ❢r❛♠❡✇♦r❦ t❤❛t ❛♣♣❧✐❡s t❤❡ ❘▲❙❚ ✇✐t❤ ❜❛♥❦ ♦❢ ❋■❇s ❢♦r ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ❜r♦❛❞❜❛♥❞

s❝❡♥❛r✐♦s✳

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ t❤❡ ❘▲❙❚ ✐s t♦ ❛♣♣❡♥❞ ❛ ♥❡✇ s❧✐❝❡ t♦ t❤❡ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ❢♦r ❡✈❡r②

♥❡✇❧② ❛❝q✉✐r❡❞ s♥❛♣s❤♦t✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✶✳ ❲✐t❤ ❛ ♥❡✇ s♥❛♣s❤♦t✱ r❡❝✉rs✐✈❡ ✉♣❞❛t❡

r✉❧❡s ❛r❡ ❛♣♣❧✐❡❞ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ t❡♥s♦r ❢❛❝t♦rs✳ ❆❧s♦ ♥♦t❡ t❤❛t ✐♥ ❋✐❣✉r❡ ✹✳✶✶✱ t❤❡

t❡♥s♦r ✐s ❝♦♥❝❛t❡♥❛t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❞✐♠❡♥s✐♦♥ s♦ t❤❛t t❤❡ ❢♦r✇❛r❞ ❝②❝❧✐❝ ♥♦t❛t✐♦♥s ❝❛♥

❜❡ ✉s❡❞✳ ❊✈❡♥ t❤♦✉❣❤ ❢♦r✇❛r❞ ❝②❝❧✐❝ ❛♥❞ r❡✈❡rs❡ ❝②❝❧✐❝ ❛r❡ ❡q✉✐✈❛❧❡♥t✱ t❤❡ ❢♦r✇❛r❞ ❝②❝❧✐❝

✉♥❢♦❧❞✐♥❣s ❛❧❧♦✇ ❢♦r ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s ❛❧❣♦r✐t❤♠s ✇✐t❤♦✉t

t❤❡ ♥❡❡❞ t♦ r❡s❤❛♣❡ t❤❡ ✉♥❢♦❧❞✐♥❣s✳ RLSTupdateupdated factors
❋✐❣✉r❡ ✹✳✶✶✿ ❈♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❛ ♥❡✇ s❧✐❝❡ ✐♥ t❤❡ s❡❝♦♥❞ ❞✐♠❡♥s✐♦♥ ❢♦r ❛ t❡♥s♦r ✇✐t❤ ✸ ❞✐✲

♠❡♥s✐♦♥s

■♥ ❬✼✵❪✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ❣r♦✇s ✇✐t❤ t✐♠❡✱ s✐♥❝❡ t❤❡ s✐❣♥❛❧s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛r❡ ♥♦♥✲

st❛t✐♦♥❛r② ❛♥❞ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥t s❡t ♦❢ ❝♦rr❡❧❛t✐♦♥s ❢♦r ❡✈❡r② t✐♠❡ ❢r❛♠❡✳ ■♥ t❤✐s ✇♦r❦✱

t❤❡ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ✐s ♣r❛❝t✐❝❛❧❧② st❛t✐♦♥❛r② ♦r s❧♦✇❧② ✈❛r②✐♥❣✳ ❍♦✇❡✈❡r✱ ❢♦r ♥♦♥✲✇❤✐t❡

s✐❣♥❛❧s✱ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ t✐♠❡✲❞❡❧❛② ❝♦rr❡❧❛t✐♦♥s ✭✹✳✹✷✮ ❝❛♥ ❜❡ ❡①tr❛❝t❡❞✳ ❚❤❡ ✜rst

♣r♦❜❧❡♠ ❛r✐s❡s ❢r♦♠ t❤❡ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧ ♠♦❞❡❧✱ s✐♥❝❡ t❤❡ st❛❝❦ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ♦♥❧②

❝♦♥t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s✳ ❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ❝♦♠❡s ❢r♦♠ t❤❡

❢❛❝t t❤❛t t❤❡ ♥♦♥✲✇❤✐t❡♥❡ss ✐s ♦♥❧② ✈❛❧✐❞ ❢♦r ❛ ❧✐♠✐t❡❞ J t✐♠❡✲❞❡❧❛② ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ t❡♥s♦r

♥♦ ❧♦♥❣❡r ❣r♦✇s ❛♠♦♥❣ ♦♥❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥s✳
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■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ✜rst ♣r♦❜❧❡♠ ❛❜♦✈❡✱ ❛ ❜❛♥❦ ❋■❇s ♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛rr❛② ♦✉t♣✉t✱

❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ❛♥❞ ❛ ✈✐rt✉❛❧ ❛rr❛② ❝♦♥t❛✐♥✐♥❣ ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s xfib(t) ✐s

♦❜t❛✐♥❡❞✳ ❋♦r ♥♦✇✱ t❤❡ ✐♥♣✉t s✐❣♥❛❧ ✐s ❣❡♥❡r❛❧✐③❡❞ ❛s ❛♥ ❛rr❛② s✐❣♥❛❧ x(t)✳ ❋♦r ♥♦♥✲st❛t✐♦♥❛r②

s✐❣♥❛❧s✱ t❤❡ P❆❘❆❋❆❈ ❘▲❙❚ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✉s❡❞ ❞✐r❡❝t❧② ❜② ❝♦♥s✐❞❡r✐♥❣ xfib(t) ❛s ✐ts

s✐❣♥❛❧ ✐♥♣✉t✳ ❋r♦♠ t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ❛❜♦✈❡✱ t❤❡ P❆❘❆❋❆❈ ❘▲❙❚ ♥♦ ❧♦♥❣❡r ❛♣♣❧✐❡s✱ ❛♥❞

❛ ♠♦❞✐✜❝❛t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ♦✉t♣✉t ✐s ♥❡❡❞❡❞✳

❚♦ s♦❧✈❡ t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠✱ t❤❡ J t✐♠❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ❛r❡ ✉♣❞❛t❡❞ ✈✐❛ ❛ ✇❡✐❣❤t❡❞

❛✈❡r❛❣❡ ✭✹✳✹✵✮ ❬✽✸❪ ❢♦r ❡✈❡r② ♥❡✇ s♥❛♣s❤♦t x(t+ 1)































R(t+ 1, τ1) = λrR(t, τ1) + x(t)xH(t− τ1),

R(t+ 1, τ2) = λrR(t, τ2) + x(t)xH(t− τ2),
✳✳✳

✳✳✳

R(t+ 1, τJ) = λrR(t, τJ) + x(t)xH(t− τJ),

✭✹✳✹✷✮

✇❤❡r❡ λr ✐s ❛ ❢♦r❣❡tt✐♥❣ ❢❛❝t♦r ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ❡st✐♠❛t✐♦♥✳ ❋r♦♠ ✭✹✳✹✷✮✱ ❛♥

✉♣❞❛t❡❞ t❡♥s♦r ✐s ♦❜t❛✐♥❡❞ ❛s ✇❤♦❧❡✱ ✇❤✐❧❡ ❬✼✵❪ ❛♣♣❡♥❞s ❛ ♥❡✇ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① t♦ t❤❡

t❡♥s♦r✳ ■♥ ♦r❞❡r t♦ st✐❧❧ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ P❆❘❆❋❆❈ ❘▲❙❚✱ ❛ ♥❡✇ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①

✐s ❝②❝❧✐❝❛❧❧② ❛♣♣❡♥❞❡❞ t♦ t❤❡ t❡♥s♦r ❛♥❞ ✐ts ♦❧❞❡r ✉♣❞❛t❡❞ ♠❛tr✐① ✐s r❡♠♦✈❡❞✳ ❚❤❡ s❡t ♦❢

❊q✉❛t✐♦♥s ✭✹✳✹✸✮ t♦ ✭✹✳✹✺✮ s❤♦✇ ❛♥❞ ❡①❛♠♣❧❡ ♦♥ ❤♦✇ t❤❡ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ✐s ✉♣❞❛t❡❞✳ ❚❤❡

s❛♠❡ ♣r♦❝❡ss ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✷✳

R(t− 1) = [R(t− J, τJ) ⊔2 R(t− J + 1, τ1) ⊔2 · · · ⊔2 R(t− 1, τJ−1)], ✭✹✳✹✸✮

R(t) = [R(t− J + 1, τ1) ⊔2 R(t− J + 2, τ2) ⊔2 · · · ⊔2 R(t, τJ)], ✭✹✳✹✹✮

R(t+ 1) = [R(t− J + 2, τ2) ⊔2 R(t− J + 3, τ3) ⊔2 · · · ⊔2 R(t+ 1, τ1)], ✭✹✳✹✺✮

✇❤❡r❡ R(t− j, τj) ❤❛s s✐③❡ K × 1×K✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ✜rst t✐♠❡ ❞❡❧❛② ✐♥ ✭✹✳✹✸✮

✐s ♥♦t ✜①❡❞ t♦ τJ ✳ ■t ✐s ♦♥❧② ✐♠♣♦rt❛♥t t❤❛t ❛t t❤❡ ♥❡①t s♥❛♣s❤♦t✱ t❤❡ ❞❡❧❛② s❤✐❢ts ❝②❝❧✐❝❛❧❧②✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ P❆❘❆❋❆❈ ❘▲❙❚ ❛❧❣♦r✐t❤♠ ❬✼✵❪ ✐s r❡✈✐❡✇❡❞ ✇❤✐❧❡ ✉s✐♥❣ t❤❡ ❝②❝❧✐❝

✉♣❞❛t❡s ❛s s❤♦✇♥ ✐♥ ✭✹✳✹✷✮ t♦ ✭✹✳✹✺✮ ❛s ✐♥♣✉t t♦ t❤❡ ❛❧❣♦r✐t❤♠✳ ❋✐rst✱ t❤❡ tr❛♥s♣♦s❡❞ ❢♦r✇❛r❞

❝②❝❧✐❝ ✶st✲♠♦❞❡ ✉♥❢♦❧❞✐♥❣ ♦❢ t❤❡ t❡♥s♦r R ✐s t❛❦❡♥

[R(t)]�T
(1) =

(

F(1)(t) ⋄ F(3)(t)
)

[F(2)(t)]T. ✭✹✳✹✻✮

❚❤❡ ❢❛❝t♦rs F(1)(t) ❛♥❞ F(3)(t) ✉s✉❛❧❧② r❡♣r❡s❡♥t t❤❡ ❝❤❛♥♥❡❧ ♠❛tr✐❝❡s ❛♥❞ s❤♦✉❧❞ ❜❡ s❧♦✇❧②

✈❛r②✐♥❣✱ ❤❡♥❝❡✱ H(t) = F(1)(t) ⋄ F(3)(t) ♠❛② ❜❡ ✉s❡❞ ❢♦r ❢✉rt❤❡r ❞❡r✐✈❛t✐♦♥s✳ ■❢ t❤❡ ❝♦❧✉♠♥s
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select remove append

❋✐❣✉r❡ ✹✳✶✷✿ Pr♦❝❡ss ♦❢ s❡❧❡❝t✐♥❣✱ r❡♠♦✈✐♥❣ ❛♥❞ ❛♣♣❡❞✐♥❣ ❛ ♥❡✇ s❧✐❝❡ t♦ t❤❡ P❆❘❆❋❆❈
❘▲❙❚ ✐♥♣✉t ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r✳ ❆❢t❡r R(t + J − 1) ✐s ✉♣❞❛t❡❞✱ t❤❡ ♣r♦❝❡ss ✐s
r❡st❛rt❡❞ ❛♥❞ t❤❡ t❡♥s♦r ✐s ✉♣❞❛t❡❞ ♦❢ ✇✐t❤ t❤❡ ♥❡✇ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢♦r t❤❡
✜rst t✐♠❡✲❞❡❧❛② τ1✳

♦❢ [R(t)]�T
(1) ❛r❡ ❛♥❛❧②③❡❞✱ ✐t ✐s ✈❡r✐✜❡❞ t❤❛t

[R(t+ 1)]�T
(1) =

[

[

[R(t)]�T
(1)

]

:,1̃
r(t+ 1)

]

, ✭✹✳✹✼✮

✇❤❡r❡ [·]:,1̃ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ r❡♠♦✈✐♥❣ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ ❛ ♠❛tr✐①✱ r(t+1) =

vec
(

R(t+ 1, τj)
)

❛♥❞ τj ✐s ❝❤♦s❡♥ ❝②❝❧✐❝❛❧❧② ❢r♦♠ {τ1, τ2, . . . , τJ}✳ ❋r♦♠ t❤❡ ❛❧♠♦st ❝♦♥st❛♥t

❝❤❛r❛❝t❡r✐st✐❝s ♦❢ H(t) ✐t ✐s ❢♦✉♥❞ t❤❛t

[F(2)(t+ 1)]T ≈
[

[

[F(2)(t)]T
]

:,1̃
[f (2)(t+ 1)]T

]

∈ C
J×d. ✭✹✳✹✽✮

❲✐t❤ ❦♥♦✇❧❡❞❣❡ ♦❢ H(t)✱ t❤❡ ♥❡✇ ✭tr❛♥s♣♦s❡❞✮ ❧✐♥❡ ♦❢ t❤❡ ❢❛❝t♦r [F(2)(t)] ❝❛♥ ❜❡ ❡st✐♠❛t❡❞

✉s✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡s s♦❧✉t✐♦♥ ❛♥❞✱ ♦♥❝❡ [f (2)(t+1)]T ✐s ❡st✐♠❛t❡❞✱ t❤❡ ♥❡✇ ♠❛tr✐① H(t+1)

❝❛♥ ❛❧s♦ ❜❡ ❡st✐♠❛t❡❞ ✈✐❛ t❤❡ ❧❡❛st sq✉❛r❡s s♦❧✉t✐♦♥✱ t❤✉s

[f (2)(t+ 1)]T = H+(t)r(t+ 1), ✭✹✳✹✾✮

H(t+ 1) = [R(t+ 1)]�T
(1) [F

(2)(t+ 1)]T+. ✭✹✳✺✵✮
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■♥ t❤❡ ♥❡①t ♣❛rt✱ t❤❡ ❢♦❝✉s ✐s ♦♥ ✜♥❞✐♥❣ ❛ r❡❝✉rs✐✈❡ t❤❡ ✉♣❞❛t❡ ❢♦r H(t)✳ ❇② ✇r✐t✐♥❣ t❤❡

❧❡❛st sq✉❛r❡s ❝♦st ❢✉♥❝t✐♦♥ ❢♦r ❛ tr✉♥❝❛t❡❞ ✇✐♥❞♦✇ ✐t ✐s ❢♦✉♥❞ t❤❛t

JH,f (2) =
J
∑

j=1

‖r(u+ 1)−H(t+ 1)[f (2)(u+ j)]T‖2F, ✭✹✳✺✶✮

✇❤❡r❡ u = t+ 1− J ✳ ■♥ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ❬✼✵❪✱ ❛ ❢♦r❣❡tt✐♥❣ ❢❛❝t♦r ✐s ❛❧s♦ ✉s❡❞✳ ■♥ t❤✐s

♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦ ❝❛s❡✱ ♦♥❧② t❤❡ ♥❡✇❡st ❝♦rr❡❧❛t✐♦♥s ♠❛tr✐❝❡s ❛r❡ ♦❢ ✐♥t❡r❡st✱ t❤❡r❡❢♦r❡✱

♦❧❞❡r ❡st✐♠❛t❡s ❛r❡ ✈❛♥✐s❤❡❞✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♥s✐❞❡r✐♥❣ ❛ r❡❝t❛♥❣✉❧❛r ✇✐♥❞♦✇✳ ■♥

♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✭✹✳✺✶✮ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ H(t + 1) ✐s t❛❦❡♥

❛♥❞ t❤❡ r❡s✉❧t ✐s s♦❧✈❡❞ ❢♦r JH,f (2)
!
= 0

∇HJH,f (2) = 2
J
∑

j=1

(

r(j)−H(t+ 1)[f (2)(u+ j)]T
)

[f (2)(u+ j)]∗
!
= 0, ✭✹✳✺✷✮

H(t+ 1) =
(

J
∑

j=1

r(u+ j)[f (2)(u+ j)]∗
)(

J
∑

j=1

[f (2)(u+ j)]T[f (2)(u+ j)]∗
)−1

. ✭✹✳✺✸✮

❚❤❡ ❧❡❢t s✐❞❡ ❛♥❞ r✐❣❤t✲s✐❞❡ ❝♦♥t❡♥t ✐♥s✐❞❡ ♣❛r❡♥t❤❡s✐s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ r❡❝✉rs✐✈❡❧② ❛s ❬✼✵❪

Hp(t+ 1) = Hp(t) + r(t+ 1)[f (2)(t+ 1)]∗ − r(u)[f (2)(u)]∗, ✭✹✳✺✹✮

Hq(t+ 1) = Hq(t) + [f (2)(t+ 1)]T[f (2)(t+ 1)]∗ − [f (2)(u)]T[f (2)(u)]∗, ✭✹✳✺✺✮

❛♥❞ ✉♣❞❛t❡ r✉❧❡ ❢♦r H(t+ 1) ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s

H(t+ 1) = Hp(t+ 1)H−1
q (t+ 1). ✭✹✳✺✻✮

■♥ ✭✹✳✺✻✮ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ ❛ ♠❛tr✐① ✐♥✈❡rs✐♦♥ ❛r✐s❡s✳ ❍♦✇❡✈❡r✱

❢r♦♠ ✭✹✳✺✻✮ t✇♦ ♥❡st❡❞ r❛♥❦ ♦♥❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥ ❧❡♠♠❛s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✶✳ ❖♥❝❡ H(t) ✐s

✉♣❞❛t❡❞✱ ✐t ✐s ✉s❡❞ t♦ ✉♣❞❛t❡ [f (2)(t)]T ❜② ♠❡❛♥s ♦❢ ✭✹✳✹✾✮

[f (2)(t+ 1)]T = Hq(t+ 1)H+
p (t+ 1)r(t+ 1), ✭✹✳✺✾✮

✇❤❡r❡ ❛♥ ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ❛r✐s❡s ♦♥❡ ♠♦r❡ t✐♠❡✱ t❤✐s t✐♠❡✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♣s❡✉❞♦✐♥✈❡rs❡

♦❢ H+
p (t + 1)✳ ❋r♦♠ ✭✹✳✺✹✮✱ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛ r❡❝✉rs✐✈❡ ✉♣❞❛t❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②

✶ ❚❤❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥ ❧❡♠♠❛ ❢♦r ❛ ♠❛tr✐① A ∈ C
M×M ✿

A−1(t+ 1) = (A−1(t) + bcH)−1 ✭✹✳✺✼✮

= A−1(t) +
A−1(t)bcHA−1(t)

1 + cHA−1(t)b
✭✹✳✺✽✮
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❛♣♣❧②✐♥❣ t❤❡ ♣s❡✉❞♦✐♥✈❡rs❡ ❧❡♠♠❛ t✇✐❝❡✷ ❋✐♥❛❧❧②✱ t❤❡ ❢❛❝t♦rs F(1)(t+1) ❛♥❞ F(3)(t+1) ❤❛✈❡

t♦ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❢r♦♠ H(t+1)✳ ❇② ❛♥❛❧②③✐♥❣ t❤❡ ❑❤❛tr✐✲❘❛♦ ♣r♦❞✉❝t t❤❛t ❢♦r♠s H(t+1)✱

✐t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t ✐ts r✲t❤ ❝♦❧✉♠♥ ✐s f
(1)
r (t+1)⊗ f

(3)
r (t+1) = vec

(

f
(1)
r (t+1)[f

(3)
r (t+1))]T

)

✱

✇❤❡r❡ f
(·)
r (t + 1) ✐s ❛❧s♦ t❤❡ r✲t❤ ❝♦❧✉♠♥ ♦❢ F(·)(t + 1)✳ ❇② ✉♥❞♦✐♥❣ t❤❡ ✈❡❝ ♦♣❡r❛t✐♦♥✱ ❛

r❛♥❦✲✶ ♠❛tr✐① Hr(t + 1) = unvec
(

[H(t + 1)]:,r
)

❝❛♥ ❜❡ ❢♦r♠❡❞✳ ❚❤✉s✱ ❛ r❛♥❦✲✶ ❙❱❉ ❝❛♥

❜❡ ♣❡r❢♦r♠❡❞ t♦ s❡♣❛r❛t❡ f
(1)
r (t + 1) ❛♥❞ f

(3)
r (t + 1) ❢r♦♠ H(t + 1)✳ ❚❤✐s ❝❛♥ ❜❡ ❛❞❛♣t✐✈❡❧②

❛❝❤✐❡✈❡❞ ❜② ❡①❡❝✉t✐♥❣ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❇✐✲✐t❡r❛t✐✈❡ ❙❱❉ ❬✼✾❪ ❛s ❢♦❧❧♦✇s

f (1)r (t+ 1) = HT
r (t+ 1)[f (3)r (t)]∗, ✭✹✳✻✷✮

f (3)r (t+ 1) =
Hr(t+ 1)f

(1)
r (t+ 1)

‖Hr(t+ 1)‖2F
. ✭✹✳✻✸✮

❘✉♥♥✐♥❣ t❤❡ ❇✐✲✐t❡r❛t✐✈❡ ❙❱❉ st❡♣ ❛❧♦♥❣ ❛❧❧ r = 1, . . . , d✱ t❤❡ ✜♥❛❧ ❢❛❝t♦r ♠❛tr✐❝❡s F(1)(t+1)

❛♥❞ F(3)(t+ 1) ❛r❡ ❡st✐♠❛t❡❞✳

▼❛❦✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s t❡♥s♦r ♠♦❞❡❧ ✭✹✳✹✶✮✱ ✐t ✐s ❢♦✉♥❞ t❤❛t P̂ =

F(1),F(2) = C ❛♥❞ P̂H = F(1)✳ ▼❛tr✐① P ❝♦♥t❛✐♥s ✐♥ ✐ts r♦✇s ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ ❡❛❝❤

s♦✉r❝❡✳ ❙✐♥❝❡ t❤❡r❡ ✐s ✐♥t❡r❢❡r❡♥❝❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ❧✐♥❡s ♦❢ P̂✱ ❛ s♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥

✐ts ♣s❡✉❞♦✲✐♥✈❡rs❡ ✇❤❡r❡ W = P̂+ ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ❡①tr❛ ❤✐❣❤ ❝♦♠♣❧❡①✐t②

✐♥✈♦❧✈❡❞✱ ✐t s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ P ❞♦❡s ♥♦t ❤❛✈❡ ❛ r❛♥❦✲

✶ ✉♣❞❛t❡ ❛s ♣r❡✈✐♦✉s❧② ♦❝❝❛s✐♦♥s✳ ❚❤❡ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥ ✐s t♦ ❛♣♣❧② ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡

❇❡♥✲■sr❛❡❧ ❛♥❞ ❈♦❤❡♥ ❬✶✻❪ ❛❧❣♦r✐t❤♠ ✸ ❛t ❡❛❝❤ ✉♣❞❛t❡ st❡♣ ♦❢ t❤❡ ❘▲❙❚ ❛❧❣♦r✐t❤♠✱ s✉❝❤

t❤❛t

W(t+ 1) = W(t)
(

2IK − P̂(t+ 1)W(t)
)

, ✭✹✳✻✼✮

✷ ❚❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ❧❡♠♠❛ ❢♦r ❛ ♠❛tr✐① A ∈ C
M×N ,M ≥ N ❬✶✽❪✿

A+(t+ 1) = (A+(t) + cd
H)+ ✭✹✳✻✵✮

= A+(t) +
A+(t)hHuH

β∗
− β∗pqH

σ
, ✭✹✳✻✶✮

✇❤❡r❡ β = 1 + dHA+(t)c ✱ h = dHA+✱ u =
(

IM − A(t)A+(t)
)

c✱ p = −
(

‖u‖2/β∗A+(t)hH + k
)

✱

k = A+(t)c✱ qH = −
(

‖h‖2/β∗uH + h
)

❛♥❞ σ = ‖h‖2‖u‖2 + |β|2✳
✸ ❚❤❡ ❇❡♥✲■sr❛❡❧ ❛♥❞ ❈♦❤❡♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ❬✶✻❪ ❡st✐♠❛t❡s t❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ♦❢ A ∈ C

M×N ❛❢t❡r
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s

Â+(0) = αAH ✭✹✳✻✹✮

Â+(t+ 1) = Â+(t)
(

2IM −AÂ+(t)
)

, ✭✹✳✻✺✮

✇❤❡r❡ α ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥s✐❞❡ t❤❡ ✐♥t❡r✈❛❧✿

0 < α <
2

max
i

∑

j

∣

∣[(AHA)]i,j
∣

∣

. ✭✹✳✻✻✮

■♥ t❤❡ ❝❛s❡ ❛♥ ❡st✐♠❛t❡ ♦❢ A+ ✐s ❛❧r❡❛❞② ❛✈❛✐❧❛❜❧❡✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ❛❧❣♦r✐t❤♠✳
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✇❤❡r❡ IK ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ s✐③❡ K ❛♥❞ W(0) ❝❛♥ ❜❡ ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ❛ ❣♦♦❞ ❡st✐♠❛t❡

♦❢ P+✱ ❡✳❣✳ ❜② t❛❦✐♥❣ t❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ❞✉r✐♥❣ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P❆❘❆❋❆❈ ❘▲❙❚✳

❚♦ ❛✈♦✐❞ ♥♦♥✲❝♦♥✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠s ❞✉❡ t♦ ✈❛r✐❛t✐♦♥s t❤❡ ✐♥♣✉t ❞❛t❛✱ ✐t ♠❛② ❜❡ ✉s❡❢✉❧ t♦

❛♣♣❧② ❛ t✐♠❡ ❛✈❡r❛❣❡ ♦✈❡r P̂(t+ 1)

W(t+ 1) = W(t)
(

2IK − 〈P̂(t+ 1)〉tW(t)
)

, ✭✹✳✻✽✮

✇❤❡r❡ 〈·〉t ✐s ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ s✉❝❤ ❛s 〈P̂(t+1)〉t = λtP̂(t+1)+(1−λt)P̂(t) ❢♦r 0 < λt ≤ 1✳

❚❤❡ ❛❜♦✈❡ s♦❧✉t✐♦♥ ✐s ❞❡♥♦t❡❞ ❛s ❘▲❙❚✲❇❡♥✳

❆❧t❡r♥❛t✐✈❡❧②✱ ✐♥ ♦r❞❡r t♦ r❡♠♦✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✐♥ ❛ ❞✐r❡❝t ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t

✇❛②✱ ♦♥❡ ❝❛♥ ❛♣♣❧② ❛ ♥❛rr♦✇❜❛♥❞ ❛❞❛♣t✐✈❡ ❜❡❛♠❢♦r♠❡r ✇❤❡r❡ ❡❛❝❤ r♦✇ ✐s ❛ ❜❡❛♠❢♦r♠❡r

❝♦♥str❛✐♥t✳ ❖♥❡ ♦❢ s✉❝❤ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ❋r♦st ❛❧❣♦r✐t❤♠ ❬✸✺❪ ✇✐t❤ ✜❧t❡r ✉♣❞❛t❡

w
(fr)
i (t+ 1) =

[P̂(t+ 1)]:,i

[P̂(t+ 1)]H:,i[P̂(t+ 1)]:,i
+Qi

(

w
(fr)
i (t)− µfre

∗(n)xfib(t)
)

, ✭✹✳✻✾✮

✇❤❡r❡ Qi = Ik − [P̂(t + 1)]:,i
(

[P̂(t + 1)]H:,i[P̂(t + 1)]:,i
)−1

[P̂(t + 1)]H:,i ❛♥❞ µfr ✐s t❤❡ st❡♣

s✐③❡✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❞❡♥♦t❡❞ ❛s t❤❡ ❘▲❙❚✲❋r♦st✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ t✐♠❡

❛✈❡r❛❣❡ 〈[P̂(t + 1)]:,i〉t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t✱ s✐♥❝❡ ✐t ❛❧❧♦✇s ❡♥♦✉❣❤ st❡❛❞✐♥❡ss ♦❢ st❛t❡ s♦ t❤❛t

t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❝♦♥✈❡r❣❡✳

■♥ s✉♠♠❛r②✱ t❤✐s s❡❝t✐♦♥ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❝②❝❧✐❝❛❧ ♠❛♥♥❡r t♦ ❝♦♥str✉❝t t❤❡ ❝♦rr❡❧❛t✐♦♥

t❡♥s♦r✳ ❚❤✐s ♥❡✇ t❡♥s♦r ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t✐♠❡ ❣r♦✇✐♥❣ t❡♥s♦r ♠✉❧t✐♣❧✐❡❞ ❜② ❛ tr✉♥❝❛t❡❞

r❡❝t❛♥❣✉❧❛r ✇✐♥❞♦✇✳ ❚❤✐s tr✉♥❝❛t❡❞ t❡♥s♦r ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ t♦ t❤❡ P❆❘❆❋❆❈ ❘▲❙❚

❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠ t♦ tr❛❝❦ t❤❡ t❡♥s♦r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚♦ ✜♥❞ t❤❡ ✜♥❛❧ ✜❧t❡r ❛❞❛♣t✐✈❡❧②✱

❋r♦st✬s ❛❧❣♦r✐t❤♠ ❛♥❞ ❇❡♥✲■sr❛❡❧ ❛♥❞ ❈♦❤❡♥✬s ❛❧❣♦r✐t❤♠s ✇❤❡r❡ ♣r♦♣♦s❡❞ ❛s ❛♥ ❡①tr❛ st❡♣

t♦ t❤❡ ❘▲❙❚ ❛❧❣♦r✐t❤♠✳ ❚❛❜❧❡ ■❱✳✶ s✉♠♠❛r✐③❡s t❤❡ ❡♥t✐r❡ ❋■❇✲❘▲❙❚✲❇❡♥ ❛♥❞ ❋■❇✲❘▲❙❚✲

❋r♦st ♣r♦❝❡ss✳

✹✳✻ ❙✐♠✉❧❛t✐♦♥s ❛♥❞ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ s✐♠✉❧❛t✐♦♥s ❢♦r ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ s❝❤❡♠❡ ❛r❡ ❝♦♥❞✉❝t❡❞✳ ❋✐rst✱

s❡t t❤r❡❡ s♦✉r❝❡s ✐♠♣✐♥❣✐♥❣ ❢r♦♠ ✵◦✱ ✹✵◦ ❛♥❞ ✲✺✵◦ ❛r❡ s❡t✳ ❊❛❝❤ s✐❣♥❛❧ ✐s ❛ ◗P❙❑ s✐❣♥❛❧

❝♦♥t❛✐♥✐♥❣ ✽ s❛♠♣❧❡s ♣❡r s②♠❜♦❧ ❛♥❞ ✜❧t❡r❡❞ ❜② r❛✐s❡❞ ❝♦s✐♥❡ ✜❧t❡r ✇✐t❤ ❛ r♦❧❧♦✛ ❢❛❝t♦r ♦❢

✵✳✸✳ ❚❤❡ s✐❣♥❛❧ ♦❢ ✐♥t❡r❡st ✭❙❖■✮ ✐s ❧♦❝❛t❡❞ ❛t ✵◦ ❛♥❞ ❤❛s ✐ts ❝❡♥t❡r ❢r❡q✉❡♥❝② s❤✐❢t❡❞ t♦

t❤❡ ♥♦r♠❛❧✐③❡❞ ❢r❡q✉❡♥❝② Ω = 0.65π✳ ❚❤❡ ✐♥t❡r❢❡r❡♥❝❡s ❛r❡ ❝❡♥t❡r❡❞ ❛t Ω = 0.75π ❛♥❞

Ω = 0.85π✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s✐❣♥❛❧s ❛r❡ r❡❝❡✐✈❡❞ ❜② ❛ ❯▲❆ ♦❢ s✐③❡ M = 17 ❛♥❞ t❤❡ t❛♣✲

❞❡❧❛② ❧✐♥❡ ❤❛s ❧❡♥❣t❤ L = 80✳ ❆ ❜❛♥❦ ♦❢ ❋■❇s ✐s ❝♦♥str✉❝t❡❞ ❢♦r P = 5 ✈✐rt✉❛❧ s❡♥s♦rs✳ ❚❤❡
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❚❛❜❧❡ ■❱✳✶✿ Pr♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥ ❛♥❞ ❋■❇✲❘▲❙❚✲❋r♦st
❙t❡♣ ❉❡s❝r✐♣t✐♦♥ ❈♦♠♣❧❡①✐t②
✶✳ ■♥✐t✐❛❧✐③❛t✐♦♥ ❛✳ ❈♦♠♣✉t❡ ❛ ❜❛♥❦ ♦❢ ❋■❇s ❛s ❞❡s❝r✐❜❡❞ ✐s ❙❡❝✳ ✹✳✷✲✹✳✸

❜✳ ❋✐♥❞ ✐♥✐t✐❛❧ ❡st✐♠❛t❡s ❢♦r F(1)✱ F(2) ❛♥❞
F(3)✱ ❡✳❣✳ ✈✐❛ ❆▲❙ ❛❧❣♦r✐t❤♠ ❛♥❞ W = [F(1)]+

✷✳ ❋✐rst ✉♣❞❛t❡ [f (2)(t+ 1)]T = Hq(t)H
+
p (t)r(t+ 1)

♦❢ [f (2)]T 8K2(R+ 1)d

✸✳ ❯♣❞❛t❡ Hp Hp(t+ 1) = Hp(t) + r(t+ 1)[f (2)(t+ 1)]∗

−r(u)[f (2)(u)]∗ 14d2

✹✳ ❯♣❞❛t❡ Hq Hq(t+ 1) = Hq(t) + [f (2)(t+ 1)]T[f (2)(t+ 1)]∗

− [f (2)(u)]T[f (2)(u)]∗ 14K2d
✺✳ ❯♣❞❛t❡ H−1

p ❆♣♣❧② t❤❡ ✐♥✈❡rs❡ ♠❛tr✐① ❧❡♠♠❛ t✇✐❝❡ t♦ t❤❡ r❡s✉❧t
♦❢ ❙t❡♣ ✸ t♦ ✜♥❞ H−1

p (t+ 1) 48d2 + 20d

✻✳ ❯♣❞❛t❡ H+
q ❆♣♣❧② t❤❡ ♣s❡✉❞♦✐♥✈❡rs❡ ♠❛tr✐① ❧❡♠♠❛ t✇✐❝❡

t♦ t❤❡ r❡s✉❧t ♦❢ ❙t❡♣ ✹ t♦ ✜♥❞ H+
q (t+ 1) 96K2d

✼✳ ❯♣❞❛t❡ H H(t+ 1) = Hp(t+ 1)H−1
q (t+ 1) 8K2d2

✽✳ ❯♣❞❛t❡ F(1) ❛♥❞ F(3) ❢♦r r = 1, . . . , d

f
(1)
r (t+ 1) = HT

r (t+ 1)[f
(3)
r (t)]∗ 8K2d

f
(3)
r (t+ 1) =

Hr(t+1)f (1)r (t+1)

‖Hr(t+1)‖2
F

8K2d+ 10Kd

✾✳ ❙❡❝♦♥❞ ✉♣❞❛t❡
♦❢ [f (2)]T [f (2)(t+ 1)]T = Hq(t+ 1)H+

p (t+ 1)r(t+ 1) 8d2 + 8K2d

✶✵✳ ❯♣❞❛t❡ F(2) [F(2)(t+ 1)]T =
[

[

[F(2)(t)]T
]

:,1̃
[f (2)(t+ 1)]T

]

✶✶✳ ❯♣❞❛t❡ W W(t+ 1) = 2W(t)−W(t)F(2)(t+ 1)W(t) 2Kd+ 16K2d (∗)

♦r w
(fr)
i (t+ 1) =

[P̂(t+1)]:,i

[P̂(t+1)]H:,i[P̂(t+1)]:,i
10K + 8K2 (∗∗)

+ Qi

(

w
(fr)
i (t)− µfre

∗(n)xfib(t)
)

10dK + 8dK2 (∗)

✭✯✮ ❢♦r ❞ s♦✉r❝❡s✱ ✭✯✯✮ ❢♦r ✶ s♦✉r❝❡

✉s❡❞ ♣❛r❛♠❡t❡rs ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ■❱✳✷ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❙■◆❘ ❛✈❡r❛❣❡❞ ♦✈❡r ✶✵✵✵

s✐♠✉❧❛t✐♦♥s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✸✳

❚❛❜❧❡ ■❱✳✷✿ P❛r❛♠❡t❡rs ❢♦r t❤❡ ✜rst s❝❡♥❛r✐♦
P❛r❛♠❡t❡r ❱❛❧✉❡
M ✶✼ ❛♥t❡♥♥❛s
L ✽✵ t❛♣s
N ✶✵✵✵✵ s♥❛♣s❤♦ts
❙◆❘ ✷✵ ❞❇
P ✺ ✈✐rt✉❛❧ ❛♥t❡♥♥❛s
Mprot P
λr ✵✳✾✾✾
λt ✵✳✾✽
ǫ 10−5

■♥ ❋✐❣✉r❡ ✹✳✶✸✱ t❤❡ ❜❛t❝❤ P❆❘❆❋❆❈ ❡st✐♠❛t❡❞ ✇✐t❤ ❆▲❙ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥

✇✐t❤ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ❛♥❞ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡ ❋■❇✲❘▲❙❚✲❇❡♥ ❛♥❞ t❤❡ ❋■❇✲❘▲❙❚✲❋r♦st

❛r❡ ✐♥✐t✐❛❧✐③❡❞ ❛t N = 1000 s♥❛♣s❤♦ts✳ ❚❤❡ ❋■❇✲❘▲❙❚✲❇❡♥ tr❛❝❦s t❤❡ ❜❛t❝❤ P❆❘❆❋❆❈
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Batch PARAFAC
TW-RLST PARAFAC Frost
TW-RLST PARAFAC Ben

❋✐❣✉r❡ ✹✳✶✸✿ ❙■◆❘ ❢♦r ◗P❙❑ s✐❣♥❛❧s

✈❡r② ✇❡❧❧ ✇✐t❤ ❛♥ ❙■◆❘ ♦♥❧② r♦✉❣❤❧② ✷ ❞❇ ❜❡❧❧♦✇✳ ❚❤❡ ❋■❇✲❘▲❙❚✲❋r♦st st✐❧❧ ♥❡❡❞s ❞❛t❛

✐♥♣✉t t♦ r❡❞✉❝❡ ♣♦✇❡r ❢r♦♠ ✐♥t❡r❢❡r❡♥❝❡ ❞✐r❡❝t✐♦♥s✱ ❤♦✇❡✈❡r✱ ✐ts s❧♦✇❡r ❝♦♥✈❡r❣❡♥❝❡ ♠❛② ❜❡

❝♦♠♣❡♥s❛t❡❞ ❜② ✐ts ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ■♥ ❋✐❣✉r❡ ✹✳✶✹✱ t❤❡ ❜❡❛♠ r❡s♣♦♥s❡s s❤♦✇

t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❛t t❤❡ r❡s♣❡❝t✐✈❡ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ❋■❇✲❘▲❙❚✲❋r♦st ✐♥ ❋✐❣✉r❡

✹✳✶✹❛ ❛♥❞ ❢♦r t❤❡ ❋■❇✲❘▲❙❚✲❇❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✹❜✳

❋♦r t❤❡ s❡❝♦♥❞ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s r❛♥❞♦♠ ❝♦♠♣❧❡① ●❛✉ss✐❛♥ s✐❣♥❛❧s ❧✐♠✐t❡❞ ✐♥ ❜❛♥❞ t♦ t❤❡

r❡❣✐♦♥ Ω > 0.4π ❛r❡ ❣❡♥❡r❛t❡❞✳ ❊❛❝❤ s✐❣♥❛❧ ❤❛s ❛ ❞✐✛❡r❡♥t s♣❡❝tr✉♠ ❝❤❛♥❣❡❞ ❜② ❜❛♥❞st♦♣

✜❧t❡r ✇✐t❤ ❝✉t♦✛ ❢r❡q✉❡♥❝✐❡s ❛t [0.5 0.6]π✱ [0.6 0.7]π ❛♥❞ [0.7 0.8]π✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✐♥t❡r✲

❢❡r❡♥❝❡s st❛rt ❛t ❛ ❉❖❆ ♦❢ ✸✵◦ ❛♥❞ ✲✺✺◦ ❛♥❞✱ ❛t s♥❛♣s❤♦t ✺✵✵✵✱ t❤❡② ❛r❡ ❛❧❧♦✇❡❞ t♦ ♠♦✈❡

✼◦ ✐♥ ❛ ❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥ ❛t t❤❡ ❝♦✉rs❡ ♦❢ ✶✵✵ s♥❛♣s❤♦ts✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❙■◆❘ ❛❢t❡r ✶✵✵✵

s✐♠✉❧❛t✐♦♥s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✺✳

❚❤❡ r❡s✉❧t✐♥❣ ❜❡❛♠ ♣❛tt❡r♥s ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✻ ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥

✜❧t❡r ❛❢t❡r N = 5000 s♥❛♣s❤♦ts ❛♥❞ ✐♥ ✹✳✶✼ ❛❢t❡r N = 10000 s♥❛♣s❤♦ts✳

❋♦r t❤❡ ✜♥❛❧ s✐♠✉❧❛t✐♦♥ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞

✐♥ ❬✻✸❪✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐❝ ●❛✉ss✐❛♥✐t② ♠✐♥✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❬✷✹❪✳ ❋♦r t❤❡

s✐♠✉❧❛t✐♦♥✱ t✇♦ s♦✉r❝❡s ❛r❡ s❡t t♦ ✐♠♣✐♥❣❡ ❢r♦♠ ✵◦ ❛♥❞ ✹✵◦✳ ❚❤❡ s♦✉r❝❡ ❛t ✵◦ ✐s ❛ ❇P❙❑

s✐❣♥❛❧ ❝♦♥t❛✐♥✐♥❣ ✽ s❛♠♣❧❡s ♣❡r s②♠❜♦❧ ❛♥❞ ✜❧t❡r❡❞ ❜② t❤❡ s❛♠❡ r❛✐s❡❞ ❝♦s✐♥❡ ✜❧t❡r ❛s ✐♥ t❤❡

✜rst s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ❙❖■ ❝♦♠✐♥❣ ❢r♦♠ ✵◦ ❤❛s ✐ts ❝❡♥t❡r ❢r❡q✉❡♥❝② s❤✐❢t❡❞ t♦ t❤❡ ♥♦r♠❛❧✐③❡❞
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✭❛✮ ❙♣❛t✐❛❧ r❡♣♦♥s❡ ❢♦r t❤❡ ❋■❇✲❘▲❙❚✲❋r♦st
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✭❜✮ ❇❡❛♠ r❡♣♦♥s❡ ❢♦r t❤❡ ❋■❇✲❘▲❙❚✲❇❡♥

❋✐❣✉r❡ ✹✳✶✹✿ ❙♣❛t✐❛❧ r❡s♣♦♥s❡ ♦✈❡r t❤❡ ✐♥✈❛r✐❛♥t ❢r❡q✉❡♥❝② ❜❛♥❞

samples
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❋✐❣✉r❡ ✹✳✶✺✿ ❙■◆❘ ❢♦r ❛ ✈❛r②✐♥❣ ❉❖❆

❢r❡q✉❡♥❝② Ω = 0.65π ❛♥❞ ✐s ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ s✐❣♥❛❧ ♦❢ ✐♥t❡r❡st ✭❙❖■✮✳ ❚❤❡ s❡❝♦♥❞ s✐❣♥❛❧

✭✐♥t❡r❢❡r❡♥❝❡✮ ❤❛s ❛ ▲❛♣❧❛❝✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐ts ❜❛♥❞ ✐s ❧✐♠✐t❡❞ t♦ t❤❡ r❡❣✐♦♥ Ω > 0.45π✱

✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥❝❡ r❛♥❣❡ ♦❢ ❛ ❋■❇✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥✜❣✉r❡❞ ❛s ♣r❡✈✐♦✉s❧②
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✭❛✮ P❧♦t ♦✈❡r t❤❡ ✐✈❛r✐❛♥t ❢r❡q✉❡♥❝② ❜❛♥❞ ✭❜✮ ❚♦♣ ✈✐❡✇ ♦❢ t❤❡ ❜❡❛♠ r❡s♣♦♥s❡

❋✐❣✉r❡ ✹✳✶✻✿ ❇❡❛♠ r❡s♣♦♥s❡ ❛❢t❡r N = 5000 ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥ ✜❧t❡r
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✭❛✮ P❧♦t ♦✈❡r t❤❡ ✐✈❛r✐❛♥t ❢r❡q✉❡♥❝② ❜❛♥❞ ✭❜✮ ❚♦♣ ✈✐❡✇ ♦❢ t❤❡ ❜❡❛♠ r❡s♣♦♥s❡

❋✐❣✉r❡ ✹✳✶✼✿ ❇❡❛♠ r❡s♣♦♥s❡ ❛❢t❡r N = 10000 ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥ ✜❧t❡r

s❤♦✇♥ ✐♥ ❚❛❜❧❡ ■❱✳✷✳ ❆❢t❡r t❤❡ r❛✐s❡❞ ❝♦s✐♥❡ ✜❧t❡r✐♥❣ ♦♣❡r❛t✐♦♥✱ t❤❡ ❙❖■ ❤❛s ❛ ♠❡❛s✉r❡❞

❦✉rt♦s✐s ♦❢ ✲✵✳✻✺ ❛♥❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❤❛s ❛ ♠❡❛s✉r❡❞ ❦✉rt♦s✐s ♦❢ ✰✶✳✶ ❛❢t❡r ❤❛✈✐♥❣ ✐ts ❜❛♥❞

❧✐♠✐t❡❞ ❛♥❞ t❤ ❙◆❘ ✐s ✷✵ ❞❇✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❜❛♥❦ ♦❢ ❋■❇s ✐s t❤❡♥ ♣r♦❝❡ss❡❞ ❜② ❛ ❦✉rt♦s✐s

❜❛s❡❞ ■❈❆ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❇❛t❝❤ ❆▲❙ P❆❘❆❋❆❈ ❡✈❡r② ✶✵ s♥❛♣s❤♦ts

❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ❛❞❛♣t✐✈❡ s❝❤❡♠❡s✳❚❤❡ P❆❘❆❋❆❈ ❘▲❙❚ ❛❧❣♦r✐t❤♠s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ❛❢t❡r

✽✵✵ s♥❛♣s❤♦ts✳ ❚❤❡ ❙■◆❘ ✐s ❝♦♠♣✉t❡❞ ❛♥❞ t❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✽✳

■♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ■❈❆✱ t❤❡ P❆❘❆❋❆❈ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❢❛st ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ✐❞❡❛ ♦❢

✉s✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ tr❛❝❦ ♦❢ t❤❡ P❆❘❆❋❆❈ ❛❧❣♦r✐t❤♠ ✐s t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✐ts ❢❛st ❝♦♥✈❡r✲



✹✳✻ ❙■▼❯▲❆❚■❖◆❙ ❆◆❉ ❘❊❙❯▲❚❙ ✼✾
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❋✐❣✉r❡ ✹✳✶✽✿ ❙■◆❘ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ■❈❆ ❛♥❞ t❤❡ P❆❘❆❋❆❈✲❜❛s❡❞ ❛❣♦r✐t❤♠s✳ ❚❤❡ r❡✲
s✉❧t ✐s ✜❧t❡r❡❞ ❜② ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ❧❡♥❣t❤ ✶✵ ❢♦r ❝❧❛r✐t②✳

❣❡♥❝❡ ❛♥❞ r❡❞✉❝❡ ✐ts ❝♦♠♣❧❡①✐t② t♦ ♦♥❧✐♥❡ ♣r♦❝❡ss✐♥❣ ❧❡✈❡❧s✳ ❚❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥

♣s❡✉❞♦✐♥✈❡rs✐♦♥ s✉❝❝❡❡❞s ✐♥ tr❛❝❦✐♥❣ t❤❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❛❝❤✐❡✈❡s ♣r❛❝t✐❝❛❧❧②

t❤❡ s❛♠❡ ❙■◆❘ ❧❡✈❡❧s✳ ❚❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❋r♦st ✜❧t❡r✐♥❣ s❤♦✇❡❞ ❛ ❝♦♥✈❡r❣❡♥❝❡ s✐♠✐✲

❧❛r t♦ t❤❡ ■❈❆ ❜✉t ❛❝❤✐❡✈❡s ❛ ✜♥❛❧ ❙■◆❘ r♦✉❣❤❧② ✽ ❞❇ ❜❡❧❧♦✇✳ ❋✐❣✉r❡ ✹✳✶✾ s❤♦✇s t❤❡ ✜♥❛❧

❜❡❛♠♣❛tt❡r♥s ♦❢ t❤❡ ❋■❇✲❘▲❙❚✲❇❡♥ ❛♥❞ ❋■❇✲❘▲❙❚✲❋r♦st ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ❝❧❡❛r ♥✉❧❧ ❛t

t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❞✐r❡❝t✐♦♥✳
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✭❛✮ P❧♦t ♦✈❡r t❤❡ ✐✈❛r✐❛♥t ❢r❡q✉❡♥❝② ❜❛♥❞ ♦❢ t❤❡
❋■❇✲❘▲❙❚✲❇❡♥ ✜❧t❡r
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✭❜✮ P❧♦t ♦✈❡r t❤❡ ✐✈❛r✐❛♥t ❢r❡q✉❡♥❝② ❜❛♥❞ ♦❢ t❤❡
❋■❇✲❘▲❙❚✲❋r♦st ✜❧t❡r

❋✐❣✉r❡ ✹✳✶✾✿ ❇❡❛♠♣❛tt❡r♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❋■❇✲❘▲❙❚✲❇❡♥ ❜❡❛♠❢♦r♠❡r
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❚❘❆◆❙❋❖❘▼❆❚■❖◆ ❆◆❉ P❆❘❆❋❆❈ ❉❊❈❖▼P❖❙■❚■❖◆ ❚❘❆❈❑■◆●

✹✳✼ ❙✉♠♠❛r②

❍❛♥❞❧✐♥❣ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧ ♠❛② ❧❡❛❞ t♦ ❤✐❣❤ ❝♦♠♣❧❡①✐t② ❛❧❣♦r✐t❤♠s✳ ❋■❇s ✐♠♣❧❡♠❡♥t ❛

❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t tr❛♥s❢♦r♠s ❝♦♥✈♦❧✉t✐✈❡ ♠✐①t✉r❡s ✐♥t♦ ✐♥st❛♥t❛♥❡♦✉s

♦♥❡s✳ ❚❤❡ ♦✉t♣✉t s✐❣♥❛❧s ❤❛✈❡ ♥❛rr♦✇❜❛♥❞ ♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤ ❛❧❧♦✇ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢

s✐♠♣❧❡r t❡❝❤♥✐q✉❡s ❢♦r s❡♣❛r❛t✐♦♥ ♦❢ ✐♥st❛♥t❛♥❡♦✉s ♠✐①t✉r❡s✳ ■♥ t❤✐s ✇♦r❦✱ ❛ ❢r❛♠❡✇♦r❦

❢♦r s❡♣❛r❛t✐♥❣ t❤❡ s✐❣♥❛❧s t❤❛t ✐♥❝❧✉❞❡s ❋■❇s ❜❛♥❦s ❛♥❞ t❤❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s

♣r♦♣♦s❡❞ ❢♦r ❛❞❛♣t✐✈❡ s❝❡♥❛r✐♦s✳ ❚❤✐s ❛❞❛♣t❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ✈✐❛ ❛ ♥❡✇ ♠❡t❤♦❞ ❞♦ ❝♦♥str✉❝t

t❤❡ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r✳ ❆❧s♦✱ t❤❡ ❢r❛♠❡✇♦r❦ ✐♥❝❧✉❞❡s t✇♦ ❜❡❛♠❢♦r♠✐♥❣ ❛❧❣♦r✐t❤♠s t❤❛t ❛r❡

❛❞❛♣t❡❞ ♦✈❡r t❤❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦✉t♣✉t ♠✐①✐♥❣ ♠❛tr✐❝❡s✳ ❚❤❡ ✜rst ❛❧❣♦r✐t❤♠ ❤❛s

❛ ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❤❛s ❛ ❤✐❣❤ ❙■◆❘ t❤❛t ✐s ❝♦♠♣❛r❛❜❧❡ t♦

❜❛t❝❤ ❛❧❣♦r✐t❤♠s✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦ ♦✉t♣❡r❢♦r♠s st❛t❡✲♦❢✲t❤❡✲❛rt ■❈❆ ❜❛s❡❞

❛♣♣r♦❛❝❤❡s ❜♦t❤ ✐♥ t❡r♠s ♦❢ ❙■◆❘ ❛♥❞ ✐♥ t❡r♠s ♦❢ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡✳
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❯◆❙❈❊◆❚❊❉ ❚❘❆◆❙❋❖❘▼❆❚■❖◆

❆♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s s♣❡❡❝❤ ❛♥❞ ❛✉❞✐♦ ❛❝q✉✐s✐t✐♦♥ ❬✸✱✾✱✹✽✱✽✽❪✱ ✇✐r❡❧❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥s ❬✶✹❪

❛♥❞ ❘❆❉❆❘ ❬✽✼❪ ♠❛❦❡ ✉s❡ ♦❢ ❛rr❛② s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ✐♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡ t❤❡✐r ❝❛♣❛❜✐❧✐t✐❡s✳

❖♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥ ✉s❡s ♦❢ ❛♥t❡♥♥❛ ❛rr❛②s ✐s s♣❛t✐❛❧ ✜❧t❡r✐♥❣ ❜② t❤❡ ✉s❡ ♦❢ ❜❡❛♠✲

❢♦r♠❡rs ❬✽✷❪✳ ❍♦✇❡✈❡r✱ ✐❞❡❛❧✐st✐❝ ❛ss✉♠♣t✐♦♥s s✉❝❤ ❛s ❛ ❦♥♦✇♥ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ✭❉❖❆✮

♦❢ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ♦r ♣❡r❢❡❝t❧② s♣❛❝❡❞ ❛rr❛② ❡❧❡♠❡♥ts ❛r❡ ✉s✉❛❧❧② ♠❛❞❡ ❬✹✷❪✳ ❚❤❡r❡❢♦r❡✱

❛ ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ♣r❛❝t✐❝❛❧

✐♠♣❧❡♠❡♥t❛t✐♦♥s✳

●❡♦♠❡tr② ❜❛s❡❞ ❜❡❛♠❢♦r♠❡rs✱ ❡✳❣✳ ❞❡❧❛② ❛♥❞ s✉♠ ✭❉❙✮✱ ❣❡♥❡r❛❧✐③❡❞ s✐❞❡❧♦❜❡ ❝❛♥❝❡❧❧❡rs

✭●❙❈✮ ❛♥❞ ♠✐♥✐♠✉♠ ✈❛r✐❛♥❝❡ ❞✐st♦rt✐♦♥❧❡ss r❡s♣♦♥s❡ ✭▼❱❉❘✮✱ t❛❦❡ ♦♥❡ ♦r ♠♦r❡ ❉❖❆s

❛s ✐♥♣✉t ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤♦✉❣❤✱ ❉❖❆ ❡st✐♠❛t✐♦♥ ✐s

❛❧✇❛②s ♣r♦♥❡ t♦ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ ❡rr♦r✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♦❢ t❤❡ ❛♥t❡♥♥❛ ❡❧❡♠❡♥ts

✐s ♥♦t ❛❧✇❛②s ♣❡r❢❡❝t❧② ❦♥♦✇♥ ❛♥❞ ✐t ♠❛② ❛✛❡❝t t❤❡ ❜❡❛♠❢♦r♠❡r✬s q✉❛❧✐t②✳ ■♥ t❤✐s ♣❛♣❡r✱

t❤❡ q✉❛❧✐t② ✐s ♠❡❛s✉r❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❛❝❤✐❡✈❡❞ s✐❣♥❛❧ t♦ ✐♥t❡r❢❡r❡♥❝❡ ❛♥❞ ♥♦✐s❡ r❛t✐♦

✭❙■◆❘✮✳ ❚❤❡ ❛✈❡r❛❣❡ ✐s ✐♠♣♦rt❛♥t✱ s✐♥❝❡ t❤❡ r❛♥❞♦♠ ♥❛t✉r❡ ♦❢ t❤❡s❡ ♣❡rt✉r❜❛t✐♦♥s ✇✐❧❧ ❧❡❛❞

t♦ r❛♥❞♦♠ ❙■◆❘ ✈❛❧✉❡s t❤❛t ♠❛② ❝❛✉s❡ ✐♥❝♦♥❝❧✉s✐✈❡ r❡s✉❧ts✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ s✐♠✉❧❛t✐♦♥ ✐♥ ❛

♠♦r❡ ❢❛✈♦r❛❜❧❡ s❝❡♥❛r✐♦ ♠❛② r❡s✉❧t ✐♥ ❛♥ ❙■◆❘ t❤❛t ✐s ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ✐♥ ❛

❧❡ss ❢❛✈♦r❛❜❧❡ ♦♥❡✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ✈❛❧✉❡s ✈❛r② ❛r♦✉♥❞ ❛ ♠❡❛♥ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ❛✈❡r❛❣❡

❣✐✈❡s t❤❡ s②st❡♠ ❞❡s✐❣♥❡r ❛♥ ♦✈❡r❛❧❧ ❙■◆❘✱ ✐✳❡✳ ✇❤✐❝❤ ❙■◆❘ ❧❡✈❡❧ ✐s ❡①♣❡❝t❡❞ ✇❤❡♥ t❤❡

s②st❡♠ ✐s s✉❜❥❡❝t t♦ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ ❡rr♦r✳

❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮ ♠❡t❤♦❞ ❬✹✶❪ ✐s ❛ ❝♦♠♠♦♥❧② ✉s❡❞ s✐♠✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r t❤❡

❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❙■◆❘ ❬✻✷❪ ❞✉❡ t♦ ✐ts s✐♠♣❧✐❝✐t② ❛♥❞ ❡❛s✐♥❡ss ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❍♦✇❡✈❡r✱ ✐t r❡q✉✐r❡s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s ❬✶✼❪ t♦ ❝♦♥✈❡r❣❡ t♦ ❛ s❛t✐s❢❛❝t♦r② r❡s✉❧t✱ ✐♠♣❧②✐♥❣



✽✷
❱ ❇❊❆▼❋❖❘▼❊❘ P❊❘❋❖❘▼❆◆❈❊ ❆❙❙❊❙❙▼❊◆❚ ❱■❆ ❚❍❊ ❯◆❙❈❊◆❚❊❉

❚❘❆◆❙❋❖❘▼❆❚■❖◆

❛ ❧♦♥❣ s✐♠✉❧❛t✐♦♥ t✐♠❡✳ ❈✉rr❡♥t❧②✱ ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t ♦❢ ❡♠❜❡❞❞❡❞ s②st❡♠s t❛❦❡s

✸✵ ✪ ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t t✐♠❡ ❛♥❞ ✐t ❝♦✉❧❞ ✐♥❝r❡❛s❡ t♦ ✼✵ ✪ ❬✽✻❪✳ ❚❤❡r❡❢♦r❡✱ ✐♠♣r♦✈✐♥❣ t❤❡

❡✣❝✐❡♥❝② ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t t♦♦❧s ✐♠♣❧✐❡s r❡❞✉❝✐♥❣ ♣r♦❞✉❝t✐♦♥ ❝♦sts ❛♥❞ ❞❡❧✐✈❡r✐♥❣

♥❡✇ s♦❧✉t✐♦♥s ❢❛st❡r t♦ t❤❡ ♠❛r❦❡t✳

Pr❡✈✐♦✉s ✇♦r❦s ❞❡r✐✈❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s t♦ ❛ss❡ss t❤❡ s②st❡♠✬s q✉❛❧✐t② ❜② ✉s✐♥❣ ✜rst

♦r❞❡r ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ♣❛r❛♠❡t❡rs ❬✺✾✱✼✹❪✳ ❚❤❡s❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❡✈❛❧✉❛t❡

t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉❡ t♦ ♥♦✐s❡ ❛♥❞ ❛r❡ ❡①❛❝t ❢♦r ❤✐❣❤ s✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦ ✭❙◆❘✮ ✈❛❧✉❡s✱ ❜✉t

t❤❡② ❞♦ ♥♦t ♣r❡s❡♥t ❛ ❣♦♦❞ ✜t ❢♦r ❧♦✇ ❙◆❘ ❝❛s❡s✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❡✛❡❝t ♦❢ ♦t❤❡r t②♣❡ ♦❢

♣❡rt✉r❜❛t✐♦♥s ❛r❡ st✉❞✐❡❞✱ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t

♣♦s✐t✐♦♥✐♥❣ ❡rr♦r ♦♥ t❤❡ ❙■◆❘✳ ■t ✐s s❤♦✇♥ t❤❛t✱ ✐♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉❝❤

❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ✐s ❤❛r❞ ♦r ♥♦t ♣r❛❝t✐❝❛❧ ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ✉♥s❝❡♥t❡❞ tr❛♥s❢♦r♠❛t✐♦♥

✭❯❚✮ t♦ ♥✉♠❡r✐❝❛❧❧② ❡✈❛❧✉❛t❡ t❤❡ ❙■◆❘ ✐s ♣r♦♣♦s❡❞✳ ❚❤❡ ❯❚ ♠❛♣s ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ✐♥t♦ ❛ ❞✐s❝r❡t❡ ♦♥❡ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝❛❧ ♠♦♠❡♥ts ❬✺✷❪✳ ❲❤❡♥ ❛ ♥♦♥✲❧✐♥❡❛r

❢✉♥❝t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♠❛♣♣❡❞ ❞✐str✐❜✉t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❙■◆❘ ❢✉♥❝t✐♦♥✱ t❤❡ r❡s✉❧ts

❣✐✈❡ ✉s ❛ ❣♦♦❞ ✜t ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ tr❛❞✐t✐♦♥❛❧ ▼❈ ❛♣♣r♦❛❝❤✱ ②❡t ✇✐t❤ ❛ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠✲

♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ✉♥✐✈❛r✐❛t❡ ♣❡rt✉r❜❛t✐♦♥ ♠♦❞❡❧s✳ ❲❤❡♥ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ♠✉❧t✐✈❛r✐❛t❡✱

❡✳❣✳ ❡rr♦r ✐♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t✱ t❤❡ ❝♦♠♣❧❡①✐t② ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤

t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♠♣❧❡①✐t② ✐s st✐❧❧ ❧♦✇❡r t❤❛♥ t❤❡ ▼❈ ♠❡t❤♦❞✬s

❝♦♠♣❧❡①✐t② ❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ❛♥❞ ❣r❡❛t❡r ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s✳ ■♥

♦r❞❡r t♦ ❛❧❧❡✈✐❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛rr❛② s♣❛❝✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ✉s✐♥❣ t❤❡ ❯❚✱ t❤❡ r❡❛❞❡r ✐s

r❡❢❡rr❡❞ t♦ ❬✻✼❪✳

■♥ t❤✐s ✇♦r❦✱ t✇♦ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❛ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ❛rr❛② ❡❧❡♠❡♥t

♣♦s✐t✐♦♥✐♥❣ ❡rr♦r✳ ❲❡ ❛ss✉♠❡ ✉♥❝♦rr❡❧❛t❡❞ ❛♥❞ ❡q✉✐♣♦✇❡r❡❞ s♦✉r❝❡s s♦ t❤❛t t❤❡ s♦✉r❝❡ s✐❣♥❛❧

❝♦✈❛r✐❛♥❝❡ ✐s ❛♥ ✐❞❡♥t✐t② ♠❛tr✐① ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❡①♣❧❛✐♥❡❞

✐♥ ❙❡❝t✐♦♥ ✺✳✸✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡s❡ ♣❡rt✉r❜❛t✐♦♥s ❣✐✈❡s r❛✐s❡ t♦ ❛ ✉♥✐✈❛r✐❛t❡ ❛♥❞ ❛

♠✉❧t✐✈❛r✐❛t❡ ❯❚✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❞❡♠♦♥str❛t✐♦♥✱ ♦♥❡ t②♣❡ ♦❢ ♣❡rt✉r❜❛t✐♦♥ ✐s

❝♦♥s✐❞❡r❡❞ ❢♦r ❡❛❝❤ ❝❛s❡✳ ■♥ ❢✉t✉r❡ ✇♦r❦✱ t❤❡ ❯❚ ♠❛② ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ♦t❤❡r t②♣❡s ♦❢

♣❡rt✉r❜❛t✐♦♥s s✉❝❤ ❛s ❢r❡q✉❡♥❝② s❤✐❢t✱ ♠✉t✉❛❧ ❝♦✉♣❧✐♥❣✱ ❛♠♣❧✐t✉❞❡ ❡rr♦r ❛♥❞ ♣❤❛s❡ ❡rr♦r✳

❆❧s♦✱ ♦t❤❡r ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s s✉❝❤ ❛s t❤❡ q✉❛❞r❛t✉r❡ ❛♥❞ ❝✉❜❛t✉r❡ tr❛♥s❢♦r♠s ❬✶✺❪ s❤♦✇❡❞

❜❡tt❡r r❡s✉❧ts t❤❛♥ t❤❡ ❯❚ ❢♦r ✜❧t❡r✐♥❣ ♣✉r♣♦s❡s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ q✉❛❞r❛t✉r❡ ❛♥❞ ❝✉❜❛t✉r❡

tr❛♥s❢♦r♠s ♠✐❣❤t ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r s❡♥s♦r ❛rr❛② ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t✱ ✇❡ r❡❣❛r❞

t❤❡♠ ❛s ❢✉t✉r❡ ✇♦r❦ ❛♥❞ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧✐❝✐t② ❛♥❞ ❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❯❚✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ❞✐✈✐❞❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✺✳✶ s❤♦✇s t❤❡ ❞❛t❛ ♠♦❞❡❧

❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣❡rt✉r❜❛t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ ♦✈❡r✈✐❡✇ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ t❤❡

❯❚✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t ♦❢ ❛ ❜❡❛♠❢♦r♠❡r ✉s✐♥❣ t❤❡ ❯❚✳

❙❡❝t✐♦♥ ✺✳✹ ♣r❡s❡♥ts t❤❡ s✐♠✉❧❛t✐♦♥s r❡s✉❧ts✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺✳✺ ❞r❛✇s t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢

t❤✐s ✇♦r❦✳



✺✳✶ ❉❆❚❆ ▼❖❉❊▲ ✽✸

✺✳✶ ❉❛t❛ ▼♦❞❡❧

❲❡ st❛rt ✇✐t❤ t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ♠♦❞❡❧ ♦❢ ❛♥ ✐❞❡❛❧ ✉♥✐❢♦r♠ ❧✐♥❡❛r ❛rr❛② ✭❯▲❆✮ ❝♦♥t❛✐♥✐♥❣

M ❛♥t❡♥♥❛ ❡❧❡♠❡♥ts

x(t) =
∑

i

a(θi)si(t) + v(t) ∈ C
M×1, ✭✺✳✶✮

✇❤❡r❡ a(θi) ✐s t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r✱ θi ✐s t❤❡ ❉❖❆ ❛③✐♠✉t❤ ♦❢ i✲t❤ s♦✉r❝❡ s✐❣♥❛❧ si(t) ❛♥❞ v(t)

✐s t❤❡ ❛❞❞✐t✐✈❡ ♥♦✐s❡ t❡r♠✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❯▲❆✱ t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r ❝♦♥t❛✐♥s t❤❡

♣❤❛s❡ ❞❡❧❛②s am,i = ej2πµi ✱ ✇❤❡r❡ µi = (m− 1) d
λ
cos θi✱ m ✐s t❤❡ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t ✐♥❞❡① ❛♥❞

d ✐s t❤❡ ✐♥t❡r✲❡❧❡♠❡♥t s♣❛❝✐♥❣ ✐♥ ✇❛✈❡❧❡♥❣t❤s✳ ■❢ d ✐s ❣✐✈❡♥ ✐♥ ✇❛✈❡❧❡♥❣t❤s✱ t❤❡ ✇❛✈❡❧❡♥❣t❤

❝❛♥ ❜❡ ❞r♦♣♣❡❞ ❢r♦♠ t❤❡ ♣❤❛s❡ ❞❡❧❛② µi✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❉❖❆ ❛♥❞ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ❛r❡ ♣r❡s❡♥t ❛s ❞❡♣✐❝t❡❞

✐♥ ❋✐❣✉r❡ ✺✳✶✳

wavefront

❋✐❣✉r❡ ✺✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡❢r♦♥t ✐♠♣✐♥❣✐♥❣ ♦♥ ❛♥ ❛♥t❡♥♥❛ ❛rr❛② ❝♦♥t❛✐♥✐♥❣ ❉❖❆
❛♥❞ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs

❋✐❣✉r❡ ✺✳✶ s❤♦✇s t❤❛t ❛ ♣❧❛♥❡ ✇❛✈❡❢r♦♥t r❡❛❝❤❡s t❤❡ ❯▲❆ ✇✐t❤ ❛ ❉❖❆ ❛♥❣❧❡ θi ❛♥❞ ✐s

s✉❜❥❡❝t t♦ ❛♥ ❛❞❞✐t✐✈❡ ❞❡✈✐❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

Θ ∼ N (0, σ2
θ)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r

❜❡❝♦♠❡s✿

x(Θ)(t) = a(Θ)(θ0)s0(t) +
∑

i 6=0

a(θi)si(t) + v(t) ∈ C
M×1, ✭✺✳✷✮

✇❤❡r❡ a(Θ)(θ0) = a(θ0+Θ) ✐s t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r ♣❡rt✉r❜❡❞ ❜② ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Θ ❛♥❞ t❤❡

s✐❣♥❛❧ ♦❢ ✐♥t❡r❡st ✭❙❖■✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ i = 0 s♦✉r❝❡ s✐❣♥❛❧✳ ◆♦t❡ t❤❛t ✭✺✳✷✮ ♠♦❞❡❧s t❤❡

❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛s ❛ ♣❤②s✐❝❛❧ ❝❤❛♥❣❡ ✐♥ t❤❡ s✐❣♥❛❧✬s ❞✐r❡❝t✐♦♥✳

❆❧s♦✱ ✐♥ ❋✐❣✉r❡ ✺✳✶✱ t❤❡ s♦❧✐❞ ❞♦ts r❡♣r❡s❡♥t t❤❡ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥s✳ ❚❤❡ ✜rst
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❡❧❡♠❡♥t ✐s t❤❡ r❡❢❡r❡♥❝❡ ♦❢ t❤❡ ❈❛rt❡s✐❛♥ ❛①❡s✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥ts ❛r❡ ♣♦s✐t✐♦♥❡❞ ❛t

(m − 1)d ❛❧♦♥❣ t❤❡ x ❛①✐s✳ ❊❛❝❤ ♦❢ t❤❡ ❡❧❡♠❡♥ts✱ ❡①❝❡♣t t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t✱ ✐s s✉❜❥❡❝t

t♦ ❛ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦r ✐♥ ❛❧❧ ♦❢ t❤❡ ✸ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s x, y ❛♥❞ z ❛♥❞ ❛r❡ ♠♦❞❡❧❡❞ ❜② t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Dx✱ Dy ❛♥❞ Dz✱ r❡s♣❡❝t✐✈❡❧②✳

❲❤❡♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ♥♦t ♦♥❧② t❤❡ ❛③✐♠✉t❤ θi ♦❢ t❤❡ ❉❖❆✱ ❜✉t ❛❧s♦

✐ts ❡❧❡✈❛t✐♦♥ φi ♠❛tt❡rs✳ ❊①♣❛♥❞✐♥❣ t❤❡ ♣❤❛s❡ ❞❡❧❛②s ❢♦r t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s ✇❡ ♦❜t❛✐♥

µm,i =(m− 1)d cos θi cosφi +Dx,m cos θi cosφi

+Dy,m sin θi cosφi +Dz,m sinφi, ✭✺✳✸✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t m ✐♥❞✐❝❛t❡s t❤❡ ❛♥t❡♥♥❛ ✐♥❞❡①✱ s✐♥❝❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥❞❡♣❡♥✲

❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦t❤❡r✳

❚❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ❢♦r ❛ r❛♥❞♦♠ ❛rr❛② ♣♦s✐t✐♦♥✐♥❣ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

x(D)(t) =
∑

i

a(D)(θi, φi)si(t) + v(t) ∈ C
M×1, ✭✺✳✹✮

✇❤❡r❡ a(D)(θi, φi) = [ejµ1,i , ejµ2,i , . . . , ejµM,i ]T ✐s t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r ♣❡rt✉r❜❡❞ ❜② t❤❡

r❛♥❞♦♠ ✈❡❝t♦r

D = [Dx,1,Dy,1,Dz,1,Dx,2, . . . ,Dz,M ]✳

✺✳✷ ❯♥s❝❡♥t❡❞ ❚r❛♥s❢♦r♠❛t✐♦♥

❚❤❡ ❯♥s❝❡♥t❡❞ ❚r❛♥s❢♦r♠❛t✐♦♥ ✭❯❚✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ✐♥t♦ ❛ ❞✐s❝r❡t❡ ♦♥❡ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠♦♠❡♥ts ♦❢ ♥♦♥✲❧✐♥❡❛r

tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❬✺✸❪✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ s✉❝❤ ♠♦♠❡♥ts ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛

▼❈ s✐♠✉❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ r❡q✉✐r❡s ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rts ❛♥❞✱ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ ❛❝❝✉r❛❝②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❝❛♥ ❜❡ ♣r♦❤✐❜✐t✐✈❡✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡✈✐❡✇ t❤❡ ❝♦♥❝❡♣ts ♦❢ t❤❡ ❯❚✳ ❚❤❡ ❯❚ ❢♦r ❛ s✐♥❣❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s

r❡✈✐❡✇❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ ❢♦r ♠✉❧t✐♣❧❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s r❡✈✐❡✇❡❞

✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷✱ r❡s♣❡❝t✐✈❡❧②✳

✺✳✷✳✶ ❯♥✐✈❛r✐❛t❡ ❯❚

▲❡t ✉s ❞❡✜♥❡ t❤❡ k✲t❤ ♠♦♠❡♥t ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥ ❬✼✷❪

µ(κ) = E
{

Uκ
}

=

∫ ∞

−∞

fU(u)u
κdu, ✭✺✳✺✮
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✇❤❡r❡ fU(u) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✭P❉❋✮ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ U ✳ ❚❤❡♥✱ ✇❡

♠❛❦❡ ❛ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ fU(·)✱

fU(u) ≈ ω(pn) =
∑

n

ωnδ(u− pn), ✭✺✳✻✮

✇❤❡r❡ pn ✐s t❤❡ n✲t❤ ❯❚ s✐❣♠❛ ♣♦✐♥t✱ ωn ✐s t❤❡ n✲t❤ ✇❡✐❣❤t ❛♥❞ δ(u)|u=0 = 1 ❛♥❞ δ(u) = 0

❢♦r ❛♥② ♦t❤❡r ✈❛❧✉❡s ♦❢ u✳ ❯s✐♥❣ ✭✺✳✻✮✱ ✇❡ ✇r✐t❡ t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ✭✺✳✺✮ ❬✸✶❪✿

µ̂
(κ)
ut =

∑

n

ωnp
κ
n, ✭✺✳✼✮

❚♦ s✉♠♠❛r✐③❡✱ ω(pn) ✐s ❛ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ fU(u) ✇✐t❤ ✈❛❧✉❡ ✭✇❡✐❣❤t✮ ωn ❛t t❤❡

s✐❣♠❛ ♣♦✐♥t pn✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s✐❣♠❛ ♣♦✐♥ts ✐s ❝❤♦s❡♥ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

❛♥❞ t❤❡ ❞❡s✐r❡❞ ❛❝❝✉r❛❝②✳ ❚❤❡ ✇❡✐❣❤ts ❛♥❞ s✐❣♠❛ ♣♦✐♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② s♦❧✈✐♥❣ t❤❡

♥♦♥❧✐♥❡❛r s②st❡♠ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✺✳✼✮ ❛♥❞ ❜② s❡tt✐♥❣ ❞✐✛❡r❡♥t

✈❛❧✉❡s ❢♦r κ✱ ❛s ❢♦❧❧♦✇s✿































ω1 + ω2 + ... = 1

ω1p1 + ω2p2 + ... = E
{

U
}

✳✳✳

ω1p
K
1 + ω2p

K
2 + ... = E

{

UK
}

,

✭✺✳✽✮

✇❤❡r❡ K ✐s t❤❡ ❤✐❣❤❡st ♦r❞❡r ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ ♠♦♠❡♥ts ❛r❡ ❦♥♦✇♥ ❛♥❞ t❤❡

✈❛r✐❛❜❧❡ K ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s✐❣♠❛ ♣♦✐♥ts ❛♥❞ t❤❡ t②♣❡ ♦❢ ❞✐str✐❜✉t✐♦♥✳ ◆♦t❡ t❤❛t

s♦♠❡ ♠♦♠❡♥ts ♠✐❣❤t ❜❡ ③❡r♦ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥✳

❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ③❡r♦ ♠❡❛♥✱ ✇❡ ❝❛♥ t❛❦❡

❛❞✈❛♥t❛❣❡ ♦❢ s②♠♠❡tr②✱ ✐✳❡✳ ω1 = ω3✱ p1 = −p3 ❛♥❞ p2 = 0✳ ❯s✐♥❣ t❤✐s s②♠♠❡tr②✱ ✇❡ ✉s❡

✸ ♠♦♠❡♥ts ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ✻ ♣❛r❛♠❡t❡rs r❡s✉❧t✐♥❣ ✐♥ p1 = −p3 =
√
3σ2, p2 = 0, ω1 =

ω3 = 1/6 ❛♥❞ ω2 = 2/3✳ ❋✐❣✉r❡ ✺✳✷ ❝♦♠♣❛r❡s ❛ ❝♦♥t✐♥✉♦✉s P❉❋ ✇✐t❤ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥

✉s✐♥❣ ❛ ✸✲♣♦✐♥t ❯❚ ❛♥❞ ❛ ✺✲♣♦✐♥t ❯❚✳ ◆♦t❡ t❤❛t t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❯❚ ♣♦✐♥ts tr❛♥s❧❛t❡s t♦ ❛

❜❡tt❡r P❉❋ ❛♣♣r♦①✐♠❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❯❚ ✇✐t❤ ✐♥✜♥✐t❡ s✐❣♠❛ ♣♦✐♥ts ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❝♦♥t✐♥✉♦✉s P❉❋✳

❚❤❡ ♠❛♣♣❡❞ ♣♦✐♥ts ❛♥❞ ✇❡✐❣❤ts ❤♦❧❞ t❤❡ s❛♠❡ ♠♦♠❡♥ts ❛s fU(·) ✉♣ t♦ t❤❡ ❜✐❣❣❡st ✈❛❧✉❡s

✉s❡❞ ❢♦r κ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ♠❡❛♥ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ▼❈ s✐♠✉❧❛t✐♦♥ ❜② t❤❡ ❯❚✱

✐✳❡✳ t❤❡ ♠❡❛♥ ♦❢ ❛ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❬✸✶❪

E
{

g(U)
}

=
∑

n

ωng(pn), ✭✺✳✾✮
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❋✐❣✉r❡ ✺✳✷✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❛ ❝♦♥t✐♥✉♦✉s P❉❋ ❛♥❞ ❛ ✸✲♣♦✐♥t ❯❚ ❛♥❞ ✺✲♣♦✐♥t ❯❚ P❉❋
❛♣♣r♦①✐♠❛t✐♦♥

✇❤❡r❡ g(·) ✐s ❛ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ s❝❡♥❛r✐♦ ✭✐♥ ❙❡❝t✐♦♥
✺✳✸ ✇❡ ✉s❡ t❤❡ ❙■◆❘ ❢✉♥❝t✐♦♥✮✳

❚❤❡ ❢❛st❡st ✇❛② t♦ ❛❝❦♥♦✇❧❡❞❣❡ ❊q✉❛t✐♦♥ ✭✺✳✾✮ ✐s t♦ ❡①♣❛♥❞ g(U) ✐♥ ✐ts ❚❛②❧♦r s❡r✐❡s

E
{

g(U)
}

=E
{

g(0) +
dg(u)

du

∣

∣

∣

∣

u=0

u+
1

2!
· d

2g(u)

du2

∣

∣

∣

∣

u=0

u2

+
1

3!
· d

3g(u)

du3

∣

∣

∣

∣

u=0

u3 + . . .
}

✭✺✳✶✵✮

= a0+a1E{U}+ a2E{U2}+ a3E{U3}+ . . . , ✭✺✳✶✶✮

✇❤❡r❡ ai ✐s t❤❡ i✲t❤ ❚❛②❧♦r s❡r✐❡s ❝♦❡✣❝✐❡♥t✳ ❚❤❡r❡❢♦r❡✱ ✐❢ t❤❡ ♠♦♠❡♥ts ✭✺✳✺✮ ❛♥❞ ✭✺✳✼✮ ❛r❡

❡q✉❛❧✱ ❊q✉❛t✐♦♥ ✭✺✳✾✮ ✐s ❡①❛❝t✳ ❍♦✇❡✈❡r✱ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❯❚✱ ✭✺✳✶✶✮ ✐s tr✉♥❝❛t❡❞ ❛t t❤❡

K✲t❤ ♠♦♠❡♥t ❛s ❞❡✜♥❡❞ ✐♥ ✭✺✳✽✮✳

❚❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ g(·) ✐s t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s s❤♦✉❧❞ ❜❡ ❝♦♥t✐♥✉♦✉s✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤❡

♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢✉♥❝t✐♦♥ ✐s ✉♥❦♥♦✇♥ ❛♥❞ ♦♥❧② ✐ts st❛t✐st✐❝❛❧ ♠♦♠❡♥ts

❛r❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❯❚✳

✺✳✷✳✷ ▼✉❧t✐✈❛r✐❛t❡ ❯❚

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ♠✉❧t✐♣❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠ ♠♦❞❡❧✱ ❛ r❛♥❞♦♠

✈❡❝t♦r U = [U1, U2, . . . , UM ]T ✐s ❝♦♥s✐❞❡r❡❞✳ ❋♦r ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❡ ❡①♣❡❝t❡❞

✈❛❧✉❡s ♦❢ t❤❡ ❝r♦ss✲♣r♦❞✉❝ts ❛r❡ ③❡r♦✳ ❚❤✉s✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ♦❢ U r❡s✉❧t ✐♥ ❛ s❡t ♦❢
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✉♥✐✈❛r✐❛t❡ ✐♥t❡❣r❛❧s

E[Uκ1
1 , . . . , Uκm

m , . . . , UκM

M ] =

∫

R

fUm
(um)u

κm

m dum, ✭✺✳✶✷✮

✇❤❡r❡ κm ∈ {1, 2, . . . } and κj 6=m = 0✳ ❚❤❡r❡❢♦r❡✱ ❝♦♠♣✉t✐♥❣ t❤❡ ❯❚ ❢♦r ✐✳✐✳❞✳ r❛♥❞♦♠

✈❛r✐❛❜❧❡s s✐♠♣❧✐✜❡s t♦ ✭✺✳✽✮✳ ❆❧s♦✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ g(U ) : RM → R ✐s ❡①♣r❡ss❡❞ ❛s

E[g(U )] =

∫

RM

f(u1, u2, . . . , uM)g(u)du

=

∫

RM

∏

m

fUm
(um)g(u)du. ✭✺✳✶✸✮

❙✐♥❝❡ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ ✉♥✐✈❛r✐❛t❡ ♣♦❧②♥♦✲

♠✐❛❧s ❬✸✷❪ ❛♥❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❛t g(U ) ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ♠✉❧t✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧✱

❊q✉❛t✐♦♥ ✭✺✳✶✸✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ✐❢ U ✐s ✐✳✐✳❞✳ ❍❡♥❝❡✱ ✭✺✳✶✸✮ ❜❡❝♦♠❡s ❛ ♣r♦❞✉❝t ♦❢

✉♥✐✈❛r✐❛t❡ ✐♥t❡❣r❛❧s ❧❡❛❞✐♥❣ t♦ t❤❡ ✜♥❛❧ r❡s✉❧t ✐♥ ❊q✉❛t✐♦♥ ✭✺✳✶✽✮✳ ❍♦✇❡✈❡r✱ t❤❡ ♣♦❧②♥♦✲

♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❞r♦♣♣❡❞ ❜② ✉s✐♥❣ ✭✺✳✻✮ ❛♥❞ t❤❡ ✐✳✐✳❞✳ ❛ss✉♠♣t✐♦♥ t♦ ❣❡t t❤❡

♠✉❧t✐✈❛r✐❛t❡ P❉❋

fU (u) ≈
∏

m

∑

nm

ωnm
δ(um − pnm

). ✭✺✳✶✹✮

❱✐❛ ✭✺✳✶✹✮✱ E[g(U )] ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤♦✉t t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❛②

E[g(U )] ≈
∫

RM

g(u)
∏

m

∑

nm

ωnm
δ(um − pnm

)du ✭✺✳✶✺✮

=

∫

RM

g(u)
∑

n1

· · ·
∑

nM

∏

m

ωnm
δ(um − pnm

)du ✭✺✳✶✻✮

=
∑

n1

· · ·
∑

nM

∫

RM

g(u)
∏

m

ωnm
δ(um − pnm

)du. ✭✺✳✶✼✮

❯s✐♥❣ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s✐❢t✐♥❣ ♣r♦♣❡rt② ✐♥ ✭✺✳✶✼✮✱ t❤❡ ❯❚ ♠❛♣♣✐♥❣ ✐s ❢♦✉♥❞ ❢♦r t❤❡

✐✳✐✳❞✳ ♠✉❧t✐♣❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

E[g(U )] ≈
∑

n1

· · ·
∑

nM

g(pn1,...,nM
)

(

∏

m

ωnm

)

, ✭✺✳✶✽✮

✇❤❡r❡ pn1,...,nM
= [pn1 , . . . , pnM

]T ✐s t❤❡ ✈❡❝t♦r ♦❢ s✐❣♠❛ ♣♦✐♥ts✳
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✺✳✸ Pr♦♣♦s❡❞ P❡r❢♦r♠❛♥❝❡ ❆ss❡ss♠❡♥t ♦❢ ❆rr❛②

❘❡s♣♦♥s❡ ✈✐❛ ❯❚

■♥ t❤✐s s❡❝t✐♦♥✱ ❛ ❜❡❛♠❢♦r♠✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❖❆

❛♥❞ ♣♦s✐t✐♦♥✐♥❣ ❞❡✈✐❛t✐♦♥s ✉s✐♥❣ t❤❡ ❯❚ ✐s ♣r♦♣♦s❡❞✳ ❋♦r t❤❡ ❜❡❛♠❢♦r♠❡r✱ t❤❡ ❝❧❛ss✐❝❛❧

❉❡❧❛② ❛♥❞ ❙✉♠ ✭❉❙✮ t❡❝❤♥✐q✉❡ ❬✸✼❪ ✐s ❝❤♦s❡♥✳ ❚❤❡ ❉❙ ✜❧t❡r ✐s w = a(θ0) ❛♥❞ t❤❡ ❣♦❛❧ ✐s

t♦ ❡✈❛❧✉❛t❡ t❤❡ s✐❣♥❛❧ t♦ ✐♥t❡r❢❡r❡♥❝❡ ♣❧✉s ♥♦✐s❡ r❛t✐♦ ✭❙■◆❘✮✳ ❚❤❡ ❙■◆❘ ❢♦r ✉♥❝♦rr❡❧❛t❡❞

s✐❣♥❛❧s ✐s

SINR =
wHRssw

wH(Rint + σ2I)w
, ✭✺✳✶✾✮

✇❤❡r❡ σ2 ✐s t❤❡ ✇❤✐t❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡✳ ❋♦r ✉♥❝♦rr❡❧❛t❡❞ s✐❣♥❛❧s✱ t❤❡ ❙❖■ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①

Rss ❛♥❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① Rint ❜❡❝♦♠❡

Rss = a(θ0)a
H(θ0), ✭✺✳✷✵✮

Rint =
∑

i 6=0

a(θi)a
H(θi). ✭✺✳✷✶✮

❚❤❡ r❡s✉❧t ♦❢ ✐♥s❡rt✐♥❣ ♣❡rt✉r❜❛t✐♦♥s✱ ❛s ♠♦❞❡❧❡❞ ✐♥ ✭✺✳✷✮ ❛♥❞ ✭✺✳✹✮✱ ✐♠♣❧✐❡s t❤❡ r❡♣❧❛❝❡✲

♠❡♥t ♦❢ a(θi) ❢♦r a
(Θ)(θi) ✐♥ ✭✺✳✷✵✮ ❛♥❞ ✭✺✳✷✶✮ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐s

❝♦♥s✐❞❡r❡❞✳ ❲❤❡♥ ♣❡rt✉r❜❛t✐♦♥s ♦♥ t❤❡ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ a(θi) ✐s

r❡♣❧❛❝❡❞ ❜② a(D)(θi)✳ ❋r♦♠ t❤❡ r❛♥❞♦♠ ♥❛t✉r❡ ♦❢ a(Θ)(θi) ❛♥❞ a(D)(θi)✱ ✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t

t❤❡ ❙■◆❘ ✐s ❛❧s♦ r❛♥❞♦♠✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ r❛♥❞♦♠ ❙■◆❘ ✈❛❧✉❡s ✈❛r② ❛r♦✉♥❞

❛ ♠❡❛♥✳ ❚❤❡ ♠❡❛♥ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ ❜② t❤❡ s②st❡♠ ❞❡s✐❣♥❡r t♦ ✈❡r✐❢② t❤❡ ✐♠♣❛❝t

♦❢ t❤❡ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ❡rr♦r ♦♥ t❤❡ ♦✉t♣✉t ❙■◆❘✳ ■♥ ❙❡❝t✐♦♥s

✺✳✸✳✶ ❛♥❞ ✺✳✸✳✷✱ t❤❡ ❝❧❛ss✐❝❛❧ ▼❈ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ❯❚ ❛♣♣r♦❛❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r

t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙■◆❘ ♠❡❛♥✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❛✈❡r❛❣❡❞ ❙■◆❘ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s

SINR✳

✺✳✸✳✶ ❯♥✐✈❛r✐❛t❡ ❝❛s❡✿ ❊✈❛❧✉❛t✐♥❣ t❤❡ ❙■◆❘ ✉♥❞❡r ❉❖❆

❡st✐♠❛t✐♦♥ ❡rr♦r

❋✐rst✱ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡ ✐s ❝♦♥s✐❞❡r❡❞✱ ✐✳❡✳ ❛ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐s ♣r❡s❡♥t✳ ❚❤✐s ❡rr♦r

✐s ✉♥✐✈❛r✐❛t❡ ❜❡❝❛✉s❡ t❤❡ s❛♠❡ ♣❡rt✉r❜❛t✐♦♥ ❡q✉❛❧❧② ❛✛❡❝ts ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ aΘ(θ0 + Θ)✳

❲❤❡♥ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ st❡❡r✐♥❣ ✈❡❝t♦r✱ ✐t ✐s s❛✐❞

t♦ ❜❡ ♠✉❧t✐✈❛r✐❛t❡ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✸✳✷✮✳

❚❤❡ tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ❙■◆❘ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❙■◆❘ ♦✈❡r



✺✳✸ P❘❖P❖❙❊❉ P❊❘❋❖❘▼❆◆❈❊ ❆❙❙❊❙❙▼❊◆❚ ❖❋ ❆❘❘❆❨ ❘❊❙P❖◆❙❊ ❱■❆ ❯❚✽✾

N r❡❛❧✐③❛t✐♦♥s ♦❢ Θ✳ ❚❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ✐s t❤❡♥ ❡①♣r❡ss❡❞ ❛s✿

SINR
(Θ)

MC =
1

N

N
∑

n=1

wHR
(Θ)
ss (Θ[n])w

wH(R
(Θ)
int (Θ[n]) + σ2I)w

, ✭✺✳✷✷✮

✇❤❡r❡ Θ[n] ✐s t❤❡ ♥✲t❤ r❡❛❧✐③❛t✐♦♥ ♦❢ Θ✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s ❛r❡ ❣✐✈❡♥ ❜②✿

R(Θ)
ss (Θ[n]) = a(θ0 +Θ[n])aH(θ0 +Θ[n]), ✭✺✳✷✸✮

R
(Θ)
int (Θ[n]) =

∑

i 6=0

a(θi +Θ[n])aH(θi +Θ[n]). ✭✺✳✷✹✮

◆♦t❡ t❤❛t t❤✐s ❛✈❡r❛❣❡ ❝❛♥ ❜❡ ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣ s✐♥❝❡ ✐t ❝♦✉❧❞ t❛❦❡ t❤♦✉s❛♥❞s ♦❢

r❡❛❧✐③❛t✐♦♥s t♦ ❛✈❡r❛❣❡ t❤❡ ❙■◆❘ t♦ ❛ r❡❛s♦♥❛❜❧❡ ❧❡✈❡❧✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

❜✉r❞❡♥ ♦❢ s✉❝❤ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤❡ ✉s❡ ♦❢ ✭✺✳✾✮ t♦ ❛✈❡r❛❣❡ t❤❡ ❙■◆❘ ✐♥ ❛ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧②

❡✣❝✐❡♥t ✇❛② ✐s ♣r♦♣♦s❡❞✳ ❚②♣✐❝❛❧❧②✱ ❧❡ss t❤❛♥ ✶✵ s❛♠♣❧❡s ♥❡❡❞ t♦ ❜❡ ❣❡♥❡r❛t❡❞✱ r❡❞✉❝✐♥❣

❞r❛st✐❝❛❧❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ▼❈ s✐♠✉❧❛t✐♦♥s✳ ❲✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡

♦❢ ❛ ❢❡✇ ✜rst ♠♦♠❡♥ts ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Θ✱ t❤❡ ❯❚ ✇❡✐❣❤ts ❛♥❞ s✐❣♠❛ ♣♦✐♥ts ❛r❡

❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❝♦♠♣✉t❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ❚❤❡ ❯❚ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❙■◆❘ ✐s

♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ g(·) ✐♥ ❊q✉❛t✐♦♥ ✭✺✳✾✮ ❜② t❤❡ ❙■◆❘ ❛♥❞ Θn ❜② p
(Θ)
n ✿

SINR
(Θ)

UT =

NUT
∑

n=1

ωn
wHR

(Θ)
ss (p

(Θ)
n )w

wH(R
(Θ)
int (p

(Θ)
n ) + σ2I)w

. ✭✺✳✷✺✮

❙✐♥❝❡ t②♣✐❝❛❧❧② NUT ≪ NMC✱ ❊q✉❛t✐♦♥ ✭✺✳✷✺✮ t✉r♥s ♦✉t t♦ ❜❡ ❛♥ ❡✣❝✐❡♥t ✇❛② t♦ ❝♦♠♣✉t❡

t❤❡ ❙■◆❘ ❛✈❡r❛❣❡✳ ❋✐❣✉r❡ ✺✳✸ s❤♦✇s t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ NUT ❛♥❞ NMC ❢♦r t❤❡ ✸ ❛♥❞

✺✲♣♦✐♥t ❯❚ ❛♥❞ NMC r❛♥❣✐♥❣ ❢r♦♠ 102 t♦ 105 r❡❛❧✐③❛t✐♦♥s✳

Method
1

P
o
in

ts

100

101

102

103

104

105

UT3
UT5

MC10
2

MC10
3

MC10
4

MC10
5

❋✐❣✉r❡ ✺✳✸✿ ◆✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ r❛♥❞♦♠ s❛♠♣❧❡s



✾✵
❱ ❇❊❆▼❋❖❘▼❊❘ P❊❘❋❖❘▼❆◆❈❊ ❆❙❙❊❙❙▼❊◆❚ ❱■❆ ❚❍❊ ❯◆❙❈❊◆❚❊❉

❚❘❆◆❙❋❖❘▼❆❚■❖◆

✺✳✸✳✷ ▼✉❧t✐✈❛r✐❛t❡ ❝❛s❡✿ ❊✈❛❧✉❛t✐♥❣ t❤❡ ❙■◆❘ ✉♥❞❡r ❛♥t❡♥♥❛

❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ❡rr♦r

■♥ t❤✐s ❙❡❝t✐♦♥✱ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ ❜❡❛♠❢♦r♠✐♥❣ s②st❡♠ ✐s ♣❡rt✉r❜❡❞ ❜② ❛♥ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t

♣♦s✐t✐♦♥✐♥❣ ❡rr♦r ✐s ❝♦♥s✐❞❡r❡❞✳ ❙✐♥❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❝❝✉rs ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❡❛❝❤ ❡❧❡♠❡♥t✱

❛ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡ ♥❡❡❞s t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ▼♦♥t❡ ❈❛r❧♦

♠❡t❤♦❞ ❝♦♥s✐sts ♦❢ t❛❦✐♥❣ t❤❡ ♠❡❛♥ ♦✈❡r N r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r D ②✐❡❧❞✐♥❣

SINR
(D)

MC =
1

N

N
∑

n

wHR
(D)
ss (D[n])w

wH
(

R
(D)
int (D[n]) + σ2I

)

w
. ✭✺✳✷✻✮

■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r ❛s ✐♥ ✭✺✳✷✸✮ ❛♥❞ ✭✺✳✷✹✮✱ t❤❡ ❙❖■ ❛♥❞ ✐♥t❡r❢❡r❡♥❝❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐❝❡s

✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ✇r✐tt❡♥ ❛s✿

R(D)
ss (D[n]) = a(D[n])(θ0, φ0)[a

(D[n])(θ0, φ0)]
H, ✭✺✳✷✼✮

R
(D)
int (D[n]) =

∑

i 6=0

a(D[n])(θi, φi)[a
(D[n])(θi, φi)]

H. ✭✺✳✷✽✮

❇② ❛♥❛❧②③✐♥❣ ❊q✉❛t✐♦♥ ✭✺✳✶✽✮ t♦ ✜♥❞ ❛ ❯❚ ❡q✉✐✈❛❧❡♥t ❢♦r ✭✺✳✷✻✮✱ ✐t ✐s s❡❡♥ t❤❛t ❛ s✉♠

♦✈❡r ❛❧❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s ♥❡❡❞❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡s✉❧t ✐s ❛ s✉♠ ♦✈❡r t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥

❢♦r ❡❛❝❤ ❛♥t❡♥♥❛ ❡❧❡♠❡♥t

SINR
(D)

UT =

NUT
∑

nx,1=1

NUT
∑

ny,1=1

NUT
∑

nz,1=1

NUT
∑

nx,2=1

. . .

NUT
∑

nz,M=1

ωnx,1ωny,1ωnz,1ωnx,2 . . . ωnz,M
·

· wHR
(D)
ss (pnx,1,...,nz,M

)w

wH
(

R
(D)
int (pnx,1,...,nz,M

) + σ2I
)

w
, ✭✺✳✷✾✮

✇❤❡r❡ pnx,1,...,nz,M
= [pnx,1 , pny,1 , pnz,1 , pnx,2 ..., pnz,M

]T✳

❊✈❡♥ t❤♦✉❣❤ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s ❤❛✈❡ ♥♦♥✲③❡r♦ t❛✐❧s✱ t❤❡ ❛❝t✉❛❧ ❣❡♥❡r❛t✐♦♥ ♦❢ ✈❡r②

❧❛r❣❡ ♦r ✈❡r② s♠❛❧❧ ♥✉♠❜❡rs ✐s ✉♥❧✐❦❡❧②✳ ❚❤✐s ✇♦r❦✱ ❛s ✐♥ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ ❬✸✹✱ ✺✽❪✱ ✉s❡s

●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s t♦ ♠♦❞❡❧ t❤❡ ❛rr❛② ❡❧❡♠❡♥ts ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢②

t❤❡ ❯❚ ✈❛❧✐❞❛t✐♦♥ ✇❤✐❧❡ ♠❛❦✐♥❣ ✈❡r② ❧✐tt❧❡ t♦ ♥♦ ❝♦♠♣r♦♠✐s❡ t♦ t❤❡ ✈❛❧✐❞❛t✐♦♥ ♣r♦❝❡ss✳

❋♦r ❛ t❤❡♦r❡t✐❝❛❧❧② ♠♦r❡ ♣r❡❝✐s❡ ❞✐str✐❜✉t✐♦♥✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ ❝✐r❝✉❧❛r ♥♦r♠❛❧

❞✐str✐❜✉t✐♦♥✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❱♦♥ ▼✐s❡s ❞✐str✐❜✉t✐♦♥ ❬✹✾❪✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❛ ●❛✉ss✐❛♥

❞✐str✐❜✉t✐♦♥ ❛❧❧♦✇s ✉s t♦ s✐♠♣❧✐❢② ✭✺✳✷✾✮ ❜② ❝♦♥s✐❞❡r✐♥❣Dx✱ Dy ❛♥❞ Dz ❛s ③❡r♦ ♠❡❛♥ ●❛✉ss✐❛♥

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛r✐❛♥❝❡ σ2
d✳ ❙✐♥❝❡ t❤❡ s✉♠ ♦❢ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s r❡s✉❧ts ✐♥

❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✈❛r✐❛♥❝❡ ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛♥❝❡s ❬✼✷❪✱ t❤❡



✺✳✸ P❘❖P❖❙❊❉ P❊❘❋❖❘▼❆◆❈❊ ❆❙❙❊❙❙▼❊◆❚ ❖❋ ❆❘❘❆❨ ❘❊❙P❖◆❙❊ ❱■❆ ❯❚✾✶

s✐♠♣❧✐✜❡❞ ♣❡rt✉r❜❡❞ ♣❤❛s❡ ❞❡❧❛②s ❛r❡ ❝♦♥s✐❞❡r❡❞

µ
(D)
m,i = (m− 1)d cos θi cosφi +Dm, ✭✺✳✸✵✮

✇❤❡r❡ Dm ∼ N
(

0, σ2
D

)

✳ ❚❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ σ2
D = σ2

d (cos2 θi cos
2 φi + sin2 θi cos

2 φi + sin2 φi)

✐s ❛❝t✉❛❧❧② ❡q✉❛❧ t♦ σ2
d✱ ❣✐✈❡♥ t❤❛t t❤❡ s✉♠ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s✐s ✐s ❡q✉❛❧ t♦ ✶ ❛❢t❡r t❤❡ ✉s❡

♦❢ tr✐❣♦♥♦♠❡tr✐❝ ✐❞❡♥t✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❡❛♥ ❙■◆❘ ❝♦♠♣✉t❡❞ ✈✐❛ t❤❡ ❯❚ ❢♦r ❛ ♣❡rt✉r❜❡❞

❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦

SINR
(D)

UT =

NUT
∑

n1=1

NUT
∑

n2=1

· · ·
NUT
∑

nM=1

ωn1ωn2 . . . ωnM

· wHR
(D)
ss (pn1,n2,...,nM

)w

wH(R
(D)
int (pn1,n2,...,nM

) + σ2I)w
. ✭✺✳✸✶✮

■♥ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡✱ t❤❡ ❛♠♦✉♥t ♦❢ ♣♦✐♥ts t♦ ❜❡ ❛✈❡r❛❣❡❞ ❜② t❤❡ ❯❚ ✈❛r✐❡s ♥♦t ♦♥❧②

✇✐t❤ t❤❡ ❛♠♦✉♥t ♦❢ s✐❣♠❛ ♣♦✐♥ts✱ ❜✉t ❛❧s♦ ✇✐t❤ t❤❡ ❛♠♦✉♥t ♦❢ ❛♥t❡♥♥❛ ❡❧❡♠❡♥ts✳ ❚❤❡

❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♥❡❡❞❡❞ ❢♦r t❤❡ ▼❈ ❛♥❞ ❯❚ ❛✈❡r❛❣❡s ❛r❡ s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✺✳✹✳

Antennas
2 4 6 8 10 12 14 16

P
o
in

ts

100

102

104

106

108

1010

1012

UT3
UT5

MC10
2

MC10
3

MC10
4

MC10
5

MC10
6

❋✐❣✉r❡ ✺✳✹✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❣❡♥❡r❛t❡❞ ❜② ▼❈ ❛♥❞ t❤❡ ❯❚ ✇✐t❤
❛ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ❛rr❛② ❡❧❡♠❡♥ts

❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❝♦♠♣✉t❡❞ ❜② t❤❡ ❯❚ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ ❛ NM
UT ♠❛♥♥❡r

✇❤✐❧❡ t❤❡ ▼❈ ❤❛s ❛ ❧✐♥❡❛r ❣r♦✇t❤✳ ❍♦✇❡✈❡r✱ t❤❡ ❯❚ ❝❛♥ ❜❡ ❛❞✈❛♥t❛❣❡♦✉s s✐♥❝❡ ▼❈ s✐♠✲

✉❧❛t✐♦♥s ♠❛② r❡q✉✐r❡ ♠✐❧❧✐♦♥s ♦❢ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ♣♦✐♥ts✳ ■♥ ❋✐❣✉r❡ ✺✳✹✱ ✐t ✐s s❡❡♥ t❤❛t

t❤❡ ✉s❛❣❡ ♦❢ t❤❡ ✸✲♣♦✐♥t ❯❚ ❝❛♥ ❜❡ ❛❞✈❛♥t❛❣❡♦✉s ❢♦r ✉♣ t♦ ✶✺ ❛♥t❡♥♥❛s ✐❢ ❝♦♠♣❛r❡❞ t♦

106 ❣❡♥❡r❛t❡❞ ♣♦s✐t✐♦♥s ✐♥ ❛ ▼❈ ❢❛s❤✐♦♥✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ✶✵ ❛♥t❡♥♥❛ ❡❧❡♠❡♥ts ✐♥ t❤❡



✾✷
❱ ❇❊❆▼❋❖❘▼❊❘ P❊❘❋❖❘▼❆◆❈❊ ❆❙❙❊❙❙▼❊◆❚ ❱■❆ ❚❍❊ ❯◆❙❈❊◆❚❊❉

❚❘❆◆❙❋❖❘▼❆❚■❖◆

✺✲♣♦✐♥t ❯❚ ❝❛s❡✳

✺✳✹ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

■♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✐t ✐s s❤♦✇♥ ❤♦✇ t❤❡ SINR ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❯❚ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

♣♦✐♥ts r❡q✉✐r❡❞ ❢♦r ❜♦t❤ ▼❈ ❛♥❞ t❤❡ ❯❚ s✐♠✉❧❛t✐♦♥s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❙■◆❘ ❛✈❡r❛❣❡s

❛r❡ s✐♠✉❧❛t❡❞ ❛♥❞ ♣❧♦tt❡❞✳

❖♥❡ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥ t❤❛t ❛r✐s❡s ❢r♦♠ ✜❣✉r❡s ✺✳✸ ❛♥❞ ✺✳✹ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ✐s✿ ♦✈❡r ❤♦✇

♠❛♥② ♣♦✐♥ts ❞♦ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ▼❈ ♠❡❛♥❄ ❚❤❡ ❛♥s✇❡r ✐s ♥♦t str❛✐❣❤t ❢♦r✇❛r❞✳ ❚❤❡

♥✉♠❜❡r ♦❢ ▼❈ s✐♠✉❧❛t✐♦♥s ❤❛s ❛ ❞✐r❡❝t ✐♠♣❛❝t ♦♥ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♠❡❛♥✱ ✐✳❡✳ ❤♦✇ ❝❧♦s❡

t❤❡ s❛♠♣❧❡ ♠❡❛♥ ✐s t♦ t❤❡ ❣r♦✉♥❞ tr✉t❤✳ ❚❤❡ ❣r♦✉♥❞ tr✉t❤ ✐s ❤❛r❞ t♦ ❝♦♠♣✉t❡ ❛♥❞✱ ✐♥

t❤✐s ❝❛s❡✱ ♥♦t ❦♥♦✇♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❝❤✐❡✈❡❞ ♣r❡❝✐s✐♦♥ ✐s ♥♦t ✈❡r✐✜❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐t ♠❛②

❜❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❡rr♦r ♦❢ t❤❡ ❝♦♠♣✉t❡❞ ♠❡❛♥ ❛s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ❛❧s♦ ❤❛s ❛♥

❛ss♦❝✐❛t❡❞ ✈❛r✐❛♥❝❡ ❛♥❞✱ ♦❢ ❝♦✉rs❡✱ t❤❡ s♠❛❧❧❡r t❤❡ ✈❛r✐❛♥❝❡✱ t❤❡ ❜❡tt❡r t❤❡ ❡st✐♠❛t❡✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ st❛t❡♠❡♥t ❛❜♦✈❡✱ t❤❡ ❧✐❣❤t ❣r❛② ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✺✳✺ s❤♦✇s t❤❡ ❝❤❛♥❣❡ ✐♥

t❤❡ s❛♠♣❧❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❙■◆❘ ♠❡❛♥ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✺✳✷✷✮ ❛❢t❡r ✶✵✵ s❛♠♣❧❡s ❢♦r ❛ ✈❛r②✐♥❣

♥✉♠❜❡r ♦❢ tr✐❛❧s✳ ❚❤❡ s❝❡♥❛r✐♦ ✐s t❤❡ s❛♠❡ ✉s✐♥❣ ✺ ❛♥t❡♥♥❛s ❛s ❞❡s❝r✐❜❡❞ ❢✉rt❤❡r ✐♥ t❤✐s

Monte Carlo trials
102 103 104 105 106

S
am

p
le

va
ri
an

ce
(d

B
)

10-4

10-3

10-2

10-1

100

univar
multivar

❋✐❣✉r❡ ✺✳✺✿ ❙❛♠♣❧❡ ✈❛r✐❛♥❝❡ ✈❡rs✉s t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s ✐♥ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s

s❡❝t✐♦♥✳ ■♥ ❋✐❣✉r❡ ✺✳✺✱ ✐t ✐s s❡❡♥ t❤❛t ❛ ❢❡✇ t❡♥t❤s ♦❢ t❤♦✉s❛♥❞s ♦❢ tr✐❛❧s ❛r❡ ♥❡❡❞❡❞ s♦ t❤❛t

t❤❡ ✈❛r✐❛♥❝❡ ✐s ❜❡❧❧♦✇ 10−3 ❞❇✱ ✐✳❡✳ s♠❛❧❧ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ✶✵ ❞❇ ❙■◆❘ r❛♥❣❡ t❤❛t

✐s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥s ✺✳✹✳✶ ❛♥❞ ✺✳✹✳✷✳ ❚❤❡ ❞❛r❦ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✺✳✺ s❤♦✇s t❤❡ r❡s✉❧t ❢♦r t❤❡

♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡ ♦❢ ❊q✉❛t✐♦♥ ✭✺✳✷✻✮✳ ❚❤❡ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ✐s s❧✐❣❤t❧② ❧♦✇❡r ❢♦r



✺✳✹ ❙■▼❯▲❆❚■❖◆ ❘❊❙❯▲❚❙ ✾✸

t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥❝r❡❛s❡s✳ ❚❤❡r❡❢♦r❡✱ ❜② ✐♥s♣❡❝t✐♦♥ ♦❢ ❋✐❣✉r❡

✺✳✺✱ ✐t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♥❡❡❞❡❞ t♦ ❛❝❝♦♠♣❧✐s❤ ❛ r❡❛s♦♥❛❜❧❡ ♣r❡❝✐s✐♦♥ ✐s ❛t

❧❡❛st ♦♥❡ t❤♦✉s❛♥❞t❤ ♦❢ t❤❡ r❛♥❣❡ ✐♥ ✐♥✈❡st✐❣❛t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡✱ 10−3 ❞❇✳

❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✺ ❛♥t❡♥♥❛ ❡❧❡♠❡♥ts ❛♥❞ ✷ ✐♠♣✐♥❣✐♥❣ s✐❣♥❛❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❆❧s♦✱

♦♥❡ ❙❖■ ✐s ♣♦s✐t✐♦♥❡❞ ❛t ✾✵◦ ❛♥❞ t✇♦ ✐♥t❡r❢❡r✐♥❣ s✐❣♥❛❧s ❛r❡ ♣♦s✐t✐♦♥❡❞ ❛t ✻✺◦ ❛♥❞ ✶✶✼◦✱

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❉❖❆s ❛r❡ t❤❡♥ ✈❛r✐❡❞ ❛♥❞ ❙■◆❘ ♠❡❛♥ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ✸ ❛♥❞ ✺✲

♣♦✐♥t ❯❚ ❛♥❞ ✺ ❛♥❞ 106 ▼❈ r❡❛❧✐③❛t✐♦♥s✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✻✳ ■♥ ♦r❞❡r t♦
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❋✐❣✉r❡ ✺✳✻✿ SINR ✈s σΘ ❞✉❡ t♦ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r

❣✉❛r❛♥t❡❡ ❛ ♣r❡❝✐s❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ ❛❢t❡r ✐♥s♣❡❝t✐♥❣ ❋✐❣✉r❡ ✺✳✺✱ 106 ▼❈ r❡❛❧✐③❛t✐♦♥s

❛r❡ ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡✳ ❋r♦♠ ❋✐❣✉r❡ ✺✳✻✱ ✐t ✐s s❡❡♥ t❤❛t t❤❡ SINR ❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡ ✸✲♣♦✐♥t

❯❚ ❢♦❧❧♦✇s ❛❧♠♦st ❡①❛❝t❧② t❤❡ 106 ▼❈ r❡❛❧✐③❛t✐♦♥s SINR ❢♦r ✉♣ t♦ ✸◦ ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳

❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ✺✲♣♦✐♥t ❯❚ ❢♦r ✉♣ t♦ σΘ = 4◦✳ ❚♦ ❣❡t ❛ ❜❡tt❡r ❡st✐♠❛t✐♦♥✱ ♠♦r❡

♣♦✐♥ts ❛r❡ ♥❡❡❞❡❞✱ ❤♦✇❡✈❡r✱ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✹◦ ✐s ❛❧r❡❛❞② ❛ ❧❛r❣❡ ✈❛❧✉❡ ❢♦r ♠♦st

❛♣♣❧✐❝❛t✐♦♥s✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ r❡♠✐♥❞ t❤❛t t❤❡ ❯❚ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❞♦♥❡ ✇✐t❤ ❛

s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ ▼❈ s✐♠✉❧❛t✐♦♥s✳

❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ♠❡❛♥ ♦✈❡r 106 ▼❈ r❡❛❧✐③❛t✐♦♥s✱ r❡♣r❡s❡♥t❡❞

❜② SINRMC106 ✱ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❣r♦✉♥❞ tr✉t❤ ♠❡❛♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡rr♦r ✐s ❞❡✜♥❡❞ ❛s

Error = |SINR− SINRMC106 |. ✭✺✳✸✷✮

❊q✉❛t✐♦♥ ✭✺✳✸✷✮ ✐s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥s ✺✳✹✳✶ ❛♥❞ ✺✳✹✳✷ ❢♦r t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❯❚✲

❜❛s❡❞ ♠❡t❤♦❞s✳

■♥ ❙❡❝t✐♦♥ ✺✳✹✳✶ t❤❡ ❙■◆❘✱ t❤❡ ❡rr♦r ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ ❯❚ ❛r❡



✾✹
❱ ❇❊❆▼❋❖❘▼❊❘ P❊❘❋❖❘▼❆◆❈❊ ❆❙❙❊❙❙▼❊◆❚ ❱■❆ ❚❍❊ ❯◆❙❈❊◆❚❊❉

❚❘❆◆❙❋❖❘▼❆❚■❖◆

❡✈❛❧✉❛t❡❞✳ ■♥ ❙❡❝t✐♦♥ ✺✳✹✳✷✱ t❤❡ ❙■◆❘✱ t❤❡ ❡rr♦r ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❛r❡ ❡✈❛❧✉❛t❡❞

❢♦r t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡✳

✺✳✹✳✶ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❯♥✐✈❛r✐❛t❡ ❯❚

■♥ ❋✐❣✉r❡ ✺✳✻✱ t❤❡ r❡❣✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛✈❡r❛❣❡ ❙■◆❘ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✐s

s❤♦✇♥ ❜② t❤❡ s❤❛❞❡❞ ❛r❡❛✳ ❚❤❡ ✈❛r✐❛♥❝❡ ✇❛s ❡st✐♠❛t❡❞ ❢♦r ✶✵✵ tr✐❛❧s ♦❢ 105 ❣❡♥❡r❛t❡❞ ♣♦✐♥ts✱

✇❤❡r❡ t❤❡ ♠❡❛♥ ♦✈❡r t❤❡ ✶✵✵ tr✐❛❧s ❣✐✈❡s t❤❡ ✜♥❛❧ 106 ♣♦✐♥ts ❛✈❡r❛❣❡✳ ❚❤❡ s❤❛❞❡❞ r❡❣✐♦♥

❣✐✈❡s ❛ ❞❡❣r❡❡ ♦❢ ❝♦♥✜❞❡♥❝❡ ✐♥ t❤❡ ❡st✐♠❛t❡❞ ▼❈✳ ❆t t❤❡ ❜♦tt♦♠✲❧❡❢t ❝♦r♥❡r✱ t❤❡ ❣r❛♣❤✐❝ ✐s

③♦♦♠❡❞ ✐♥ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ ❯❚✺ ❧❡❛✈❡s t❤❡ r❡❣✐♦♥ ♦❢ ❝♦♥✜❞❡♥❝❡ ❛r♦✉♥❞ ✹◦✳

❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❯❚s ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ▼❈ s✐♠✉❧❛t✐♦♥ ❛❢t❡r

106 r❡❛❧✐③❛t✐♦♥s✳ ❋r♦♠ ❋✐❣✉r❡ ✺✳✼✱ ✐t ✐s s❡❡♥ t❤❛t t❤❡ ✺✲♣♦✐♥t ❯❚ st✐❧❧ ❢♦❧❧♦✇s t❤❡ ▼❈106

SINR ✉♣ t♦ σΘ = 6◦ ✇✐t❤ ❛ ❧❡ss t❤❛♥ ✵✳✺ ❞❇ ❡rr♦r ♠❛r❣✐♥✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡

❡rr♦r ❞♦❡s ♥♦t ❣r♦✇ ♠♦♥♦t♦♥✐❝❛❧❧②✱ ❤♦✇❡✈❡r✱ t❤❡ ❣r♦✇t❤ tr❡♥❞ ❝❛♥ ❜❡ ❝❧❡❛r❧② s❡❡♥✳ ■♥ ❬✻✷❪✱

σΘ ✐s ✈❛r✐❡❞ ✉♣ t♦ ✷✳✻✸◦ ✉s✐♥❣ ✶✵✵✵ ▼❈ tr✐❛❧s✳ ■♥ ❋✐❣✉r❡ ✺✳✼✱ ✐t ✐s s❡❡♥ t❤❛t t❤❡ ❯❚✺ ❣✐✈❡

♣r❛❝t✐❝❛❧❧② ③❡r♦ ❡rr♦r ✉♣ t♦ t❤✐s ❧❡✈❡❧✱ t❤❡r❡❢♦r❡✱ t❤❡ ✺✲♣♦✐♥t ❯❚ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡

SINR✳
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❋✐❣✉r❡ ✺✳✼✿ ❊rr♦r ✈s σΘ ❞✉❡ t♦ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦rs

❚❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐s t❤❡♥ ✜①❡❞ ✐♥ t✇♦ ✈❛❧✉❡s σΘ = {1, 6}◦ ❛♥❞ ✈❛r② t❤❡ ❙◆❘ ❛s

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✽✳ ❚❤❡ ❞❛r❦❡r ♣❧♦ts s❤♦✇ t❤❡ SINR ❢♦r σΘ = 1◦ ❛♥❞ t❤❡ ❜r✐❣❤t❡r ♦♥❡s ❛r❡

❢♦r σΘ = 6◦✳ ❋♦r ❛ s♠❛❧❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ ❜♦t❤ ❯❚s ❢♦❧❧♦✇ t❤❡ ▼❈ s✐♠✉❧❛t✐♦♥ ❡①❛❝t❧②✳

❋♦r ❛ ❧❛r❣❡r ❞❡✈✐❛t✐♦♥✱ t❤❡ ❯❚ ✜ts t❤❡ ▼❈ SINR ✉♣ t♦ ❛♥ ❙◆❘ ♦❢ ✷ ❞❇ ❢♦r t❤❡ ✸✲♣♦✐♥t ❯❚

❛♥❞ ✽ ❞❇ ❢♦r t❤❡ ✺✲♣♦✐♥t ❯❚✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t✱ ❢♦r ❧♦✇ ❙◆❘s✱ t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ♦♥ t❤❡



✺✳✹ ❙■▼❯▲❆❚■❖◆ ❘❊❙❯▲❚❙ ✾✺

❞❡♥♦♠✐♥❛t♦r ♦❢ ❡q✉❛t✐♦♥s ✭✺✳✷✷✮✱ ✭✺✳✷✺✮✱ ✭✺✳✷✻✮ ❛♥❞ ✭✺✳✸✶✮ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♦t❤❡r t❡r♠s

✐♠♣❛❝t ♦♥ t❤❡ ❙■◆❘ t❤❛♥ t❤❡ ❡rr♦r ❞✉❡ t♦ ❉❖❆ ❡st✐♠❛t✐♦♥✳
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❋✐❣✉r❡ ✺✳✽✿ SINR ✈s ❙◆❘ ✇✐t❤ ✜①❡❞ σΘ = {2, 10}◦

■♥ t❤❡ ♥❡①t s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐s ❛ss❡ss❡❞ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✺✳✾✳ ❚❤❡ ✸✲♣♦✐♥t ❯❚ ❛♥❞ t❤❡ ✺✲♣♦✐♥t ❯❚ ❛r❡ ❝♦♠♣❛r❡❞ ❢♦r ❛ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ▼❈

tr✐❛❧s✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ✸✲♣♦✐♥t ❯❚ ❛♥❞ t❤❡ ✺✲♣♦✐♥t ❯❚ ❤❛✈❡ ❛ ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧

t✐♠❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ▼❈ s✐♠✉❧❛t✐♦♥s ❡✈❡♥ ✇❤❡♥ ♦♥❧② t❡♥s ♦❢ tr✐❛❧s ❛r❡ ♣❡r❢♦r♠❡❞✳ ■t ✐s

❝❧❡❛r❧② s❡❡♥ t❤❛t t❤❡s❡ r❡s✉❧ts ❛r❡ t✐❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❣❡♥❡r❛t❡❞ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡

✺✳✸✳

✺✳✹✳✷ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ▼✉❧t✐✈❛r✐❛t❡ ❯❚

■♥ ❋✐❣✉r❡ ✺✳✶✵✱ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡ ✇✐t❤ ✜①❡❞ ❙■◆❘ ❛♥❞ ❛ ✈❛r②✐♥❣ σD ✐s s✐♠✉❧❛t❡❞ ❢♦r

r❛♥❞♦♠ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥s✳ ❆❣❛✐♥✱ t❤❡ ❙■◆❘s ❛✈❡r❛❣❡❞ ✉s✐♥❣ t❤❡ ✸✲♣♦✐♥t ❯❚ ❢♦❧❧♦✇s t❤❡ ▼❈

❝✉r✈❡ ✈❡r② ❝❧♦s❡❧② ❢♦r s♠❛❧❧ ❞❡✈✐❛t✐♦♥s✳ ❋♦r ❧❛r❣❡r ❞❡✈✐❛t✐♦♥s✱ t❤❡ ✺✲♣♦✐♥t ❯❚ ✜ts t❤❡ ▼❈

SINR ✳ ❙✉❝❤ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥s ❛r❡✱ ❤♦✇❡✈❡r✱ ✐♠♣r♦❜❛❜❧❡ t♦ ♦❝❝✉r ✐♥ ❛♥ ❛rr❛② ♠❛♥✉❢❛❝t✉r✐♥❣

♣r♦❝❡ss✳ ■♥ ❛ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ❧❛r❣❡✱ ❡✳❣✳ ❝♦♦♣❡r❛t✐✈❡ ❛rr❛② ❬✷❪✱ t❤❡ ▼❈ ❝✉r✈❡ ❝❛♥

❜❡ ❢♦❧❧♦✇❡❞ ❢✉rt❤❡r ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✱ ❛❧t❤♦✉❣❤ ❝❛r❡ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ❞✉❡ t♦

t❤❡ r❛♣✐❞ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❧❡①✐t② ✐♥ ♠✉❧t✐✈❛r✐❛t❡ s❝❡♥❛r✐♦s ✭s❡❡ ❋✐❣✉r❡ ✺✳✹✮✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱

❛ ❝♦♠♣❛r❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✇✐t❤ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✺✳✹ ✐s ✉s❡❞✳ ❆s ✐♥ ❋✐❣✉r❡

✺✳✻✱ t❤❡ r❡❣✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛♥❝❡s ✐s s❤❛❞❡❞✳ ❆❧s♦✱ t❤❡ t❤❡ ③♦♦♠❡❞ ❝✉r✈❡s ❛r❡ s❤♦✇♥ ✐♥

t❤❡ t♦♣✲r✐❣❤t ❝♦r♥❡r ❢♦❝✉s✐♥❣ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❯❚✺ ❧❡❛✈❡s t❤❡ s❤❛❞❡❞ r❡❣✐♦♥ ❛r♦✉♥❞ ✵✳✵✾

λ✳
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number  of MC trials
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❋✐❣✉r❡ ✺✳✾✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ ❯❚ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❖❆ ❡st✐♠❛t✐♦♥
❡rr♦r
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❋✐❣✉r❡ ✺✳✶✵✿ SINR ✈s σD ❞✉❡ t♦ ❛rr❛② ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ✐♠♣❡r❢❡❝t✐♦♥s

❋✐❣✉r❡ ✺✳✶✶ s❤♦✇s t❤❡ ❡rr♦r ❢♦r t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡✳ ❋r♦♠ ❋✐❣✉r❡ ✺✳✶✶ ✐t ✐s ✈❡r✐✜❡❞ t❤❛t

t❤❡ ❡rr♦r ✐s ✈✐rt✉❛❧❧② ③❡r♦ ❢♦r t❤❡ ✸ ❛♥❞ ✺✲♣♦✐♥t ❯❚ ✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✉♣ t♦ ✵✳✵✸

❛♥❞ ✵✳✵✺✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧s♦✱ t❤❡ ✸✲♣♦✐♥t ❯❚ ❡rr♦r ❣r♦✇s ❢❛st❡r t❤❛♥ t❤❡ ✺✲♣♦✐♥t ❯❚ ❛s

❡①♣❡❝t❡❞✳ ❙✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❝❡♥❛r✐♦✱ ♦♥❡ ♠❛② ♥♦t ❡①♣❡❝t ❛ ♠♦♥♦t♦♥✐❝ ❣r♦✇t❤ ✐♥

t❤❡ ❡rr♦r ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❛ ✐♥❝r❡❛s✐♥❣ σD✳ ❚❤❡ ❡rr♦r ❢♦r t❤❡ ✻✷✺ r❡❛❧✐③❛t✐♦♥s ❙■◆❘ ❛✈❡r❛❣❡

✈❛r✐❡s ❧❛r❣❡❧②✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❡rr♦r ❧❡✈❡❧s✳

■♥ ❋✐❣✉r❡ ✺✳✶✷✱ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σD ✐s ✜①❡❞ t♦ ④✵✳✵✸✱ ✵✳✶✷⑥ ❛♥❞ t❤❡ ❙◆❘ ✐s ✈❛r✐❡❞✳
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❋✐❣✉r❡ ✺✳✶✶✿ ❊rr♦r ✈❡rs✉s σD ❞✉❡ t♦ ❛rr❛② ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ✐♠♣❡r❢❡❝t✐♦♥s

❙✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ t❤❡ ❯❚✸ ❛♥❞ ❯❚✺ SINRs ❢♦❧❧♦✇ t❤❡ ▼❈ ❙■◆❘ ❛✈❡r❛❣❡✳

❲❤❡♥ t❤❡ ♥♦✐s❡ ✐s ❧♦✇ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦r ✐s ❤✐❣❤✱ t❤❡ ❯❚ SINRs ❞❡✈✐❛t❡ ❢r♦♠ t❤❡

▼❈ ♠❡❛♥✳ ❍♦✇❡✈❡r✱ t❤✐s ❞❡✈✐❛t✐♦♥ ✐s s♠❛❧❧ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦r ✐s ❤✐❣❤ ♠♦st ♦❢ t❤❡

♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳
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❋✐❣✉r❡ ✺✳✶✷✿ SINR ✈s ❙◆❘ ✇✐t❤ ✜①❡❞ σD = {0.03, 0.12}

❚❤❡ ✜♥❛❧ s✐♠✉❧❛t✐♦♥ ❛ss❡ss❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❯❚ ❛♥❞ t❤❡

r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✸✳ ❚❤❡ ✸✲♣♦✐♥t ❯❚ ❛♥❞ t❤❡ ✺✲♣♦✐♥t ❯❚ ❛r❡ ❝♦♠♣❛r❡❞

❢♦r ❛ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ▼❈ tr✐❛❧s✳ ❚❤❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ✸✲♣♦✐♥t ❯❚ ❤❛s ❛ ❧♦✇

❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ▼❈ s✐♠✉❧❛t✐♦♥s ✇❤❡♥ r♦✉❣❤❧② ♠♦r❡ t❤❛♥ ✶✵✵ ▼❈
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tr✐❛❧s ❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ ✺✲♣♦✐♥t ❯❚ ✐s ❛❞✈❛♥t❛❣❡♦✉s ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇

✇❤❡♥ r♦✉❣❤❧② ♠♦r❡ t❤❛♥ ✶✵✵✵ ▼❈ tr✐❛❧s ❛r❡ r❡q✉✐r❡❞✳ ❚❤✐s r❡s✉❧t ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡

♥✉♠❜❡r ♦❢ ♣♦✐♥ts t❤❛t ♥❡❡❞ t♦ ❜❡ ❣❡♥❡r❛t❡❞ ❢♦r t❤❡ ❯❚ ❛♥❞ ▼❈ s✐♠✉❧❛t✐♦♥s ❛s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✺✳✹✳

number  of MC trials
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❋✐❣✉r❡ ✺✳✶✸✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❯❚ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣
♣❡rt✉❜❛t✐♦♥s

✺✳✺ ❙✉♠♠❛r②

❚❤✐s ❝❤❛♣t❡r s❤♦✇s ❛ ♥♦✈❡❧ ♠❡t❤♦❞ t❤❛t ✉s❡❞ t❤❡ ❯❚ ❢♦r ❛ss❡ss✐♥❣ t❤❡ ❙■◆❘ ❛✈❡r❛❣❡ ♦❢ ❛

❜❡❛♠❢♦r♠❡r✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❜❡❛♠❢♦r♠❡r

❝❛♥ ❜❡ ❣r❡❛t❧② r❡❞✉❝❡❞ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❉❖❆

❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ t❤❡ ❛rr❛② ❡❧❡♠❡♥ts ♣♦s✐t✐♦♥s ❛r❡ ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦

❛ss❡ss t❤❡ ❙■◆❘ ❛✈❡r❛❣❡ ♦❢ ❛ ❉❙ ❜❡❛♠❢♦r♠❡r ✉s✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❛♥❞ ❝♦♠♣❛r❡❞

✇✐t❤ t❤❡ tr❛❞✐t✐♦♥❛❧ ▼❈ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s s❤♦✇s t❤❛t t❤❡ ❯❚ ✐s ✈❡r② r❡❧✐❛❜❧❡

❡✈❡♥ ♦♥❧② ✺ ♣♦✐♥ts ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r s♠❛❧❧ t♦ ♠❡❞✐✉♠ ❡rr♦r✳
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✻✳✶ ●❡♥❡r❛❧ ❈♦♥❝❧✉s✐♦♥s

❆rr❛② s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ✐s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ t❤❡ ❡✈❡r②❞❛② ❧✐❢❡ ♦❢ ♠♦❞❡r♥ s♦❝✐❡t②✳ ❚❤✐s

♣r❡s❡♥❝❡✱ ❤♦✇❡✈❡r ✐s st✐❧❧ r❡str✐❝t❡❞ t♦ ❛ ❢❡✇ t②♣❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡s ♦r t♦ ❛ ❢❡✇✱

♥♦t ♠♦r❡ t❤❛♥ ❛ ❤❛♥❞❢✉❧❧✱ ❛♥t❡♥♥❛s✳ Pr♦♣♦s❡❞ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ♠♦❜✐❧❡

♥❡t✇♦r❦s s✉❣❣❡sts t❤❛t t❤❡s❡ ♥❡t✇♦r❦s ✇✐❧❧ s✉♣♣♦rt t❡♥s t♦ ❤✉♥❞r❡❞s ♦❢ ❛♥t❡♥♥❛s✳ ❆❧s♦✱ t♦

❛❧❧♦✇ ❢✉❧❧ ❝♦✈❡r❛❣❡✱ t❤❡ ✉s❛❣❡ ♦❢ s♠❛❧❧ s❛t❡❧❧✐t❡s t♦ ✐♥t❡r✲♦♣❡r❛t❡ ✇✐t❤ t❤❡ ✺● ♥❡t✇♦r❦ ✐s

❜❡✐♥❣ ♣r♦♣♦s❡❞✳ ❈✉rr❡♥t ♠♦❜✐❧❡ ♥❡t✇♦r❦s ❤❛✈❡ ❞✐✣❝✉❧t✐❡s t♦ r❡❛❝❤ ♠♦✉♥t❛✐♥s ❛♥❞ ♦t❤❡r

r❡♠♦t❡ ❛r❡❛s✳ ❇② ✐♥s❡rt✐♥❣ s❛t❡❧❧✐t❡s ✐♥t♦ t❤❡s❡ ♥❡t✇♦r❦s s✉❝❤ ♣r♦❜❧❡♠ s❤♦✉❧❞ ❜❡ ♦✈❡r❝♦♠❡✳

❲❤❡♥ ✐t ❝♦♠❡s t♦ ❛rr❛② s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✱ ❜❡❛♠❢♦r♠✐♥❣ ✐s ❛ ❦❡② t♦♣✐❝✳ ■♥ ♣r❡✈✐♦✉s ✇♦r❦s✱

✉s✉❛❧❧② ♦♥❧② s✐♠♣❧✐st✐❝ s❝❡♥❛r✐♦s ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ✇❤✐t❡ ♥♦✐s❡ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❍♦✇❡✈❡r✱ ✐♥

r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s t❤✐s ✐s ✉s✉❛❧❧② ♥♦t t❤❡ ❝❛s❡✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✜rst ✐♥✈❡st✐❣❛t❡❞ ♣r❡✇❤✐t❡♥✐♥❣

t❡❝❤♥✐q✉❡s t♦ ♠✐t✐❣❛t❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝♦❧♦r❡❞ ♥♦✐s❡ ✐♥t♦ t❤❡ s✐❣♥❛❧ ♠♦❞❡❧✳ ▼♦r❡♦✈❡r✱

♦t❤❡r t❡❝❤♥✐q✉❡s ❡♥❤❛♥❝❡ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ♠✐t✐❣❛t✐♦♥ ✇❡r❡ ✉s❡❞ s✉❝❤ ❛s r❛♥❦ r❡❞✉❝t✐♦♥ ❛♥❞

t❤❡ ❱■❚✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡tt❡r ❡✛❡❝t ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛s ✐s ❧❛r❣❡✱ ✐✳❡✳ t❤❡②

s❤♦✉❧❞ ✇♦r❦ s❡❛♠❧❡ss❧② ✐♥ ♥❡①t ❣❡♥❡r❛t✐♦♥ s②st❡♠s✳

❲❤❡♥ ❛♣♣❧②✐♥❣ ❜❡❛♠❢♦r♠✐♥❣ t♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❛♥t❡♥♥❛ ❛rr❛②s✱ t❤❡ ❞❛t❛ ✐s ✉s✉❛❧❧②

✈❡❝t♦r✐③❡❞ ♣r✐♦r t♦ ✜❧t❡r ❡st✐♠❛t✐♦♥✳ ❇② ✈❡❝t♦r✐③✐♥❣ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❞❛t❛

✐s ♥♦t ❡①♣❧♦r❡❞✳ ■♥ t❤✐s ✇♦r❦ t❤❡ ♠✉✐❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❞❛t❛ ✇❛s ❡①♣❧♦r❡❞ ✐♥ ●❙❈

❜❡❛♠❢♦r♠❡rs✳ ■t ✇❛s s❡❡✐♥❣ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✉s✐♥❣ t❤❡ ❤✐❣❤❡st

♦r t❤❡ R✲t❤ ❞✐♠❡♥s✐♦♥ ✉♥❢♦❧❞✐♥❣✳ ■♥ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✱ ❛❧❧ t❤❡ R − 1 ✉♥❢♦❧❞✐♥❣s t♦

❛❝❤✐❡✈❡ ❜❡tt❡r ✐♥t❡r❢❡r❡♥❝❡ ♠✐t✐❣❛t✐♦♥✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t tr❛♥s❢♦r♠❛t✐♦♥s t♦ ❛❧❧♦✇ ❢♦r ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧

♣r♦❝❡ss✐♥❣✳ ❇② ✉s❛❣❡ ♦❢ ❛ ❜❛♥❦ ♦❢ ❋■❇s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❛♥❞ t❤❡ ❡①tr❛❝t❡❞

s✐❣♥❛❧ ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ✈✐❛ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉s❡❞ ❡①♣❧♦r❡s t❤❡

♥♦♥✲✇❤✐t❡♥❡ss ♦❢ t❤❡ s✐❣♥❛❧s ❛♥❞ r❡q✉✐r❡ ❛ ♥♦✈❡❧ ♠❛♥♥❡r t♦ ❝♦♥str✉❝t ❝♦rr❡❧❛t✐♦♥ t❡♥s♦rs s♦
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t❤❛t ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ❛❞❛♣t✐✈❡ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❘❡s✉❧ts

❤❛❜❡ ❛ ❜❡tt❡r ❙■◆❘ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ st❛t❡ ♦❢ t❤❡ ❛rt ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✳

✻✳✷ ❘❡❝♦♠♠❡♥❞❛t✐♦♥s ❢♦r ❋✉t✉r❡ ❘❡s❡❛r❝❤

❋♦r ❢✉t✉r❡ r❡s❡❛r❝❤ ✐t ✐s r❡❝♦♠♠❡♥❞❡❞ t❤❛t ❘▲❙✲t②♣❡ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s ❛r❡ t❡st❡❞✳ ❘▲❙✲

t②♣❡ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❦♥♦✇♥ t♦ ❤❛✈❡ ❞❡❝r❡❛s❡❞ ❝♦♥✈❡r❣❡♥❝❡ t✐♠❡ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r

❤✐❣❤❡r ❝♦♠♣❧❡①✐t②✳ ❍♦✇❡✈❡r✱ ❢♦r ❝✉rr❡♥t ❤❛r❞✇❛r❡✱ t❤✐s ❝♦♠♣❧❡①✐t② ✐♥❝r❡❛s❡ ♠❛② ♥♦t ❧✐♠✐t

✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ♠❛♥② ❝❛s❡s✳ ❚❤✐s t❡sts ❝❛♥ ❛❧s♦ ❜❡ ❞♦♥❡ ❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s

❛♥❞ ❛❧♦♥❣ ✇✐t❤ r❛♥❦ r❡❞✉❝t✐♦♥ ❛♥❞ t❤❡ ❱■❚✳ ❆❧s♦ t❤❡ ♣r♦♣♦s❡❞ ❜❧♦❝❦✲✇✐s❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s

❢♦r ❈▼ ❛❧❣♦r✐t❤♠s s✉❝❤ ❛s t❤❡ ✹✲◗❆▼ ♦r ◗P❙❑ s✐❣♥❛❧s✳ ■t ✐s ❛❧s♦ ♦❢ ✐♥t❡r❡st t❤❡ ❞❡✈❡❧♦♣♠❡♥t

♦❢ s✐♠✐❧❛r s♦❧✉t✐♦♥s ❢♦r ♠♦r❡ ❣❡♥❡r✐❝ ◗❆▼ ♦r ♦t❤❡r t②♣❡ ♦❢ ♠♦❞✉❧❛t✐♦♥s✳

❋♦r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❜❡❛♠❢♦r♠❡r✱ ❛ ♣r❡❧✐♠✐♥❛r② r❡s❡❛r❝❤ ♦♥ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s ✇❛s

❝♦♥❞✉❝t❡❞ ❢♦r ❛♥ ▲▼❙ ❛❞❛♣t❛t✐♦♥✳ ❍♦✇❡✈❡r ❛ ❞❡❡♣❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐s ♦♥ ✐ts ❝❤❛r❛❝t❡r✐st✐❝s

✐s r❡❝♦♠♠❡♥❞❡❞ ❛♥❞ t❤❡ ❘▲❙ ❛❞❛♣t❛t✐♦♥ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠✉❧t✐❞✐✲

♠❡♥s✐♦♥❛❧ ●❙❈ ❤❛s s❤♦✇♥ t♦ ❤❛✈❡ ❛ ❜❛❞ ❜❡❤❛✈✐♦r ✇❤❡♥ ❛♥② ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❛rr❛②

✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s✳ ❆❧t❡r♥❛t✐✈❡s ♦❢ r❡s♦❧✉t✐♦♥ ♦r ♠✐t✐❣❛t✐♦♥ ♦❢ t❤✐s ❡✛❡❝t

♠❛② ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

❋♦r ❜r♦❛❞❜❛♥❞ s❝❡♥❛r✐♦s✱ ❛ ❜❛♥❦ ♦❢ ❋■❇s ✇❤❡r❡ ✉s❡❞ s♦ t❤❛t ♥❛rr♦✇❜❛♥❞ t❡❝❤♥✐q✉❡s ❝♦✉❧❞

❜❡ ❛♣♣❧✐❡❞✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♥♦✈❡❧ ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r ❝♦♥str✉❝t✐♦♥ ❢♦r ❛ ❜r♦❛❞❜❛♥❞

s✐❣♥❛❧s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ♠❛② ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞✱ s✐♥❝❡ t❤❡ ❉❋❚ ♠❛② ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞

❛s ❛ ✜❧t❡r ❜❛♥❦✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❡r♠✉t❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐❧❧ ♦❝❝✉r ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ❛♥❞

❡①tr❛ ❝♦♠♣❧❡①✐t② ✇✐❧❧ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❛❧❣♦r✐t❤♠✱ ❤♦✇❡✈❡r t❤❡ ❞❡❝r❡❛s❡❞ ♥✉♠❜❡r ♦❢ ❛♥t❡♥♥❛

❡❧❡♠❡♥ts ♠❛② ❜❡ ✇♦rt❤ ❜② ❞❡❝r❡❛s✐♥❣ ❘❋ ❤❛r❞✇❛r❡ ❝♦♠♣❧❡①✐t②✳
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❚❤✐s ❛♣♣❡♥❞✐① r❡✈✐❡✇s ♣♦♣✉❧❛r ♠❡t❤♦❞s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❜❧♦❝❦✐♥❣ ♠❛tr✐❝❡s ❬✽✶❪ ❢♦✉♥❞ ✐♥

❈❤❛♣t❡rs ■■ ❛♥❞ ■■■✳

❚❤❡ ❜❧♦❝❦✐♥❣ ♠❛tr✐① ❤❛s ✐ts ♥❛♠❡ ❢♦r ❜❧♦❝❦✐♥❣ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧✳ ■♥ t❤✐s ♣r♦❝❡ss ✐t

❧❡ts ✐♥t❡r❢❡r❡♥❝❡ ♦♥❧② s✐❣♥❛❧ ♣❛ss t❤r♦✉❣❤ t❤❡ s②st❡♠ s♦ t❤❛t t❤❡ ✜❧t❡r ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ✐♥

♦r❞❡r t♦ ❢♦r♠ ♥✉❧❧s ✐♥ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❜❧♦❝❦✐♥❣ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❛s t❤❡

♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧✐♠❡♥t ♦❢ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧s st❡❡r✐♥❣ ♠❛tr✐① ②✐❡❧❞✐♥❣ BA(θ) = 0✱ ✇❤❡r❡ B

✐s t❤❡ ❜❧♦❝❦✐♥❣ ♠❛tr✐①✱ A ✐s t❤❡ st❡❡r✐♥❣ ♠❛tr✐① ❛♥❞ θ ✐s ❛ ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ ❉❖❆s ♦❢

t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧s✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ✐❧❧✉str❛t✐♦♥ ✇❡ ❝❛♥ ✉s❡ ❛ ✸ ❛♥t❡♥♥❛ ❛rr❛② s♦ t❤❛t

✸ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐s ♣♦ss✐❜❧❡ t♦ ❜❡ ❞r❛✇♥✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ✷ ❝♦♥str❛✐♥s✱ ♦r ✷ ❞❡s✐r❡❞

s✐❣♥❛❧s✱ ❛r❡ ♣r❡s❡♥t✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ s❝❡♥❛r✐♦ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ❆✳✶✳

❋✐❣✉r❡ ❆✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛♥ ✶✲❉ ❜❧♦❝❦✐♥❣ ✏♠❛tr✐①✑

■♥ ❋✐❣✉r❡ ❆✳✶✱ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ st❡❡r✐♥❣ ✈❡❝t♦rs s♣❛♥ ❛ ♣❧❛♥❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ❧❡❢t

✇✐t❤ ♦♥❧② ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✇❤❛t ②✐❡❧❞s ✐♥t♦ t❤❡ ❜❧♦❝❦✐♥❣ ♠❛tr✐① ❜❡✐♥❣ ❛ ✈❡❝t♦r ✐♥st❡❛❞✳

❆❧s♦ ♥♦t❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❢♦r b ✐s ♥♦t ✉♥✐q✉❡ s✐♥❝❡ b′ ✐s ❛❧s♦ ♦rt❤♦♥♦r♠❛❧ t♦ t❤❡ ♣❧❛♥❡✳ ■♥

❙❡❝t✐♦♥s t♦ t❤r❡❡ ♠❡t❤♦❞s ♦♥ ❤♦✇ t♦ ✜♥❞ B ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞✳
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◆♦✇ ✇❡ ❣❡t t♦ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ❜❧♦❝❦✐♥❣ ♠❛tr✐① ❝♦♠♣✉t❛t✐♦♥✳ ▲❡t ✉s

❝♦♥s✐❞❡r ♦♥❡ ❞❡s✐r❡❞ s✐❣♥❛❧ ✇✐t❤ st❡❡r✐♥❣ ✈❡❝t♦r a(θ0)✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦❢ a(θ0) ✐s✿

P⊥
a(θ0)

= I− a(θ0)(a
H(θ0)a(θ0))

−aH(θ0). ✭❆✳✶✮

❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ✭❆✳✶✮ ❣✐✈❡s ✈❡❝t♦rs t❤❛t ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ a(θ0)✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡

✸ ❛♥t❡♥♥❛s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤✉s ❣✐✈✐♥❣ ✉s ❛ ✸✲❉ s♣❛❝❡✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ✐s ❛s ❞❡♣✐❝t❡❞ ✐♥

❋✐❣✉r❡ ❆✳✷✳
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✭❛✮ ▲❡❢t ✈✐❡✇

y

0.5

x

0

z
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0

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-0.5

✭❜✮ ❘✐❣❤t ✈✐❡✇

a(θ0) a(θ0)

❋✐❣✉r❡ ❆✳✷✿ Pr♦❥❡❝t✐♦♥s ♦❢ ❛ ❜❧♦❝❦✐♥❣ ♠❛tr✐① ❢♦r M = 3 ❛♥❞ d = 1

❚❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧ st❡❡r✐♥❣ ✈❡❝t♦r ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❜❧✉❡ ✇❤✐t❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣❧❛♥❡ ✐s

s❤♦✇♥ ✐♥ ❣r❡❡♥✳ ❚❤❡ r❡❞ ❧✐♥❡ ❛r❡ ❛❧❧ ❝❛♥❞✐❞❛t❡s ❢♦r t❤❡ ❝♦❧✉♠♥s ♦❢ B✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦

✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ✇❡ ♠✐❣❤t s✐♠♣❧② ❝❤♦♦s❡ d− 1 = 2 ❛♥❞ ♦rt❤♦❣♦♥❛❧✐③❡ t❤❡♠ ✉s✐♥❣ t❤❡ ●r❛♠✲

❙❝❤♠✐❞t ♦rt❤♦❣♦♥❛❧✐③❛t✐♦♥✳

❆♥♦t❤❡r ✇❛② t♦ ❣❡t t❤❡ ♦rt❤♦❣♦♥❛❧✐③❡❞ ✈❡❝t♦rs ✐s t♦ t❛❦❡ ❙❱❉ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r

✭❆✳✶✮✳ ❚❤❡♥ ❞✲✶ ❝♦❧✉♠♥s ♦❢ t❤❡ r✐❣❤t s✐❞❡ s✐♥❣✉❧❛r ✈❡❝t♦rs ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧❛r❣❡st

s✐♥❣✉❧❛r ✈❛❧✉❡s ❛r❡ ❝❤♦s❡♥ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ❆✳✸✳

❋✐❣✉r❡ ❆✳✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t s✐❞❡ s✐♥❣✉❧❛r ✈❡❝t♦rs ♠❛tr✐① ❛ss♦❝✐❛♥t❡❞ ✇✐t❤ t❤❡ ❧❛r❣❡st
s✐♥❣✉❧❛r ✈❛❧✉❡s

❆♥♦t❤❡r s✐♠♣❧❡ ♠❡t❤♦❞ t♦ ✜♥❞ B ✐s t♦ ❞✐r❡❝t❧② t❛❦❡ t❤❡ ❙❱❉ ♦❢ a(θ0) ❛♥❞ t❤❡♥ t❛❦❡ t❤❡
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❞✲✶ ❝♦❧✉♠♥s ♦❢ t❤❡ r✐❣❤t s✐❞❡ s✐♥❣✉❧❛r ✈❡❝t♦rs ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♠❛❧❧❡❞ s✐♥❣✉❧❛r

✈❛❧✉❡s✳ ❚❤✐s ♣r♦❝❡ss ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ❆✳✹✳

❋✐❣✉r❡ ❆✳✹✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t s✐❞❡ s✐♥❣✉❧❛r ✈❡❝t♦rs ♠❛tr✐① ❛ss♦❝✐❛♥t❡❞ ✇✐t❤ t❤❡ s♠❛❧❧✲
❡st s✐♥❣✉❧❛r ✈❛❧✉❡s
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❇

❉❊❘■❱❆❚■❖◆ ❖❋ ❚❍❊ ❇▲❖❈❑✲❲■❙❊

❙❚❖❈❍❆❚■❙❈ ●❘❆❉■❊◆❚ ●❙❈

❚❤✐s ❛♣♣❡♥❞✐① ♠❛❦❡s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦✲✇✐s❡ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ●❙❈ ❢r♦♠ ❈❤❛♣✲

t❡r ■■✳ ❲❡ st❛rt ❜② ❡①♣❛♥❞✐♥❣ t❤❡ ❈▼ ❝♦st ❢✉♥❝t✐♦♥ ✭✷✳✶✹✮ ❢♦r t❤❡ ●❙❈✿

JCM(T,w) = E
{

|a(θ0)−BHTw)Hx̃− 1|2
}

✭❇✳✷✮

= E
{

(aH(θ0)x̃−wHTHBx̃) · (aH(θ0)x̃−wHTHBx̃)H
}

✭❇✳✸✮

= E
{

aH(θ0)x̃x̃
Ha(θ0)−wHTHBx̃x̃Ha(θ0) + aH(θ0)x̃−

wHTHBx̃x̃Ha(θ0) +wHTHBx̃x̃HBHTw + aH(θ0)x̃−
wHTHBx̃−wHTHBx̃+ 1

}

✭❇✳✹✮

= aH(θ0)Rx̃x̃a(θ0)− 2wHTHBRx̃x̃a(θ0)+

2aH(θ0)E
{

x̃
}

+wHTHBRx̃x̃B
HTw − 2wHTHBE

{

x̃
}

+ 1 ✭❇✳✺✮

◆♦✇ ✇❡ t❛❦❡ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ w✿

∇wJCM = −2THBRx̃x̃a(θ0) + 2THBRx̃x̃B
HTw − 2THBE

{

x̃
}

= −2THB(Rx̃x̃B
HTw −Rx̃x̃a(θ0)− E

{

x̃
}

) ✭❇✳✻✮

❆♥❞ ✇✐t❤ r❡s♣❡❝t t♦ T✿

∇TJCM = −2BRx̃x̃a(θ0)w
H +BRx̃x̃B

HTwwH − 2BE
{

x̃
}

wH ✭❇✳✼✮

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ✇❤♦❧❡ ❜❧♦❝❦ st♦r❡❞ ✐♥ ♠❡♠♦r②✱ ✇❡ tr② t♦ ✉s❡ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡

t♦ ❜✉✐❧❞ t❤❡ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥ts✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ♦❢ x̃
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❛s✿

R̂x̃x̃ =
1

L
X̃X̃

H
, ✭❇✳✽✮

Ê
{

x̃
}

=
1

L

(m+1)L−1
∑

n=mL

x̃(n) =
1

L
X̃ · 1L, ✭❇✳✾✮

✇❤❡r❡ 1L ✐s ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ ♦♥❡s ♦❢ s✐③❡ L✳ ❚❤❡ ♠❛tr✐① X̃ ✐s t❤❡ ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ ◆

t✐♠❡ s❛♠♣❧❡s ♦❢ t❤❡ x̃(n) ✈❡❝t♦r✳ ❊①t❡♥❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ x̃(n) = y∗(n)x(n) ❢♦r t❤❡ ♠❛tr✐①

♥♦t❛t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t✿

X̃ = X · diag(em), ✭❇✳✶✵✮

✇❤❡r❡ em = [e(mL), e(mL+ 1), . . . , e((m+ 1)L− 1)]H✳ ❚❤❡♥ ✇❡ ✐♥s❡rt t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s

✐♥t♦ ✭❆✳✺✮ ❢♦r w✿

∇̂wJCM = 2
THB

L

(

X̃X̃HBHTw − X̃X̃Ha(θ0)−
(m+1)L−1
∑

n=mL

x̃(n)
)

= 2
THB

L

(

X̃yH
m − X̃dH

m −
(m+1)L−1
∑

n=mL

x̃(n)
)

= − 2

L
THB

(

X̃em + X̃ · 1L

)

= − 2

L
THBX̃

(

em + 1L

)

, ✭❇✳✶✶✮

✇❤❡r❡ t❤❡ ✈❡❝t♦rs ym ❛♥❞ dm ❛r❡ ✈❡❝t♦rs ♦✈❡r t❤❡ t✐♠❡ ❞✐♠❡♥s✐♦♥✱ ✐✳❡✳ ❝♦❧✉♠♥ ✈❡❝t♦rs✱ ✇✐t❤

t❤❡ s❛♠♣❧❡s ❢r♦♠ t❤❡ m✲t❤ t✐♠❡ ❜❧♦❝❦✳ ❲❡ ❛❧s♦ ✐♥s❡rt t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥t♦ ✭❆✳✻✮ ❢♦r T✿

∇̂TJCM = −2B
X̃X̃

H

L
a(θ0)w

H + 2B
X̃X̃

H

L
BHTwwH − 2B

1

L
[X̃ · 1L]w

H

= − 2

L
BX̃

(

em + 1L

)

wH ✭❇✳✶✷✮

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❜❧♦❝❦✲✇✐s❡ ✏❥♦✐♥t✧ ✉♣❞❛t❡ r✉❧❡

T(n+ 1) = T(n) + µT X̃B

(

em + 1L

)

wH ✭❇✳✶✸✮

w(n+ 1) = w(n) + µwT
HX̃B

(

em + 1L

)

, ✭❇✳✶✹✮



✻✳✷ ❘❊❈❖▼▼❊◆❉❆❚■❖◆❙ ❋❖❘ ❋❯❚❯❘❊ ❘❊❙❊❆❘❈❍ ✶✵✼

✇❤❡r❡ µw ❛♥❞ µT ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ 1/L✳ ■❢ ✇❡ ❞❡✜♥❡ em = em+1L ✇❡ ❝❛♥ ❢✉rt❤❡r

s✐♠♣❧✐❢② t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s

T(n+ 1) = T(n) + µT X̃Bemw
H ✭❇✳✶✺✮

w(n+ 1) = w(n) + µwT
HX̃Bem, ✭❇✳✶✻✮



✶✵✽ ❱■ ❈❖◆❈▲❯❙■❖◆❙



▲✐st ♦❢ ❚❛❜❧❡s

■■✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ✐♥ ✢♦♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

■■✳✷ ◆♦t❛t✐♦♥ ♦❢ t❤❡ ❧❡❣❡♥❞s ✉s❡❞ ✐♥ t❤❡ ✜❣✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

■❱✳✶ Pr♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥ ❛♥❞ ❋■❇✲❘▲❙❚✲❋r♦st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

■❱✳✷ P❛r❛♠❡t❡rs ❢♦r t❤❡ ✜rst s❝❡♥❛r✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
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▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶ ❙❡♥✉s♦✐❞❛❧ ✇❛✈❡s ✇❡r❡ ❣❡♥❡r❛t❡❞ ❛t ✺ ❍③ ❛♥❞ ✈✐rt✉❛❧❧② st❡❡r❡❞✱ ❢♦r t❤❡ s❛❦❡

♦❢ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠❢♦r♠✐♥❣✳ ❚❤❡ ❝♦♥str✉❝t✐✈❡ ♣❛tt❡r♥s ❛r❡ ❝❧❡❛r❧②

✈✐s✐❜❧❡ ❛♥❞ ❛♣♣❡❛r ✐♥ ❞❛r❦ r❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✷ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ♠❛tr✐① ♦❢ s✐③❡ M ×N ❛♥❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ t❡♥s♦r ♦❢ s✐③❡ M ×
N × P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✶ ❇❛t❝❤ ●❙❈ ❜❧♦❝❦ ❞✐❛❣r❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷ ▲▼❙✲●❙❈ ❜❧♦❝❦ ❞✐❛❣r❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸ ❘❘✲▲▼❙✲●❙❈ ❜❧♦❝❦ ❞✐❛❣r❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✹ ❍✐❣❤ ❛❝❝✉r❛❝② st♦❝❤❛st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❜❧♦❝❦ ❞✐❛❣r❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✺ ❱■❚✲❍❆❙P ❜❧♦❝❦ ❞✐❛❣r❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✻ ❉❡t❡r♠✐♥✐st✐❝ ♣r❡✇❤✐t❡♥✐♥❣ ❞✐❛❣r❛♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✼ ❘▼❙❊ ♦❢ t❤❡ ▲▼❙✲●❙❈ t②♣❡ ❛❧❣♦r✐t❤♠s ✈❡rs✉s s❛♠♣❧❡s ❢♦r N = 50 ❛♥❞ ❛♥

❙◆❘ ♦❢ ✶✵ ❞❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✽ ❘▼❙❊ ♦❢ t❤❡ ❘❘✲▲▼❙✲●❙❈ t②♣❡ ❛❧❣♦r✐t❤♠s ✈❡rs✉s s❛♠♣❧❡s ❢♦r N = 50 ❛♥❞

❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✾ ❘▼❙❊ ❢♦r ▲▼❙✲●❙❈ t②♣❡ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ✈❛r②✐♥❣ N ❛♥❞ ❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇ ✹✵

✷✳✶✵ ❋✐♥❛❧ ❘▼❙❊ ❢♦r ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ✈❛r②✐♥❣ N ✱ ❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇ ❛♥❞ ρ = 0.9✳ ✹✶

✷✳✶✶ ❋✐♥❛❧ ❘▼❙❊ ❛❢t❡r N = 600 s♥❛♣s❤♦ts ✇✐t❤ ❛ ✈❛r②✐♥❣ ρ ❛♥❞ ❛♥ ❙◆❘ ♦❢ ✶✵ ❞❇ ✹✶

✸✳✶ ❊❧❡✈❛t✐♦♥ φi ❛♥❞ ❛③✐♠✉t❤ θi ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ♦❢ t❤❡ i✲t❤ s♦✉r❝❡ ✳ ✳ ✳ ✹✹

✸✳✷ ❯s✐♥❣ ❛ ❯❘❆ t♦ ❢♦r♠ ❛ ✸✲❉ ❞❛t❛ t❡♥s♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✸ ❈❧❛ss✐❝❛❧ ●❙❈ ❢♦r R ❞✐♠❡♥s✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✹ ❇❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ t❤❡ R✲❉ ●❙❈ ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✺ ▼❛❣♥✐t✉❞❡ ♦❢ t❤❡ s♣❛t✐❛❧ r❡s♣♦♥s❡ ♦❢ t❤❡ ●❙❈ ✜❧t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✻ ❊✛❡❝t✐✈❡ ❙■◆❘ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ ✷✲❉ ●❙❈ ❢♦r ❛

✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✼ ❊✛❡❝t✐✈❡ ❙■◆❘ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ ✷✲❉ ●❙❈ ❢♦r ❛

✈❛r②✐♥❣ ❙◆❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✽ ❊✛❡❝t✐✈❡ ❙■◆❘ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ ❛♥❞ ♣r♦♣♦s❡❞ ✷✲❉ ●❙❈ ❢♦r ❛

✈❛r②✐♥❣ ❛rr❛② s✐③❡✳ ❇♦t❤ ❞✐♠❡♥s✐♦♥s ❧❡♥❣t❤s ❛r❡ ❦❡♣t ❡q✉❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷



✶✶✷ ▲■❙❚ ❖❋ ❋■●❯❘❊❙

✸✳✾ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✈❡rs✉s N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✶ ❙❝❡♥❛r✐♦ ❝♦✐♥t❛✐♥❣ ❛ ❯❘❆ ❛♥❞ ❛ ❯▲❆✳ ❊❛❝❤ s✐❣♥❛❧ ❤❛s ❛ s✐♥❣❧❡ ♣❛t❤ t♦ ❡❛❝❤

❛♥t❡♥♥❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✷ ❚❛♣✲❞❡❧❛② ❧✐♥❡✳ ❊❛❝❤ ❛♥t❡♥♥❛ m r❡❝❡✐✈❡s ❛ ❜r♦❛❞❜❛♥❞ s✐❣♥❛❧ ✜❧t❡r❡❞ ❜② ❛♥

❋■❘ ✜❧t❡r ❝♦♥t❛✐♥✐♥❣ L t❛♣s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✸ ❙♣❛t✐❛❧ ❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ w st❡❡r❡❞ t♦ 0◦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✹ ❘❡❣✐♦♥ ♦❢ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ r❡s♣♦♥s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✺ ❙♣❛t✐❛❧ ❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ ❛ ❋■❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✻ ❚❛♣s ♦❢ t❤❡ ✜❧t❡r w[m,n] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✼ ❘❡s♣♦♥s❡s ♦❢ ❋■❇s ✐♥s✐❞❡ t❤❡ ❢r❡q✉❡♥❝② ✐♥✈❛r✐❛♥t r❡❣✐♦♥❀ ✭❛✮ ❣❛✐♥ ❛t sin(θ) =

−0.4 ✐s ❛❧♠♦st ✲✸✺ ❞❇ ❛♥❞ ✵ ❞❇ ❛t sin(θ) = 0✳ ✭❜✮ t❤❡ ❣❛✐♥ ❛t sin(θ) = 0 ✐s

r♦✉❣❤❧② ✲✸✵ ❞❇ ❛♥❞ ✵ ❞❇ ❛t sin(θ) = −0.4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✽ ❉✐❛❣r❛♠ ♦❢ ❛ ✜❧t❡r✐♥❣ s❝❤❡♠❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ ❜❛♥❦ ♦❢ ❋■❇s ❛♥❞ ♥❛rr♦✇❜❛♥❞

❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✾ ❘❡s♣♦♥s❡ ♦❢ ❛ ❜❛♥❦ ♦❢ ✺ ❋■❇s ❛t ❛ ❢r❡q✉❡♥❝② ✐♥s✐❞❡ t❤❡ ✐♥✈❛r✐❛♥t r❛♥❣❡ ✳ ✳ ✳ ✻✺

✹✳✶✵ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ P❆❘❆❋❆❈ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ✭♦r t❤r❡❡✲✇❛②✮

❛rr❛② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✶✶ ❈♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❛ ♥❡✇ s❧✐❝❡ ✐♥ t❤❡ s❡❝♦♥❞ ❞✐♠❡♥s✐♦♥ ❢♦r ❛ t❡♥s♦r ✇✐t❤ ✸

❞✐♠❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✹✳✶✷ Pr♦❝❡ss ♦❢ s❡❧❡❝t✐♥❣✱ r❡♠♦✈✐♥❣ ❛♥❞ ❛♣♣❡❞✐♥❣ ❛ ♥❡✇ s❧✐❝❡ t♦ t❤❡ P❆❘❆❋❆❈

❘▲❙❚ ✐♥♣✉t ❝♦rr❡❧❛t✐♦♥ t❡♥s♦r✳ ❆❢t❡r R(t + J − 1) ✐s ✉♣❞❛t❡❞✱ t❤❡ ♣r♦❝❡ss

✐s r❡st❛rt❡❞ ❛♥❞ t❤❡ t❡♥s♦r ✐s ✉♣❞❛t❡❞ ♦❢ ✇✐t❤ t❤❡ ♥❡✇ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢♦r

t❤❡ ✜rst t✐♠❡✲❞❡❧❛② τ1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✹✳✶✸ ❙■◆❘ ❢♦r ◗P❙❑ s✐❣♥❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✹✳✶✹ ❙♣❛t✐❛❧ r❡s♣♦♥s❡ ♦✈❡r t❤❡ ✐♥✈❛r✐❛♥t ❢r❡q✉❡♥❝② ❜❛♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✶✺ ❙■◆❘ ❢♦r ❛ ✈❛r②✐♥❣ ❉❖❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✶✻ ❇❡❛♠ r❡s♣♦♥s❡ ❛❢t❡r N = 5000 ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥ ✜❧t❡r ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✶✼ ❇❡❛♠ r❡s♣♦♥s❡ ❛❢t❡r N = 10000 ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❋■❇✲❘▲❙❚✲❇❡♥ ✜❧t❡r ✳ ✳ ✳ ✳ ✼✽

✹✳✶✽ ❙■◆❘ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ■❈❆ ❛♥❞ t❤❡ P❆❘❆❋❆❈✲❜❛s❡❞ ❛❣♦r✐t❤♠s✳ ❚❤❡

r❡s✉❧t ✐s ✜❧t❡r❡❞ ❜② ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ❧❡♥❣t❤ ✶✵ ❢♦r ❝❧❛r✐t②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹✳✶✾ ❇❡❛♠♣❛tt❡r♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❋■❇✲❘▲❙❚✲❇❡♥ ❜❡❛♠❢♦r♠❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✶ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡❢r♦♥t ✐♠♣✐♥❣✐♥❣ ♦♥ ❛♥ ❛♥t❡♥♥❛ ❛rr❛② ❝♦♥t❛✐♥✐♥❣

❉❖❆ ❛♥❞ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✺✳✷ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❛ ❝♦♥t✐♥✉♦✉s P❉❋ ❛♥❞ ❛ ✸✲♣♦✐♥t ❯❚ ❛♥❞ ✺✲♣♦✐♥t ❯❚

P❉❋ ❛♣♣r♦①✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✺✳✸ ◆✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ r❛♥❞♦♠ s❛♠♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
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✺✳✹ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❣❡♥❡r❛t❡❞ ❜② ▼❈ ❛♥❞ t❤❡ ❯❚ ✇✐t❤

❛ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ❛rr❛② ❡❧❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✺✳✺ ❙❛♠♣❧❡ ✈❛r✐❛♥❝❡ ✈❡rs✉s t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s ✐♥ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✾✷

✺✳✻ SINR ✈s σΘ ❞✉❡ t♦ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺✳✼ ❊rr♦r ✈s σΘ ❞✉❡ t♦ ❉❖❆ ❡st✐♠❛t✐♦♥ ❡rr♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✺✳✽ SINR ✈s ❙◆❘ ✇✐t❤ ✜①❡❞ σΘ = {2, 10}◦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✾ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ ❯❚ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❖❆ ❡st✐♠❛t✐♦♥

❡rr♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✺✳✶✵ SINR ✈s σD ❞✉❡ t♦ ❛rr❛② ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ✐♠♣❡r❢❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✺✳✶✶ ❊rr♦r ✈❡rs✉s σD ❞✉❡ t♦ ❛rr❛② ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣ ✐♠♣❡r❢❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✶✷ SINR ✈s ❙◆❘ ✇✐t❤ ✜①❡❞ σD = {0.03, 0.12} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✶✸ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❯❚ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❡❧❡♠❡♥t ♣♦s✐t✐♦♥✐♥❣

♣❡rt✉❜❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

❆✳✶ ■❧❧✉str❛t✐♦♥ ♦❢ ❛♥ ✶✲❉ ❜❧♦❝❦✐♥❣ ✏♠❛tr✐①✑ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

❆✳✷ Pr♦❥❡❝t✐♦♥s ♦❢ ❛ ❜❧♦❝❦✐♥❣ ♠❛tr✐① ❢♦r M = 3 ❛♥❞ d = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

❆✳✸ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t s✐❞❡ s✐♥❣✉❧❛r ✈❡❝t♦rs ♠❛tr✐① ❛ss♦❝✐❛♥t❡❞ ✇✐t❤ t❤❡

❧❛r❣❡st s✐♥❣✉❧❛r ✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

❆✳✹ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t s✐❞❡ s✐♥❣✉❧❛r ✈❡❝t♦rs ♠❛tr✐① ❛ss♦❝✐❛♥t❡❞ ✇✐t❤ t❤❡

s♠❛❧❧❡st s✐♥❣✉❧❛r ✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
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❙❨▼❇❖▲❙

a, b, c ❙❝❛❧❛rs

a,b, c ❱❡❝t♦rs

A,B,C ▼❛tr✐❝❡s

A,B,C ❚❡♥s♦rs

·∗ ❈♦♥❥✉❣❛t❡ ♦❢ ❛ ❙❝❛❧❛r✱ ❱❡❝t♦r✱ ▼❛tr✐① ♦r ❚❡♥s♦r

×r r✲t❤ ♠♦❞❡ t❡♥s♦r Pr♦❞✉❝t

[X ](r) r✲t❤ ♠♦❞❡ t❡♥s♦r ✉♥❢♦❧❞✐♥❣

[X ]�(r) r✲t❤ ♠♦❞❡ ❢♦r✇❛r❞ ❝②❝❧✐❝❛❧ t❡♥s♦r ✉♥❢♦❧❞✐♥❣

∇· ●r❛❞✐❡♥t

| · | ❆❜s♦❧✉t❡ ❱❛❧✉❡

‖ · ‖2F ❋r♦❜❡♥✐✉s ◆♦r♠

‖ · ‖2H ❍✐❣❤❡r ❖r❞❡r ❋r♦❜❡♥✐✉s ◆♦r♠ ♦❢ ❛ ❚❡♥s♦r

⌈·⌉ ❘♦✉♥❞ ✉♣

⌊·⌋ ❘♦✉♥❞ ❞♦✇♥

⋄ ❑❤❛tr✐✲❘❛♦ Pr♦❞✉❝t

⊗ ❑r♦♥❡❝❦❡r Pr♦❞✉❝t

✈❡❝{·} ❱❡❝t♦r✐③❡ ❛ ▼❛tr✐①

✉♥✈❡❝{·} ❯♥✈❡❝t♦r✐③❡ ❛ ❱❡❝t♦r

❞✐❛❣(·) ❊①tr❛❝t ❉✐❛❣♦♥❛❧ t♦ ❛ ❱❡❝t♦r

❊{·} ❊①♣❡❝t❡❞ ❱❛❧✉❡



✶✶✻ ❙❨▼❇❖▲❙

·T ❚r❛♥s♣♦s❡ ♦❢ ❛ ▼❛tr✐①

·+ Ps❡✉❞♦ ■♥✈❡rs❡ ♦❢ ❛ ▼❛tr✐①

·−1 ■♥✈❡rs❡ ♦❢ ❛ ▼❛tr✐①

·H ❈♦♥❥✉❣❛t❡ ❚r❛♥s♣♦s❡ ♦❢ ❛ ▼❛tr✐①

〈·〉t ❚✐♠❡ ❆✈❡r❛❣❡



❆❈❘❖◆❨▼❙

✹● ❋♦✉rt❤ ●❡♥❡r❛t✐♦♥

✺● ❋✐❢t❤ ●❡♥❡r❛t✐♦♥

❆▲❙ ❆❧t❡r♥❛t❡ ▲❡❛st ❙q✉❛r❡s

❈▼ ❈♦♥st❛♥t ▼♦❞✉❧✉s

❉❋❚ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠

❉❖❆ ❉✐r❡❝t✐♦♥ ♦❢ ❆rr✐✈❛❧

❉❙ ❉❡❧❛② ❛♥❞ ❙✉♠

❋■❇ ❋r❡q✉❡♥❝② ■♥✈❛r✐❛♥t ❇❡❛♠❢♦r♠❡r

●❙❈ ●❡♥❡r❛❧✐③❡❞ ❙✐❞❡❧♦❜❡ ❈❛♥❝❡❧❧❡r

■❈❆ ■♥❞❡♣❡♥❞❡♥t ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s

■❉❋❚ ■♥✈❡rs❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠

■❉❋❚✷ ❇✐❞✐♠❡♥s✐♦♥❛❧ ■♥✈❡rs❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠

■♦❚ ■♥t❡r♥❡t ♦❢ t❤✐♥❣s

▲❈▼❱ ▲✐♥❡❛r❧② ❈♦♥str❛✐♥❡❞ ▼✐♥✐♠✉♠ ❱❛r✐❛♥❝❡

▲▼❙ ▲❡❛st ▼❡❛♥ ❙q✉❛r❡s

▲❚❊ ▲♦♥❣ ❚❡r♠ ❊✈♦❧✉t✐♦♥

▼❈ ▼♦♥t❡ ❈❛r❧♦

▼■▼❖ ▼✉❧t✐♣❧❡ ■♥♣✉t ▼✉❧t✐♣❧❡ ❖✉t♣✉t

▼❱❉❘ ▼✐♥✐♠✉♠ ❱❛r✐❛♥❝❡ ❉✐st♦rt✐♦♥❧❡ss ❘❡s♣♦♥s❡

P❆❘❆❋❆❈ P❛r❛❧❧❡❧ ❋❛❝t♦r ❆♥❛❧②s✐s

P❉❋ Pr♦❜❛❜✐❧✐t② ❉❡♥s✐t② ❋✉♥❝t✐♦♥

◗P❙❑ ◗✉❛❞r❛t✉r❡ P❤❛s❡ ❙❤✐❢t ❑❡②✐♥❣

R✲❉ R✲❉✐♠❡♥s✐♦♥❛❧

❘▲❙ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s

❘▲❙❚ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s ❚r❛❝❦✐♥❣

❘❘ ❘❡❞✉❝❡❞ ❘❛♥❦

❙■◆❘ ❙✐❣♥❛❧ t♦ ■♥t❡r❢❡r❡♥❝❡ ❛♥❞ ◆♦✐s❡ ❘❛t✐♦



✶✶✽ ❆❈❘❖◆❨▼❙

❙◆❘ ❙✐❣♥❛❧ t♦ ◆♦✐s❡ ❘❛t✐♦

❙❖■ ❙✐❣♥❛❧ ♦❢ ■♥t❡r❡st

❯▲❆ ❯♥✐❢♦r♠ ▲✐♥❡❛r ❆rr❛②

❯❘❆ ❯♥✐❢♦r♠ ❘❡❝t❛♥❣✉❧❛r ❆rr❛②

❯❚ ❯♥s❝❡♥t❡❞ ❚r❛♥s❢♦r♠❛t✐♦♥

❱✷■ ❱❡❤✐❝❧❡ t♦ ■♥❢r❛str✉❝t✉r❡

❱✷❱ ❱❡❤✐❝❧❡ t♦ ❱❡❤✐❝❧❡

❱❆◆❊❚ ❱❡❤✐❝✉❧❛r ❛❞❤♦❝ ◆❡t✇♦r❦s

❱■❚ ❱❛♥❞❡r♠♦♥❞❡ ■♥✈❛r✐❛♥❝❡ ❚r❛♥s❢♦r♠❛t✐♦♥

❱❘ ❱✐rt✉❛❧ ❘❡❛❧✐t②
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P✉❜❧✐❝❛t✐♦♥s ❛s ❋✐rst ♦r ❈♦✲❆✉t❤♦r

❬✶❪ ❉✳ ❱✳ ❞❡ ▲✐♠❛✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❋✳ ❆♥tr❡✐❝❤✱ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❛♥❞ ●✳ ❉❡❧ ●❛❧❞♦✳

❍✐❣❤ r❡s♦❧✉t✐♦♥ t✐♠❡✲❞❡❧❛② ❡st✐♠❛t✐♦♥ ✈✐❛ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ❡st✐♠❛t✐♦♥ ❛♥❞ ❦❤❛tr✐✲r❛♦

❢❛❝t♦r✐③❛t✐♦♥ ❢♦r ♠✉❧t✐♣❛t❤ ♠✐t✐❣❛t✐♦♥✳ ❲♦r❦s❤♦♣ ♦♥ ❙♠❛rt ❆♥t❡♥♥❛s ✭❲❙❆✮✱ ❇❡r❧✐♥✱

✷✵✶✼✳

❬✷❪ ❊✳ P✳ ❋r❡✐t❛s✱ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ▼✳ ❆✳ ▼✳ ▼❛r✐♥❤♦✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❛♥❞ ❈✳ ❊✳

P❡r❡✐r❛✳ ❆ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❝♦♦♣❡r❛t✐✈❡ ❛♥t❡♥♥❛ ❛rr❛② ❢♦r ✇✐r❡❧❡ss s❡♥s♦r

♥❡t✇♦r❦s✳ ✐♥ Pr♦❝✳ ✶✺t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ◆❡①t ●❡♥❡r❛t✐♦♥ ❲✐r❡❞✴❲✐r❡❧❡ss

◆❡t✇♦r❦✐♥❣ ◆❊❲✷❆◆✱ ❙t✳ P❡t❡rs❜✉r❣ ✷✵✶✺✳

❬✸❪ P✳ ❋✳ ❈✳ ▲✐♠❛✱ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❘✳ ❩❡❧❡♥♦✈s❦②✱ ❨✳ ❨✉❛♥✱ ❛♥❞

●✳ ❉❡❧ ●❛❧❞♦✳ ▲♦✇ ❝♦♠♣❧❡①✐t② ❜❧✐♥❞ s❡♣❛r❛t✐♦♥ t❡❝❤♥✐q✉❡ t♦ s♦❧✈❡ t❤❡ ♣❡r♠✉t❛t✐♦♥

❛♠❜✐❣✉✐t② ♦❢ ❝♦♥✈♦❧✉t✐✈❡ s♣❡❡❝❤ ♠✐①t✉r❡s✳ ✐♥ Pr♦❝✳ ✶✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡s ♦♥

❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❙②st❡♠s✱ ●♦❧❞ ❈♦❛st✱ ✷✵✶✻✳

❬✹❪ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❛♥❞ ❋✳ ❆♥tr❡✐❝❤✳ ❍✐❣❤ ❛❝❝✉r❛❝② ❛♥❞ ❧♦✇ ❝♦♠♣❧❡①✐t②

❛❞❛♣t✐✈❡ ❣❡♥❡r❛❧✐③❡❞ s✐❞❡❧♦❜❡ ❝❛♥❝❡❧❡rs ❢♦r ❝♦❧♦r❡❞ ♥♦✐s❡ s❝❡♥❛r✐♦s✳ ❊❧s❡✈✐❡r ❉✐❣✐t❛❧

❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ✈♦❧✳ ✸✹✱ ♣♣✳ ✹✽✲✺✺✱ ◆♦✈✳ ✷✵✶✹✳

❬✺❪ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❚✳ ❊✐s❤✐♠❛✱ ❨✳ ◆❛❦❛♠✉r❛✱ ●✳ ❉❡❧ ●❛❧❞♦✱ ❛♥❞

❋✳ ❘♦❡♠❡r✳ Pr♦❝❡❞✉r❡s ❢♦r ✐♥t❡❣r❛t✐♥❣✱ t❡st✐♥❣ ❛♥❞ ♦♣❡r❛t✐♥❣ ❛❞✈❛♥❝❡❞ ♠✐❝r♦s❛t❡❧❧✐t❡s✳

✐♥ Pr♦❝✳ ✹t❤ ■❋❆❈ ❙②♠♣♦s✐✉♠ ♦♥ ❚❡❧❡♠❛t✐❝s ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✶✻✱ P♦rt♦ ❆❧❡❣r❡✳ ■♥ Pr♦❝✳

✹t❤ ■❋❆❈ ❙②♠♣♦s✐✉♠ ♦♥ ❚❡❧❡♠❛t✐❝s ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✶✻✳

❬✻❪ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ▼✳ ❆✳ ▼✳ ▼❛r✐♥❤♦✱ ❊✳ P✳ ❞❡ ❋r❡✐t❛s✱ ❛♥❞ ❘✳ ❚✳

❞❡ ❙♦✉s❛ ❏r✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ s♣❛❝❡✲t✐♠❡✲❢r❡q✉❡♥❝② ✭st❢✮✲❝♦❞❡❞ ♠✐♠♦✲♦❢❞♠ s②st❡♠s ✐♥
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r❡❛❧✐st✐❝ ❝❤❛♥♥❡❧ ♠♦❞❡❧s✳ ✷✽t❤ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❞✈❛♥❝❡❞ ■♥❢♦r♠❛t✐♦♥

◆❡t✇♦r❦✐♥❣ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✭❆■◆❆✲✷✵✶✹✮ ❱✐❝t♦r✐❛✱ ❈❛♥❛❞❛✱ ▼❛② ✷✵✶✹✳

❬✼❪ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❋✳ ❘♦❡♠❡r✱ ❋✳ ❘❛s❝❤❦❡✱ ❚✳ ❊✐s❤✐♠❛✱ ❨✳ ◆❛❦❛♠✉r❛✱

❛♥❞ ●✳ ❉❡❧ ●❛❧❞♦✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✐♠♣r♦✈❡❞ s♦❢t✇❛r❡ ❞❡✜♥❡❞ r❛❞✐♦ ♠♦❞✉❧❛t✐♦♥

s❝❤❡♠❡ ❛♥❞ ❝♦♠♠❛♥❞ ❛♥❞ t❡❧❡♠❡tr② s♦❢t✇❛r❡ ✐♥t❡r❢❛❝❡ ❢♦r s♠❛❧❧ s❛t❡❧❧✐t❡s ✐♥ ✺❣ s②s✲

t❡♠s✳ ■♥ Pr♦❝✳♦❢ t❤❡✶✾t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❖❋❉▼ ❛♥❞ ❋r❡q✉❡♥❝② ❉♦♠❛✐♥

❚❡❝❤♥✐q✉❡s✱ ✷✵✶✻✳

❬✽❪ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❏✳ P✳ ❈✳▲✳ ❞❛ ❈♦st❛✱ ❋✳ ❘♦❡♠❡r✱ ▲✳ ❘✳❆✳❳✳ ▼❡♥❡③❡s✱ ●✳ ❉❡❧ ●❛❧❞♦✱

❛♥❞ ❆✳ ▲✳❋✳ ❞❡ ❆❧♠❡✐❞❛✳ ▲♦✇ ❝♦♠♣❧❡①✐t② ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t ♦❢ ❛ s❡♥s♦r ❛rr❛②

✈✐❛ ✉♥s❝❡♥t❡❞ tr❛♥s❢♦r♠❛t✐♦♥✳ ❊❧s❡✈✐❡r ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ✈♦❧✳ ✻✸✱ ♣♣✳ ✶✾✵✲✶✾✽✱

❆♣r✐❧ ✷✵✶✼✳

❬✾❪ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❙✳ ❑✳ ❙❛❤♦♦✱ ❘✳ ❩❡❧❡♥♦✈s❦②✱ ❛♥❞ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✳ ■♠♣r♦✈❡❞ ❢r❡✲

q✉❡♥❝② ❞♦♠❛✐♥ ❜❧✐♥❞ s♦✉r❝❡ s❡♣❛r❛t✐♦♥ ❢♦r ❛✉❞✐♦ s✐❣♥❛❧s ✈✐❛ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧ ❦♥♦✇❧✲

❡❞❣❡✳ ✐♥ Pr♦❝✳ ❙❉P❙ ✷✵✶✸✱ ✷✵✶✸✱ ❈❛♠♣✐♥❛s✳ ❙♠❛rt ❍❡❛❧t❤ ❈✐t✐❡s✱ ✷✵✶✸✳

❬✶✵❪ P✳ ▼✳ ●✳ ■✳ ❘❡✐s✱ ❏✳ P✳ ❈✳ ▲✳ ❞❛ ❈♦st❛✱ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❛♥❞ ●✳ ❉❡❧ ●❛❧❞♦✳ ❆✉❞✐♦ ❛✉t❤❡♥✲

t✐❝❛t✐♦♥ ✉s✐♥❣ t❤❡ ❦✉rt♦s✐s ♦❢ ❡s♣r✐t ❜❛s❡❞ ❡♥❢ ❡st✐♠❛t❡s✳ ✐♥ Pr♦❝✳ ✶✵t❤ ■♥t❡r♥❛t✐♦♥❛❧

❈♦♥❢❡r❡♥❝❡ ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❙②st❡♠s✱ ✷✵✶✻✱ ●♦❧❞ ❈♦❛st✳

❬✶✶❪ P✳ ▼✳ ●✳ ■✳ ❘❡✐s✱ ❏ P✳❈✳▲ ❞❛ ❈♦st❛✱ ❘✳ ❑✳ ▼✐r❛♥❞❛✱ ❛♥❞ ●✳ ❉❡❧ ●❛❧❞♦✳ ❊s♣r✐t✲❤✐❧❜❡rt
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